
5 H Logarijmik  kai h Ekjetik  Sun�rthsh

5.1 H Logarijmik  sun�rthsh
H sun�rthsh φ : t → 1

t
orÐzetai kai eÐnai suneq c se k�je di�sthma [1, x]

(ìpou x > 1), epomènwc up�rqei to olokl rwma
∫ x

1
1
t
dt. EpÐshc h φ orÐzetai

kai eÐnai suneq c se k�je di�sthma [x, 1] ìtan 0 < x < 1 (ìqi ìmwc ìtan
x ≤ 0), epomènwc up�rqei to olokl rwma

∫ 1

x
1
t
dt = − ∫ x

1
1
t
dt.

Orismìc 5.1 OrÐzoume th sun�rthsh1 log : (0, +∞) → R apì th sqèsh

log x =

∫ x

1

1

t
dt (x > 0).

Dhlad  h log eÐnai h monadik  paragwgÐsimh sun�rthsh F : (0, +∞) → R pou
ikanopoieÐ F ′(x) = 1

x
gia k�je x > 0 kai F (1) = 0.

Prìtash 5.1 (Algebrikèc idiìthtec) An x, y > 0,

log xy = log x + log y (1)
log(xq) = q log x (q ∈ Q) (2)

eidikìtera log(x−1) = − log x (3)

log(
x

y
) = log x− log y. (4)

Apìdeixh 'Estw a > 0. An f(x) = log xa (x > 0), parathroÔme ìti

f ′(x) =
1

xa
(xa)′ =

a

xa
=

1

x

�ra up�rqei c ∈ R ¸ste f(x) = log x + c, opìte f(1) = log 1 + c = c, �ra
c = log a opìte log xa = log x + log a kai h (1) apodeÐqjhke.

Eidikìtera log(x2) = 2 log(x) kai (epagwgik�) log(xn) = n log(x), n ∈ N,
dhlad  isqÔei h (2) ìtan q ∈ N.

H sqèsh (3) isqÔei giatÐ 0 = log 1 = log(xx−1) = log x + log(x−1). E-
pomènwc h (2) isqÔei ìtan q ∈ Z.

1Kammi� for� qrhsimopoieÐtai o sumbolismìc ln x antÐ tou log x.

O {dekadikìc log�rijmoc} enìc x > 0 dÐnetai apì ton tÔpo log10 x =
log x

log 10
.
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An n ∈ N, n 6= 0 èqoume2 n log(x1/n) = log((x1/n)n) = log x �ra
log(x1/n) = 1

n
log x.

T¸ra h (2) mporeÐ na apodeiqjeÐ genik�:

m ∈ Z, n ∈ N, n 6= 0 ⇒ log(xm/n) = m log(x1/n) =
m

n
log x.

Tèloc, h (4) èpetai �mesa apì tic (1) kai (3). 2

Prìtash 5.2 H sun�rthsh log : (0, +∞) → R eÐnai aperiìrista diaforÐsimh,
gnhsÐwc aÔxousa (�ra 1-1), epÐ kai ikanopoieÐ

lim
x→0+

log x = −∞ kai lim
x→+∞

log x = +∞.

Apìdeixh (a) 'Eqoume d
dx

log x = 1
x

kai dm

dxm x−1 = (−1)mm!x−(m+1) ìtan
m ∈ N (epagwg ) �ra

dn

dxn
log x =

dn−1

dxn−1
x−1 = (−1)n−1(n− 1)!

1

xn

opìte h n-ost  par�gwgoc up�rqei gia k�je n ∈ N.
(b) H log eÐnai gnhsÐwc aÔxousa giatÐ d

dx
log x > 0 gia k�je x > 0.

(g) AfoÔ h log eÐnai gnhsÐwc aÔxousa, èqoume log 2 > log 1 = 0.
Sunep¸c log 2n = n log 2 → +∞ kaj¸c n → +∞.
'Epetai ìti limx→+∞ log x = +∞: pr�gmati gia k�je M > 0, an dialèxoume

no ∈ N ¸ste log 2no> M , gia k�je x > 2no èqoume log x > log 2no> M .
OmoÐwc epeid  limn→+∞ log(1/2n) = limn→+∞(−n log 2) = −∞ èpetai ìti

limx→0 log x = −∞.
(d) MporoÔme t¸ra na deÐxoume ìti h log apeikonÐzei to di�sthma (0, +∞) epÐ
tou (−∞, +∞): Gia k�je y ∈ R up�rqei n ∈ N ¸ste −n log 2 ≤ y ≤ n log 2.
JewroÔme th sun�rthsh f : [ 1

2n , 2n] → R me f(x) = log x. AfoÔ h f eÐnai
suneq c kai ikanopoieÐ f( 1

2n ) = −n log 2 kai f(2n) = n log 2, èpetai apì to
Je¸rhma Endiamèswn Tim¸n ìti up�rqei x ∈ [ 1

2n , 2n] ¸ste f(x) = y.

Prìtash 5.3 An f : (0, +∞) → R diaforÐsimh kai f(ab) = f(a) + f(b) gia
k�je a, b > 0, tìte up�rqei c > 0 ¸ste f(x) = c log x.

2JumÐzoume ìti, an x > 0, o arijmìc x1/n eÐnai ex orismoÔ o monadikìc jetikìc arijmìc
y pou ikanopoieÐ yn = x. 'Etsi orÐzontai kai rhtèc dun�meic xm/n = (x1/n)m (m ∈ Z, n ∈
N, n 6= 0). All� to sÔmbolo xa den èqei (proc to parìn) nìhma ìtan o a eÐnai �rrhtoc. Ja
orisjeÐ ìtan ja asqolhjoÔme me tic ekjetikèc sunart seic (bl. Orismì 5.3).
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Apìdeixh Ja deÐxw ìti f ′(x) = f ′(1) 1
x
gia k�je x > 0.

ParathroÔme pr¸ta ìti f(1) = f(12) = 2f(1) �ra f(1) = 0. 'Estw x > 0
kai h ∈ R ¸ste x+h > 0. Apì thn upìjesh èqoume f(x+h) = f(x(1+ h

x
)) =

f(x) + f(1 + h
x
). Epomènwc

f ′(x) = lim
h→0

f(x + h)− f(x)

h
=

1

x
lim
h→0

f(1 + h/x)

h/x

=
1

x
lim
h→0

f(1 + h/x)− f(1)

h/x
=

1

x
f ′(1).

'Ara, an c = f ′(1), oi sunart seic f kai g ìpou g(x) = c log x èqoun Ðsec
parag¸gouc, �ra diafèroun kat� mia stajer� kai efìson f(1) = g(1) = 0,
eÐnai Ðsec. 2

Parat rhsh 5.4 An e = limn→∞
(
1 + 1

n

)n eÐnai o arijmìc tou Euler, èqoume
log e = 1.

Apìdeixh 'Estw n ∈ N, n 6= 0. 'Eqoume
∫ n+1

n
1
t
dt = log(n + 1) − log n. An

t ∈ [n, n + 1], tìte 1
n+1

≤ 1
t
≤ 1

n
opìte oloklhr¸nontac

1

n + 1
≤

∫ n+1

n

1

t
dt ≤ 1

n

dhlad 
1

n + 1
≤ log(n + 1)− log n = log

(
n + 1

n

)
≤ 1

n

�ra
n

n + 1
≤ log

(
n + 1

n

)n

= log

(
1 +

1

n

)n

≤ n

n
.

Efìson limn→∞ n
n+1

= 1, èqoume limn→∞ log
(
1 + 1

n

)n
= 1. All� h sun�rthsh

log eÐnai suneq c, �ra

log e = log

(
lim

n→∞

(
1 +

1

n

)n)
= lim

n→∞
log

(
1 +

1

n

)n

= 1 . 2

Parat rhsh 5.5 To ìrio

lim
n→∞

(
1 +

1

2
+ . . . +

1

n
− log n

)
≡ γ

up�rqei.
Den eÐnai gnwstì an o arijmìc γ eÐnai rhtìc   �rrhtoc! UpologÐzetai

arijmhtik� ìti kat� prosèggish isqÔei γ ' 0.577.
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Apìdeixh Apì th sqèsh

1

k + 1
≤

∫ k+1

k

1

t
dt ≤ 1

k
(k = 1, 2, . . .) (5)

ajroÐzontac brÐskoume

1

2
+

1

3
+ · · ·+ 1

n + 1
≤

n∑

k=1

∫ k+1

k

1

t
dt ≤ 1 +

1

2
+ · · ·+ 1

n

�ra
1

2
+

1

3
+ · · ·+ 1

n + 1
≤ log(n + 1) ≤ 1 +

1

2
+ · · ·+ 1

n
(6)

gia k�je n ∈ N, giatÐ ∑n
k=1

∫ k+1

k
1
t
dt =

∫ n+1

1
1
t
dt = log(n + 1). Epomènwc an

jèsoume

an = 1 +
1

2
+

1

3
+ · · ·+ 1

n
− log n

tìte apì thn (6) èqoume

an ≥ log(n + 1)− log n = log
n + 1

n
> log 1 = 0.

EpÐshc

an − an+1 = − log n + log(n + 1)− 1

n + 1
=

∫ n+1

n

1

t
dt− 1

n + 1
≥ 0

apì thn (5). DeÐxame ìti h (an) eÐnai fjÐnousa kai k�tw fragmènh, �ra sugk-
lÐnei.

Parat rhsh 5.6 An φ eÐnai mia paragwgÐsimh sun�rthsh pou den mh-
denÐzetai poujen�, tìte

∫
φ′(x)

φ(x)
dx = log |φ(x)|+ c.

Apìdeixh OrÐzoume th sun�rthsh F : R\{0} → R apì ton tÔpo F (x) =
log |x|. H F eÐnai paragwgÐsimh se k�je shmeÐo tou pedÐou orismoÔ thc3 kai

3Pr�gmati an x > 0 èqoume F (x) = log(x) �ra F ′(x) = 1
x apì ton orismì thc sun�rthshc

log, kai an x < 0 èqoume F (x) = log(−x) �ra F ′(x) = log′(−x).(−x)′ = 1
−x .(−1).
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F ′(x) = 1
x
. Sunep¸c an φ eÐnai mia paragwgÐsimh sun�rthsh pou den mhdenÐze-

tai poujen�, tìte h F ◦φ orÐzetai kai eÐnai paragwgÐsimh (apì ton kanìna thc
alusÐdac) me

(F ◦ φ)′(x) = F ′(φ(x))φ′(x) =
1

φ(x)
φ′(x).

Epomènwc ∫
φ′(x)

φ(x)
dx = (F ◦ φ)(x) + c = log |φ(x)|+ c.

Ac tonÐsoume xan� ìti gia thn Ôparxh tou oloklhr¸matoc
∫ b

a
φ′
φ

eÐnai an�gkh
h φ na mh mhdenÐzetai poujen� sto di�sthma olokl rwshc [a, b] (ki ìqi
mìnon sta �kra a kai b). Gia par�deigma to olokl rwma

∫ 2

1

xdx

x2 − 2

den up�rqei, giatÐ h sun�rthsh f(x) = x
x2−2

den orÐzetai sto di�sthma [1, 2].
An p�li prospaj soume na thn orÐsoume sto [1, 2] jètontac f(

√
2) = c,

tìte h f den ja eÐnai fragmènh, kai sunep¸c den mporeÐ na eÐnai Riemann-
oloklhr¸simh.

'Askhsh 5.7 Poiì eÐnai to l�joc ston akìloujo sullogismì:
H sun�rthsh f(x) = 1

x2 eÐnai mh arnhtik , sunep¸c
∫ b

a
f(x)dx ≥ 0. All�

∫
1

x2
dx =

−1

x
+ c

�ra ∫ 1

−1

1

x2
dx = −

[
1

x

]1

−1

= −(1− (−1)) = −2 < 0.

ParadeÐgmata 5.8

(a)

∫
log xdx =

∫
(x)′ (log x) dx = x log x−

∫
x(log x)′dx

= x log x−
∫

x
1

x
dx = x log x− x + c.

(b)

∫
log x

x
dx =

∫ (
1

x

)
log xdx =

∫
(log x)′ log xdx =

(log x)2

2
+ c

5



giatÐ d
dx

(f(x))2 = 2f(x)f ′(x), �ra
∫

f(x)f ′(x)dx = (f(x))2

2
+ c.

(c)

∫ b

a

x + 1

x2 + 2x + 5
dx =

1

2

∫ b

a

(x2 + 2x + 5)′

x2 + 2x + 5
dx =

1

2

∫ b

a

φ′(x)

φ(x)
dx

ìpou φ(x) = x2 + 2x + 5. Epeid  φ(x) = (x + 1)2 + 4 > 0 gia k�je x ∈ R,
apì thn Parat rhsh 5.6 èqoume

∫ b

a

x + 1

x2 + 2x + 5
dx =

1

2

∫ b

a

φ′(x)

φ(x)
dx =

1

2
[log(φ(x))]ba = log

√
b2 + 2b + 5

a2 + 2a + 5
.

(d)

∫ b

a

1

x log x
dx.

Ed¸ prèpei h oloklhrwtèa sun�rthsh f(x) = 1
x log x

na orÐzetai s�olìklhro
to [a, b]. Prèpei loipìn [a, b] ⊆ (0, +∞) (dhlad  a > 0) ¸ste na orÐzetai h
log, all� den prèpei to 1 na an kei sto [a, b], giatÐ alli¸c h log ja mhdenÐzetai
se k�poio shmeÐo tou [a, b]. Sunep¸c, gia na up�rqei to olokl rwma, prèpei  
0 < a ≤ b < 1 (dhl. [a, b] ⊆ (0, 1))   1 < a (dhl. [a, b] ⊆ (1, +∞)). Kai stic
dÔo peript¸seic èqoume (parathr¸ntac ìti ta log b kai log a eÐnai omìshma):

∫ b

a

1

x log x
dx =

∫ b

a

log′ x
log x

dx = [log | log x|]ba = log

(
log b

log a

)
.

5.2 H Ekjetik  sun�rthsh
H sun�rthsh log : (0, +∞) → R eÐnai 1-1 kai epÐ. Epomènwc orÐzetai h
antÐstrof  thc, pou onom�zetai h ekjetik  sun�rthsh.
Orismìc 5.2 OrÐzoume th sun�rthsh exp : R→ (0, +∞) wc antÐstrofh thc
logarijmik c:

exp : R→ (0, +∞)

exp(x) = log−1(x)

dhlad  exp x = y ⇐⇒ x = log y.

Prìtash 5.9 (Algebrikèc idiìthtec)

exp(0) = 1, exp(1) = e

exp(x + y) = exp x exp y (x, y ∈ R)

exp(qx) = (exp(x))q (q ∈ Q)

eidikìtera exp(−x) = (exp(x))−1.
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Apìdeixh (a) AfoÔ exp(log x) = x gia k�je x > 0 èqoume exp(0) =
exp(log 1) = 1, exp(1) = exp(log e) = e.

(b) Jètontac u = exp x kai v = exp y èqoume x+y = log u+log v = log(uv)
�ra exp(x + y) = exp(log(uv)) = uv = exp x exp y.
(c) An u = exp x tìte qx = q log u = log(uq) �ra exp(qx) = uq = (exp x)q.

Parathr seic 5.10 (a) Apì thn Prìtash èqoume exp(q) = eq ìtan o q eÐnai
rhtìc. 'Opwc parathr same, to sÔmbolo ex den èqei orisjeÐ ìtan o x eÐnai
�rrhtoc, en¸ to sÔmbolo exp x èqei p�nta ènnoia. MporoÔme loipìn t¸ra na
orÐsoume to sÔmbolo ex gia k�je pragmatikì arijmì x apì th sqèsh

ex = exp x.

(b) H sun�rthsh exp eÐnai paragwgÐsimh, giatÐ h antÐstrof  thc log eÐnai
paragwgÐsimh me par�gwgo pou den mhdenÐzetai poujen� (sto pedÐo orismoÔ
thc). 'Eqoume

exp′(x) = exp(x).

Pr�gmati, an exp(x) = y tìte

exp′(x) =
1

log′(y)
=

1

1/y
= y = exp x.

Prìtash 5.11 H sun�rthsh exp : R → (0, +∞) eÐnai aperiìrista di-
aforÐsimh, gnhsÐwc aÔxousa (�ra 1-1), epÐ kai ikanopoieÐ

lim
x→−∞

exp x = 0 kai lim
x→+∞

exp x = +∞.

Apìdeixh AfoÔ h exp èqei par�gwgo ton eautì thc, eÐnai safèc ìti eÐnai
aperiìrista diaforÐsimh.

AfoÔ exp′ x = exp x > 0 gia k�je x ∈ R, h exp eÐnai gnhsÐwc aÔxousa, �ra
kai 1-1 (�llwste, èqei antÐstrofh). EÐnai epÐ tou (0, +∞) giatÐ h antÐstrof 
thc orÐzetai s�ìlo to (0, +∞): An y > 0 tìte up�rqei èna x ∈ R (m�lista,
mìnon èna, to x = log y) ¸ste exp x = y.

Tèloc, èqoume limn→+∞ exp n = limn→+∞ en = +∞ afoÔ e > 1. Epomè-
nwc gia k�je M > 0 up�rqei n ∈ N ¸ste gia k�je x > n na isqÔei exp x >
exp n > M (afoÔ h exp eÐnai aÔxousa), dhlad  limx→+∞ exp x = +∞. 'Epetai
ìti limx→−∞ exp(x) = limx→−∞ 1

exp |x| = 0.

Prìtash 5.12 An f : R→ R eÐnai diaforÐsimh kai f ′(x) = f(x) tìte up�rqei
c ∈ R ¸ste f(x) = c exp(x).
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Apìdeixh An orÐsoume th sun�rthsh g : R→ R apì ton tÔpo g(x) = f(x)
exp x

=

f(x) exp(−x) parathroÔme ìti h g eÐnai paragwgÐsimh kai

g′(x) = f ′(x) exp(−x)+f(x) exp′(−x)(−1) = f(x) exp(−x)−f(x) exp(−x) = 0.

Sunep¸c h g (afoÔ orÐzetai se di�sthma) eÐnai stajer .

Ekjetikèc Sunart seic An a > 0 kai q ∈ Q, parathroÔme ìti a =
exp(log a) kai �ra aq = (exp(log a))q = exp(q log a). To dexÐ mèloc thc isìth-
tac aut c èqei ènnoia gia k�je pragmatikì arijmì q, rhtì   �rrhto, kai mac
epitrèpei na epekteÐnoume thn sun�rthsh q → aq apì to Q sto R:

Orismìc 5.3 An a > 0, orÐzoume th sun�rthsh x → ax apì ton tÔpo

ax = exp(x log a), x ∈ R.

ParathroÔme ìti h sun�rthsh aut  eÐnai paragwgÐsimh (�ra suneq c) kai

dax

dx
= exp′(x log a) = exp(x log a)(x log a)′ = exp(x log a) log a = ax log a.

'Epetai ìti, an a > 1, h sun�rthsh x → ax : R→ (0, +∞) eÐnai aÔxousa, en¸
an a < 1 eÐnai fjÐnousa.

Oloklhr¸mata me ekjetikèc sunart seic
Efìson exp′ x = exp x, èqoume

∫
exdx = ex + c

Par�deigma
∫

x2 exp(x3)dx =
1

3

∫
φ′(x) exp(φ(x))dx

ìpou y = φ(x) = x3, �ra
∫

x2 exp(x3)dx =
1

3

∫
exp(y)dy =

exp y

3
+ c =

exp x3

3
+ c.
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Par�deigma (Olokl rwsh kat� mèrh)
∫

x2exdx =

∫
x2(ex)′dx = x2ex −

∫
(x2)′exdx = x2ex − 2

∫
xexdx

= x2ex − 2

∫
x(ex)′dx = x2ex − 2xex + 2

∫
(x)′exdx

= x2ex − 2xex + 2

∫
1exdx = x2ex − 2xex + 2ex + c.

'Elegqoc: An f(x) = x2ex − 2xex + 2ex + c, tìte

f ′(x) = 2xex + x2ex − 2ex − 2xex + 2ex = x2ex.

Par�deigma
∫

1

1 + ex
dx.

Pr¸toc trìpoc:

1

1 + ex
= 1− ex

1 + ex
= 1− (1 + ex)′

1 + ex

�ra
∫

1

1 + ex
dx =

∫
dx−

∫
(1 + ex)′

1 + ex
dx

= x− log |1 + ex|+ c

DeÔteroc trìpoc:

1

1 + ex
=

e−x

e−x + 1
=
−(e−x + 1)′

e−x + 1

�ra
∫

1

1 + ex
dx = −

∫
(e−x + 1)′

e−x + 1
dx

=− log |e−x + 1|+ c

Oi dÔo apant seic eÐnai fainomenik� mìnon diaforetikèc. Pragmatik�, èpetai
apeujeÐac apì tic algebrikèc idiìthtec twn log kai exp ìti

x−log |1+ex| = log(ex)+log
1

1 + ex
= log

ex

1 + ex
= log

1

e−x + 1
= − log |e−x+1|.

Par�deigma An a, b eÐnai duo pragmatikèc stajerèc, ja upologÐsoume ta
oloklhr¸mata

C(x) =

∫
eax cos bxdx kai S(x) =

∫
eax sin bxdx.
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Oloklhr¸nontac kat� mèrh, brÐskoume

aC(x) =

∫
aeax cos bxdx =

∫
(eax)′ cos bxdx

= eax cos bx−
∫

eax(cos bx)′dx = eax cos bx−
∫

eax(−b sin bx)dx

= eax cos bx + bS(x) + c1.

Epomènwc

aC(x)− bS(x) = eax cos bx + c1, (7)
omoÐwc bC(x) + aS(x) = eax sin bx + c2.

LÔnontac t¸ra to sÔsthma (7) wc proc C(x) kai S(x) brÐskoume eÔkola

C(x) =
a cos bx + b sin bx

a2 + b2
eax + c3, S(x) =

a sin bx− b cos bx

a2 + b2
eax + c4.
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