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1. (a) D¸ste par�deigma akoloujÐac (an) h opoÐa den eÐnai �nw fragmènh all� èqei fragmènh
upakoloujÐa.

(b) (JewrÐa) DeÐxte ìti: an mia akoloujÐa Cauchy (an) èqei sugklÐnousa upakoloujÐa, tìte h
(an) sugklÐnei.

(2m)

2. 'Estw (ak) akoloujÐa pragmatik¸n arijm¸n. Exet�ste an oi parak�tw prot�seic eÐnai alhjeÐc
  yeudeÐc (aitiolog ste pl rwc thn ap�nths  sac).

(i) An lim
k→∞

ak = 0 tìte h seir�
∞∑

k=1

ak sugklÐnei.

(ii) An h seir�
∞∑

k=1

ak sugklÐnei tìte h seir�
∑∞

k=1 a2
k sugklÐnei.

(1.5m)

3. Exet�ste an sugklÐnei   apoklÐnei kajemÐa apì tic parak�tw seirèc:

∞∑
k=1

(√
k4 + 1− k2

)
,

∞∑
k=1

2kk!
kk

,
∞∑

k=2

1
k(ln k)2

(2m)

4. (a) (JewrÐa) DeÐxte ìti k�je suneq c sun�rthsh f : [a, b] → R eÐnai omoiìmorfa suneq c.

(b) Exet�ste an oi sunart seic f, g, h : (0,+∞) → R pou orÐzontai parak�tw, eÐnai omoiìmorfa
suneqeÐc:

f(x) = lnx, g(x) =
√

x, h(x) = x sinx.

(2.5m)

5. (a) JewroÔme th sun�rthsh g : [0, 1] → R me g(x) = sin
(

1
x

)
an 0 < x ≤ 1 kai g(0) = 0.

ApodeÐxte ìti: gia k�je ε > 0 up�rqei diamèrish Pε tou [0, 1] ¸ste

U(g, Pε)− L(g, Pε) < ε.

(b) 'Estw f : [a, b] → R suneq c sun�rthsh. Upojètoume ìti: gia k�je di�sthma [γ, δ] ⊆ [a, b]
isqÔei ∫ δ

γ

f(x)dx = 0.

DeÐxte ìti f(x) = 0 gia k�je x ∈ [a, b].
(2.5m)

6. (a) (JewrÐa) 'Estw f : [a, b] → R oloklhr¸simh sun�rthsh. DeÐxte ìti to aìristo olokl rwma
F (x) =

∫ x

a
f(t) dt thc f eÐnai Lipschitz suneq c sun�rthsh sto [a, b].

(b) 'Estw f : [a, b] → R oloklhr¸simh sun�rthsh. DeÐxte ìti(∫ b

a

f(x) sinx dx

)2

+

(∫ b

a

f(x) cos x dx

)2

≤ (b− a)
∫ b

a

(f(x))2dx.

(2m)

Kal  epituqÐa!



Endeiktikèc Apant seic

1. (a) OrÐzoume a2k−1 = 1 kai a2k = 2k, k = 1, 2, . . .. H (an) den eÐnai �nw fragmènh diìti
a2k = 2k → +∞. 'Eqei ìmwc fragmènh upakoloujÐa, thn stajer  akoloujÐa a2k−1 = 1.

(b) (JewrÐa) Upojètoume ìti h (an) eÐnai akoloujÐa Cauchy kai ìti h upakoloujÐa (akn
) sugklÐnei

sto a ∈ R. Ja deÐxoume ìti an → a.

'Estw ε > 0. AfoÔ akn
→ a, up�rqei n1 ∈ N ¸ste: gia k�je n ≥ n1,

|akn − a| < ε

2
.

AfoÔ h (an) eÐnai akoloujÐa Cauchy, up�rqei n2 ∈ N ¸ste: gia k�je n, m ≥ n2

|an − am| <
ε

2
.

Jètoume n0 = max{n1, n2}. 'Estw n ≥ n0. Tìte kn ≥ n ≥ n0 ≥ n1, �ra

|akn
− a| < ε

2
.

EpÐshc kn, n ≥ n0 ≥ n2, �ra

|akn − an| <
ε

2
.

'Epetai ìti
|an − a| ≤ |an − akn

|+ |akn
− a| < ε

2
+

ε

2
= ε.

Dhlad , |an − a| < ε gia k�je n ≥ n0. Autì shmaÐnei ìti an → a.

2. (i) L�joc: an ak = 1
k tìte lim

k→∞
1
k = 0 all� h seir�

∞∑
k=1

1
k apoklÐnei.

(ii) L�joc: an ak = (−1)k

√
k

tìte h seir�
∞∑

k=1

(−1)k

√
k

sugklÐnei all� h seir�
∑∞

k=1 a2
k =

∑∞
k=1

1
k

apoklÐnei.

3. (i) Gia th seir�
∑∞

k=1

(√
k4 + 1− k2

)
gr�foume ak =

√
k4 + 1 − k2 = 1√

k4+1+k2 . DeÐqnoume

ìti ak

bk
→ 1

2 , ìpou bk = 1
k2 . 'Ara, oi seirèc

∑∞
k=1 ak kai

∑∞
k=1 bk èqoun thn Ðdia sumperifor�.

AfoÔ h seir�
∑∞

k=1
1
k2 sugklÐnei, h arqik  seir� sugklÐnei.

(ii) Gia th seir�
∑∞

k=1
2kk!
kk efarmìzoume to krit rio tou lìgou. 'Eqoume

ak+1

ak
= 2

(
k

k + 1

)k

→ 2
e

< 1,

�ra h seir� sugklÐnei.

(iii) Gia th seir�
∑∞

k=2
1

k(ln k)2 efarmìzoume to krit rio sumpÔknwshc. H akoloujÐa ak = 1
k(ln k)2

fjÐnei proc to 0. JewroÔme thn

∞∑
k=1

2ka2k =
∞∑

k=1

2k 1

2k(ln(2k))2
=

1
(ln 2)2

∞∑
k=1

1
k2

.

AfoÔ h seir�
∞∑

k=1

2ka2k sugklÐnei, èpetai ìti h
∞∑

k=2

1
k(ln k)2

sugklÐnei.

4. (a) (JewrÐa) Upojètoume ìti h f den eÐnai omoiìmorfa suneq c. Tìte, mporoÔme na broÔme
ε > 0 kai dÔo akoloujÐec (xn), (yn) sto [a, b] me xn − yn → 0 kai |f(xn) − f(yn)| ≥ ε gia k�je
n ∈ N.

AfoÔ a ≤ xn, yn ≤ b gia k�je n ∈ N, oi (xn) kai (yn) eÐnai fragmènec akoloujÐec. Apì to
Je¸rhma Bolzano-Weierstrass, up�rqei upakoloujÐa (xkn

) thc (xn) h opoÐa sugklÐnei se k�poio
x ∈ R. AfoÔ a ≤ xkn

≤ b gia k�je n, sumperaÐnoume ìti a ≤ x ≤ b. Dhlad ,

xkn
→ x ∈ [a, b].



ParathroÔme ìti xkn
− ykn

→ 0, �ra

ykn
= xkn

− (xkn
− ykn

) → x− 0 = x.

Apì th sunèqeia thc f sto x èpetai ìti

f(xkn) → f(x) kai f(ykn) → f(x).

Dhlad ,
f(xkn

)− f(ykn
) → x− x = 0.

Autì eÐnai �topo, afoÔ |f(xkn
)−f(ykn

)| ≥ ε gia k�je n ∈ N. 'Ara, h f eÐnai omoiìmorfa suneq c
sto [a, b].
(b) H sun�rthsh f(x) = lnx den eÐnai omoiìmorfa suneq c sto (0,+∞) diìti limx→0+ f(x) = −∞.

H sun�rthsh g(x) =
√

x epekteÐnetai suneq¸c sto [0,+∞) an jèsoume g(0) = 0. Ja deÐxoume
ìti h g eÐnai omoiìmorfa suneq c sto [0,+∞), �ra kai sto (0,+∞). 'Enac trìpoc eÐnai na
parathr soume ìti eÐnai omoiìmorfa suneq c sta diast mata [0, 1] kai [1,+∞) kai met� na qrhsi-
mopoi soume èna gnwstì epiqeÐrhma gia thn ènws  touc. H g eÐnai omoiìmorfa suneq c sto [0, 1]
wc suneq c sun�rthsh se kleistì di�sthma. EÐnai Lipschitz suneq c, �ra omoiìmorfa suneq c,
sto [1,+∞) giatÐ g′(x) = 1

2
√

x
≤ 1

2 gia x ≥ 1, dhlad  h g èqei fragmènh par�gwgo sto [1,+∞).

H h(x) = x sinx den eÐnai omoiìmorfa suneq c sto (0,+∞). ParathroÔme ìti h f ′(x) = x cos x+
sinx den eÐnai fragmènh kai ìti paÐrnei meg�lec timèc sta shmeÐa thc morf c 2nπ ìpou n meg�loc
fusikìc. OrÐzoume xn = 2nπ kai yn = 2nπ + 1

n . Tìte, yn − xn = 1
n → 0, all�

f(yn)− f(xn) =
(
2nπ + (1/n)

)
sin(1/n) = 2π

sin(1/n)
1/n

+
sin(1/n)

n
→ 2π · 1 + 0 = 2π 6= 0

ìtan n →∞. Apì ton qarakthrismì thc omoiìmorfhc sunèqeiac mèsw akolouji¸n èpetai ìti h f
den eÐnai omoiìmorfa suneq c.

5. (a) H g eÐnai fragmènh: |g(x)| ≤ 1 gia k�je x ∈ [0, 1]. Ja deÐxoume ìti h f eÐnai oloklhr¸simh
qrhsimopoi¸ntac to krit rio tou Riemann. 'Estw ε > 0. Epilègoume 0 < b < 1 arket� mikrì
¸ste na ikanopoieÐtai h

2b <
ε

2
.

H g eÐnai suneq c, �ra kai oloklhr¸simh sto di�sthma [b, 1], �ra up�rqei diamèrish Q tou [b, 1]
me thn idiìthta

U(g,Q)− L(g,Q) <
ε

2
.

JewroÔme th diamèrish P = {0} ∪Q tou [0, 1]. Tìte,

U(g, P )− L(g, P ) = b(M0 −m0) + U(g,Q)− L(g,Q) < b(M0 −m0) +
ε

2
,

ìpou
M0 = sup{g(x) : 0 ≤ x ≤ b} ≤ 1 kai m0 = inf{g(x) : 0 ≤ x ≤ b} ≥ −1.

Apì tic teleutaÐec anisìthtec paÐrnoume M0 −m0 ≤ 2, �ra

U(g, P )− L(g, P ) < 2b +
ε

2
<

ε

2
+

ε

2
= ε.

Apì to krit rio tou Riemann, h g eÐnai oloklhr¸simh sto [0, 1].
(b) 'Estw ìti up�rqei x ∈ [a, b] ¸ste f(x0) > 0. Apì th sunèqeia thc f sto x0 mporoÔme na

broÔme perioq  tou x0, dhlad  di�sthma [γ, δ] ⊆ [a, b] ¸ste f(x) > f(x0)
2 gia k�je x ∈ [γ, δ].

Tìte, ∫ δ

γ

f(x)dx ≥ f(x0)(δ − γ)
2

> 0,

to opoÐo eÐnai �topo apì thn upìjesh. Me ton Ðdio trìpo katal goume se �topo an upojèsoume
ìti up�rqei x0 ∈ [a, b] ¸ste f(x0) < 0.

6. (a) (JewrÐa) AfoÔ h f eÐnai oloklhr¸simh, eÐnai ex orismoÔ fragmènh. Dhlad , up�rqei M > 0
¸ste |f(x)| ≤ M gia k�je x ∈ [a, b].



'Estw x < y sto [a, b]. Tìte,

|F (x)− F (y)| =
∣∣∣∣ ∫ y

a

f(t)dt−
∫ x

a

f(t)dt

∣∣∣∣ = ∣∣∣∣ ∫ y

x

f(t)dt

∣∣∣∣
≤

∫ y

x

|f(t)|dt ≤ M |x− y|.

'Ara, h F eÐnai Lipschitz suneq c (me stajer� M).

(b) Qrhsimopoi¸ntac thn anisìthta Cauchy-Schwarz gr�foume(∫ b

a

f(x) sinx dx

)2

≤

(∫ b

a

(f(x))2dx

)(∫ b

a

sin2 x dx

)
kai (∫ b

a

f(x) cos x dx

)2

≤

(∫ b

a

(f(x))2dx

)(∫ b

a

cos2 x dx

)
.

Prosjètontac kat� mèlh èqoume:(∫ b

a

f(x) sinx dx

)2

+

(∫ b

a

f(x) cos x dx

)2

≤

(∫ b

a

sin2 x dx +
∫ b

a

cos2 x dx

)(∫ b

a

(f(x))2dx

)

=

(∫ b

a

(sin2 x + cos2 x) dx

)(∫ b

a

(f(x))2dx

)

=

(∫ b

a

1 dx

)(∫ b

a

(f(x))2dx

)

= (b− a)
∫ b

a

(f(x))2dx.


