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Exètash 16hc IounÐou 2023

Jèma 1o: 'Estw f, g : R2 → R sunart seic me tÔpouc

f(x, y) = xy kai g(x, y) = x2 + y2 − 2a2,

ìpou a > 0 gnwst  stajer�. 'Estw, epÐshc, ta sÔnola:

B = {(x, y) ∈ R2 : g(x, y) = 0},
C = {(x, y) ∈ R2 : g(x, y) ≤ 0},
D = {(x, y) ∈ R2 : g(x, y) ≤ 0, x ≥ 0, kai y ≥ 0}.

(a) Na gr�yete thn exÐswsh tou efaptìmenou epÐpedou sto gr�fhma thc g sto shmeÐo (a,−a).
(b) Na aitiolog sete ìti h sun�rthsh f èqei mègisth kai el�qisth tim  sta sÔnola B kai C.
(g) Na breÐte th mègisth kai thn el�qisth tim  thc f sta sÔnola B kai C kai ta antÐstoiqa

shmeÐa aut¸n twn qwrÐwn sta opoÐa epitugq�nontai autèc oi timèc.
(d) Na brejeÐ o ìgkoc metaxÔ tou qwrÐou D tou epipèdou xy kai tou graf matoc thc f .

Jèma 2o: (a) Na exet�sete thn Ôparxh tou orÐou

lim
(x,y)→(1,1)

10(x− 1)(y − 1)

3(x− 1)2 + 5(y − 1)2

kai, sthn perÐptwsh pou up�rqei, na to upologÐsete.
(b) 'Enac podhl�thc kineÐtai sto epÐpedo xy, diagr�fontac kat� th jetik  for� thn kuklik 

troqi� me kèntro thn arq  twn axìnwn kai aktÐna 1, me monadiaÐa gwniak  taqÔthta. H jermokra-
sÐa sto shmeÐo (x, y) dÐnetai apì ton tÔpo T (x, y) = x2ey − xy3. Na breÐte ton rujmì metabol c
thc jermokrasÐac pou aisj�netai o podhl�thc wc sun�rthsh tou qrìnou, dhlad  thn dT/dt.

(g) Na grafeÐ to diplì olokl rwma thc f : R2 → R, me tÔpo f(x, y) = (x + y)2, epÐ tou
qwrÐou D = {(x, y) ∈ R2 : 0 ≤ y ≤ 1, 0 ≤ x ≤ y2} wc diadoqikì olokl rwma dxdy kai wc
diadoqikì olokl rwma dydx kai na upologisteÐ, qrhsimopoi¸ntac mÐa apì tic duo autèc morfèc.

Jèma 3o: DÐdetai to dianusmatikì pedÐo F⃗ (x, y) = xy î + y2 ĵ kai to qwrÐo D tou epipèdou
xy to opoÐo perikleÐetai apì tic kampÔlec y = x2 kai y = x.

(a) Na upologisjoÔn ta epikampÔlia oloklhr¸mata
∮
∂D

F⃗ ·τ̂ dl kai
∮
∂D

F⃗ ·n̂dl, ìpou τ̂ to monadiaÐo
efaptìmeno kat� thn jetik  for� kai n̂ to monadiaÐo to k�jeto sto sÔnoro thc perioq c me for�
proc to exwterikì aut c.
(b) Na epalhjeuteÐ gia ta anwtèrw oloklhr¸mata to je¸rhma Green.

Jèma 4o: (a) DÐdetai to dianusmatikì pedÐo F⃗ = x3î + y3ĵ + z3k̂. Na upologisjeÐ h ro 

tou,
∮
S
F⃗ · n̂ds ìpou S h sfaÐra me exÐswsh x2 + y2 + z2 = a2, me efarmog  tou jewr matoc

Gauss.
(b) Se perioq  tou tridi�statou q¸rou Ω sthn opoÐa efarmìzetai to je¸rhma Gauss, na deÐxete

ìti
∮
∂Ω

F⃗1 ·n̂ds =
∮
∂Ω

F⃗2 ·n̂ds =
∮
∂Ω

F⃗3 ·n̂ds, ìpou F⃗1 = xî, F⃗2 = zk̂, F⃗3 = 1
3

(
xî+ yĵ + zk̂

)
(g) DÐdetai to dianusmatikì pedÐo F⃗ = 1

2
B⃗ × r⃗, ìpou B⃗ stajerì di�nusma. Na epalhjeuteÐ to

je¸rhma Stokes gia to hmisfaÐrio x2 + y2 + z2 = a2, z ≥ 0.

Na apant sete se ìla ta jèmata.
H di�rkeia thc exètashc eÐnai 3 ¸rec. Kal  epituqÐa!


