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" #$%&'()*+, -./),
012 345 67489147 18:; 3<= >23?8328<= @5;= 8A:2319B4C 83<5 >D288 1>E :<F

G251>E 262 13@B32 1 < H5I8< 3<= J K8<= >21 3<= 32GL3<3?= 34C M N5 34 8A:23B914O7B8>@32 1 8@ K52 GI74 M
64C 9@5 @B52 1 >23 P 25?H>< 4 QC8 1>;= GI74= R:47FQ 1>;= GI74=S T 3;3@ 8@ >?J @ 8<:@B4 34C

x
253 1834 1G@B K52= GI74= ;DA5 3A59C523I5 9125C8:?3A5 E 32GC3E3A5 64C :647@B 52 KG@1T 4 UVWXYZ[ U\]^ _ `a ]^

(tangent space) TxM
M N C3;= @B52 1 4 9125C8:231>;= GI74= ;DA5 3A5 9125CF8:?3A5 3A5 @Q263;:@5A5 8@ >?6412 >2:6LD< 64C 91K7G@32 1 26; 34

x
T 8348<:@B4 2C3; M N5 8CH>4DDE84C:@ 34C= @Q263;:@54C= GI74C= TxM

;DA5 3A58<:@BA5 34C
M

3;3@ 62B754C:@ 3<5 UVWXYZ[U\b cde[b
(tangent bundle) TM

T9<D29E
TM =

⋃

x∈M

TxM

;64C < K5A8< @B52 1 9 12f@C>3 1>E 9<D29E 41 @Q263;:@541 GI741 8@ 912Q47@3 1>?8<:@B2 @B52 1 9 12>7134 BM N 5 4 GI74= M
@B52 1 64DD26D;3<32 91?8328<=

n
3;3@>?J @ @Q263;:@54= GI74= @B52 1 @6 B8<= n

F9 1?83234= >21 <
TM

@B52 1 64DD26D;F3<32 91?8328<=
2n

Mgh52 8<:@B4 3<= @Q263;:@5<= 9K8:<= 67489147Bf@32 1 26; 34 8<:@B4
x
3<=

M
8345 @Q263;:@54 GI74 34C 464B4C O7B8>@32 1 >2 1 26; 34 91?5C8:2

ux

34C
GI74C 2C34L T 9<D29E 26; 3< J K8< >21 3< 32GL3<32 M iC5@6I= 4 GI74= 3A5>23283?8@A5 34C 8A:2319B4C @B52 1 4

TM
M j 1 @Q263;:@541 GI741 TxM

454:?Ff45321 \k[WYW
(fibres)

3<= @Q263;:@5<= 9K8:<= >21 < 64DD26D;3<32
M l meb

(base)
T H 123 B 6?5A 8 P 2C3E n8CH>4DDI5321o 32 5E:232 M p6474L:@ 52 253 1F834 1GE84C:@ >?J @ 8<:@B4 (x, ux)

3<= 9K8:<= 6 B8A 834 8<:@B4
x
3<= O?8<= M q26@1>;518< 2C3E

π
KG@1 674O4D 1>K= 19 1;3<3@= >21 H 1P 2C3; 454:?f@32 1 Xa ]l ]r k

(projection)

π : TM → M

(x, ux) → x

s



gN 72 K52 8CH>@>71:K54 5E:2 T 2C3; 64C 253 1834 1G@B 834 8<:@B4
x
T @ B52 1 348L54D4 3A5 8<:@BA5 3<= 9K8:<= 64C 674O?DD45321 834 x

π−1(x) = TxM

>21 >2D@B32 1 34 5E:2 6?5A 26; 34
x
M tE:232 64C 253 1834 1G4L5 8@ 912Q47@3 1>?8<:@B2 9@5 KG4C5 >2: B2 ?DD< 4C8 1283 1>E 912Q47? M N 53BJ @32 ;D2 32 5E:232@B52 1 184:47Q 1>? :@ 345

R
n T 9<D29E @B52 1 253 BH72Q2 34C B914C GI74C F = R

n64C 454:?f@32 1 YuXvwZ \k[W
(typical fibre)

Mq @Q263;:@5< 9K8:< @B52 1 346 1>? 3@371::K5< M N C3; 8<:2B5@1 ;3 1 25 6@7 14F71834L:@ 8@ : 12 27>4L53A= : 1>7E 6@714GE U
3<=

M
3;3@ :6474L:@ 52 94L:@3< DA7B92

π−1(U)
A= K52 26D; >273@8 125; H 15;:@54 3A5 GI7A5 U

>2 1
F
T 9<FD29E ;3 1 :6474L:@ 52 26@1>45B84C:@ 3<5 π−1(U)

83<5
U ×F

>21 253 B8374Q2 Mq 19 1;3<32 2C3E @x28Q2D Bf@1 64DL 26D? ;3 1 :6474L:@ 67?H:231 52 6748914F7B84C:@ K52 8341G@B4 3<=
TM

26; 34 f@LH4= (x, y)
;64C

x ∈ U
>21

y ∈ F>21 @5 3KD@1 52 47B84C:@ 8C53@32H:K5@= 6?5A 83< 9K8:< T :K8A 3<= 62726?5A26@1>;518<= M y83;84 < 26@1>;5 18< 2C3E @x273?321 26; 3<5 6@714GE U
M gh38 183<5 34:E 9L4 3K34 1A5 6@714GI5 U

>21
V
J 2 67K6@1 4 1 253 B834 1G@= 26@1>45B8@1=52 8C:QA54L5 :@32xL 34C= R52 @B52 1 8C:O 1O283K=S T 9<D29E 52 :6474L:@ 52:@328G<:23B84C:@ 3< : B2 83<5 ?DD< M j 1 :@328G<:2318:4B 2C34B 8C5 1834L54:?92 64C 454:?f@32 1 c][vwk ][mcW (structure group)

M q 94: 1>E 4:?92 >2FJ 47Bf@1 D4 16;5 345 37;64 n8C772QE=o 3A5 5<:?3A5 M z4 QC8 1>; 5;<:2 3A562726?5A H B5@32 1 >23254<3; :@ 34 2>;D4CJ 4 627?9@1H:2 M
{|}~���� ���� � ^ �U�a ke]u[ U Yb\ UVWXYZ[U\b cde[b X]u d_ Uv �^ l meb Y]\��cvmeYWY] _ �a Z_a ]\]� �W \k[WYW U�\Wv _ `a ]v

Minkowski
WV]� ] _ �a Z_a ]\]^U�\Wv Y]Xvwm UX�XUc]^� �v Xa ]W\WVUa �U�eU^ WXUvw]\�eUv^ W\YveY]v_ ]�\ eY]\ Ya Z�X] [U Y]\ ]X]�] [ UYa ]�\ c�] cvWV]a UYvw]� XWa WYba bYd^� � �cvW YUYa WYW_ �YbYWd_ Uv cvWV]a UYvwd^ eu\veY`eU^ eYW eueYk[WYW W\WV]a m^ Y�\ c�] XWa WYba b�Y`\� Wrr m WuYd^ e u[V�\]�\ [UYW�� Y]u^� uXZ Yb\ d\\]vW ZYv e u\cd]\YWv [ Ud\W [UYWe_ b[WYve[Z

Lorentz
� � u\UX`^ b c][vwk ][mcW U�\W v b ][mcW Lorentz

�
N 52>L63@1 34 @7I3<:2 H 123 B 52 G7<8 1:464 1<J @B < 6@7B6D4>< K554 12 3<= @FQ263;:@5<= 9K8:<= 253 B 3<= 26D4L83@7<= K554 12= 34C >273@8 1254L H 154:K54C

M × F
M q 26?53<8< @B52 1 ;3 1 : B2 @Q263;:@5< 9K8:< R>21 H@51>;3@72 : B25<:231>E 9K8:<S @B52 1 :;54 346 1>? 3@371::K5< >21 ;G 1 4D 1>? T 83< H@51>E 6@7BF63A8< M N 5 @B52 1 4D 1>? T 3;3@ G272>3<7Bf@32 1 YUYa v[[ d\b cde[b (trivial bundle)>21 @ B52 1 4:4:47Q 1>E :@ 3< cde[ b��v\Z[U\]

(product bundle) M × F
M

�



� ������ �� !

� �,)%'��� -./),
ghG4532= @5346 B8@1 32 O28 1>? G272>3<7183 1>? : 12= @Q263;:@5<= 9K8:<=:6474L:@ 52 3< H@51>@L84C:@ @18?H4532= 3<5 K554 12 3<= \b[WYvwk^ cde[b^R

fibre bundle
S
E

R8GE:2 sS M q 912Q47? @B52 1 ;3 1 253 B 34C @Q263;:@54C GI74C T@6 1DKH4C:@ A= 5E:2 4641459E643@ ?DD4 GI74 T C6; 47 18:K5@= 674�64J K8@1= M
�~����  ¡ �� ¢£¤�}¥�¦� § ¨��¤ ©� ª vW \b[WYvwk cde[b

(E,M,F, π,G)eu\�eYWYWv WXZ Yv^ cvWV]a �e v[ U^ X]rrWXr ZYbYU^«
E ¬]r vwZ^ _ `a ]^ � M ¬l m�eb �

F ¬YuXvwZ \k[W � Yb\ ][mcW Lie G ¬c][vwk ][mcW wWv Yb\ ][Wr k� UX�WXUvwZ\veb
π : E → M ¬Xa ]l ]r k � X]u vwW\]X]v]�\ Yv^ U�k^ e u\�kwU^«

     (x)

M

E

x

π

π
-1

F

(x,y)

φ i,x

φ j,x
φ i,x o φj,x

-1

iGE:2 s® t<:231>E 9K8:< M

¯� � \b[WYvwk cde[b U�\Wv Y] Xvwm YUYa v[[d\b� cbrWck W\
{Ui}

U�\Wv d\WXr ka U^ e�\]r ] XUa v]_ `\ _ Wa Y`\ Yb^ l meb^ M
� YZYU uXma_ ]u\ W[VvcvW�V]a �e v[ U^ WXUvw]\�eUv^

φi

X]u U�Wa Y`\YWv WXZ Yb\ XUa v]_ k
Ui

� YdY]vU^
°



`eYU
φi : π−1(Ui) → Ui × FwWv UXvXr d]\

π(φ−1

i (x, y)) = x, x ∈ U, y ∈ F� WXW�Ybeb WuYk wW�]a �±Uv Y] a Zr ] Yb^ Xa ]l ]r k^ π
�

² � � v W[VvcvWV]a �e v[ U^ WXUvw]\�eUv^
φi,x : π−1(x) → F

φ−1

i (x, y) → y

U�\Wv e u[l vl WeYd^ eYb\ XUa v]_ k UXvwmr u³b^ c�] XUa v]_ `\
Ui ∩ Uj

� uXZYb\ d\\]vW ZYv b e�\�Ueb
φi,x ◦ φ−1

j,x : F → F

YWuY�±UYW v [ U Yb ca meb U\Z^ eY]v_ U�]u Yb^ ][mcW^ G
Xm\� eY] \k[W

F
�� e u\�kwb WuYk wW�]a �±Uv Y] a Zr ] Yb^ c][vwk^ ][mcW^�

´ � �v WXUvw]\�eUv^
gij : Ui ∩ Uj → G

x → gij(x) = φi,x ◦ φ−1

j,x

X]u W\Yve Y]v_ ]�\ Y]
x
eY] Xa ]W\WVUa �d\ eY]v_ U�] Yb^ ][mcW^ U�\Wv ][W�r d^� �v WXUvw]\�eUv^ WuYd^ ]\][m±]\YWv [ UYWl WYvwd^ eu\Wa YkeUv^ (tran-

sition functions)
M

j 1 8C5J E>@= 64C 2Q474L5 831= 26@1>45B8@1=
φi

@x28Q2D Bf4C5 ;6A= 6742F52QK7J <>@ 3< 9C523;3<32 6748914718:4L 3<= J K8<= @5;= 8<:@B4C 3<= 9K8:<=26; 34 f@LH4= (x, y)
>21 32C3;G7452 32 26272 B3<32 G272>3<7183 1>? 912Q471F8 1:;3<32= 64C @6 137K64C5 345 @x46D18:; 3<= 9K8:<= :@ 912Q474H@A:@371>K=94:K= R:@37 1>E T 8C54GE > MD6 MS M i<:@1I5@32 1 ;3 1 32 5E:232 9@ 8C59K45321 :@F32xL 34C= :@ >?6414 QC8 1>; 37;64 M q 191;3<32 3<= 346 1>E= 3@37 1::@5464 B<8<=6748QK7@1 :;54 3464D4H 1>E 8C5KG@12 3A5 H@13451>I5 5<:?3A5 T @62H;:@5< 26;3< 8C5KG@12 3A5 U × F
MhQ;845 : 12 5<:231>E 9K8:< @B52 1 346 1>? 3@371::K5< T 4 GI74= E

64C 674F>L63@1 26; 3<5 8CH>;DD<8< 3A5 5<:?3A5 83< O?8< >21 454:?f@32 1 ]r vwZ^_ `a ]^
(total space)

3<= 9K8:<= T >D<7454:@B 26; 3< O?8< >21 34 5E:2 34 G2F72>3E72 3<= 64DD26D;3<32= >21 KG@1 9 1?8328< dimE = dimM + dimF
M z 2

µ



f@LH< (Ui, φi)
8C51834L5 4C8 1283 1>? 34C= G?73@= 3<= 9K8:<= >21 454:?f4532 1Y]Xvwd^ YUYa v[[U\]X]vkeUv^

(local trivializations)
M N 5 C6?7G@1 : 12 2:Q 1912Q4F7B8 1:< 26@1>;518<

Φ : E → M × F6?5A 8@ 4D;>D<74 345 4D 1>; GI74 T 3;3@ < 9K8:< DKH@32 1 YUYa v[[d\b R
trivial

S>2 1 25?H@321 83<5
(M × F,M,F, prM , {e})

M
{|}~���� ¡ ��� ¶ Wa mcUv�[W [ b YUYa v[[d\b^ \b[WYvwk^ cde[b^ WX]YUrU� br �a �cW Y]u

Möbius ¬e_ k[W ² � ª X]a ]�[U \W Yb\ wWYWewUume]u[U wZl ]\YW^d\W\ w�r v\ca ]
S1 × [0, 1]

wWYm [ kw]^ U\Z^ \k[WY]^� eYa �l ]\YW^ Yb\ W\]v_ Ykr �a �cW X]u Xa ]w�XYUv wW v w]rr `\YW^ Yb\ �W\m� �] eYa �³ v[] d_ Uv eW\ eu\dXUvWb r�a �cW \W [b\ WXUvw]\�±UYW v Xr d]\ [ U eu\U_ k Ya ZX] eY]\ Wa_ vwZ w�r v\ca ]
S1 × [0, 1] ¬uXma_ Uv We u\d_ UvW eYb �deb w]Xk^ wWv dYev ] [ d�veY]^ _ ma Yb^XUa vrW[l m\Uv Zr b Yb r �a �cW UwYZ^ WXZ d\W \k[W� ·̧ \W^ UXvXr d]\ _ ma Yb^ X]u �W¹[XWr`eUvº Y] wZ³ v[]� �W lr dXUv W\WX]c]�ua ve[d\W YW \k[WYW eY] d\W mwa ]Yb^ r �a �cW^ wWv UX][d\�^ �vW \W eu[V�\U� [ U Y]\ mrr ] _ ma Yb� �W Xa dXUv bc][vwk ][mcW \W UXvYa dXUv W\WX]c]��a ve[W Y]u \k[WY]^� cbrWck \W d_ Uv c�]eY]v_ U�W � ·�a W

G = Z2

�

iGE:2 � ® q DA7B92 34C
Möbius

M

N 6; 34 62726?5A 627?9@1H:2 :6474L:@ 52 >232D?O4C:@ H 123 B : 12 5<F:23 1>E 9K8:< 6@71H7?Q@321 8C5463 1>? A = n8C5@8372::K54o H 15;:@54 GI7A5 Mh 191>K= 6@7 163I8@1= 5<:23 1>I5 9@8:I5 :@ 19 12 B3@74 @5912QK745 @B52 1 4 1 @xE= ®
»



•
< @Q263;:@5< 9K8:< 64C :@D@3E82:@ 674<H4C:K5A= >21 :6474L:@ 6DKF45 52 674827:;84C:@ 83< H@51>;3@7< K554 12 3<= 5<:231>E= 9K8:<= 8C:FO4D Bf453?= 3<5 A=

(TM,M, Rn, π,GL(n, R))
M q 94: 1>E 4:?92 @B52 1 <

GL(n, R)
R4:?92 3A5

n×n
672H:231>I5 6 15?>A5S 64C @B52 1 < H@51>;3@7<4:?92 H72::1>I5 :@328G<:2318:I5 26; 345

R
n 8345

R
n R:@328G<:2F3 18:I5 2DD2HE= 8C53@32H:K5A5S M

•
< eu\UVWXYZ[U\b cde[b

(cotangent bundle) T ∗M
;64C T 253 B 34C @Q2F63;:@54C GI74C T J @A74L:@ A= 5E:2 345 8C5@Q263;:@54 GI74 T ∗

xM
MN C3;= @B52 1 4 9C 1>;= GI74= 34C TxM

T 9<D29E 4 GI74= 3A5 253 1>@1:KF5A5 64C ;325 64DD26D28 12834L5 @8A3@71>? :@ 32 8341G@B2 34C
TxM9 B54C5 271J :4L= R6 MG M 4 GI74= 3A5 8C52DD4BA3A5 9125C8:?3A5 83<56@7B63A8< 3<= 8G@3 1>;3<32= E 3A5 H@5 1>@C:K5A5 47:I5 83<5 6@7B63A8<3<= >D288 1>E= :<G251>E=S M

{|}~���� ¡ �¡ � � eu\UVWXYZ[ U\b cde[ b Y]u []a Vvw]� _ `a ]u U\Z^ [b_ W\v�w]� eueYk[WY]^ WX]YUrU�YWv WXZ YW ±U��b
(q, p)

wWv U�\Wv ] VWevwZ^ _ `a ]^ Y]ueueYk[WY]^�
•
< YW\ueYvwk cde[b

(tensor bundle) T a
b M

;64C 34 5E:2 @B52 1 4 GI74= T a
b3A5 325C83I5 3?x<=

(a, b)
834

x
M N C3;= @B52 1 H 15;:@54

a
@Q263;:@5A5>21

b
8C5@Q263;:@5A5 GI7A5 T 9<D29E

T a
b = TxM ⊗ . . . ⊗ TxM

︸ ︷︷ ︸

a ¼½¾¿À
⊗T ∗

xM ⊗ . . . ⊗ T ∗

xM
︸ ︷︷ ︸

b ¼½¾¿À
>2 1 @64:K5A= @B52 1 18;:47Q4= :@ 345

R
na+b M

•
< cvW\ue[WYvwk cde[b

(vector bundle)
T ;64C 34 5E:2 @B52 1 K52= 912F5C8:231>;= GI74= F = V

M gN 72
G = GL(n, R)

R4:?92 3A5
n×n672H:231>I5 6 15?>A5 64C @B52 1 < H@51>;3@7< 4:?92 :@328G<:2318:I5SE

G = GL(n, C)
M Á?J @ @Q263;:@5< T 8C5@Q263;:@5< E 325C831>E 9K8:<@B52 1 674Q25I= >2 1 9125C8:231>E 9K8:< M

•
< w�a vW \b[WYvwk cde[ b

(principal bundle)
T ;64C 34 5E:2 32C3 Bf@32 1 :@3< 94: 1>E 4:?92

F = G
T < 97?8< 3<= 464 B2= 6?5A 834 5E:2 @B52 1 64DFD26D28 128:;= 26; 27 183@7? R27H;3@72 J 2 94L:@ K525 1849L52:4 2DD?6 14 >23254<3; 912 18J <3 1>? 4718:;S M

•
< eXv\]a vWwk cde[b

(spinor bundle)
T ;64C < O?8< @B52 1 4 3@37291?83234=

GA7;G7454= T 34 5E:2 @B52 1 K52= �F9 1?83234= : 1H291>;= 9 125C8:231>;=
GI74= C >21 < 94: 1>E 4:?92 @B52 1 < 4:?92

Lorentz Λ1/2

E < >2DL634C824:?92 2C3E=
SL(2, C)

M
Â



q 6272>?3A @Q27:4HE 26; 3<5 252DC3 1>E :<G251>E 9B5@1 K52 627?9@1H:2>L712= 5<:231>E= 9K8:<= T @5I 6274C8 1?f@1 :@ 912 18J <3 1>; 37;64 3 1= K554 1@=3<= 8C54GE= >21 >2:6CD;3<32= 3<= 9K8:<= 64C J 2 252DCJ 4L5 27H;3@72 M
{|}~���� ¡ �Ã � ÄU�a ]�[U [vW eVW�a W X]u UXvYa dXUYW v \W wv\U�YW v [Z\] Xm\�eU [vW cvecvmeYWYb UXvVm\UvW � Å vW Y]\ Xr ka b Xa ]ecv]a ve[ Z Yb^ cvmYW�b^ Y]ueueYk[WY]^ Xa dXUv \W �\�a �±]u[U Yb\ �deb Yb^ eVW�a W^ Xm\� eYb\ UXvVm\UvWwWv Y]\ Xa ]eW\WY]r ve[Z Yb^� Æ brWck ] []a V vwZ^ _ `a ]^ Y]u [b_ W\vw]� WuY]�eueYk[WY]^ U�\Wv Y] Xvwm Y] �v\Z[U\] Y]u _ `a ]u M

� cbrWck Yb^ X]rrWXr ZYbYW^X]u XUa v�a mVUv Yb cvecvmeYWYb UXvVm\UvW� wWv Y]u _ `a ]u Zr �\ Y�\ cu\WY`\Xa ]eW\WY]r ve[`\ Yb^ eVW�a W^ X]u YWuY�±UYWv [ U Yb\ ][mcW Y�\ eYa ]V`\ eY]\Ya vecvmeYWY] _ `a ]� SO(3)
� � u\UX`^ ] []a VvwZ^ _ `a ]^ [X]a U� \W �U�a b�U� �^cde[ b [U l meb M

wWv \k[W Yb\ ][mcW SO(3)
� ª mr veYW b cde[b U�\Wv w�a vW��vWY� b c][vwk ][mcW U�\Wv UX�eb^ b SO(3)

� WV]� WrrW�k eu\YUYW�[d\�\ eYb\UXvVm\UvW M
eu\UXm�UYWv wWv eYa ]Vk Y]u _ `a ]u Y�\ Xa ]eW\WY]r ve[`\ Yb^eVW�a W^�� ^ uX]�de]u[U Y`a W ZYv b eVW�a W cU\ ]r ve�W�\Uv Wrr m [Z\] wur �UYWv Xm\�eYb\ UXvVm\UvW � � eu\�kwb w�r veb^ UXvl mrrUv d\W e�\cUe[]� WV]� [vW eY]v�_ Uv`cb^ [UYWYZXveb Yb^ eVW�a W^ Xm\� eYb\ UXvVm\UvW eu\]cU�UYWv wWv WXZ [vWeY]v_ Uv`cb WrrW�k Y]u Xa ]eW\WY]r ve[]� Yb^ ¬eYa ]Vk [U wW�]a ve[d\] Ya ZX]�·̧ Ye v r ]vXZ\ ] e�\cUe[]^ U�\W v d\W^ wW\Z\W^ X]u [W^ r dUv eU X]vW cvU��u\eb \Wwv\b�]�[U eYb cde[b� ZYW\ c�\UYWv [vW cvU��u\eb w�\beb^ Xm\� eYb l meb wWvWuYZ^ U�\Wv [ U WXr m r Z�vW ] ]a ve[ Z^ Yb^ eu\]_ k^� ¸ X�eb^ [X]a ]�[ U \W c]�[UZYv ] e�\cUe[]^ XUa v]a �±Uv Yv^ cu\WYd^ �U\vwUu[ d\U^ YW_ �YbYU^ X]u [X]a U� \Wd_ Uv Y] e�eYb[W� WV]� UXvl mrrUv [vW U�ma Ybeb Y�\ Ya v` \ YW_ uYkY�\ X]u W�\Yve Y]v_ ]�\ eY] a u�[Z [UYWl ]r k^ Y�\ Ya v` \ ��\v`\ Euler
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