
Apeirostikìc Logismìc II - IoÔnioc '10

Jèma 1. (a) 'Estw K to sÔnolo twn oriak¸n shmeÐwn (shmeÐwn susswreÔsewc) mÐac
fragmènhc akoloujÐac an, n ∈ N. Na deiqjeÐ ìti an xk, k ∈ N, eÐnai akoloujÐa stoiqeÐwn
tou K me limxk = x ∈ R, tìte x ∈ K.
(b) D¸ste èna par�deigma akoloujÐac h opoÐa den sugklÐnei kai gia thn opoÐa isqÔei ìti
gia k�je p ∈ N

lim
n→∞

(an+p − an) = 0 .

Upìdeixh: MporeÐte na qrhsimopoi sete thn armonik  seir�.
Jem� 2. (a) 'Estw f : [0,+∞) → R suneq c sun�rthsh kai èstw ìti up�rqei a > 0
¸ste h f na eÐnai omoiìmorfa suneq c sto [a,+∞). Na deiqjeÐ ìti h f eÐnai omoiìmorfa
suneq c sto [0,∞).
(b) Na deiqjeÐ ìti h sun�rthsh f(x) = n

√
x eÐnai omoiìmorfa suneq c sto [0,+∞) gia

k�je n ∈ N.
Jèma 3. (a) Exet�ste th sÔgklish thc seir�c

∞∑
n=1

2(−1)n−n .

Qrhsimopoi¸ntac katarq n to krit rio lìgou ti sumperaÐnete? Katìpin efarmìste to
krit rio rÐzac. Ti sumperaÐnete?
(b) Na exetasteÐ an sugklÐnei h seir�

∞∑
n=1

(−1)nn(1− sun
1

n
) .

Jèma 4. (a) 'Estw f : [α, β]→ R oloklhr¸simh sun�rthsh. Na deiqjeÐ ìti h sun�rthsh

F (x) =
∫ x

a
f(t)dt

eÐnai Lipschitz suneq c sto [α, β].
(b) 'Estw f, g : [α, β]→ R oloklhr¸simec sunart seic gia tic opoÐec isqÔei f(x) = g(x)
gia k�je �rrhto x ∈ [α, β]. Na deiqjeÐ ìti∫ β

α
f(x)dx =

∫ β

α
g(x)dx .

Jèma 5. (a) Na upologisteÐ h seir� Taylor thc sun�rthshc

f(x) = ln(
1 + x

1− x
) , −1 < x < 1 .

Upìdeixh. QrhsimopoieÐste th seir� Taylor thc sun�rthshc ln(1 + x).
(b) Na upologisteÐ to �jroisma thc seir�c

∞∑
n=1

1

(2n+ 1)72n
.

Jèma 6. Na upologistoÔn ta oloklhr¸mata

(i)
∫ lnx

x2
dx (ii)

∫ toxefx

1 + x2
dx (iii)

∫ 3
√
x+ 8

x
dx .


