
9 AnaptÔgmata Taylor

Poluwnumikèc sunart seic MÐa poluwnumik  sun�rthsh p : R → R
eÐnai mia sun�rthsh thc morf c

p(x) = a0 + a1x + . . . + anx
n (ak ∈ R)

dhlad  ènac grammikìc sunduasmìc twn (grammik� anex�rthtwn) sunart sewn
f0, f1, . . ., ìpou fn(x) = xn. Epomènwc dÔo polu¸numa1 p, q eÐnai Ðsa (dhl.
p(x) = q(x) gia k�je2 x ∈ R) an kai mìnon an èqoun touc Ðdiouc suntelestèc.
'Omwc oi poluwnumikèc sunart seic eÐnai aperiìrista paragwgÐsimec, kai mpo-
roÔme na broÔme touc suntelestèc sunart sei twn parag¸gwn: Pr�gmati,

p(x) = a0 + a1x + . . . + anx
n ⇒ p(0) = a0,

p′(x) = a1 + 2a2x + 3a3x
2 + . . . + nanx

n−1 ⇒ p′(0) = a1

p′′(x) = 2a2 + 2.3a3x + . . . + n(n− 1)anx
n−2 ⇒ p′′(0) = 2a2

...
p(k)(x) = k!ak + · · ·+ n(n− 1) . . . (n− k + 1)anx

n−k ⇒ p(k)(0) = k!ak

�ra

gia k�je k ∈ N, ak =
p(k)(0)

k!
(= 0 ìtan k > n).

Epomènwc,

Parat rhsh 9.1 K�je polu¸numo p bajmoÔ to polÔ n gr�fetai

p(x) =
n∑

k=0

p(k)(0)

k!
xk (x ∈ R).

Sunep¸c dÔo polu¸numa p, q eÐnai Ðsa an kai mìnon an
p(k)(0) = q(k)(0) gia k�je k ∈ N.

1Ston Apeirostikì Logismì, me ton ìro {polu¸numo} ennooÔme {poluwnumik  sun�rth-
sh}.

2Ac jumhjoÔme ìti an dÔo poluwnumikèc sunart seic p, q bajmoÔ n ikanopoioÔn p(x) =
q(x) gia toul�qiston n + 1 timèc tou x, tìte eÐnai Ðsec, giatÐ an h exÐswsh p(x)− q(x) = 0
èqei perissìterec apì n (diaforetikèc) rÐzec, tìte p(x)− q(x) = 0 gia k�je x ∈ R.

1



K�je sun�rthsh me tÔpo q(x) = b0 + b1(x − a) + . . . + bn(x − a)n eÐ-
nai polu¸numo, giatÐ eÐnai grammikìc sunduasmìc twn poluwnÔmwn gk ìpou
gk(x) = (x − a)k. An q eÐnai polu¸numo kai a ∈ R, up�rqoun p�nta kat�l-
lhloi suntelestèc bk ∈ R ¸ste q(x) = b0 + b1(x − a) + . . . + bn(x − a)n

(Apìdeixh: 'Askhsh). 'Opwc prohgoumènwc, paragwgÐzontac th sqèsh aut  k
forèc kai jètontac x = a, brÐskoume

gia k�je k ∈ N, bk =
q(k)(a)

k!
(= 0 ìtan k > n).

Epomènwc,

Parat rhsh 9.2 Gia k�je a ∈ R, k�je polu¸numo q gr�fetai

q(x) =
n∑

k=0

q(k)(a)

k!
(x− a)k (x ∈ R).

Sunep¸c dÔo polu¸numa p, q eÐnai Ðsa an kai mìnon an up�rqei a ∈ R ¸ste
p(k)(a) = q(k)(a) gia k�je k ∈ N.

Polu¸numa Taylor JewroÔme t¸ra mia sun�rthsh f : (c, d) → R ori-
smènh se k�poio di�sthma (c, d) ⊆ R kai upojètoume ìti se k�poio shmeÐo
a ∈ (c, d) oi par�gwgoi f (k)(a) up�rqoun gia k = 1, . . . , n.

Orismìc 9.1 To polu¸numo Taylor Tn,f,a (  Tn,a, ìtan h f ennoeÐtai) bajmoÔ
n gia thn f sto shmeÐo a orÐzetai apì ton tÔpo

Tn,f,a(x) = f(a) + f ′(a)(x− a) +
f ′′(a)

2
(x− a)2 + . . . +

f (n)(a)

n!
(x− a)n

=
n∑

k=0

f (k)(a)

k!
(x− a)k (f (0) ≡ f).

'Otan a = 0, to polu¸numo Taylor Tn,f,0 onom�zetai epÐshc polu¸numo Mac-
Laurin.

ParathroÔme ìti

Tn,a(a) = f(a), T ′
n,a(a) = f ′(a), . . . , T (n)

n,a (a) = f (n)(a).

Sunep¸c (apì thn Parat rhsh 9.2), k�je �llo polu¸numo pou ikanopoieÐ
autèc tic n + 1 isìthtec ja eÐnai Ðso me to Tn,a:
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Prìtash 9.3 (Sumperifor� sto shmeÐo a) To polu¸numo Taylor
Tn,f,a eÐnai to monadikì polu¸numo p bajmoÔ to polÔ n pou ikanopoieÐ tic n+1
isìthtec

p(k)(a) = f (k)(a), k = 0, . . . , n.

Gewmetrik�, to gr�fhma tou poluwnÔmou Taylor T1,f,a eÐnai h efaptìmenh sto
gr�fhma thc f sto shmeÐo (a, f(a)). Genikìtera, to gr�fhma tou poluwnÔmou
Taylor Tn,f,a pern�ei apì to shmeÐo (a, f(a)) kai èqei thn Ðdia efaptìmenh me
to gr�fhma thc f .

ParadeÐgmata 9.4 (i) An f(x) = sin x (x ∈ R), epeid  sin x = − cos
(
x + π

2

)
kai cos x = sin

(
x + π

2

)
brÐskoume epagwgik�

f (n)(x) = sin
(
x + n

π

2

)
�ra f (2n)(0) = 0, f (2n+1)(0) = (−1)n

sunep¸c

T2n+1,0(x) = T2n+2,0(x) = x− x3

3!
+

x3

5!
+ . . . + (−1)n x2n+1

(2n + 1)!

(ii) 'Estw f(x) = log(1 + x) (x > −1). Epeid  log(k)(t) = (−1)k−1(k−1)!
tk

èqoume

f (k)(0) = log(k)(1) = (−1)k−1(k − 1)! epomènwc

Tn,0(x) = x− x2

2
+

x3

3
+ . . . + (−1)n−1xn

n
.

Exet�zoume t¸ra th sumperifor� thc sun�rthshc Tn,a (gia stajerì n ∈ N)
kont� sto shmeÐo a.

ParathroÔme ìti efìson Tn,a(a) = f(a) kai oi sunart seic Tn,a kai f eÐnai
suneqeÐc sto a, to ìrio limx→a(f(x)− Tn,a(x)) up�rqei kai eÐnai 0.

Pìso {gr gora} ìmwc teÐnei aut  h diafor� sto 0?
Ac exet�soume pr¸ta thn perÐptwsh n = 1. 'Eqoume

T1,a(x) = f(a) + f ′(a)(x− a) �ra
f(x)− T1,a(x)

x− a
=

f(x)− f(a)

x− a
− f ′(a)

�ra lim
x→a

f(x)− T1,a(x)

x− a
= 0

apì ton orismì thc f ′(a).
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Dhlad  h diafor� |f(x) − T1,a(x)| teÐnei sto 0 kaj¸c to x teÐnei sto a
{piì gr gora} apì thn diafor� |x− a|.

Ja deÐxoume ìti h diafor� |f(x) − T2,a(x)| teÐnei sto 0 kaj¸c to x teÐnei
sto a {piì gr gora} apì thn diafor� (x− a)2, me thn ènnoia ìti to ìrio

lim
x→a

f(x)− T2,a(x)

(x− a)2
up�rqei kai eÐnai = 0.

Genikìtera, ja deÐxoume ìti

Prìtash 9.5 (Sumperifor� kont� sto shmeÐo a)
An h f : (c, d) → R eÐnai n forèc paragwgÐsimh sto a, tìte to ìrio

lim
x→a

f(x)− Tn,f,a(x)

(x− a)n
up�rqei kai eÐnai = 0.

Apìdeixh To kleidÐ brÐsketai sthn

Parat rhsh An to Tn,f,a up�rqei, tìte

T ′
n,f,a(x) = T(n−1),f ′,a(x).

Pr�gmati, paragwgÐzontac thn

Tn,f,a(x) = f(a) + f ′(a)(x− a) +
f ′′(a)

2!
(x− a)2 + . . . +

f (n)(a)

n!
(x− a)n

èqoume

T ′
n,f,a(x) = 0 + f ′(a)+f ′′(a)(x− a)+. . .+

f (n)(a)

(n− 1)!
(x− a)n−1 =T(n−1),f ′,a(x).

ApodeiknÔoume t¸ra thn Prìtash me epagwg  sto n:
'Eqoume  dh parathr sei ìti h Prìtash isqÔei gia n = 1, dhlad  ìti

lim
x→a

g(x)−T1,g,a(x)

(x−a)
= 0 gia k�je paragwgÐsimh sun�rthsh g, �ra kai gia thn f ′.

Epomènwc lim
x→a

f ′(x)−T1,f ′,a(x)

(x−a)
= 0. 'Omwc mìlic parathr same ìti T1,f ′,a =

T ′
2,f,a. Epeid  lim

x→a
(f(x)− T2,f,a(x)) = 0 kai lim

x→a
(x− a)2 = 0, en¸ (x− a)2 6= 0

ìtan x 6= a, apì ton kanìna L’Hospital (Je¸rhma 1.23) prokÔptei ìti to
zhtoÔmeno ìrio up�rqei kai

lim
x→a

f(x)− T2,f,a(x)

(x− a)2
= lim

x→a

f ′(x)− T ′
2,f,a(x)

2(x− a)
=

1

2
lim
x→a

f ′(x)− T1,f ′,a(x)

(x− a)
= 0.
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Kat� ton Ðdio akrib¸c trìpo3 gÐnetai to epagwgikì b ma. An upojèsoume
ìti gia k�je sun�rthsh g gia thn opoÐa up�rqei h g(n−1)(a) isqÔei ìti

lim
x→a

g(x)− Tn−1,g,a(x)

(x− a)n−1
= 0,

efamìzontac thn upìjesh gia g = f ′ kai qrhsimopoi¸ntac thn Parat rhsh
èqoume ìti

lim
x→a

f ′(x)− T ′
n,f,a(x)

(x− a)n−1
= lim

x→a

f ′(x)− T(n−1),f ′,a(x)

(x− a)n−1
= 0

opìte apì ton kanìna L’Hospital èqoume ìti to zhtoÔmeno ìrio up�rqei kai

lim
x→a

f(x)− Tn,f,a(x)

(x− a)n
= lim

x→a

f ′(x)− T ′
n,f,a(x)

n(x− a)n−1
=

1

n
lim
x→a

f ′(x)− T(n−1),f ′,a(x)

(x− a)n−1
= 0

kai h apìdeixh oloklhr¸jhke. 2

Prìtash 9.6 An h f : (c, d) → R eÐnai n forèc paragwgÐsimh sto a, tìte
to Tn,f,a eÐnai to monadikì polu¸numo p bajmoÔ n pou ikanopoieÐ

lim
x→a

f(x)− p(x)

(x− a)n
= 0 .

Apìdeixh DeÐxame ìti to polu¸numo Tn,f,a ikanopoieÐ thn upìjesh. An to
polu¸numo p thn ikanopoieÐ epÐshc, tìte

lim
x→a

p(x)− Tn,f,a(x)

(x− a)n
= 0.

Gr�fontac p(x)−Tn,f,a(x) = q(x) =
n∑

k=0

bk(x−a)k èqoume gia k�je 0 ≤ k ≤ n,

q(x)

(x− a)k
=

q(x)

(x− a)n
(x− a)n−k

�ra

lim
x→a

q(x)

(x− a)k
= 0 (1)

3H qwrist  apìdeixh thc perÐptwshc n = 2 den eÐnai bèbaia anagkaÐa, ègine mìno gia
kalÔterh katanìhsh.
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Jètontac k = 0 brÐskoume q(a) = lim
x→a

q(x) = 0 �ra b0 = 0. Tìte ìmwc

q(x)

x− a
=

b1(x− a) + . . . + bn(x− a)n

(x− a)
= b1 + b2(x− a) + . . . + bn(x− a)n−1,

opìte paÐrnontac ìrio kaj¸c x → a brÐskoume b1 = 0. SuneqÐzontac me ton
Ðdio trìpo, met� apì n + 1 b mata brÐskoume b0 = b1 = . . . = bn = 0, �ra
p = Tn,f,a. 2

Upìloipo Taylor Endiaferìmaste t¸ra na melet soume thn sumperifo-
r� twn poluwnÔmwn Taylor Tn,f,a kaj¸c o bajmìc n megal¸nei. Eidikìtera,
mac endiafèrei pìte ta polu¸numa aut� {plhsi�zoun} thn f , k�tw apì poièc
proôpojèseic kai me poi� ènnoia. Bèbaia xèroume ìti sto shmeÐo a tautÐzontai
(Tn,f,a(a) = f(a) gia k�je n), ti gÐnetai ìmwc se �lla shmeÐa x tou pedÐou
orismoÔ thc f ? P¸c sumperifèretai h diafor� f(x)−Tn,f,a(x) kaj¸c n →∞?

Gia to skopì autì eis�goume to upìloipo Taylor t�xhc n gia thn f
sto shmeÐo a: EÐnai h sun�rthsh me pedÐo orismoÔ to Ðdio me thn f , dhlad 
to di�sthma (c, d) pou orÐzetai apì ton tÔpo

Rn,f,a(x) = f(x)− Tn,f,a(x) x ∈ (c, d).

Je¸rhma 9.7 (Taylor) 'Estw f : (c, d) → R sun�rthsh gia thn opoÐa
up�rqei h par�gwgoc f (n+1)(t) gia k�je t ∈ (c, d) kai èstw a ∈ (c, d). Tìte,
gia k�je x ∈ (c, d):

(a) (Morf  Cauchy) Up�rqei t metaxÔ twn a kai x ¸ste

Rn,f,a(x) =
f (n+1)(t)

n!
(x− t)n(x− a).

(b) (Morf  Lagrange) Up�rqei s metaxÔ twn a kai x ¸ste

Rn,f,a(x) =
f (n+1)(s)

(n + 1)!
(x− a)n+1.

(g) (Oloklhrwtik  morf ) An h f (n+1) eÐnai oloklhr¸simh,

Rn,f,a(x) =

∫ x

a

f (n+1)(t)

n!
(x− t)ndt.
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Apìdeixh Gr�foume to an�ptugma Taylor wc proc èna {kinhtì} kèntro t:

f(x) = f(t) + f ′(t)(x− t) + . . . +
f (n)(t)

n!
(x− t)n + Rn,t(x) (2)

StajeropoioÔme ta shmeÐa a, x kai to n kai jewroÔme to Rn,t(x) wc
sun�rthsh tou t. OrÐzoume dhlad 

S(t) = Rn,t(x), t ∈ (c, d).

An epÐshc jewr soume tic sunart seic

gk(t) = (x− t)k, t ∈ (c, d), k = 1, 2, . . .

tìte h (2) gr�fetai

f(x) = f(t) + f ′(t)g1(t) + . . . +
f (n)(t)

n!
gn(t) + S(t) (t ∈ (c, d)). (3)

Isqurismìc H sun�rthsh S eÐnai paragwgÐsimh sto (c, d) kai

S ′(t) = −f (n+1)(t)

n!
(x− t)n. (4)

Apìdeixh IsqurismoÔ: Apì thn (3) faÐnetai ìti h S eÐnai paragwgÐsimh,
afou oi f kai f (k)gk paragwgÐzontai sto (c, d). Gia na broÔme thn tim  thc
parag¸gou, paragwgÐzoume thn sqèsh (3) (wc proc t):

d

dt
f(x) =

d

dt
f(t) +

d

dt
(f ′(t)g1(t)) + . . . +

d

dt

(
f (n)(t)

n!
gn(t)

)
+

d

dt
S(t).

'Eqoume ìmwc d
dt

f(x) = 0, d
dt

(f ′(x)g1(t)) = −f ′(t)+f ′′(t)(x−t) kai genikìtera
gia k = 1, 2, . . . , n,

d

dt

(
f (k)(t)

k!
gk(t)

)
=

f (k)(t)

k!
g′k(t) +

f (k+1)(t)

k!
gk(t)

=
f (k)(t)

k!
(−k(x− t)k−1) +

f (k+1)(t)

k!
(x− t)k

= − f (k)(t)

(k − 1)!
(x− t)k−1 +

f (k+1)(t)

k!
(x− t)k
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Epomènwc

0 = f ′(t) + (−f ′(t) + f ′′(t)(x− t)) +

(
−f ′′(t)(x− t) +

f
′′′
(t)

2!
(x− t)2

)
+

. . . +

(
− f (n)(t)

(n− 1)!
(x− t)n−1 +

f (n+1)(t)

n!
(x− t)n

)
+ S ′(t)

=⇒ S ′(t) = −f (n+1)(t)

n!
(x− t)n.

H Morf  Cauchy gia to upìloipo Taylor èpetai t¸ra apì ton Isqurismì
efarmìzontac to Je¸rhma Mèshc tim c sth sun�rthsh S, an parathr soume
ìti

S(t) = Rn,f,t(x) �ra S(x) = 0 kai S(a) = Rn,f,a(x) :

Up�rqei t metaxÔ twn a kai x ¸ste

S(x)− S(a)

x− a
= S ′(t) dhlad 

−Rn,a(x)

x− a
= −f (n+1)(t)

n!
(x− t)n

�ra Rn,a(x) =
f (n+1)(t)

n!
(x− t)n(x− a) .

H Morf  Lagrange èpetai apì ton Isqurismì efarmìzontac to Je¸rhma
mèshc tim c tou Cauchy (Je¸rhma 1.21) stic sunart seic S kai gn+1 (ìpou
gn+1(t) = (x− t)n+1): Up�rqei s metaxÔ twn a kai x ¸ste

(S(x)− S(a))g′n+1(s) = (gn+1(x)− gn+1(a))S ′(s)

dhlad 

(0−Rn,a(x))(−(n + 1)(x− s)n) = (0− (x− a)n+1)

(
−f (n+1)(s)

n!
(x− s)n

)
�ra Rn,a(x) =

f (n+1)(s)

(n + 1)!
(x− a)n+1 .

Tèloc,

H Oloklhrwtik  morf  gia to upìloipo Taylor èpetai apì th sqèsh

S ′(t) = −f (n+1)(t)

n!
(x− t)n.

efarmìzontac to deÔtero jemeli¸dec je¸rhma, ìtan h f (n+1), �ra kai h S ′,
eÐnai oloklhr¸simh: 'Eqoume

−Rn,a(x) = S(x)− S(a) =

∫ x

a

S ′(t)dt = −
∫ x

a

f (n+1)(t)

n!
(x− t)ndt . 2
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ParadeÐgmata

(a) f(x) = exp x. QrhsimopoioÔme th morf  Lagrange: Epeid  f (k)(x) =
exp x, k ∈ N, gia k�je x ∈ R up�rqei s metaxÔ 0 kai x ¸ste

exp x = 1 + x +
x2

2!
+ . . . +

xn

n!
+

exp s

(n + 1)!
xn+1.

To upìloipo:

|Rn,0(x)| = es|x|n+1

(n + 1)!
ikanopoieÐ lim

x→0
|Rn,0(x)| = 0

gia k�je4 x ∈ R, epomènwc

exp x =
∞∑

n=0

xn

n!
gia k�je x ∈ R.

(b) f(x) = sin x. QrhsimopoioÔme th morf  Lagrange: Epeid  f (k)(x) =
sin

(
x + k π

2

)
, gia k�je x ∈ R up�rqei s metaxÔ 0 kai x ¸ste

sin x = x− x3

3!
+

x5

5!
+ . . . + (−1)n x2n+1

(2n + 1)!
+ 0 +

sin(s + 2n+3
2

π)

(2n + 3)!
x2n+3 .

All� T2n+1,f,0 = T2n+2,f,0 (afoÔ f (2n+2)(0) = 0), opìte to upìloipo

|R2n+1,0(x)| = |R2n+2,0(x)| =
∣∣∣∣sin(s + 2n+3

2
π)

(2n + 3)!
x2n+3

∣∣∣∣ ≤ 1

(2n + 3)!

∣∣x2n+3
∣∣

�ra to Rk,0(x) teÐnei sto 0 kaj¸c k →∞ kai epomènwc èqoume

sin x =
∞∑

n=0

(−1)n x2n+1

(2n + 1)!
gia k�je x ∈ R.

Me ton Ðdio trìpo deÐqnoume ìti

cos x =
∞∑

n=0

(−1)n x2n

(2n)!
gia k�je x ∈ R.

4GnwrÐzoume (p.q. krit rio lìgou) ìti h akoloujÐa (an) me an = |x|n
n! teÐnei sto 0 kaj¸c

n →∞.
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(g) f(x) = arctan x.

UpenjÔmish: H sun�rthsh

g :
(
−π

2
,
π

2

)
→ R ìpou g(s) = tan s

eÐnai 1-1 kai epÐ. H antÐstrof  thc onom�zetai {tìxo efaptomènhc} kai sum-
bolìzetai arctan.

Epeid  g′(s) =
1

cos2 s
> 0 gia k�je s ∈

(
−π

2
, π

2

)
, h antÐstrof  thc, g−1 =

arctan x, èqei par�gwgo se k�je x ∈ R kai, an x = g(s),

(g−1)′(x) =
1

g′(s)
= cos2 s =

1

1 + tan2 s
=

1

1 + x2
.

Kat� sunèpeia èqoume

arctan x =

∫ x

0

1

1 + t2
dt + c

ìpou c = arctan(0). All� g(0) = 0 �ra g−1(0) = g−1(g(0)) = 0, dhlad 
telik�

arctan x =

∫ x

0

1

1 + t2
dt.

AntÐ na paragwgÐsoume n forèc thn arctan sto 0, eÐnai eukolìtero na
diairèsoume ta polu¸numa 1 kai 1 + t2 opìte gia k�je n brÐskoume5

1

1 + t2
= 1− t2 + t4 − t6 + . . . + (−1)nt2n +

(−1)n+1t2n+2

1 + t2

oloklhr¸nontac∫ x

0

1

1 + t2
dt = x− x3

3
+ . . . + (−1)n x2n+1

2n + 1
+ (−1)n+1

∫ x

0

t2n+2

1 + t2
dt.

5Alli¸c: to �jroisma twn n pr¸twn ìrwn gewmetrik c proìdou me pr¸to ìro 1 kai
lìgo −t2 eÐnai

1− t2 + t4 − t6 + . . . + (−1)nt2n =
1− (−t2)n+1

1− (−t2)
.

10



Epomènwc an

pn(x) = x− x3

3
+ . . . + (−1)n x2n+1

2n + 1

tìte èqoume

|f(x)− pn(x)| =
∣∣∣∣∫ x

0

t2n+2

1 + t2
dt

∣∣∣∣ ≤ ∫ |x|

0

t2n+2dt ≤ |x|2n+3

2n + 3

opìte, ìtan |x| ≤ 1, èqoume lim
n→∞

pn(x) = f(x), dhlad 

arctan x =
∞∑

n=0

(−1)n x2n+1

2n + 1
= x− x3

3
+

x5

5
+ . . . , |x| ≤ 1.

(d) f : (−1, +∞) → R : f(x) = log(1 + x). Apì th sqèsh

1

1 + t
= 1− t + t2 + . . . + (−1)n−1tn−1 + (−1)n tn

1 + t
(t 6= −1)

kai ton orismì thc sun�rthshc log èqoume, gia k�je x > −1,

log(1+x) =

∫ x

0

1

1 + t
dt = x− x2

2
+

x3

3
+ . . .+(−1)n−1xn

n
+(−1)n

∫ x

0

tn

1 + t
dt

opìte an onom�soume Fn(x) th diafor� log(1+x)−
(
x− x2

2
+ x3

3
+ . . . + (−1)n−1 xn

n

)
(den èqoume akìmh diapist¸sei6 ìti Fn(x) = Rn,0) èqoume

Fn(x) = (−1)n

∫ x

0

tn

1 + t
dt .

'Otan x > 0, èqoume

|Fn(x)| =
∣∣∣∣∫ x

0

tn

1 + t
dt

∣∣∣∣ ≤ ∣∣∣∣∫ x

0

tndt

∣∣∣∣ =
xn+1

n + 1

6Apì tic anisìthtec pou akoloujoÔn èpetai ìti gia k�je n ∈ N to ìrio lim
x→0

Fn(x)
xn

up�rqei kai eÐnai 0, �ra apì thn Prìtash 9.6 pr�gmati èqoume Fn(x) = Rn,0(x).
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kai ìtan −1 < x < 0,

|Fn(x)| =
∣∣∣∣∫ x

0

tn

1 + t
dt

∣∣∣∣ =

∣∣∣∣∫ 0

x

tn

1 + t
dt

∣∣∣∣
≤

∫ 0

x

|t|n

1 + t
dt ≤ 1

1 + x

∫ 0

x

|t|ndt =
1

1 + x

|x|n+1

n + 1
.

Apì tic dÔo autèc anisìthtec prokÔptei ìti gia k�je x me −1 < x ≤ 1 to ìrio

lim
x→0

Fn(x) up�rqei kai eÐnai 0,

�ra

log(1 + x) =
∞∑

n=1

(−1)n−1xn

n
ìtan −1 < x ≤ 1.

Eidikìtera

log 2 =
∞∑

n=1

(−1)n−1

n
.

'Otan |x| > 1 h seir� apoklÐnei (afoÔ h akoloujÐa
(

xn

n

)
den teÐnei sto 0) kai

gia x = −1 epÐshc apoklÐnei (armonik  seir�).

(e) To diwnumikì an�ptugma 'Estw a ∈ R. JewroÔme th sun�rthsh

f : (−1, +∞) → R : f(x) = (1 + x)a

(upenjumÐzoume ìti h f orÐzetai7 apì ton tÔpo f(x) = exp(a log(1 + x)).)
'Eqoume

f (k)(x) = a(a− 1) . . . (a− k + 1)(1 + x)a−k

f (k)(0) = a(a− 1) . . . (a− k + 1).

Epomènwc

Tn,0(x) =
n∑

k=0

(
a

k

)
xk

7'Otan a > 0 to ìrio limx→−1 f(x) up�rqei kai eÐnai 0, afoÔ log(1 + x) = y → −∞
kai exp(ay) → 0, �ra to pedÐo orismoÔ thc f mporeÐ na epektajeÐ sto [−1,∞) jètontac
f(−1) = 0.
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ìpou (
a

k

)
=

a(a− 1) . . . (a− k + 1)

k!
.

'Otan a ∈ N tìte
(

a
k

)
= 0 gia k�je k ∈ N, k > a, opìte

(1 + x)a =
n∑

k=0

(
a

k

)
xk

ìpwc  dh gnwrÐzoume.
Upojètoume t¸ra ìti a /∈ N.
Ja apodeÐxoume ìti, ìtan |x| < 1 h seir� Taylor sugklÐnei sto (1 + x)a.

QrhsimopoioÔme th morf  Cauchy tou upoloÐpou: up�rqei t metaxÔ8 0 kai x
¸ste

Rn(x) =
f (n+1)(t)

n!
(x− t)nx =

a(a− 1) . . . (a− n)

n!
(1 + t)a−(n+1)(x− t)nx

=
a(a− 1) . . . (a− n)

n!

(
x− t

1 + t

)n

(1 + t)a−1x

Gia na deÐxoume ìti lim
n→∞

Rn(x) = 0 ìtan |x| < 1, parathroÔme pr¸ta ìti∣∣∣∣x− t

1 + t

∣∣∣∣ ≤ |x| ìtan |x| < 1. (5)

Pr�gmati, ìtan 0 ≤ t ≤ x èqoume∣∣∣∣x− t

1 + t

∣∣∣∣ =
x− t

1 + t
≤ x

1 + t
≤ x = |x|.

'Otan −1 < x ≤ t ≤ 0 jewroÔme thn sun�rthsh gx : [x, 0] → R me

gx(t) =
x− t

1 + t
=

x + 1

t + 1
− 1

h opoÐa eÐnai fjÐnousa (afoÔ x + 1 > 0) �ra èqei mègisth tim  thn gx(x) = 0
kai el�qisth thn gx(0) = x opìte gia k�je t ∈ [x, 0] èqoume gx(t) ≤ 0 �ra∣∣∣∣x− t

1 + t

∣∣∣∣ = −gx(t) ≤ −gx(0) = −x = |x|.

8to t exart�tai en gènei kai apì to n
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O isqurismìc (5) apodeÐqjhke.
'Eqoume epomènwc

|Rn(x)| =
∣∣∣∣a(a− 1) . . . (a− n)

n!

(
x− t

1 + t

)n

(1 + t)a−1x

∣∣∣∣
≤

∣∣∣∣a(a− 1) . . . (a− n)

n!
xn

∣∣∣∣ ∣∣(1 + t)a−1x
∣∣ ≤ ∣∣∣∣a(a− 1) . . . (a− n)

n!
xn

∣∣∣∣ M(x)

ìpou9 M(x) = |x|max(1, (1 + x)a−1), �ra arkeÐ na deÐxoume ìti

yn ≡
∣∣∣∣a(a− 1) . . . (a− n)

n!
xn

∣∣∣∣ → 0

kaj¸c n →∞. 'Eqoume

yn+1

yn

=

∣∣∣∣a(a− 1) . . . (a− n)(a− (n + 1))

a(a− 1) . . . (a− n)

n!

(n + 1)!

xn+1

xn

∣∣∣∣ =

∣∣∣∣a− n + 1

n + 1
x

∣∣∣∣ .

Gia k�je n ≥ a− 1 èqoume |a− (n + 1)| = n + 1− a, �ra

yn+1

yn

=

∣∣∣∣a− (n + 1)

n + 1
x

∣∣∣∣ =
n + 1− a

n + 1
|x| −→

n→∞
|x| < 1

kai sunep¸c yn → 0. DeÐxame loipìn ìti, ìtan |x| < 1, lim
n→∞

Rn(x) = 0. 'Etsi

èqoume telik�:

(1 + x)a =
∞∑

n=0

(
a

k

)
xk ìtan −1 < x < 1.

'Otan |x| > 1 h seir� apoklÐnei (krit rio lìgou). Gia |x| = 1 h sumperifor�
exart�tai apì thn tim  tou a. Gia par�deigma, ìtan a = −1, h seir� apoklÐnei
kai sta dÔo �kra (gewmetrik  seir� me lìgo x). ApodeiknÔetai ìti ìtan a =
−1/2 h seir� sugklÐnei gia x = 1 kai apoklÐnei gia x = −1, kai ìtan a = 1/2
(kai genikìtera ìtan a > 0), h seir� sugklÐnei kai sta dÔo �kra.

Gia tic leptomèreiec parapèmpoume sto sÔggramma twn S. Negrepìnth, S.
Giwtìpoulou kai E. GiannakoÔlia, Je¸rhma 26.16.

9'Otan −1 < x < 0 èqoume 0 < 1 + x ≤ 1 + t < 1 �ra

a− 1 > 0 ⇒ (1 + x)a−1 ≤ (1 + t)a−1 ≤ 1 = max(1, (1 + x)a−1)

a− 1 < 0 ⇒ 1 ≤ (1 + t)a−1 ≤ (1 + x)a−1 = max(1, (1 + x)a−1) .

'Otan 0 ≤ x < 1 èqoume 1 ≤ 1 + t ≤ 1 + x kai h anisìthta (1 + t)a−1 ≤ max(1, (1 + x)a−1)
prokÔptei me ton Ðdio trìpo.
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