
Exet�seic ApeirostikoÔ LogismoÔ II
6 IounÐou 2005 - Apant seic

1. (a) Aprosdiìristh morf : exet�zoume to lim
x→0

(x−sin x)′
(x3)′ = lim

x→0

1−cos x
3x2 . 'Eqoume p�li

aprosdiìristh morf : exet�zoume to lim
x→0

(1−cos x)′
(3x2)′ = lim

x→0

sin x
6x = 1

6 . 'Ara,

lim
x→0

x− sinx

x3
=

1
6
.

(b1)
∑∞

n=1 ne−n: o n-ostìc ìroc thc seir�c eÐnai o an = ne−n > 0. ParathroÔme ìti
n
√

an =
n√n
e → 1

e < 1. 'Ara, h seir� sugklÐnei.
(b2)

∑∞
n=1

(
1
n − sin 1

n

)
: o n-ostìc ìroc thc seir�c eÐnai o an = 1

n − sin 1
n > 0 (diìti,

sinx < x sto (0, 1]). Apì to (a) èqoume

lim
n→∞

1
n − sin 1

n(
1
n

)3 =
1
6
.

Apì to oriakì krit rio sÔgkrishc, h seir� sumperifèretai ìmoia me thn
∑∞

n=1
1
n3 . Dhlad ,

sugklÐnei.

2. (a) Jètoume u = x
t . Tìte, dt = − x

u2 du kai

F (x) =
∫ 1

x
−x

ϕ(u)
u2

du =
∫ x

1
x

ϕ(u)
u2

du = x

∫ x

1

ϕ(u)
u2

du.

'Ara,

F ′(x) =
∫ x

1

ϕ(u)
u2

du + x
ϕ(x)
x2

=
∫ x

1

ϕ(u)
u2

du +
ϕ(x)

x
.

(b) JewroÔme th sun�rthsh f(x) =
√

x sto [0, 1] kai th diamèrish Pn = {0 = x0 < x1 <
· · · < xn = 1}, ìpou xk = k

n , k = 0, 1, . . . , n. Tìte,
√

1 +
√

2 + · · ·+√
n

n
√

n
=

1
n

n∑

k=1

f(xk) = U(f,Pn) →
∫ 1

0
f(x) dx =

2
3
.

3. H f eÐnai fragmènh, �ra up�rqei M > 0 ¸ste |f(x)| ≤ M gia k�je x ∈ [0, 1]. 'Estw
ε > 0. Epilègoume 0 < α < 1 arket� mikrì ¸ste na ikanopoieÐtai h 2Mα < ε

2 . Apì thn
upìjesh, h f eÐnai oloklhr¸simh sto di�sthma [α, 1], �ra up�rqei diamèrish Q tou [α, 1]
me thn idiìthta

U(f, Q)− L(f, Q) <
ε

2
.

JewroÔme th diamèrish P = {0} ∪Q tou [0, 1]. Tìte,

U(f, P )− L(f, P ) = α(M0 −m0) + U(f, Q)− L(f, Q) < α(M0 −m0) +
ε

2
,

ìpou

M0 = sup{f(x) : 0 ≤ x ≤ α} ≤ M kai m0 = inf{f(x) : 0 ≤ x ≤ α} ≥ −M.

Apì tic teleutaÐec anisìthtec paÐrnoume M0 −m0 ≤ 2M , �ra

U(f, P )− L(f, P ) < 2Mα +
ε

2
<

ε

2
+

ε

2
= ε.



Apì to krit rio tou Riemann, h f eÐnai oloklhr¸simh sto [0, 1].

4. Gia k�je i = 1, . . . , n, h f eÐnai suneq¸c diaforÐsimh sto [ti−1, ti]. Apì to deÔtero
jemeli¸dec je¸rhma tou ApeirostikoÔ LogismoÔ (gia th suneq  sun�rthsh f ′) èqoume

|f(ti)− f(ti−1)| =
∣∣∣∣∣
∫ ti

ti−1

f ′(t) dt

∣∣∣∣∣ ≤
∫ ti

ti−1

|f ′(t)| dt.

'Ara,
n∑

i=1

|f(ti)− f(ti−1)| ≤
n∑

i=1

∫ ti

ti−1

|f ′(t)| dt =
∫ β

α
|f ′(t)| dt.

5. (a) H sun�rthsh f(x) = x eÐnai kurt  kai omoiìmorfa suneq c, afoÔ |f(x)− f(y)| ≤
|x− y| gia k�je x, y ∈ R (�llh epilog : f(x) = |x|). H sun�rthsh g(x) = x2 eÐnai kurt ,
all� ìqi omoiìmorfa suneq c: an jewr soume tic akoloujÐec xn = n + 1

n kai yn = n,
èqoume xn − yn = 1

n → 0 all� f(xn)− f(yn) = 2 + 1
n2 → 2 6= 0.

(b) 'Estw ìti h f den eÐnai stajer . Up�rqoun x 6= y sto R me f(x) < f(y). DiakrÐnoume
dÔo peript¸seic:
1. x < y: 'Estw z > y. Tìte,

f(y)− f(x)
y − x

≤ f(z)− f(y)
z − y

,

dhlad 

f(z) ≥ A(z) := f(y) +
f(y)− f(x)

y − x
(z − y).

ParathroÔme ìti f(y)−f(x)
y−x > 0, �ra lim

z→+∞A(z) = +∞. 'Epetai ìti h f den eÐnai �nw
fragmènh.
2. y < x: 'Estw z < y. Tìte,

f(y)− f(z)
y − z

≤ f(x)− f(y)
x− y

,

dhlad 

f(z) ≥ B(z) := f(y)− f(x)− f(y)
x− y

(y − z).

ParathroÔme ìti f(x)−f(y)
x−y < 0, �ra lim

z→−∞B(z) = +∞. 'Epetai ìti h f den eÐnai �nw
fragmènh.

6. An mia suneq c sun�rthsh g : R→ R ikanopoieÐ thn

(∗) g(x) = 1 +
∫ x

0
g(t) dt

gia k�je x ∈ R, tìte eÐnai diaforÐsimh (to dexiì mèloc eÐnai diaforÐsimh sun�rthsh) kai
g′(x) = g(x) gia k�je x ∈ R. EpÐshc, g(0) = 1.

JewroÔme thn f(x) = e−xg(x). Tìte, f ′(x) = e−x(g′(x)− g(x)) = 0 gia k�je x ∈ R.
'Ara, h f eÐnai stajer . Dhlad , up�rqei c ∈ R ¸ste g(x) = cex. AfoÔ g(0) = 1,
blèpoume ìti g(x) = ex.

EÔkola elègqoume ìti h ex ikanopoieÐ thn (∗).



7. (a) Gia to
∫

1
x+
√

1+x2
dx jètoume

√
1 + x2 = x− t. Tìte, x = t2−1

2t ap� ìpou paÐrnoume

dx = t2+1
2t2

dt kai x +
√

1 + x2 = 2x− t = −1
t . UpologÐzoume to

∫
1
−1

t

t2 + 1
2t2

dt = −1
2

∫
(t +

1
t
) dt = − t2

4
− log t

2
+ c

= −(x−√1 + x2)2

4
−

log
(
x−√1 + x2

)

2
+ c.

(b) Gia to
∫

log(efx)/hm2x dx efarmìzoume olokl rwsh kat� mèrh:
∫

log(efx)
hm2x

dx =
∫

(−sfx)′ log(efx) dx

= −sfx · log(efx) +
∫

sfx
1/sun2x

efx
dx

= −sfx · log(efx) +
∫

sf2x

sun2x
dx

= −sfx · log(efx) +
∫

1
hm2x

dx

= −sfx · log(efx)− sfx + c.

8. (a) 'Eqoume an = 1
n kai |an+1|

|an| = n
n+1 → 1. 'Ara, h aktÐna sÔgklishc thc

∞∑
n=1

xn

n

eÐnai Ðsh me 1. An orÐsoume f(x) =
∞∑

n=1

xn

n sto (−1, 1), tìte f ′(x) =
∞∑

n=1
xn−1 = 1

1−x .

Oloklhr¸nontac kai parathr¸ntac ìti f(0) = 0 sumperaÐnoume ìti f(x) = log
(

1
1−x

)
sto

(−1, 1). An x = 1 paÐrnoume th seir�
∞∑

n=1

1
n h opoÐa apoklÐnei, en¸ an x = −1 paÐrnoume

thn enall�ssousa seir�
∞∑

n=1

(−1)n

n h opoÐa sugklÐnei.

(b) Jewr ste thn
∞∑

n=1

(−1)n

n
xn

10n .


