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1. (2m) Exet�ste an oi parak�tw prot�seic eÐnai alhjeÐc   yeudeÐc (aitiolog ste
pl rwc thn ap�nths  sac).

(a) 'Estw f : [a, b] → R koÐlh sun�rthsh me f(a) = f(b). Tìte, f(x) ≥ f(a) gia k�je
x ∈ [a, b].

(b) H seir�
∞∑

n=1

1
n

sugklÐnei se pragmatikì arijmì.

2. (1.5m) Exet�ste (me aitiolìghsh) an sugklÐnei   apoklÐnei k�je mia apì tic seirèc

∞∑
n=1

(
n
√

n− 1
)n

kai
∞∑

n=1

an

n2
gia tic di�forec timèc tou a > 0.

3. (1.5m)DÐdontai sunart seic f, g, p : (a, b)→ R me f, g dÔo forèc paragwgÐsimec, ¸ste
gia k�je x ∈ (a, b) na isqÔoun oi sqèseic f ′′(x) + p(x)f(x) = 0 kai g′′(x) + p(x)g(x) = 0.
(i) DeÐxte ìti h sun�rthsh w(x) = f ′(x)g(x)− f(x)g′(x) eÐnai stajer .
(ii) An epiplèon w 6= 0 kai up�rqoun x1, x2 ∈ (a, b) me x1 < x2 ¸ste f(x1) = f(x2) = 0,
deÐxte ìti up�rqei ξ ∈ [x1, x2] ¸ste g(ξ) = 0. [Upìdeixh: An ìqi, jewreÐste thn

h(x) =
f(x)
g(x)

.]

4. (1.5m) ApodeÐxte pl rwc ìti h sun�rthsh f : [0, 1]→ R me f(x) =


x , an x 6= 1

2

π , an x = 1
2

eÐnai oloklhr¸simh.

5. (1.5m) 'Estw f : [0, 1] → R suneq c sun�rthsh me f(x) ≥ 0 gia k�je x ∈ [0, 1] kai
f(1

2) > 0. ApodeÐxte pl rwc ìti ∫ 1

0
f(x)dx > 0.

6. (1m) UpologÐste ta aìrista oloklhr¸mata∫
ex

√
1 + e2x

dx kai

∫
x toxefx dx.

7. (1.5m) 'Estw f : [a, b]→ R suneq c kai F (x) =
∫ x
a f(t)dt gia x ∈ [a, b].

(a) ApodeÐxte pl rwc ìti h F eÐnai paragwgÐsimh kai F ′(x) = f(x) gia k�je x ∈ [a, b].
(b) An G : [a, b]→ R eÐnai paragwgÐsimh sun�rthsh kai G′(x) = f(x) gia k�je x ∈ [a, b]

deÐxte ìti up�rqei c ∈ R ¸ste G = F + c.

8. (1.5m) 'Estw f : (0,+∞) → R paragwgÐsimh sun�rthsh ¸ste f(xy) = f(x) + f(y)
gia k�je x, y > 0 kai f ′(1) = 1. ApodeÐxte pl rwc ìti h f eÐnai gnhsÐwc aÔxousa kai epÐ
tou R.

MporeÐte na gr�yete ìsa jèmata jèlete. 'Opoioc sugkentr¸sei sunolik  bajmologÐa
p�nw apì 10, bajmologeÐtai me 10. Shmei¸ste touc arijmoÔc twn jem�twn pou apant sate
(b�zontac se kÔklo ton antÐstoiqo arijmì). MazÐ me to graptì sac na paradÐdete kai ta
jèmata.

Kal  epituqÐa!


