
Kef�laio 1

σ��lgebrec

1.1 σ��lgebrec

Orismìc 1.1.1 (σ-�lgebra). 'Estw X èna mh kenì sÔnolo kai èstw A mia
oikogèneia uposunìlwn tou X. H A lègetai σ��lgebra sto X an eÐnai mh
ken , kleist  wc proc sumplhr¸mata kai kleist  wc proc �peirec arijm simec
en¸seic. To zeug�ri (X,A) lègetai metr simoc q¸roc.

Prìtash 1.1.2. 'Estw A mia σ��lgebra sto X. Tìte, h A perièqei to ∅ kai
to X, kai eÐnai kleist  wc proc peperasmènec en¸seic, peperasmènec kai �peirec
arijm simec tomèc, sunolojewrhtikèc diaforèc.

ParadeÐgmata 1.1.3. An X 6= ∅ tìte oi A1 = {∅, X}, A2 = {∅, E, Ec, X}
ìpou E mh kenì gn sio uposÔnolo tou X, A3 = P(X) (to dunamosÔnolo tou
X), eÐnai σ��lgebrec sto X.

An X eÐnai èna uperarijm simo sÔnolo tìte h

A = {A ⊆ X |A arijm simo   Ac arijm simo}

eÐnai σ��lgebra sto X.

Prìtash 1.1.4. 'Estw (X,A) ènac metr simoc q¸roc. An {An}∞n=1 eÐnai mia
akoloujÐa stoiqeÐwn thc A, mporoÔme na broÔme akoloujÐa {Bn}∞n=1 xènwn an�
dÔo stoiqeÐwn thc A ¸ste: Bn ⊆ An gia k�je n ∈ N kai A1 ∪ · · · ∪ AN =
B1 ∪ · · · ∪BN gia k�je N ∈ N. Eidikìtera,

∞⋃
n=1

An =
∞⋃

n=1

Bn.

To Ðdio isqÔei gia peperasmènec akoloujÐec {An}N
n=1 stoiqeÐwn thc A.

1.2 Paragìmenec σ��lgebrec

Prìtash 1.2.1. An (A)i∈I eÐnai mia mh ken  oikogèneia σ�algebr¸n sto X
tìte h

⋂
i∈I Ai eÐnai σ��lgebra sto X.
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Orismìc 1.2.2 (paragìmenh σ��lgebra). An F eÐnai mia mh ken  oikogèneia
uposunìlwn tou X tìte h

σ(F) =
⋂
{A |A σ��lgebra kai A ⊇ F}

eÐnai (kal� orismènh) σ��lgebra sto X. H σ(F) eÐnai h σ��lgebra pou pa-
r�getai apì thn F .

Prìtash 1.2.3. An ∅ 6= F ⊆ P(X) tìte h σ(F) eÐnai h mikrìterh σ��lgebra
sto X h opoÐa perièqei thn F : an A eÐnai σ��lgebra kai F ⊆ A tìte σ(F) ⊆ A.

ParadeÐgmata 1.2.4. (a) An E eÐnai èna mh kenì gn sio uposÔnolo tou X
kai F = {E} tìte σ(F) = {∅, E, Ec, X}.
(b) An X eÐnai èna uperarijm simo sÔnolo kai F = {A ⊆ X |A arijm simo},
tìte σ(F) = {A ⊆ X |A arijm simo   Ac arijm simo}.

1.3 Borel σ��lgebrec

Orismìc 1.3.1 (Borel σ��lgebra). 'Estw (X, ρ) ènac metrikìc q¸roc kai èstw
T h oikogèneia twn anoikt¸n uposunìlwn tou X. H σ��lgebra

B(X) := σ(T )

eÐnai h Borel σ��lgebra tou X. Ta stoiqeÐa thc B(X) eÐnai ta Borel sÔnola
tou X.

Ta anoikt� kai ta kleist� uposÔnola tou X eÐnai Borel sÔnola. To Ðdio
isqÔei gia tic arijm simec tomèc anoikt¸n sunìlwn (ta legìmena Gδ sÔnola)
kai tic arijm simec en¸seic kleist¸n sunìlwn (ta legìmena Fσ sÔnola).

Prìtash 1.3.2. 'Estw (X, ρ) ènac metrikìc q¸roc kai èstw F h oikogèneia
twn kleist¸n uposunìlwn tou X. Tìte,

σ(F) = B(X).

Par�deigma 1.3.3 (EukleÐdeioc q¸roc). JewroÔme ton Rn (n ∈ N) me thn
EukleÐdeia metrik . Di�sthma lème k�je sÔnolo thc morf c

n∏

j=1

[aj , bj ]  
n∏

j=1

(aj , bj)  
n∏

j=1

[aj , bj)  
n∏

j=1

(aj , bj ]

ìpou −∞ < aj < bj < +∞ (sthn pr¸th perÐptwsh, aj ≤ bj). Ta parap�nw
diast mata onom�zontai kleist�, anoikt�, kleist��anoikt� kai anoikt��kleist�
antÐstoiqa. K�je di�sthma eÐnai Borel sÔnolo wc peperasmènh tom  anoikt¸n
 /kai kleist¸n hmiq¸rwn.

Prìtash 1.3.4. 'Estw Ei (i = 1, 2, 3, 4) oi oikogèneiec twn kleist¸n, anoikt¸n,
kleist¸n�anoikt¸n kai anoikt¸n�kleist¸n diasthm�twn antÐstoiqa. Gia k�je
i = 1, 2, 3, 4 isqÔei

σ(Ei) = B(X).
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1.4 'Algebrec kai monìtonec kl�seic

Orismìc 1.4.1 (�lgebra). 'Estw X èna mh kenì sÔnolo kai èstw A mia oi-
kogèneia uposunìlwn tou X. H A lègetai �lgebra sto X an eÐnai mh ken ,
kleist  wc proc sumplhr¸mata kai kleist  wc proc peperasmènec en¸seic.

Prìtash 1.4.2. 'Estw A mia �lgebra sto X. Tìte, h A perièqei to ∅ kai to X,
kai eÐnai kleist  wc proc peperasmènec tomèc kai sunolojewrhtikèc diaforèc.

Parathr seic 1.4.3. (a) K�je σ��lgebra eÐnai �lgebra.
(b) To antÐstrofo den isqÔei. An X = N kai an

A = {A ⊆ N |A peperasmèno   Ac peperasmèno},

tìte h A eÐnai �lgebra all� den eÐnai σ��lgebra sto N.

Par�deigma 1.4.4 (EukleÐdeioc q¸roc). JewroÔme ton Rn (n ∈ N) me thn
EukleÐdeia metrik . Genikeumèno di�sthma lème k�je sÔnolo thc morf c

P =
n∏

j=1

(aj , bj ], ìpou −∞ ≤ aj < bj ≤ +∞.

Prìtash 1.4.5. H oikogèneia

A = {P1 ∪ · · · ∪ Pk | k ∈ N, P1, . . . , Pk xèna genikeumèna diast mata}

eÐnai �lgebra.

Apìdeixh. DeÐqnoume diadoqik� ta ex c:

(i) H tom  dÔo genikeumènwn diasthm�twn eÐnai ken    genikeumèno di�sthma.

(ii) H A eÐnai kleist  wc proc peperasmènec tomèc.

(iii) To sumpl rwma genikeumènou diast matoc an kei sthn A.

(iv) H A eÐnai kleist  wc proc sumplhr¸mata.

(v) H A eÐnai kleist  wc proc peperasmènec en¸seic.

Orismìc 1.4.6 (monìtonh kl�sh). 'Estw X èna mh kenì sÔnolo kai èstw A
mia oikogèneia uposunìlwn tou X. H A lègetai monìtonh kl�sh sto X an
eÐnai mh ken , kleist  wc proc aÔxousec arijm simec en¸seic kai kleist  wc
proc fjÐnousec arijm simec tomèc.

Parathr seic 1.4.7. (a) K�je σ��lgebra eÐnai monìtonh kl�sh (to antÐstro-
fo den isqÔei).
(b) An mia �lgebra eÐnai kai monìtonh kl�sh, tìte eÐnai σ��lgebra.

Prìtash 1.4.8. An (A)i∈I eÐnai mia mh ken  oikogèneia monìtonwn kl�sewn
sto X tìte h

⋂
i∈I Ai eÐnai monìtonh kl�sh sto X.
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Orismìc 1.4.9 (paragìmenh monìtonh kl�sh). An F eÐnai mia mh ken  oiko-
gèneia uposunìlwn tou X tìte h

m(F) =
⋂
{A |A monìtonh kl�sh kai A ⊇ F}

eÐnai (kal� orismènh) monìtonh kl�sh sto X. H m(F) eÐnai h monìtonh kl�sh
pou par�getai apì thn F .

Prìtash 1.4.10. An ∅ 6= F ⊆ P(X) tìte h m(F) eÐnai h mikrìterh monìtonh
kl�sh sto X h opoÐa perièqei thn F : an A eÐnai monìtonh kl�sh kai F ⊆ A
tìte m(F) ⊆ A.

Prìtash 1.4.11. An A eÐnai mia �lgebra sto X, tìte

m(A) = σ(A).

1.5 Periorismìc σ��lgebrac

Prìtash 1.5.1. 'Estw A mia σ��lgebra sto X kai èstw Y èna mh kenì gn sio
uposÔnolo tou X. OrÐzoume

A ¹ Y = {A ∩ Y |A ∈ A}.

Tìte, h A ¹ Y eÐnai σ��lgebra sto Y .

Orismìc 1.5.2 (periorismìc σ��lgebrac). H A ¹ Y lègetai periorismìc
thc A sto Y . Genikìtera, an F eÐnai mia mh ken  oikogèneia uposunìlwn tou
X kai an Y eÐnai èna mh kenì gn sio uposÔnolo tou X, tìte h oikogèneia
F ¹ Y = {A ∩ Y |A ∈ F} lègetai periorismìc thc F sto Y .

Prìtash 1.5.3. 'Estw F mia mh ken  oikogèneia uposunìlwn tou X kai èstw
Y èna mh kenì gn sio uposÔnolo tou X. Tìte,

σ(F ¹ Y ) = σ(F) ¹ Y.

Prìtash 1.5.4. 'Estw (X, ρ) ènac metrikìc q¸roc. Wc sun jwc, an Y eÐnai
èna mh kenì gn sio uposÔnolo tou X, jewroÔme to Y san upìqwro tou X me
th metrik  ρ|Y×Y . Tìte,

B(Y ) = B(X) ¹ Y.


