
Apeirostikìc Logismìc II � 21 FebrouarÐou 2011

1. (1.5 mon.) Exet�ste an oi parak�tw prot�seic eÐnai alhjeÐc   yeudeÐc (aitiolog ste pl rwc
thn ap�nths  sac).

(i) An h akoloujÐa (an) eÐnai aÔxousa kai gia k�poia upakoloujÐa (akn
) thc (an) èqoume

akn
→ a, tìte an → a.

(ii) H sun�rthsh g(x) = x2 + 1
x eÐnai omoiìmorfa suneq c sto (0, 1).

2. (1.5 mon.) (a) 'Estw (ak), (bk) akoloujÐec jetik¸n pragmatik¸n arijm¸n. DeÐxte ìti: an oi

seirèc
∞∑

k=1

ak kai
∞∑

k=1

bk sugklÐnoun, tìte h seir�
∞∑

k=1

√
akbk sugklÐnei.

(b) Swstì   l�joc? An (bk) eÐnai akoloujÐa pragmatik¸n arijm¸n kai h seir�
∞∑

k=1

bk sugklÐnei,

tìte h seir�
∞∑

k=1

b2k sugklÐnei. Aitiolog ste thn ap�nths  sac.

3. (1.5 mon.) Exet�ste an sugklÐnei   apoklÐnei kajemÐa apì tic parak�tw seirèc:

∞∑
k=1

cos(k2)
k2

,
∞∑

k=1

( k
√

k − 1)k,
∞∑

k=1

k2

2k
.

4. (1.5 mon.) (a) Swstì   l�joc? An f : [0, 1] → R eÐnai fragmènh sun�rthsh kai h |f | eÐnai
Riemann oloklhr¸simh, tìte h f eÐnai Riemann oloklhr¸simh. Aitiolog ste thn ap�nths  sac.

(b) 'Estw f : [0, 2] → R suneq c sun�rthsh me f(x) ≥ 0 gia k�je x ∈ [0, 2]. An f(1) = 1, deÐxte
ìti ∫ 2

0

f(x)dx > 0.

5. (2 mon.) UpologÐste ta oloklhr¸mata∫
cos2 x sin3 x dx,

∫
sin(ln x) dx,

∫
dx

x
√

x2 − 1
.

6. (2 mon.) (a) (JewrÐa) 'Estw f : [a, b] → R oloklhr¸simh sun�rthsh. An h f eÐnai suneq c
sto x0 ∈ (a, b), tìte h F (x) =

∫ x

a
f(t) dt eÐnai paragwgÐsimh sto x0 kai

F ′(x0) = f(x0).

(b) 'Estw f : [0, 1] → R sun�rthsh me suneq  par�gwgo. DeÐxte ìti

lim
n→∞

∫ 1

0

xnf ′(x) dx = 0 kai lim
n→∞

∫ 1

0

nxn−1f(x) dx = f(1).

[Upìdeixh: Gia to deÔtero ìrio qrhsimopoi ste, an jèlete, olokl rwsh kat� mèrh kai to pr¸to
ìrio.]

7. (2 mon.) (a) (JewrÐa) DeÐxte ìti: an h dunamoseir�
∞∑

k=0

akxk sugklÐnei sto y 6= 0 kai an

|x| < |y|, tìte h dunamoseir� sugklÐnei apolÔtwc sto x.

(b) DeÐxte ìti to polu¸numo Taylor Tn,f,0 (bajmoÔ n me kèntro to 0) thc sun�rthshc f(x) =
ln(1 + x), x ∈ (−1, 1), eÐnai to

Tn,f,0(x) =
n∑

k=1

(−1)k−1xk

k
.

Poiì eÐnai to antÐstoiqo polu¸numo Taylor Tn,g,0 thc sun�rthshc g(x) = ln
(

1+x
1−x

)
, x ∈ (−1, 1)?

Kal  epituqÐa!


