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1. (2m) Exet�ste an oi parak�tw prot�seic eÐnai alhjeÐc   yeudeÐc (aitiolog ste pl rwc
thn ap�nths  sac).
(a) H sun�rthsh f : R→ R me f(x) = x an x > 0 kai f(x) = 2x an x ≤ 0, eÐnai omoiìmorfa
suneq c sto R.

(b) An h akoloujÐa sn = a1 + · · ·+ an eÐnai fragmènh, tìte h seir�
∞∑

k=1

ak sugklÐnei.

(g) An h f : [a, b] → R eÐnai oloklhr¸simh, tìte up�rqei c ∈ [a, b] ¸ste f(c)(b − a) =∫ b
a f(x) dx.

2. (1.5m) Exet�ste an sugklÐnoun   apoklÐnoun oi seirèc
∞∑

k=1

k4

2k
kai

∞∑

k=1

k hm(
1
k3

).

3. (1.5m) (a) DeÐxte ìti h enall�ssousa seir� 1 − 1
2 + 2

4 − 1
5 + 2

6 − 1
7 + · · · apoklÐnei.

Poi� apì tic upojèseic tou krithrÐou Leibniz den ikanopoieÐtai?
(b) DÐnontai dÔo akoloujÐec {ak} kai {bk} me jetikoÔc ìrouc. Upojètoume ìti lim

k→∞
ak+1

ak
=

θ kai lim
k→∞

bk+1

bk
= ω, ìpou 0 < θ < 1, ω > 1 kai θω < 1. DeÐxte ìti h

∑∞
k=1 bk apoklÐnei

en¸ h
∑∞

k=1 akbk sugklÐnei.

4. (1.5m) 'Estw f : R → R fragmènh sun�rthsh, h opoÐa eÐnai oloklhr¸simh se k�je
di�sthma thc morf c [r, q], r, q ∈ Q. Qrhsimopoi¸ntac to krit rio tou Riemann deÐxte ìti
h f eÐnai oloklhr¸simh se k�je di�sthma thc morf c [a, b], a, b ∈ R.
5. (1m) 'Estw f : R → R paragwgÐsimh sun�rthsh. Upojètoume ìti up�rqei M > 0
¸ste |f ′(x)| ≤ M gia k�je x ∈ R. DeÐxte ìti h f eÐnai omoiìmorfa suneq c.

6. (2m) UpologÐste ta aìrista oloklhr¸mata
∫

log x dx

∫
efx dx,

∫
dx

e2x + ex
.

7. (1.5m) UpologÐste to ìrio

lim
x→+∞

∫ x+
√

x

x

t

1 + t2
dt.

8. (1.5m) 'Estw f : [a, b] → R me f(a) = f(b) = 0. Upojètoume ìti h f ′ eÐnai suneq c
kai ìti

∫ b
a [f(x)]2dx = 1. Me olokl rwsh kat� par�gontec deÐxte ìti

∫ b

a
xf(x)f ′(x) dx = −1

2
,

kai, qrhsimopoi¸ntac to parap�nw, deÐxte ìti
(∫ b

a
x2[f(x)]2 dx

)(∫ b

a
[f ′(x)]2dx

)
≥ 1

4
.

(1) Shmei¸ste touc arijmoÔc twn jem�twn pou apant sate (b�zontac se kÔklo ton antÐ-
stoiqo arijmì).
(2) MazÐ me to graptì sac na paradÐdete kai ta jèmata.

Kal  epituqÐa!


