
Kurt  gewmetrik  an�lush

Prìqeirec Shmei¸seic

Tm ma Majhmatik¸n
Panepist mio Ajhn¸n

Aj na � 2009





Perieqìmena

1 Eisagwg  1
1.1 EukleÐdeioc q¸roc . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.2 H anisìthta Brunn–Minkowski . . . . . . . . . . . . . . . . . . . . . . . . 4
1.3 H isoperimetrik  anisìthta . . . . . . . . . . . . . . . . . . . . . . . . . . 10
1.4 'Ogkoc kai di�stash . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

1.4aþ Nìrmec kai summetrik� kurt� s¸mata . . . . . . . . . . . . . . . . . 18
1.5 Par�rthma . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20
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Kef�laio 1

Eisagwg 

1.1 EukleÐdeioc q¸roc
To plaÐsio sto opoÐo ja doulèyoume eÐnai o n�di�statoc EukleÐdeioc q¸roc. JewroÔme
ìti o anagn¸sthc eÐnai exoikeiwmènoc me th grammik  dom  tou Rn kai me thn ènnoia
tou metrikoÔ q¸rou (pio sugkekrimèna, me thn topologÐa pou ep�getai ston Rn apì
thn EukleÐdeia nìrma). Sto megalÔtero mèroc aut c thc pr¸thc paragr�fou suzht�me
leptomerèstera (qwrÐc ìmwc austhrìthta) ton orismì tou n�di�statou ìgkou pou ja
qrhsimopoi soume se autì to m�jhma.

§1. H grammik  dom . O n-di�statoc EukleÐdeioc q¸roc Rn apoteleÐtai apì ìlec
tic n-�dec x = (x1, . . . , xn) pragmatik¸n arijm¸n. Ta stoiqeÐa tou Rn ja lègontai
dianÔsmata (  pio suqn�) shmeÐa. MporoÔme na prosjètoume shmeÐa: an x = (x1, . . . , xn)
kai y = (y1, . . . , yn) tìte orÐzoume

(1.1.1) x+ y := (x1 + y1, . . . , xn + yn).

MporoÔme epÐshc na pollaplasi�zoume èna shmeÐo me ènan pragmatikì arijmì: an x =
(x1, . . . , xn) kai an α ∈ R tìte orÐzoume

(1.1.2) αx := (αx1, . . . , αxn).

O Rn efodiasmènoc me autèc tic pr�xeic eÐnai ènac grammikìc q¸roc. Oi basikèc ènnoiec
apì th Grammik  'Algebra jewroÔntai gnwstèc.

An A kai B eÐnai dÔo mh ken� uposÔnola tou Rn tìte to �jroisma twn A kai B kat�
Minkowski eÐnai to sÔnolo

(1.1.3) A+B = {a+ b : a ∈ A, b ∈ B}.

Sthn eidik  perÐptwsh A = {x}, gr�foume x + B antÐ tou {x} + B (to x + B eÐnai h
metafor� tou B kat� x). EpÐshc, gia k�je mh kenì A ⊆ Rn kai gia k�je t ≥ 0 orÐzoume

(1.1.4) tA = {ta : a ∈ A}.
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§2. H EukleÐdeia nìrma. JewroÔme to sÔnhjec eswterikì ginìmeno ston Rn: an
x = (x1, . . . , xn) kai y = (y1, . . . , yn) tìte jètoume

(1.1.5) 〈x, y〉 := x1y1 + · · ·+ xnyn.

Gr�foume {e1, . . . , en} gia th sun jh orjokanonik  b�sh tou Rn. Dhlad , e1 = (1, 0, 0, . . . , 0),
e2 = (0, 1, 0, . . . , 0), . . ., en = (0, 0, 0, . . . , 1).

Mèsw tou eswterikoÔ ginomènou 〈·, ·〉 orÐzontai: h (EukleÐdeia) nìrma tou x

(1.1.6) ‖x‖2 =
√
〈x, x〉 =

√
x2

1 + · · ·+ x2
n

kai h apìstash metaxÔ dÔo shmeÐwn x kai y:

(1.1.7) d(x, y) = ‖x− y‖2 =
√

(x1 − y1)2 + · · ·+ (xn − yn)2.

Parathr ste ìti

(1.1.8) ‖x‖22 =
n∑

j=1

〈x, ej〉2.

H {topologÐa} tou EukleÐdeiou q¸rou (Rn, ‖ · ‖2) jewreÐtai gnwst .

§3. O orismìc tou kurtoÔ sunìlou. 'Estw x kai y dÔo shmeÐa ston Rn. To
eujÔgrammo tm ma [x, y] me �kra ta x kai y eÐnai to sÔnolo ìlwn twn shmeÐwn thc morf c
x+ t(y − x) me t ∈ [0, 1]:

(1.1.9) [x, y] = {(1− t)x+ ty : 0 ≤ t ≤ 1}.

'Estw t¸ra A èna mh kenì uposÔnolo tou Rn. Lème ìti to A eÐnai kurtì an gia k�je
x, y ∈ A kai gia k�je t ∈ [0, 1] èqoume

(1.1.10) (1− t)x+ ty ∈ A.

Me �lla lìgia, èna sÔnolo eÐnai kurtì an {gia k�je dÔo shmeÐa tou perièqei kai to
eujÔgrammo tm ma pou ta sundèei}.

Kurtì s¸ma ston Rn eÐnai èna kurtì kai sumpagèc sÔnolo pou èqei mh kenì eswterikì.

§4. O n�di�statoc ìgkoc. 'Estw A èna mh kenì, fragmèno uposÔnolo tou Rn. Jew-
roÔme th qarakthristik  sun�rthsh χA tou A pou orÐzetai ston Rn wc ex c: χA(x) = 1
an x ∈ A kai χA(x) = 0 an x /∈ A. Lème ìti to A èqei ìgko an h χA eÐnai oloklhr¸simh
kat� Riemann. Se aut  thn perÐptwsh, o ìgkoc tou A orÐzetai apì thn

(1.1.11) |A| =
∫

Rn

χA(x) dx.
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O orismìc autìc proôpojètei th gn¸sh tou oloklhr¸matoc Riemann gia fragmènec
sunart seic f : X → R, ìpou X eÐnai ènac kÔboc thc morf c [−M,M ]n. 'Enac isodÔ-
namoc trìpoc orismoÔ tou ìgkou eÐnai o ex c. Xekin�me me thn kl�sh I ìlwn twn or-
jogwnÐwn pou èqoun tic akmèc touc par�llhlec prìc touc �xonec suntetagmènwn (tic
dieujÔnseic twn orjokanonik¸n dianusm�twn ej). Dhlad , I ∈ I an up�rqoun aj ≤ bj
sto R (j = 1, . . . , n) ¸ste

(1.1.12) I = [a1, b1]× · · · × [an, bn].

Tìte, o ìgkoc tou I eÐnai (ex orismoÔ) to ginìmeno twn mhk¸n twn akm¸n tou:

(1.1.13) |I| = (b1 − a1) · · · (bn − an).

Onom�zoume t¸ra stoiqei¸dec sÔnolo k�je peperasmènh ènwsh orjogwnÐwn pou an koun
sthn kl�sh I kai èqoun xèna eswterik� (den epikalÔptontai). SumbolÐzoume thn kl�sh
twn stoiqeiwd¸n sunìlwn me F . An F =

⋃m
k=1 Ik eÐnai èna stoiqei¸dec sÔnolo, tìte

orÐzoume

(1.1.14) |F | =
m∑

k=1

|Ik|.

Prèpei bèbaia na deÐxoume ìti gia k�je stoiqei¸dec sÔnolo F o ìgkoc |F | orÐsthke kal�,
dhlad  ìti eÐnai anex�rthtoc apì ton trìpo me ton opoÐo gr�yame to F san peperasmènh
ènwsh mh epikaluptìmenwn orjogwnÐwn apì thn I (�skhsh).

'Eqontac orÐsei ton ìgko gia thn kl�sh twn stoiqeiwd¸n sunìlwn, prospajoÔme na
ton orÐsoume gia genikìtera sÔnola me mia diadikasÐa prosèggishc apì mèsa kai ap� èxw
(sth gl¸ssa tou oloklhr¸matoc Riemann, mil�me gia k�tw kai �nw ajroÐsmata thc χA).
'Estw A èna mh kenì, fragmèno uposÔnolo tou Rn. OrÐzoume ton eswterikì ìgko tou A
mèsw thc

(1.1.15) |A| = sup{|F | : F ⊆ A,F ∈ F},

kai ton exwterikì ìgko tou A mèsw thc

(1.1.16) |A| = inf{|F | : A ⊆ F, F ∈ F}.

Lème ìti to A èqei ìgko (eÐnai Jordan metr simo) an |A| = |A|. An autì sumbaÐnei, o
ìgkoc tou A orÐzetai apì thn

(1.1.17) |A| = |A| = |A|.

Je¸rhma 1.1.1. K�je kurtì s¸ma ston Rn èqei ìgko.

H apìdeixh tou Jewr matoc 1.1.1 eÐnai ekten c qwrÐc na eÐnai dÔskolh (paraleÐpetai).
Oi idiìthtec tou ìgkou pou ja qrhsimopoioÔme sth sunèqeia eÐnai aplèc sunèpeiec tou
orismoÔ.
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(a) O ìgkoc paramènei analloÐwtoc wc proc metaforèc. An to K èqei ìgko kai an x ∈ Rn

tìte

(1.1.18) |x+K| = |K|.

(b) An to K èqei ìgko kai an t ≥ 0 tìte

(1.1.19) |tK| = tn|K|.

Genikìtera, gia k�je antistrèyimo grammikì metasqhmatismì T tou Rn,

(1.1.20) |T (K)| = |detT | · |K|.

Gr�foume Id gia thn tautotik  apeikìnish. Parathr ste ìti tK = T (K) ìpou T = t · Id,
opìte h (1.1.19) eÐnai eidik  perÐptwsh thc (1.1.20).

(g) 'Estw r ∈ N. JewroÔme to plègma

(1.1.21)
1
r

Zn =
{(m1

r
, . . . ,

mn

r

)
: m1, . . . ,mn ∈ Z

}
.

An K eÐnai èna kurtì s¸ma ston Rn, orÐzoume

(1.1.22) Nr =
1
r

Zn ∩K.

Dhlad , Nr eÐnai to sÔnolo twn shmeÐwn tou plègmatoc 1
r Zn ta opoÐa an koun sto K.

JewroÔme to jemeli¸dec orjog¸nio Qr =
[
0, 1

r

)n
tou 1

r Zn, kai thn ènwsh

(1.1.23)
⋃

z∈Nr

(z +Qr).

O ìgkoc thc eÐnai Ðsoc me |Nr|/rn. EÐnai logikì na upojèsoume (kai mporoÔme na apodeÐxoume)
ìti kaj¸c to r → +∞, paÐrnoume ìlo kai kalÔterh prosèggish tou ìgkou tou K.
Dhlad , isqÔei to ex c:

(1.1.24) lim
r→∞

|Nr|
|K|rn

= 1.

1.2 H anisìthta Brunn–Minkowski

H anisìthta Brunn–Minkowski sundèei ton ìgko me thn pr�xh thc prìsjeshc kat�
Minkowski.
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Je¸rhma 1.2.1 (anisìthta Brunn–Minkowski). 'Estw A kai B mh ken� sumpag 
uposÔnola tou Rn. Tìte,

(1.2.1) |A+B|1/n ≥ |A|1/n + |B|1/n.

Ja d¸soume mia apìdeixh pou qrhsimopoieÐ ta stoiqei¸dh sÔnola kai ofeÐletai ston
Lyusternik (1940). Sto Par�rthma autoÔ tou KefalaÐou perigr�foume thn apìdeixh
thc {sunarthsiak c genÐkeushc} thc anisìthtac Brunn–Minkowski (anisìthta Prékopa–
Leindler). Mia trÐth apìdeixh, me th mèjodo thc summetrikopoÐhshc kat� Steiner, ja
dojeÐ argìtera.

Apìdeixh. Exet�zoume pr¸ta thn perÐptwsh pou ta A kai B eÐnai orjog¸nia me tic akmèc
touc par�llhlec proc touc �xonec suntetagmènwn. Upojètoume ìti a1, . . . , an > 0 eÐnai ta
m kh twn akm¸n tou A, kai b1, . . . , bn > 0 eÐnai ta m kh twn akm¸n tou B. Tìte, to A+B
eÐnai ki autì orjog¸nio me tic akmèc tou par�llhlec proc touc �xonec suntetagmènwn,
kai antÐstoiqa m kh a1 + b1, . . . , an + bn. Epomènwc, h anisìthta paÐrnei th morf 

(1.2.2) ((a1 + b1) · · · (an + bn))1/n ≥ (a1 · · · an)1/n + (b1 · · · bn)1/n.

IsodÔnama, zht�me na deÐxoume ìti

(1.2.3)
(

a1

a1 + b1
· · · an

an + bn

)1/n

+
(

b1
a1 + b1

· · · bn
an + bn

)1/n

≤ 1.

Apì thn anisìthta arijmhtikoÔ-gewmetrikoÔ mèsou, to aristerì mèloc thc teleutaÐac
anisìthtac eÐnai mikrìtero   Ðso apì

(1.2.4)
1
n

(
a1

a1 + b1
+ · · ·+ an

an + bn

)
+

1
n

(
b1

a1 + b1
+ · · ·+ bn

an + bn

)
= 1.

Dhlad , h anisìthta Brunn-Minkowski isqÔei se aut  thn apl  perÐptwsh.

Upojètoume t¸ra ìti ta A,B eÐnai stoiqei¸dh sÔnola, kajèna dhlad  apì aut� eÐnai
peperasmènh ènwsh orjogwnÐwn pou èqoun xèna eswterik� kai akmèc par�llhlec proc
touc �xonec suntetagmènwn.

Onom�zoume poluplokìthta tou zeugarioÔ (A,B) to sunolikì pl joc twn orjogwnÐwn
pou sqhmatÐzoun ta A,B. Ja apodeÐxoume thn anisìthta Brunn-Minkowski me epagwg 
wc proc thn poluplokìthta m tou (A,B). Otan m = 2, ta A kai B eÐnai orjog¸nia kai
h anisìthta èqei  dh apodeiqjeÐ.

Upojètoume loipìn ìti m ≥ 3 kai ìti to zhtoÔmeno isqÔei gi� zeug�ria stoiqeiwd¸n
sunìlwn me poluplokìthta ≤ m − 1. AfoÔ m ≥ 3, k�poio apì ta A kai B (èstw
to A) apoteleÐtai apì toul�qiston dÔo orjog¸nia. 'Estw I1, I2 dÔo apì aut�. Ta I1
kai I2 èqoun xèna eswterik�, sunep¸c mporoÔme na ta diaqwrÐsoume me èna uperepÐpedo
par�llhlo proc k�poion kÔrio upìqwro tou Rn (�skhsh). QwrÐc bl�bh thc genikìthtac
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upojètoume ìti autì to uperepÐpedo perigr�fetai apì thn xn = ρ gi� k�poio ρ ∈ R.
OrÐzoume

(1.2.5) A1 = A ∩ {x ∈ Rn : xn ≥ ρ} kai A2 = A ∩ {x ∈ Rn : xn ≤ ρ}.

Ta A1 kai A2 eÐnai stoiqei¸dh sÔnola, èqoun xèna eswterik� kai kajèna touc sqhmatÐzetai
apì ligìtera orjog¸nia ap� ìti to A (To uperepÐpedo xn = ρ sth qeirìterh perÐptwsh
qwrÐzei k�je orjog¸nio tou A se dÔo orjog¸nia, èna sto A1 ki èna sto A2. 'Omwc, to
I1 perièqetai ex olokl rou sto A1 en¸ to I2 sto A2 -   to antÐjeto). Pern¸ntac t¸ra
sto B, brÐskoume uperepÐpedo xn = s tètoio ¸ste an B1 = B ∩ {x ∈ Rn : xn ≥ s} kai
B2 = B ∩ {x ∈ Rn : xn ≤ s} na isqÔei

(1.2.6)
|A1|
|A|

=
|B1|
|B|

.

Ta B1 kai B2 eÐnai stoiqei¸dh sÔnola me pl joc orjogwnÐwn pou den xepern�ei autì tou
B. Onom�zoume λ ton koinì lìgo ìgkwn sthn (1.2.6). Profan¸c, 0 < λ < 1.

Parathr ste ìti

(1.2.7) A+B = (A1 +B1) ∪ (A1 +B2) ∪ (A2 +B1) ∪ (A2 +B2).

Apì thn �llh pleur�, afoÔ A1 +B1 ⊆ {x : xn ≥ ρ+ s} kai A2 +B2 ⊆ {x : xn ≤ ρ+ s},
ta A1 +B1 kai A2 +B2 èqoun xèna eswterik�. Epomènwc,

(1.2.8) |A+B| ≥ |A1 +B1|+ |A2 +B2|.

Me b�sh thn kataskeu  pou k�name, efarmìzetai h epagwgik  upìjesh sto dexiì mèloc:
èqoume

|A1 +B1|1/n ≥ |A1|1/n + |B1|1/n

kai

|A2 +B2|1/n ≥ |A2|1/n + |B2|1/n,

opìte k�nontac pr�xeic, kai paÐrnontac up� ìyin thn (1.2.6) èqoume

|A+B| ≥
(
(λ|A|)1/n + (λ|B|)1/n

)n

+
(
((1− λ)|A|)1/n + ((1− λ)|B|)1/n

)n

= λ
[
|A|1/n + |B|1/n

]n
+ (1− λ)

[
|A|1/n + |B|1/n

]n
=

[
|A|1/n + |B|1/n

]n
,

ap� ìpou èpetai ìti

(1.2.9) |A+B|1/n ≥ |A|1/n + |B|1/n.
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Genik  PerÐptwsh. 'Estw A,B tuqìnta mh ken� sumpag  uposÔnola tou Rn. Up�rqoun
akoloujÐec {Am} kai {Bm} stoiqeiwd¸n sunìlwn me tic idiìthtec

Am ⊆ A, |Am| → |A|, Bm ⊆ B, |Bm| → |B|.

Tìte, Am +Bm ⊆ A+B gi� k�je m ∈ N kai

|A+B|1/n ≥ lim sup
m→∞

|Am +Bm|1/n

≥ lim sup
m→∞

[
|Am|1/n + |Bm|1/n

]
= |A|1/n + |B|1/n.

Upojèsame ìti ta A,B,A+B èqoun ìgko: se k�je perÐptwsh, deÐxame ìti |A+B|1/n ≥
|A|1/n + |B|1/n. 2

H anisìthta Brunn–Minkowski suqn� diatup¸netai kai wc ex c:

Pìrisma 1.2.2. 'Estw A,B mh ken� sumpag  uposÔnola tou Rn. Gi� k�je λ ∈ (0, 1)
isqÔei

(1.2.10) |λA+ (1− λ)B|1/n ≥ λ|A|1/n + (1− λ)|B|1/n.

Apìdeixh. ArkeÐ na parathr sete ìti |λA|1/n = λ|A|1/n kai |(1−λ)B|1/n = (1−λ)|B|1/n.
2

Sunèpeia thc anisìthtac Brunn–Minkowski eÐnai h akìloujh anisìthta (h opoÐa eÐnai
anex�rthth thc di�stashc).

Pìrisma 1.2.3. 'Estw A,B mh ken� sumpag  uposÔnola tou Rn. Gi� k�je λ ∈ (0, 1)
èqoume

(1.2.11) |λA+ (1− λ)B| ≥ |A|λ|B|1−λ.

Apìdeixh. H sun�rthsh z 7→ log z eÐnai koÐlh, ki autì èqei san sunèpeia thn

(1.2.12) xλy1−λ ≤ λx+ (1− λ)y

gi� k�je x, y > 0 kai λ ∈ (0, 1). Apì thn anisìthta Brunn–Minkowski paÐrnoume

|λA+ (1− λ)B| ≥
[
λ|A|1/n + (1− λ)|B|1/n

]n
≥

[
|A|λ/n|B|(1−λ)/n

]n
= |A|λ|B|1−λ

gia k�je λ ∈ (0, 1). 2

Istorik�, h pr¸th apìdeixh thc anisìthtac Brunn–Minkowski (gia kurt� s¸mata) basÐsthke
sthn arq  tou Brunn.
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Je¸rhma 1.2.4 (arq  tou Brunn). 'Estw K èna kurtì s¸ma ston Rn kai èstw
θ ∈ Sn−1 èna monadiaÐo di�nusma. Jètoume θ⊥ = {x ∈ Rn : 〈x, θ〉 = 0} kai orÐzoume
fθ : R → R jètontac

(1.2.13) fθ(t) = |K ∩ (θ⊥ + tθ)|.

Tìte, h f
1/(n−1)
θ eÐnai koÐlh sto forèa thc.

O Brunn odhg jhke se autì to sumpèrasma xekin¸ntac apì to akìloujo er¸thma.
EÐnai swstì ìti an ta t < r < s an koun sto forèa thc fθ tìte

(1.2.14) fθ(r) ≥ min{fθ(t), fθ(s)}?

Parathr ste ìti h ap�nthsh eÐnai katafatik  an deqtoÔme to Je¸rhma 1.2.4. Gia k�je
koÐlh sun�rthsh f : [a, b] → R kai gia k�je t < r < s sto [a, b] gr�foume r = (1−λ)t+λs
kai èqoume

(1.2.15) f(r) ≥ (1− λ)f(t) + λf(s) ≥ min{f(t), f(s)}.

Efarmìzontac thn (1.2.15) gia thn f = f
1/(n−1)
θ paÐrnoume thn (1.2.14).

H apìdeixh thc (1.2.14) eÐnai apl  sthn perÐptwsh tou epipèdou: ac upojèsoume ìti
K eÐnai èna kurtì s¸ma sto R2 kai, qwrÐc periorismì thc genikìthtac, ac upojèsoume ìti
θ = e2. H probol  P (K) tou K sth dieÔjunsh tou e2 eÐnai to sÔnolo

(1.2.16) P (K) = {x ∈ R | ∃t ∈ R : (x, t) ∈ K}.

ParathroÔme arqik� ìti to P (K) eÐnai kurtì. 'Estw x, y ∈ P (K) kai èstw λ ∈ (0, 1).
Up�rqoun pragmatikoÐ arijmoÐ t kai s ¸ste (x, t) ∈ K kai (y, s) ∈ K. AfoÔ to K eÐnai
kurtì, èqoume

(1.2.17) (1− λ)(x, t) + λ(y, s) = ((1− λ)x+ λy, (1− λ)t+ λs) ∈ K,

sunep¸c (1−λ)x+λy ∈ P (K). To P (K) eÐnai kai sumpagèc: an jewr soume th sun�rthsh
P : R2 → R me P (x, t) = x, tìte h P eÐnai suneq c. AfoÔ to K eÐnai sumpagèc, to Ðdio
isqÔei kai gia to P (K). EpÐshc, apì to gegonìc ìti to K perièqei ènan dÐsko (èqei mh
kenì eswterikì) èpetai ìti to P (K) perièqei k�poio di�sthma. Telik�, P (K) = [a, b] gia
k�poiouc a < b.

OrÐzoume dÔo sunart seic h, g : [a, b] → R me

(1.2.18) h(x) = min{t ∈ R : (x, t) ∈ K} kai g(x) = max{t ∈ R : (x, t) ∈ K}.

Apì th sump�geia tou K èpetai ìti oi h kai g orÐzontai kal�: to sÔnolo {t ∈ R : (x, t) ∈
K} eÐnai kleistì di�sthma. Ja deÐxoume ìti h h eÐnai kurt . ArkeÐ na deÐxoume ìti gi�
k�je x, y ∈ [a, b] kai gia k�je λ ∈ (0, 1) isqÔei h((1− λ)x+ λy) ≤ (1− λ)h(x) + λh(y).
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Ac upojèsoume ìti h(x) = t kai h(y) = s. Tìte, (x, t) ∈ K kai (y, s) ∈ K. AfoÔ to K
eÐnai kurtì, paÐrnoume

(1.2.19) (1− λ)(x, t) + λ(y, s) = ((1− λ)x+ λy), (1− λ)t+ λs) ∈ K.

Apì ton orismì thc h èpetai ìti

(1.2.20) h ((1− λ)x+ λy) ≤ (1− λ)t+ λs = (1− λ)h(x) + λh(y).

Me ton Ðdio trìpo deÐqnoume ìti h g eÐnai koÐlh. Apì ton orismì twn h kai g mporoÔme na
gr�youme to kurtì s¸ma K sth morf 

(1.2.21) K = {(x, t) : x ∈ [a, b], h(x) ≤ t ≤ g(x)}.

ParathroÔme ìti

(1.2.22) fθ(x) = fe2(x) = g(x)− h(x)

gia k�je x ∈ [a, b]. AfoÔ h g eÐnai koÐlh kai h h eÐnai kurt , blèpoume amèswc ìti h
fθ = g + (−h) eÐnai koÐlh. 2

Ja deÐxoume ìti h arq  tou Brunn eÐnai sunèpeia thc anisìthtac Brunn-Minkowski.

Apìdeixh tou Jewr matoc 1.2.4. QwrÐc periorismì thc genikìthtac upojètoume ìti θ = en.
Gia k�je t sto forèa thc fθ(t) = |K ∩ {xn = t}| jètoume

(1.2.23) K(t) = {x ∈ Rn−1 : (x, t) ∈ K}.

Apì thn kurtìthta tou K èpetai ìti: an t, s an koun sto forèa thc fθ kai an λ ∈ (0, 1),
tìte

(1.2.24) K(λt+ (1− λ)s) ⊇ λK(t) + (1− λ)K(s).

Apì to Pìrisma 1.2.2 èqoume

|K(λt+ (1− λ)s)|
1

n−1 ≥ |λK(t) + (1− λ)K(s)|
1

n−1

≥ λ|K(t)|
1

n−1 + (1− λ)|K(s)|
1

n−1 .

'Ara, h t 7→ |K(t)|
1

n−1 = n−1
√
fθ(t) eÐnai koÐlh sto forèa thc. 2

Parat rhsh. AntÐstrofa, h anisìthta Brunn–Minkowski gia kurt� s¸mata prokÔptei
apì to Je¸rhma 1.2.4 wc ex c: an K,T eÐnai dÔo kurt� s¸mata ston Rn, jewroÔme ta
sÔnola

(1.2.25) K1 = K × {0} kai T1 = T × {1}
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ston Rn+1 kai orÐzoume to kurtì sÔnolo L pou {par�goun}:

(1.2.26) L = {λ(x, 0) + (1− λ)(y, 1) : x ∈ K, y ∈ T}.

Gia k�je t ∈ [0, 1] jètoume

(1.2.27) L(t) = {x ∈ Rn : (x, t) ∈ L}.

Parathr ste ìti

(1.2.28) |L(t)| = |L ∩ (e⊥n+1 + ten+1)|

opìte to Je¸rhma 1.2.4 deÐqnei ìti h sun�rthsh t 7→ |L(t)|1/n eÐnai koÐlh sto [0, 1]. Apì
ton orismì tou L blèpoume ìti L(0) = K, L(1) = T kai L

(
1
2

)
= K+T

2 . Sunep¸c,

(1.2.29)
∣∣∣K + T

2

∣∣∣1/n

≥ |K|1/n

2
+
|T |1/n

2
.

'Epetai ìti |K + T |1/n ≥ |K|1/n + |T |1/n. 2

1.3 H isoperimetrik  anisìthta
Qrhsimopoi¸ntac thn anisìthta Brunn–Minkowski mporoÔme na d¸soume mia lÔsh gia to
isoperimetrikì prìblhma ston Rn:

An�mesa se ìla ta mh ken� sumpag  uposÔnola tou Rn pou èqoun dedomèno
ìgko α, h mp�la ìgkou α èqei el�qisth epif�neia.

O orismìc thc epif�neiac pou ja qrhsimopoi soume eÐnai autìc tou Minkowski, o opoÐoc
basÐzetai sthn ènnoia thc t-perioq c.

Orismìc 1.3.1 (t-perioq ). An A eÐnai èna mh kenì sumpagèc uposÔnolo tou Rn kai
an t > 0, h t-perioq  tou A eÐnai to sÔnolo

(1.3.1) At = {x ∈ Rn : d(x,A) ≤ t},

ìpou d(x,A) = inf{‖x− a‖2 : a ∈ A} eÐnai h apìstash tou x apì to sÔnolo A.

Parathr ste ìti, gia k�je t > 0,

(1.3.2) At = A+ tBn
2 .

Orismìc 1.3.2 (epif�neia kat� Minkowski). An A eÐnai èna mh kenì sumpagèc up-
osÔnolo tou Rn, h epif�neia ∂(A) tou A orÐzetai apì thn

(1.3.3) ∂(A) = lim inf
t→0+

|At| − |A|
t

.

An to A eÐnai kurtì s¸ma, tìte to lim inf sto dexiì mèloc eÐnai ìrio.
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H ap�nthsh sto isoperimetrikì prìblhma gia ton EukleÐdeio q¸ro dÐnetai apì to ex c
je¸rhma.

Je¸rhma 1.3.3. An A eÐnai mh kenì sumpagèc uposÔnolo tou Rn, tìte

(1.3.4) ∂(A) ≥ n|A|(n−1)/n|Bn
2 |1/n.

Pr�gmati, �mesh sunèpeia tou Jewr matoc 1.3.3 eÐnai to ex c.

Je¸rhma 1.3.4. 'Estw A mh kenì sumpagèc uposÔnolo tou Rn kai r > 0 tètoioc ¸ste
|A| = |rBn

2 |. Tìte,

(1.3.5) ∂(A) ≥ ∂(rBn
2 ).

Apìdeixh. AfoÔ |A| = ωnr
n, apì to Je¸rhma 1.3.3 èqoume

(1.3.6) ∂(A) ≥ nω(n−1)/n
n rn−1ω1/n

n = nωnr
n−1.

Apì thn (1.3.2) èqoume (rBn
2 )t = rBn

2 + tBn
2 = (r+ t)Bn

2 . Apì ton orismì thc epif�neiac
èpetai ìti

(1.3.7) ∂(rBn
2 ) = lim

t→0+

|(r + t)Bn
2 | − |rBn

2 |
t

= lim
t→0+

ωn(r + t)n − ωnr
n

t
= nωnr

n−1.

'Ara, ∂(A) ≥ ∂(rBn
2 ). 2

Apìdeixh tou Jewr matoc 1.3.3. Qrhsimopoi¸ntac thn anisìthta Brunn–Minkowski gr�foume

|At| − |A|
t

=
|A+ tBn

2 | − |A|
t

≥
(
|A|1/n + |tBn

2 |1/n
)n − |A|

t

=
|A|+ nt|A|(n−1)/n|Bn

2 |1/n +O(t2)− |A|
t

= n|A|(n−1)/n|Bn
2 |1/n +O(t),

kai paÐrnontac to ìrio kaj¸c t→ 0+ blèpoume ìti

(1.3.8) lim inf
t→0+

|At| − |A|
t

≥ n|A|(n−1)/n|Bn
2 |1/n.

Apì ton orismì thc epif�neiac èpetai h (1.3.4). 2

Parathr ste ìti autì pou deÐxame eÐnai akìma isqurìtero: gia k�je t > 0, an�mesa
se ìla ta mh ken� sumpag  uposÔnola tou EukleÐdeiou q¸rou pou èqoun dedomèno ìgko,
h mp�la èqei th {mikrìterh t-epèktash}.
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Prìtash 1.3.5. 'Estw B mia mp�la ston Rn. An A eÐnai èna mh kenì sumpagèc up-
osÔnolo tou Rn me |A| = |B|, tìte |At| ≥ |Bt| gia k�je t > 0.

Apìdeixh. 'Eqoume

|A+ tB|1/n ≥ |A|1/n + |tB|1/n = |A|1/n + t|B|1/n

= (1 + t)|B|1/n = |B + tB|1/n,

ap� ìpou èpetai to zhtoÔmeno. 2

1.4 'Ogkoc kai di�stash
Se aut  thn par�grafo ja upologÐsoume ton ìgko twn aploÔsterwn (kai pio shmantik¸n)
paradeigm�twn kurt¸n swm�twn. Kentrikì rìlo sth melèth mac paÐzei fusiologik� h
monadiaÐa EukleÐdeia mp�la

(1.4.1) Bn
2 = {x = (x1, . . . , xn) ∈ Rn : x2

1 + · · ·+ x2
n ≤ 1}.

Me �lla lìgia, x ∈ Bn
2 an kai mìno an ‖x‖2 ≤ 1. An r > 0 tìte rBn

2 eÐnai h mp�la me
kèntro to 0 kai aktÐna r (to sÔnolo ìlwn twn x ∈ Rn me ‖x‖2 ≤ r).

To aploÔstero Ðswc par�deigma kurtoÔ s¸matoc ston Rn eÐnai o monadiaÐoc kÔboc

(1.4.2) Bn
∞ = [−1, 1]n = {x = (x1, . . . , xn) ∈ Rn : |xi| ≤ 1}.

O ìgkoc tou kÔbou eÐnai (apì ton orismì tou ìgkou!) Ðsoc me

(1.4.3) |Bn
∞| = 2n.

Parathr ste ìti
Bn

2 ⊆ Bn
∞ ⊆

√
nBn

2 .

Pr�gmati, an x ∈ Bn
2 tìte |xi| ≤ ‖x‖2 ≤ 1 gia k�je i = 1, . . . , n, dhlad  x ∈ Bn

∞. Apì
thn �llh pleur�, an x ∈ Bn

∞ tìte ‖x‖22 = x2
1+· · ·+x2

n ≤ n dhlad  x ∈
√
nBn

2 . Oi korufèc
tou kÔbou eÐnai ta 2n shmeÐa thc morf c (ε1, . . . , εn) ìpou εi = ±1. K�je tètoio shmeÐo
brÐsketai se apìstash

√
n apì to 0. Dhlad , kaj¸c h di�stash megal¸nei, oi korufèc

tou kÔbou {apomakrÔnontai} apì th mp�la, kai o kÔboc moi�zei {ìlo kai ligìtero} me
mp�la.

'Askhsh: Mia endiafèrousa dokim  gia th diaÐsjhsh sac sqetik� me aut� ta dÔo apl�
kurt� s¸mata eÐnai h ex c. Sqedi�ste to monadiaÐo tetr�gwno sto epÐpedo. T¸ra, fti�xte
tèsseric dÐskouc me kèntra tic korufèc tou tetrag¸nou kai aktÐna 1. Oi dÐskoi ef�ptontai
sta mèsa twn akm¸n tou tetrag¸nou. UpologÐste thn aktÐna ρ2 tou megalÔterou dÐskou
me kèntro to 0 h opoÐa apl¸c akoump�ei (kai den tèmnei) touc tèsseric dÐskouc. Poi�
eÐnai h tim  tou ρ2?
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T¸ra k�nte to Ðdio ston n�di�stato q¸ro. Jewr ste mp�lec aktÐnac 1 me kèntra tic
2n korufèc tou Bn

∞. Autèc ef�ptontai p�nw stic akmèc tou kÔbou. Poi� eÐnai h aktÐna
ρn thc megalÔterhc mp�lac me kèntro to 0 h opoÐa apl¸c akoump�ei tic �llec mp�lec?
EÐnai swstì ìti ρnB

n
2 ⊆ Bn

∞?

O ìgkoc thc monadiaÐac mp�lac. Gr�foume ωn gia ton ìgko thc Bn
2 . MporoÔme na

upologÐsoume thn tim  tou ωn qrhsimopoi¸ntac thn arq  tou Cavallieri. An H(t) = {x ∈
Rn : xn = t} tìte gia k�je kurtì s¸ma K ston Rn èqoume

(1.4.4) |K| =
∫ ∞

−∞
|K ∩H(t)| dt

ìpou |K ∩H(t)| eÐnai o (n− 1)�di�statoc ìgkoc thc tom c tou K me to {epÐpedo} H(t).
Sthn perÐptwsh thc mp�lac paÐrnoume

(1.4.5) ωn =
∫ 1

−1

|Bn
2 ∩H(t)|dt.

Parathr¸ntac ìti gia k�je t ∈ [−1, 1] h tom  thc Bn
2 me to H(t) eÐnai mia (n−1)�di�stath

mp�la aktÐnac r(t) =
√

1− t2, èqoume

(1.4.6) |Bn
2 ∩H(t)| = ωn−1(1− t2)

n−1
2 .

Katal goume loipìn sthn anadromik  sqèsh

(1.4.7) ωn = 2ωn−1

∫ 1

0

(1− t2)
n−1

2 dt.

SumbolÐzoume to teleutaÐo olokl rwma me In. An jèsoume t = cos θ èqoume

(1.4.8) In =
∫ π/2

0

sinn θ dθ.

Me olokl rwsh kat� mèrh blèpoume ìti

(1.4.9) In =
∫ π/2

0

sinn θ dθ =
n− 1
n

∫ π/2

0

sinn−2 θ dθ =
n− 1
n

In−2.

Me b�sh autèc tic sqèseic mporoÔme na deÐxoume to ex c.

L mma 1.4.1. O ìgkoc thc Bn
2 eÐnai Ðsoc me

(1.4.10) ωn = ω2k =
πk

k!
an n = 2k kai

(1.4.11) ωn = ω2k−1 = πk−1 22k−1(k − 1)!
(2k − 1)!

an n = 2k − 1.
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Apìdeixh. Apì tic (1.4.7) kai (1.4.8) blèpoume ìti

(1.4.12)
ωn+2

ωn
=

2ωn+1In+2

2ωn−1In
=

(n+ 1)ωn+1

(n+ 2)ωn−1

gia k�je n ≥ 2. Dedomènou ìti ω3
ω1

= 2π
3 (giatÐ?), mporoÔme na deÐxoume me epagwg  ìti

(1.4.13) ωn+2 =
2π
n+ 2

ωn

gia k�je n ∈ N. DiakrÐnontac peript¸seic (n �rtioc kai n perittìc), kai qrhsimopoi¸ntac
p�li th mèjodo thc epagwg c, paÐrnoume to zhtoÔmeno. Gia par�deigma an upojèsoume
ìti gia k�poion k ∈ N isqÔei h (1.4.11) tìte

ω2k+1 =
2π

2k + 1
πk−1 22k−1(k − 1)!

(2k − 1)!

= πk 22k−1 · 2 · 2k · (k − 1)!
(2k + 1) · 2k · (2k − 1)!

= πk 22k+1k!
(2k + 1)!

.

An�loga (kai pio apl�) douleÔoume sthn perÐptwsh pou o n eÐnai �rtioc. 2

Stouc tÔpouc pou br kame gia ton ìgko thc monadiaÐac mp�lac emfanÐzontai paragon-
tik�. An jèloume na ektim soume swst� to mègejoc tou arijmoÔ ωn gia meg�lec timèc
tou n, qreiazìmaste akribeÐc ektim seic gia thn akoloujÐa (n!)n∈N. Mia pr¸th ektÐmhsh
prokÔptei wc ex c: jewroÔme th sun�rthsh x 7→ log x. 'Eqoume

(1.4.14)
∫ n

1

log x dx = (x log x− x)
∣∣n
1

= n log n− (n− 1) = log(nn/en−1).

Apì thn �llh pleur�, afoÔ h log x eÐnai aÔxousa, èqoume

(1.4.15)
∫ n

1

log x dx =
∫ 2

1

log x dx+ · · ·+
∫ n

n−1

log x dx < log 2 + · · ·+ log n = log(n!)

kai

(1.4.16)
∫ n

1

log x dx >
∫ 3

2

log x dx+ · · ·+
∫ n

n−1

log x dx > log 2 + · · ·+ log(n− 1)

= log((n− 1)!).

Dhlad , n!/n < nn/en−1 < n!, ap� ìpou èpetai ìti

(1.4.17)
nn

en−1
< n! <

nn+1

en−1
.
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Apì thn (1.4.17) blèpoume ìti

(1.4.18)
e n
√
n!
n

→ 1,

kaj¸c to n→∞, dhlad  h n
√
n! {sumperifèretai} san thn n

e gia meg�la n. H ektÐmhsh
aut  eÐnai arket  gia pollèc efarmogèc.

O tÔpoc tou Stirling perigr�fei me meg�lh akrÐbeia th sumperifor� thc akoloujÐac n!.
Mia apìdeixh dÐnetai sto Par�rthma autoÔ tou KefalaÐou.

L mma 1.4.2 (tÔpoc tou Stirling). IsqÔoun oi anisìthtec

(1.4.19)
√

2πn
(n
e

)n

e(12n+1)−1
< n! <

√
2πn

(n
e

)n

e(12n)−1
.

'Estw (αn) kai (βn) dÔo akoloujÐec jetik¸n pragmatik¸n arijm¸n. SumfwnoÔme na
gr�foume αn ∼ βn an lim

n→∞
αn

βn
= 1. Apì touc tÔpouc tou L mmatoc 1.4.1 kai apì thn

prosèggish tou n! sto L mma 1.4.2 èpetai to ex c.

Je¸rhma 1.4.3. 'Estw ωn o ìgkoc thc 'EukleÐdeiac monadiaÐac mp�lac ston Rn. Tìte,

(1.4.20) ωn ∼
1√
πn

(
2πe
n

)n/2

.

Eidikìtera, h EukleÐdeia mp�la ìgkou 1 ston Rn èqei aktÐna

(1.4.21) rn ∼
√
n√

2πe
.

Apìdeixh. 'Estw n = 2k. AfoÔ e(12k)−1 → 1 kai e(12k+1)−1 → 1 ìtan k →∞,

(1.4.22) ωn =
πk

k!
∼ 1√

2πk
πkek

kk
=

1√
πn

(
2πe
n

)n/2

.

H perÐptwsh n = 2k − 1 eÐnai mia (lÐgo) duskolìterh �skhsh.
Gia to deÔtero isqurismì, parathr ste ìti an rn eÐnai h aktÐna miac n�di�stathc

mp�lac ìgkou 1 tìte ωnr
n
n = 1. Dhlad , rn = 1

n
√

ωn
∼

√
n√

2πe
. 2

EÐdame ìti h aktÐna rn thc n�di�stathc mp�lac ìgkou 1 eÐnai {meg�lh}: thc t�xhc thc√
n. To epìmeno er¸thma pou ja suzht soume eÐnai: p¸c katanèmetai o ìgkoc mèsa s�

aut  th mp�la? Ac doÔme pr¸ta poiìc eÐnai o ìgkoc miac (n − 1)�di�stathc tom c thc
B(n) := rnB

n
2 pou pern�ei apì to 0. SÔmfwna me ìsa èqoume peÐ,

(1.4.23) |B(n) ∩H(0)| = ωn−1r
n−1
n =

ωn−1

ω
(n−1)/n
n

.
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Apì to Je¸rhma 1.4.3 blèpoume ìti

ωn−1

ω
(n−1)/n
n

∼ (
√
πn)(n−1)/n√
π(n− 1)

(
2πe
n− 1

)(n−1)/2(
n√
2πe

)(n−1)/2

∼
(

n

n− 1

)(n−1)/2

.

Dhlad ,

(1.4.24) |B(n) ∩H(0)| ∼
√
e.

T¸ra, mporoÔme na ektim soume ton (n − 1)�di�stato ìgko thc tom c thc B(n) pou
brÐsketai se apìstash t apì to 0. H tom  B(n)∩H(t) eÐnai mia mp�la aktÐnac

√
r2n − t2,

an bèbaia |t| ≤ rn. 'Ara,

(1.4.25) |B(n) ∩H(t)| = ωn−1(r2n − t2)(n−1)/2 = ωn−1r
n−1
n

(
1− t2

r2n

)(n−1)/2

.

AfoÔ ωn−1r
n−1
n = |B(n) ∩H(0)| ∼

√
e kai r2n ∼ n/(2πe), blèpoume ìti

(1.4.26) |B(n) ∩H(t)| ∼
√
e

(
1− 2πet2

n

)n−1
2

.

'Omwc,

(1.4.27) lim
n→∞

√
e

(
1− 2πet2

n

)n−1
2

=
√
e · exp(−πet2).

'Eqoume loipìn deÐxei to ex c.

Prìtash 1.4.4. 'Estw t ∈ R kai èstw B(n) h n�di�stath mp�la ìgkou 1. Tìte,

(1.4.28) |B(n) ∩ {x : xn = t}| →
√
e · exp(−πet2)

kaj¸c to n→∞. 2

Dhlad , an {prob�lloume ton ìgko thc B(n) sth dieÔjunsh tou en}   se opoiad pote
�llh dieÔjunsh, paÐrnoume mia katanom  pou, kaj¸c to n teÐnei sto �peiro, moi�zei polÔ
me thn kanonik  katanom  diaspor�c 1/(2πe) (h opoÐa eÐnai anex�rthth apì th di�stash
n).

Mia (ek pr¸thc ìyewc) par�xenh sunèpeia thc Prìtashc 1.4.4 eÐnai h ex c. Ac jew-
r soume th lwrÐda Ln = {x ∈ Rn : |xn| ≤ 1}. Tìte, gia meg�la n èqoume

(1.4.29) |B(n) ∩ Ln| ∼
√
e

∫ 1

−1

exp(−πet2) dt = 1− 2
√
e

∫ ∞

1

exp(−πet2) dt.
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ParathroÔme ìti

(1.4.30)
√
e

∫ ∞

1

exp(−πet2) dt ≤
√
e

∫ ∞

1

t exp(−πet2) dt =
√
e

2πe
e−πe.

O arijmìc autìc eÐnai {polÔ mikrìc}. Dhlad , parìlo pou h aktÐna thc n�di�stathc
mp�lac ìgkou 1 eÐnai thc t�xhc thc

√
n, o ìgkoc thc eÐnai sqedìn olìklhroc mèsa se mia

(opoiad pote) summetrik  (wc proc to 0) lwrÐda pl�touc 2 (!)
Epeid  to fainìmeno autì parousi�zetai anex�rthta apì to poi� lwrÐda ja dialèxoume,

mpaÐnei kaneÐc ston peirasmì na upojèsei ìti o ìgkoc sugkentr¸netai sthn tom  twn
lwrÐdwn, dhlad  kont� sto kèntro thc mp�lac. OÔte ìmwc autì eÐnai swstì: an, gia
par�deigma, jewr sete th mp�la (rn/2)Bn

2 (pou èqei {meg�lh} aktÐna), tìte

(1.4.31) |(rn/2)Bn
2 | =

1
2n
|B(n)| = 1

2n
(!)

Dhlad , o ìgkoc thc mp�lac sugkentr¸netai kont� sto sÔnoro thc.

To prìblhma twn Busemann–Petty. Gr�foume Sn−1 gia thn EukleÐdeia monadiaÐa
sfaÐra:

(1.4.32) Sn−1 = {θ ∈ Rn : ‖θ‖2 = 1}.

Gia k�je monadiaÐo di�nusma θ ∈ Sn−1 orÐzoume

(1.4.33) θ⊥ = {x ∈ Rn : 〈x, θ〉 = 0}.

Tìte, gia k�je t ∈ R,

(1.4.34) θ⊥ + tθ = {x ∈ Rn : 〈x, θ〉 = t}.

To sÔnolo θ⊥ eÐnai o (n− 1)�di�statoc upìqwroc tou Rn pou èqei san k�jeto di�nusma
to θ. To sÔnolo θ⊥ + tθ eÐnai to uperepÐpedo pou èqei san k�jeto di�nusma to θ kai
brÐsketai se (proshmasmènh) apìstash t apì to 0.

'Estw K kai T dÔo summetrik� kurt� s¸mata ston Rn. Me ton ìro {summetrikì}
ennooÔme p�nta {summetrikì wc proc to 0}. Dhlad , èqoume x ∈ K an kai mìno an
−x ∈ K (omoÐwc gia to T ). Upojètoume ìti:

Gia k�je θ ∈ Sn−1 isqÔei |K ∩ θ⊥| < |T ∩ θ⊥|.

Dhlad , k�je kentrik  tom  tou K èqei mikrìtero (n− 1)�di�stato ìgko apì thn antÐs-
toiqh kentrik  tom  tou T . To prìblhma twn Busemann-Petty (1956) eÐnai to ex c:

IsqÔei tìte ìti |K| < |T |?
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H ap�nthsh eÐnai katafatik  an n = 2. Gia thn akrÐbeia, h upìjesh gia tic tomèc twn K
kai T èqei san sunèpeia ìti K ⊂ T . H ap�nthsh ìmwc gia diast�seic n > 2 dìjhke polÔ
prìsfata: eÐnai katafatik  mìno an n = 2, 3, 4.

O upologismìc pou k�name gia thn EukleÐdeia mp�la B(n) ìgkou 1 ston Rn èdeixe
ìti: gia k�je θ ∈ Sn−1,

(1.4.35) |B(n) ∩ θ⊥| = ωn−1

ω
(n−1)/n
n

→
√
e

ìtan n → ∞. To antÐstoiqo er¸thma gia ton kÔbo Q(n) =
[
− 1

2 ,
1
2

]n
ìgkou 1 ston Rn

eÐnai polÔ duskolìtero. O K. Ball (∼ 1985) apèdeixe ìti: gia k�je θ ∈ Sn−1,

(1.4.36) 1 ≤ |Q(n) ∩ θ⊥| ≤
√

2.

Parathr ste ìti
√

2 <
√
e (!). An loipìn h di�stash n eÐnai arket� meg�lh, tìte |B(n)∩

θ⊥| >
√

2. Den eÐnai polÔ dÔskolo na elègxete ìti: an n ≥ 10, tìte

(1.4.37) |Q(n) ∩ θ⊥| ≤
√

2 < |B(n) ∩ θ⊥|

gia k�je θ ∈ Sn−1. Dhlad , to zeug�ri K = Q(n) kai T = B(n) dÐnei antipar�deigma sto
er¸thma twn Busemann–Petty: ikanopoieÐ tic upojèseic all� den ikanopoieÐ to zhtoÔmeno.

1.4aþ Nìrmec kai summetrik� kurt� s¸mata

Nìrma ston Rn eÐnai k�je sun�rthsh ‖ · ‖ : Rn → R me tic ex c idiìthtec:

(a) ‖x‖ ≥ 0 gia k�je x ∈ X kai ‖x‖ = 0 an kai mìnon an x = 0.

(b) ‖λx‖ = |λ| · ‖x‖ gia k�je λ ∈ R kai k�je x ∈ X.

(g) ‖x+ y‖ ≤ ‖x‖+ ‖y‖ gia k�je x, y ∈ X.

H epìmenh prìtash deÐqnei ìti se k�je q¸ro (Rn, ‖ · ‖) me nìrma antistoiqeÐ fusiologik�
èna summetrikì (wc proc to 0) kurtì s¸ma. AntÐstrofa, ìpwc ja doÔme argìtera, k�je
summetrikì kurtì s¸ma K ep�gei mia nìrma ston Rn.

Prìtash 1.4.5. 'Estw ‖ · ‖ mia nìrma ston Rn. H {monadiaÐa mp�la}

(1.4.38) K = {x ∈ Rn : ‖x‖ ≤ 1}

tou (Rn, ‖ · ‖) eÐnai summetrikì kurtì s¸ma.

Apìdeixh. H summetrÐa tou K eÐnai apl : an x ∈ K tìte ‖− x‖ = ‖x‖ ≤ 1, �ra −x ∈ K.
Gia na deÐxoume ìti to K eÐnai kurtì jewroÔme x, y ∈ K kai λ ∈ (0, 1) kai parathroÔme
ìti

(1.4.39) ‖(1− λ)x+ λy‖ ≤ ‖(1− λ)x‖+ ‖λy‖ = (1− λ)‖x‖+ λ‖y‖ ≤ (1− λ) + λ = 1,
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dhlad  (1− λ)x+ λy ∈ K.
Gia th sump�geia kai to mh kenì eswterikì tou K, parathroÔme pr¸ta ìti, gia k�je

u =
∑n

i=1 tiei ∈ Rn isqÔei

(1.4.40) ‖u‖ =

∥∥∥∥∥
n∑

i=1

tiei

∥∥∥∥∥ ≤
n∑

i=1

|ti| ‖ei‖ ≤ max
1≤i≤n

‖ei‖
n∑

i=1

|ti|.

Apì thn anisìthta Cauchy-Schwarz èpetai ìti

(1.4.41) ‖u‖ ≤
√
n max

1≤i≤n
‖ei‖

(
n∑

i=1

t2i

)1/2

= M ‖u‖2,

ìpou M :=
√
n max1≤i≤n ‖ei‖. Qrhsimopoi¸ntac thn trigwnik  anisìthta gia thn ‖ · ‖

blèpoume ìti, gia k�je x, y ∈ Rn,

(1.4.42)
∣∣ ‖x‖ − ‖y‖

∣∣ ≤ ‖x− y‖ ≤M ‖x− y‖2.

Dhlad , h ‖·‖ eÐnai Lipschitz suneq c wc proc thn EukleÐdeia metrik  ston Rn. Sunep¸c,
o periorismìc thc ‖·‖ sto sumpagèc sÔnolo Sn−1 = {x ∈ Rn : ‖x‖2 = 1} paÐrnei el�qisth
kai mègisth tim : up�rqoun m,M > 0 ¸ste

(1.4.43) m ≤ ‖x‖ ≤M

gia k�je x ∈ Sn−1. To gegonìc ìti m > 0 dikaiologelitai wc exlhc: èqoume m = ‖x0‖
gia k�poio x0 ∈ Sn−1 kai ‖x0‖ > 0 afoÔ x0 6= 0 kai h ‖ · ‖ eÐnai nìrma. Twra, eÐnai
eÔkolo na doÔme ìti, gia k�je x ∈ Rn isqÔei

(1.4.44) m‖x‖2 ≤ ‖x‖ ≤M‖x‖2.

Pr�gmati, an x = 0 tìte h anisìthta isqÔei tetrimmèna, en¸ an x 6= 0 èqoume x
‖x‖2 ∈ S

n−1

opìte

(1.4.45) m ≤ ‖x‖
‖x‖2

=
∥∥∥ x

‖x‖2

∥∥∥ ≤M.

Apì thn anisìthta m‖x‖2 ≤ ‖x‖ èpetai ìti K ⊆ (1/m)Bn
2 , dhlad  to K eÐnai fragmèno.

Apì to gegonìc ìti h ‖ · ‖ eÐnai suneq c èpetai ìti to K eÐnai kleistì uposÔnolo tou
(Rn, ‖ · ‖2). 'Ara, to K eÐnai sumpagèc.

Tèloc, apì thn anisìthta ‖x‖ ≤M‖x‖2 èpetai ìti K ⊇ (1/M)Bn
2 , kai eidikìtera, to

K èqei mh kenì eswterikì. 2

H epìmenh prìtash dÐnei mia tautìthta pou ekfr�zei ton ìgko thc monadiaÐac mp�lac
tou (Rn, ‖ · ‖) san olokl rwma {sun�rthshc thc nìrmac} ston Rn.
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Prìtash 1.4.6. 'Estw ‖·‖ mia nìrma ston Rn kai èstw K h antÐstoiqh monadiaÐa mp�la.
Gia k�je p > 0 isqÔei h isìthta

(1.4.47)
∫

Rn

e−‖x‖
p

= |K|
∫ ∞

0

ptn+p−1e−tp

dt.

Eidikìtera,

(1.4.48)
∫

Rn

e−‖x‖dx = |K|
∫ ∞

0

tne−tdt.

Apìdeixh. Apì to je¸rhma Fubini,∫
Rn

∫ ∞

‖x‖
ptp−1e−tp

dtdx =
∫ ∞

0

∫
Rn

χtK(x)ptp−1e−tp

dxdt =
∫ ∞

0

ptp−1e−tp

|tK|dt

  isodÔnama ∫
Rn

e−‖x‖
p

= |K|
∫ ∞

0

ptn+p−1e−tp

dt.

2

1.5 Par�rthma
1.5aþ Anisìthta Prékopa–Leindler

H anisìthta twn Prékopa kai Leindler eÐnai h genÐkeush thc anisìthtac Brunn-Minkowski
sto plaÐsio twn metr simwn jetik¸n sunart sewn.

Je¸rhma 1.5.1. 'Estw f, g, h : Rn → R+ treÐc oloklhr¸simec sunart seic kai λ ∈
(0, 1). Upojètoume ìti gia k�je x, y ∈ Rn isqÔei

(1.5.1) h(λx+ (1− λ)y) ≥ f(x)λg(y)1−λ.

Tìte,

(1.5.2)
∫

Rn

h ≥
(∫

Rn

f

)λ(∫
Rn

g

)1−λ

.

Apìdeixh. Ja deÐxoume thn anisìthta me epagwg  wc proc th di�stash n.

(a) n = 1: MporoÔme na upojèsoume ìti oi f kai g eÐnai suneqeÐc kai gn sia jetikèc.
OrÐzoume x, y : (0, 1) → R mèsw twn

(1.5.3)
∫ x(t)

−∞
f = t

∫
f ,

∫ y(t)

−∞
g = t

∫
g.
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SÔmfwna me tic upojèseic mac oi x, y eÐnai paragwgÐsimec, kai gia k�je t ∈ (0, 1) èqoume

(1.5.4) x′(t)f(x(t)) =
∫
f , y′(t)g(y(t)) =

∫
g.

OrÐzoume z : (0, 1) → R me

(1.5.5) z(t) = λx(t) + (1− λ)y(t).

Oi x kai y eÐnai gn sia aÔxousec. Epomènwc, h z eÐnai ki aut  gn sia aÔxousa. Apì thn
anisìthta arijmhtikoÔ-gewmetrikoÔ mèsou,

(1.5.6) z′(t) = λx′(t) + (1− λ)y′(t) ≥ (x′(t))λ(y′(t))1−λ.

MporoÔme loipìn na ektim soume to olokl rwma thc h k�nontac thn allag  metablht¸n
s = z(t): ∫

h(s)ds =
∫ 1

0

h(z(t))z′(t)dt

≥
∫ 1

0

h(λx(t) + (1− λ)y(t))(x′(t))λ(y′(t))1−λdt

≥
∫ 1

0

fλ(x(t))g1−λ(y(t))
( ∫

f

f(x(t))

)λ( ∫
g

g(y(t))

)1−λ

dt

=
(∫

f

)λ(∫
g

)1−λ

.

(b) Epagwgikì b ma: Upojètoume ìti n ≥ 2 kai ìti to Je¸rhma èqei apodeiqjeÐ
gia k ∈ {1, . . . , n − 1}. 'Estw f, g, h ìpwc sto Je¸rhma. Gia k�je s ∈ R orÐzoume
hs : Rn−1 → R+ me hs(w) = h(w, s), kai me an�logo trìpo orÐzoume fs, gs : Rn−1 → R+.
Apì thn upìjesh tou jewr matoc gia tic f, g kai h èpetai ìti, an x, y ∈ Rn−1 kai s0, s1 ∈ R
tìte

(1.5.7) hλs1+(1−λ)s0(λx+ (1− λ)y) ≥ fs1(x)
λgs0(y)

1−λ,

kai h epagwgik  upìjesh mac dÐnei

H(λs1 + (1− λ)s0) :=
∫

Rn−1
hλs1+(1−λ)s0

≥
(∫

Rn−1
fs1

)λ(∫
Rn−1

gs0

)1−λ

=: Fλ(s1)G1−λ(s0).

Efarmìzontac t¸ra xan� thn epagwgik  upìjesh gia n = 1 stic sunart seic F,G kai
H, paÐrnoume

(1.5.8)
∫

Rn

h =
∫

R
H ≥

(∫
R
F

)λ(∫
R
G

)1−λ

=
(∫

Rn

f

)λ(∫
Rn

g

)1−λ

.
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Qrhsimopoi¸ntac thn anisìthta Prékopa–Leindler mporoÔme na apodeÐxoume thn anisìth-
ta Brunn–Minkowski. DeÐqnoume pr¸ta to ex c:

Prìtash 1.5.2. 'Estw K,T sumpag  mh ken� uposÔnola tou Rn, kai λ ∈ (0, 1). Tìte,

(1.5.9) |λK + (1− λ)T | ≥ |K|λ|T |1−λ.

Apìdeixh. OrÐzoume f = χK , g = χT , kai h = χλK+(1−λ)T . EÔkola elègqoume ìti
ikanopoioÔntai oi upojèseic tou jewr matoc 1.5.1. Pr�gmati, an x /∈ K   y /∈ T tìte

(1.5.10) h(λx+ (1− λ)y) ≥ 0 = [f(x)]λ[g(y)]1−λ,

en¸ an x ∈ K kai y ∈ T tìte λx+ (1− λ)y ∈ λK + (1− λ)T , �ra

(1.5.11) h(λx+ (1− λ)y) = 1 = [f(x)]λ[g(y)]1−λ.

Efarmìzontac thn anisìthta Prékopa-Leindler paÐrnoume to zhtÔmeno. 2

JewroÔme t¸ra sumpag  mh-ken� K kai T (me |K| > 0 kai |T | > 0, alli¸c den èqoume
tÐpota na deÐxoume), kai orÐzoume

(1.5.12) K1 = |K|−1/nK , T1 = |T |−1/nT , λ =
|K|1/n

|K|1/n + |T |1/n
.

Ta K1 kai T1 èqoun ìgko 1, opìte apì thn (1.5.9) paÐrnoume

(1.5.13) |λK1 + (1− λ)T1| ≥ 1.

Omwc,

(1.5.14) λK1 + (1− λ)T1 =
K + T

|K|1/n + |T |1/n
,

epomènwc h (1.5.13) paÐrnei thn morf 

(1.5.15) |K + T | ≥
(
|K|1/n + |T |1/n

)n

kai èpetai to zhtoÔmeno. 2

1.5bþ H sun�rthsh G�mma

H sun�rthsh Γ : (0,+∞) → (0,+∞) orÐzetai mèsw thc

Γ(x) =
∫ ∞

0

tx−1e−tdt.
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L mma 1.5.3. H sun�rthsh Γ ikanopoieÐ ta ex c:

(a) Γ(1) = 1.

(b) Γ(x+ 1) = xΓ(x) gia k�je x > 0.

(g) Γ(n+ 1) = n! gia k�je n = 0, 1, 2, . . .

(d) Γ
(

1
2

)
=
√
π.

EpÐshc, h sun�rthsh Γ eÐnai logarijmik� kurt : h log Γ eÐnai kurt  sun�rthsh.

Apìdeixh. (a) ParathroÔme ìti

(1.5.16) Γ(1) =
∫ ∞

0

e−tdt = −e−t
∣∣∣∞
0

= 1− lim
t→∞

e−t = 1.

(b) Me olokl rwsh kat� par�gontec paÐrnoume

(1.5.17) Γ(x+ 1) =
∫ ∞

0

txe−tdt = −txe−t
∣∣∣∞
0

+ x

∫ ∞

0

tx−1e−tdt = xG(x)

qrhsimopoi¸ntac thn limt→∞ txe−t = limt→∞ exp(x log t− t) = 0.
(g) Efarmìzontac to (b) gia x = 1, . . . , n paÐrnoume

(1.5.18) Γ(n+ 1) = nΓ(n) = n(n− 1) Γ(n− 1) = · · · = n!Γ(1) = n!.

(d) Jètontac ìpou x = 1
2 kai k�nontac thn allag  metablht c s2 = t paÐrnoume:

(1.5.19)
∫ ∞

0

e−t

√
t
dt = 2

∫ ∞

0

e−s2
ds =

∫ ∞

−∞
e−s2

ds =
√
π.

Tèloc deÐqnoume ìti h sun�rthsh G�mma eÐnai logarijmik� kurt : arkeÐ na deÐxoume ìti
gia k�je λ, µ ≥ 0 me λ+ µ = 1 isqÔei

(1.5.20) Γ(λx+ µy) ≤ (Γ(x))λ(Γ(y))µ.

ParathroÔme ìti isqÔei h isìthta

(1.5.21) Γ(λx+ µy) =
∫ ∞

0

(tx−1e−t)λ(ty−1e−t)µdt.

Efarmìzontac t¸ra thn anisìthta Hölder

(1.5.22)
∫
|fg| ≤

(∫
|f |p

)1/p(∫
|g|q
)1/q
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ìpou p, q > 0 kai 1
p + 1

q = 1 gia tic sunart seic f(t) = (tx−1e−t)λ kai g(t) = (ty−1e−t)µ

me p = 1
λ , q = 1

µ èqoume ìti

(1.5.23) Γ(λx+ µy) ≤
(∫ ∞

0

tx−1e−tdt

)λ(∫ ∞

0

ty−1e−tdt

)µ

=
(
Γ(x)

)λ(Γ(y)
)µ
.

2

Sthn par�grafo 1.4(a) eÐdame ìti an K eÐnai h monadiaÐa mp�la miac nìrmac ‖ · ‖ ston
Rn, tìte, gia k�je p > 0,∫

Rn

e−‖x‖
p

dx = |K| ·
∫ ∞

0

ptn+p−1e−tp

dt.

'Estw 1 ≤ p < ∞. Qrhsimopoi¸ntac aut  th genik  tautìthta, ja deÐxoume ìti o ìgkoc
thc Bn

p = {x ∈ Rn : |x1|p + · · ·+ |xn|p ≤ 1} eÐnai Ðsoc me

(1.5.24) |Bn
p | =

[
2Γ
(

1
p + 1

)]n
Γ
(

n
p + 1

) .

Pr�gmati, èqoume

(1.5.25)
∫

Rn

e−‖x‖
p
pdx = |Bn

p |
∫ ∞

0

ptn+p−1e−tp

dt.

'Omwc,
(1.5.26)∫

Rn

e−‖x‖
p
pdx =

∫
R
· · ·
∫

R
e−|x1|p · · · e−|xn|pdx1 · · · dxn =

(∫
R
e−|t|

p

dt

)n

=

(
2
∫ ∞

0

e−tp

dt

)n

.

K�nontac thn allag  metablht c tp = s paÐrnoume

(1.5.27)
∫ ∞

0

e−tp

dt =
1
p

∫ ∞

0

s
1
p−1e−sds =

1
p
Γ
(

1
p

)
= Γ

(
1
p

+ 1
)
.

Me thn Ðdia antikat�stash blèpoume ìti

(1.5.28)
∫ ∞

0

ptn+p−1e−tp

dt =
∫ ∞

0

sn/pe−sds = Γ
(
n

p
+ 1
)
.

Sunep¸c,

(1.5.29)
[
2Γ
(1
p

+ 1
)]n

= |Bn
p |Γ
(n
p

+ 1
)
.
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'Epetai ìti

(1.5.30) |Bn
p | =

[
2Γ
(

1
p + 1

)]n

Γ
(

n
p + 1

) .

Eidikìtera, sthn perÐptwsh p = 2 èqoume

(1.5.31) ωn = |Bn
2 | =

[
2Γ
(

1
2 + 1

)]n

Γ
(

n
2 + 1

) =
πn/2

Γ
(

n
2 + 1

) ,
qrhsimopoi¸ntac thn 2Γ

(
1
2 + 1

)
= Γ(1/2) =

√
π.

1.5gþ O tÔpoc tou Stirling

L mma 1.5.4 (tÔpoc tou Stirling). IsqÔoun oi anisìthtec

(1.5.32)
√

2πn
(n
e

)n

e(12n+1)−1
< n! <

√
2πn

(n
e

)n

e(12n)−1
.

Apìdeixh. JewroÔme thn akoloujÐa

(1.5.33) dn := log n!− (n+
1
2
) log n+ n.

ParathroÔme ìti

(1.5.34) dn − dn+1 = (n+
1
2
) log

n+ 1
n

− 1.

Gr�foume

(1.5.35)
n+ 1
n

=
1 + 1

2n+1

1− 1
2n+1

,

kai qrhsimopoi¸ntac to an�ptugma 1
2 log 1+t

1−t = t+ t3

3 + t5

5 + t7

7 + · · · paÐrnoume

(1.5.36) dn − dn+1 =
1

3(2n+ 1)2
+

1
5(2n+ 1)4

+ · · · .

SugkrÐnontac to dexiì mèloc me thn gewmetrik  seir� lìgou (2n+ 1)−2 blèpoume ìti

(1.5.37) 0 < dn − dn+1 <
1

3[(2n+ 1)2 − 1]
=

1
12n

− 1
12(n+ 1)

.
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Apì thn (1.5.36) h {dn} eÐnai fjÐnousa kai apì thn (1.5.37) h {dn − (12n)−1} eÐnai
aÔxousa. 'Ara, to ìrio C := lim dn up�rqei. Apì thn (1.5.36) blèpoume epÐshc ìti

(1.5.38) dn − dn+1 >
1

3(2n+ 1)2
>

1
12n+ 1

− 1
12(n+ 1)− 1

,

dhlad  h {dn − (12n+ 1)−1} eÐnai fjÐnousa. 'Ara,

(1.5.39) C +
1

12n+ 1
< dn < C +

1
12n

Mènei na elègxoume ìti C = log(
√

2π). Mia polÔ sÔntomh apìdeixh gi� autì eÐnai h ex c:
apì thn dn → C èpetai eÔkola ìti

(1.5.40)
(

2n
n

)√
n

22n
→

√
2

eC

kaj¸c to n → ∞. JewroÔme th sun�rthsh u(x) = (1 + x)2n+1. Apì to je¸rhma tou
Taylor,

(1.5.41) u(x) = u(0) + u′(0)x+
u′′(0)

2!
x2 + · · ·+ u(n)(0)

n!
xn +

1
n!

∫ x

0

u(n+1)(t)(x− t)ndt.

Jètontac x = 1 paÐrnoume

22n+1 =
∑

0≤k≤n

(
2n+ 1
k

)
+

1
n!

∫ 1

0

(2n+ 1)(2n) · · · (n+ 1)(1 + t)n(1− t)ndt

= 22n +
(

2n
n

)
(2n+ 1)

∫ 1

0

(1− t2)ndt.

Dhlad ,

(1.5.42)
(

2n
n

)√
n

22n
· 2n+ 1√

n

∫ 1

0

(1− t2)ndt = 1.

Omwc,

(1.5.43)
2n+ 1√

n

∫ 1

0

(1− t2)ndt =
2n+ 1
n

∫ √
n

0

(1− u2/n)ndu→ 2
∫ ∞

0

e−u2
du =

√
π

kaj¸c to n→∞. Apì tic (1.5.40), (1.5.42) kai (1.5.43) paÐrnoume

(1.5.44)
√

2
eC

·
√
π = 1,

dhlad , C = log(
√

2π). 2
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1.6 Ask seic
1. DÐnontai dÔo orjog¸nia I1 =

∏n
i=1[ai, bi] kai I2 =

∏n
i=1[ci, di] ston Rn ta opoÐa den epikalÔp-

tontai (èqoun xèna eswterik�). DeÐxte ìti up�rqoun j ∈ {1, . . . , n} kai t ∈ R ¸ste to uperepÐpedo
{x : xj = t} na diaqwrÐzei ta I1 kai I2 (dhlad , eÐte I1 ⊆ {x : xj ≤ t} kai I2 ⊆ {x : xj ≥ t}  
I1 ⊆ {x : xj ≥ t} kai I2 ⊆ {x : xj ≤ t}).

2. 'Estw K kurtì s¸ma ston Rn, summetrikì wc proc to 0. JewroÔme θ ∈ Sn−1 kai th
sun�rthsh

fθ(t) = |K ∩ (θ⊥ + tθ)|.
DeÐxte ìti

fθ(0) ≥ fθ(t)

gia k�je t ∈ R.

3. (to L mma tou Borell) 'Estw B kurtì s¸ma ston Rn. An A eÐnai èna uposÔnolo tou Rn

¸ste to A ∩B na èqei ìgko, orÐzoume

µB(A) =
|A ∩B|
|B| .

(a) 'Estw M ⊆ Rn kurtì kai summetrikì wc proc to 0. DeÐxte ìti gia k�je t > 1 isqÔei o
egkleismìc

Rn \M ⊇ 2

t + 1
(Rn \ tM) +

t− 1

t + 1
M.

(b) Upojètoume epiplèon ìti µB(M) = a > 0. Qrhsimopoi¸ntac to (a) kai thn anisìthta
Brunn-Minkowski deÐxte ìti, gia k�je t > 1,

1− µB(tM) ≤ a

(
1− a

a

)(t+1)/2

.

Sumpèrasma: An µB(M) = a > 1/2, dhlad  an to M tèmnei {parap�nw apì to misì} B, tìte to
posostì tou B pou mènei èxw apì to tM fjÐnei ekjetik� sto 0 kaj¸c to t →∞ (gia par�deigma,
an µB(M) = 2/3 tìte 1− µB(tM) ≤ 2−t/2 gia k�je t > 1).

4. Aut  h �skhsh deÐqnei ìti (gia meg�lec diast�seic) dÔo uposÔnola thc monadiaÐac EukleÐdeiac
mp�lac mporoÔn na èqoun {sqetik� meg�lh} apìstash mìno an k�poio apì ta dÔo eÐnai {polÔ
mikrì}.

'Estw A kai C dÔo mh ken�, sumpag  uposÔnola thc Bn
2 . Upojètoume ìti

d(A, C) = min{‖a− c‖2 : a ∈ A, c ∈ C} = ρ > 0.

(a) DeÐxte ìti

A + C

2
⊆
√

1− ρ2

4
Bn

2 .

[Upìdeixh: Jewr ste a ∈ A kai c ∈ C, kai qrhsimopoi ste ton kanìna tou parallhlogr�mmou.]

(b) DeÐxte ìti
min{|A|, |C|} ≤ exp(−ρ2n/8)|Bn

2 |.
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5. 'Estw K kai T dÔo summetrik� (wc proc to 0) kurt� s¸mata ston Rn.

(a) DeÐxte ìti 1
2
[K ∩ (x + T )] + 1

2
[K ∩ (−x + T )] ⊆ K ∩ T gia k�je x ∈ Rn.

(b) DeÐxte ìti |K ∩ (x + T )| ≤ |K ∩ T | gia k�je x ∈ Rn.

OrismoÐ gia tic ask seic 6�9. 'Estw K kai T kurt� s¸mata ston Rn. Jèloume na ektim soume
to el�qisto pl joc metafor¸n xi + T tou T pou h ènws  touc kalÔptei to K. MporoÔme
na zht soume ta {kèntra} xi na an koun sto K   na epilègontai eleÔjera sto q¸ro. 'Etsi,
orÐzoume

N(K, T ) = min

{
N ∈ N

∣∣∣ ∃x1, . . . , xN ∈ Rn : K ⊆
N⋃

i=1

(xi + T )

}
kai

N(K, T ) = min

{
N ∈ N

∣∣∣ ∃x1, . . . , xN ∈ K : K ⊆
N⋃

i=1

(xi + T )

}
.

Lìgw sump�geiac, oi arijmoÐ k�luyhc N(K, T ) kai N(K, T ) orÐzontai kal�.

6. DeÐxte ìti an K, T kai M eÐnai kurt� s¸mata ston Rn tìte

N(K, M) ≤ N(K, T ) ·N(T, M).

7. Apì touc orismoÔc blèpoume eÔkola ìti

N(K, T ) ≤ N(K, T ).

DeÐxte ìti: an ta K kai T eÐnai summetrik� wc proc to 0, tìte

N(K, 2T ) ≤ N(K, T ).

8. 'Estw K èna summetrikì (wc proc to 0) kurtì s¸ma ston Rn. 'Enac trìpoc gia na ektim soume
ton arijmì k�luyhc N(K, ρBn

2 ) eÐnai o ex c. JewroÔme èna uposÔnolo S = {x1, . . . , xN} tou
K me thn ex c idiìthta:

(∗) an i 6= j tìte ‖xi − xj‖2 ≥ ρ.

(a) DeÐxte ìti

N ≤
∣∣K + ρ

2
Bn

2

∣∣∣∣ ρ
2
Bn

2

∣∣ .

(b) DeÐxte ìti: gia k�je ρ > 0 up�rqei megistikì S ⊂ K pou ikanopoieÐ thn (∗). Me ton ìro
{megistikì} ennooÔme ìti to S ikanopoieÐ thn (∗) all� an prosjèsoume opoiod pote �llo shmeÐo
z ∈ K \ S sto S, tìte to S ∪ {z} den ikanopoieÐ thn (∗). Lème ìti to S eÐnai èna ρ-dÐktuo.

(g) DeÐxte ìti an S = {x1, . . . , xN} eÐnai èna ρ-dÐktuo sto K, tìte

N(K, ρBn
2 ) ≤ N.

9. DeÐxte ìti: gia k�je ρ ∈ (0, 1),

N(Bn
2 , ρBn

2 ) ≤
(

1 +
2

ρ

)n

.
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10*. 'Estw S = {x1, . . . , xN} ⊂ Sn−1 me thn ex c idiìthta: an i 6= j tìte ‖xi − xj‖2 ≥
√

2.
DeÐxte ìti N ≤ 2n.

11. JewroÔme th sun�rthsh

γn(x) = (2π)−n/2e−‖x‖22/2

kai gia k�je mh kenì Borel sÔnolo A ston Rn orÐzoume

γn(A) :=

∫
A

γn(x) dx =
1

(2π)n/2

∫
A

e−‖x‖22/2dx.

To γn eÐnai to mètro tou Gauss ston Rn. Qrhsimopoi¸ntac thn anisìthta Prékopa-Leindler
deÐxte ìti: an A, B eÐnai mh ken� Borel uposÔnola tou Rn kai λ ∈ (0, 1), tìte

γn

(
λA + (1− λ)B

)
≥
(
γn(A)

)λ(
γn(B)

)1−λ

.

12. 'Estw A ⊆ Rn kleistì, kurtì kai summetrikì wc proc thn arq  twn axìnwn. DeÐxte ìti gia
k�je x ∈ Rn isqÔoun oi anisìthtec

e−‖x‖22/2γn(A) ≤ γn(A + x) ≤ γn(A).

13. 'Estw g : (0,∞) → (0,∞) sun�rthsh me tic ex c idiìthtec: (a) g(1) = 1, (b) g(x+1) = xg(x)
gia k�je x > 0, (g) h log g eÐnai kurt  sun�rthsh. DeÐxte ìti g ≡ Γ.

Upìdeixh: Qrhsimopoi¸ntac mìno tic (a), (b) kai (g) apodeÐxte ìti

g(x) = lim
n→∞

nxn!

x(x + 1) · · · (x + n)
.

14. DeÐxte ìti gia k�je x > 0 isqÔei h isìthta

Γ
(x

2

)
Γ

(
x + 1

2

)
=

√
π

2x−1
Γ(x).

Upìdeixh: Qrhsimopoi ste thn prohgoÔmenh �skhsh.





Kef�laio 2

Sunduastik� jewr mata gia

kurt� sÔnola ston EukleÐdeio

q¸ro

2.1 Kurt  j kh
Sthn §1.1 d¸same ton orismì tou kurtoÔ sunìlou. An x kai y eÐnai dÔo shmeÐa ston Rn,
to eujÔgrammo tm ma [x, y] me �kra ta x kai y eÐnai to sÔnolo ìlwn twn shmeÐwn thc
morf c x+ t(y − x) me t ∈ [0, 1]:

(2.1.1) [x, y] = {(1− t)x+ ty : 0 ≤ t ≤ 1}.

'Ena mh kenì uposÔnolo A tou Rn lègetai kurtì an gia k�je x, y ∈ A kai gia k�je
t ∈ [0, 1] èqoume

(2.1.2) (1− t)x+ ty ∈ A.

Dhlad , to A eÐnai kurtì an, gia k�je dÔo shmeÐa tou, perièqei olìklhro to eujÔgrammo
tm ma pou ta sundèei.

ShmeÐwsh: SumfwnoÔme ìti to kenì sÔnolo ∅ eÐnai kurtì (parathr ste ìti {ikanopoieÐ
kat� tetrimmèno trìpo} ton orismì).

Orismìc 2.1.1 (kurtìc sunduasmìc). 'Estwm ≥ 1 kai {x1, . . . , xm} èna peperasmèno
sÔnolo shmeÐwn ston Rn. An t1, . . . , tm ≥ 0 kai t1 + · · ·+ tm = 1, tìte to

(2.1.3) x = t1x1 + · · ·+ tmxm

lègetai kurtìc sunduasmìc twn x1, . . . , xm.
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Apì ton orismì tou kurtoÔ sunìlou, èna sÔnolo eÐnai kurtì an perièqei touc kurtoÔc
sunduasmoÔc opoiwnd pote dÔo shmeÐwn tou. Me epagwg  mporoÔme na deÐxoume to ex c.

Prìtash 2.1.2. 'Ena mh kenì sÔnolo A ⊆ Rn eÐnai kurtì an kai mìno an k�je kurtìc
sunduasmìc shmeÐwn tou A an kei sto A.

Apìdeixh. H mÐa kateÔjunsh eÐnai apl : an k�je kurtìc sunduasmìc shmeÐwn tou A
an kei sto A, tìte gia k�je x, y ∈ A kai t ∈ [0, 1], paÐrnontac t1 = 1 − t kai t2 = t
blèpoume ìti o kurtìc sunduasmìc (1− t)x+ ty an kei sto A. 'Ara, to A eÐnai kurtì.

Gia thn antÐstrofh kateÔjunsh, jewroÔme èna kurtì sÔnolo A. Ja deÐxoume ìti, gia
tuqìnta x1, . . . , xm ∈ A kai t1, . . . , tm ≥ 0 me t1 + · · ·+ tm = 1 isqÔei t1x1 + · · ·+ tmxm ∈
A. H apìdeixh ja gÐnei me epagwg  wc proc to m. O orismìc thc kurtìthtac tou A
exasfalÐzei thn perÐptwsh m = 2 (an m = 1 den èqoume tÐpota na deÐxoume). Upojètoume
ìti o isqurismìc alhjeÔei gia opoiond pote kurtì sunduasmì apì m   ligìtera shmeÐa,

kai jewroÔme ènan kurtì sunduasmì x =
m+1∑
i=1

tixi, ìpou xi ∈ A.

AfoÔ
m+1∑
i=1

ti = 1 kaim+1 > 1, k�poioc apì touc ti eÐnai mikrìteroc apì 1. All�zontac

th seir� twn ti, mporoÔme na upojèsoume ìti tm+1 < 1. Tìte,

(2.1.4) x = (1− tm+1)
m∑

i=1

ti
1− tm+1

xi + tm+1xm+1 = (1− tm+1)y + tm+1xm+1,

ìpou

(2.1.5) y =
m∑

i=1

ti
1− tm+1

xi.

AfoÔ
m∑

i=1

ti = 1 − tm+1, to y eÐnai kurtìc sunduasmìc m shmeÐwn tou A. Apì thn

epagwgik  upìjesh paÐrnoume y ∈ A. Qrhsimopoi¸ntac xan� thn epagwgik  upìjesh gia
ta y kai xm+1 (m = 2) sumperaÐnoume ìti x ∈ A. 2

Prìtash 2.1.3. (i) 'Estw (Ai)i∈I mia oikogèneia kurt¸n uposunìlwn tou Rn. H tom ⋂
i∈I Ai twn Ai eÐnai kurtì sÔnolo.

(ii) 'Estw (Am) mia aÔxousa akoloujÐa kurt¸n uposunìlwn tou Rn: dhlad , Am ⊆ Am+1

gia k�je m ∈ N. Tìte, h ènwsh
⋃∞

m=1Am twn Am eÐnai kurtì sÔnolo.

Apìdeixh. 'Askhsh. 2

Orismìc 2.1.4 (kurt  j kh). 'Estw S èna mh kenì uposÔnolo tou Rn. H kurt  j kh
tou S eÐnai to sÔnolo conv(S) pou apoteleÐtai apì ìlouc touc kurtoÔc sunduasmoÔc
shmeÐwn tou S.
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Prìtash 2.1.5. 'Estw S èna mh kenì uposÔnolo tou Rn. H kurt  j kh tou S eÐnai to
mikrìtero kurtì sÔnolo pou perièqei to S. Dhlad ,

(i) To sÔnolo conv(S) eÐnai kurtì.

(ii) An to A eÐnai kurtì sÔnolo kai A ⊇ S tìte A ⊇ conv(S).

Apìdeixh. (i) 'Estw x, y ∈ conv(S) kai èstw t ∈ [0, 1]. Ta x kai y gr�fontai san kurtoÐ
sunduasmoÐ shmeÐwn tou S:

(2.1.6) x =
k∑

i=1

aixi kai y =
m∑

j=1

bjyj .

Tìte,

(2.1.7) (1− t)x+ ty =
k∑

i=1

((1− t)ai)xi +
m∑

j=1

(tbj)yj ∈ conv(S)

giatÐ xi, yj ∈ S kai

(2.1.8)
k∑

i=1

(1− t)ai +
m∑

j=1

tbj = (1− t)
k∑

i=1

ai + t
m∑

j=1

bj = (1− t) · 1 + t · 1 = 1.

'Ara, h kurt  j kh conv(S) eÐnai kurtì sÔnolo.

(ii) Estw A èna kurtì sÔnolo pou perièqei to S. Apì thn Prìtash 2.1.2, to A perièqei
ìlouc touc kurtoÔc sunduasmoÔc shmeÐwn tou A. Eidikìtera, afoÔ A ⊇ S, to A perièqei
ìlouc touc kurtoÔc sunduasmoÔc shmeÐwn tou S. Dhlad , A ⊇ conv(S). 2

Eidikèc kl�seic kurt¸n sunìlwn. Sth sunèqeia tou maj matoc ja asqoloÔmaste
suqn� me treic shmantikèc kl�seic kurt¸n uposunìlwn tou EukleÐdeiou q¸rou: ta kurt�
s¸mata, ta polÔtopa kai ta polÔedra.

(a) Kurtì s¸ma ston Rn eÐnai èna sumpagèc kurtì uposÔnolo tou Rn to opoÐo èqei mh
kenì eswterikì.

(b) PolÔtopo ston Rn eÐnai h kurt  j kh enìc peperasmènou sunìlou S shmeÐwn tou
Rn.

(g) PolÔedro ston Rn eÐnai mia {peperasmènh tom  hmiq¸rwn}, dhlad  èna sÔnolo thc
morf c

(2.1.9) P = {x ∈ Rn : 〈x, θi〉 ≤ βi gia i = 1, . . . ,m}

ìpou m ∈ N, θ1, . . . , θm ∈ Sn−1 kai β1, . . . , βm ∈ R.

'Opwc ja doÔme sth sunèqeia, k�je polÔtopo eÐnai polÔedro. AntÐstrofa, an èna
polÔedro eÐnai fragmèno sÔnolo, tìte eÐnai polÔtopo.
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2.2 To je¸rhma tou Karajeodwr 
'Estw S ⊂ Rn kai èstw conv(S) h kurt  tou j kh. An z ∈ conv(S) tìte to z gr�fetai
san kurtìc sunduasmìc shmeÐwn tou S. FaÐnetai logikì, toul�qiston stic dÔo   stic
treic diast�seic, ìti mporoÔme na gr�youme to z san kurtì sunduasmì {lÐgwn} shmeÐwn
tou S, ta opoÐa fusik� ja exart¸ntai apì to z. Autì eÐnai al jeia se k�je di�stash:
ja apodeÐxoume to ex c genikì apotèlesma tou Karajeodwr .

Je¸rhma 2.2.1 (Karajeodwr c, 1907). 'Estw S mh kenì uposÔnolo tou Rn. Gia
k�je z ∈ conv(S) up�rqoun y1, . . . , yn+1 ∈ S kai ti ≥ 0 me t1 + · · ·+ tn+1 = 1 ¸ste

(2.2.1) z = t1y1 + · · ·+ tn+1yn+1.

Apìdeixh. 'Estw z ∈ conv(S). Apì ton orismì thc kurt c j khc, up�rqoun y1, . . . , ym ∈
S kai αi ≥ 0 me α1 + · · ·+ αm = 1 ¸ste

(2.2.2) z = α1y1 + · · ·+ αmym.

MporoÔme na upojèsoume ìti αi > 0 gia k�je i = 1, . . . ,m. An m < n + 1 tìte,
prosjètontac ìrouc thc morf c 0 · y1, mporoÔme na gr�youme to z san kurtì sunduasmì
n+ 1 shmeÐwn tou S.

Upojètoume loipìn ìti m > n + 1 kai ja deÐxoume ìti mporoÔme na gr�youme to z
san kurtì sunduasmì ligìterwn apì m shmeÐwn tou S. Epanalamb�nontac autì to b ma
peperasmènec to pl joc forèc, ja p�roume to zhtoÔmeno.

JewroÔme to omogenèc sÔsthma exis¸sewn

γ1 + · · ·+ γm = 0
γ1y1 + · · ·+ γmym = 0.

An gia k�je i = 1, . . . ,m gr�youme yi = (yi1, . . . , yin), èqoume tic n+ 1 exis¸seic

γ1 + · · ·+ γm = 0
γ1y11 + · · ·+ γmym1 = 0
γ1y12 + · · ·+ γmym2 = 0

... =
...

γ1y1n + · · ·+ γmymn = 0.

To pl joc twn agn¸stwn eÐnai megalÔtero apì to pl joc twn exis¸sewn, �ra up�rqei
mh tetrimmènh lÔsh γ1, . . . , γm. Apì thn γ1 + · · ·+ γm = 0 blèpoume ìti up�rqoun gn sia
jetikoÐ kai gn sia arnhtikoÐ γi. AfoÔ to {i ≤ m : γi > 0} eÐnai mh kenì, up�rqei
1 ≤ i0 ≤ m ¸ste

(2.2.3)
αi0

γi0

= τ = min
{
αi

γi
: γi > 0

}
.
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OrÐzoume

(2.2.4) βi = αi − τγi, i = 1, . . . ,m.

Apì ton orismì tou τ èpetai ìti βi ≥ 0 gia k�je i = 1, . . . ,m, kai βi0 = 0. Epiplèon,

(2.2.5) β1 + · · ·+ βm = (α1 + · · ·+ αm)− τ(γ1 + · · ·+ γm) = 1

giatÐ γ1 + · · ·+ γm = 0, kai

(2.2.6) β1y1 + · · ·+ βmym = α1y1 + · · ·+ αmym − τ(γ1y1 + · · ·+ γmym) = z

giatÐ γ1y1 + · · ·+ γmym = 0. Gr�yame loipìn to z san kurtì sunduasmì:

(2.2.7) z =
m∑

i=1

βiyi =
∑
i 6=i0

βiyi

m−1 shmeÐwn tou S (mporoÔme na paraleÐyoume to yi0 afoÔ βi0 = 0). SuneqÐzontac ètsi,
mporoÔme telik� na gr�youme to z san kurtì sunduasmì n+1 (  ligìterwn) shmeÐwn tou
S. 2

Mia qr simh sunèpeia tou jewr matoc tou Karajeodwr  eÐnai h ex c.

Prìtash 2.2.2. An S eÐnai èna mh kenì sumpagèc uposÔnolo tou Rn, tìte h kurt  j kh
conv(S) eÐnai sumpagèc sÔnolo.

Apìdeixh. JewroÔme to simplex

(2.2.8) ∆ =

{
α ∈ Rn+1 :

n+1∑
i=1

αi = 1 kai αi ≥ 0 gia k�je 1 ≤ i ≤ n+ 1

}
.

To ∆ eÐnai sumpagèc sÔnolo, �ra to sÔnolo P := S × · · · × S ×∆ (ìpou to S paÐrnetai
n+ 1 forèc) eÐnai sumpagèc uposÔnolo (tou R(n+1)n+(n+1)).

JewroÔme thn apeikìnish Φ : P → Rn pou orÐzetai wc ex c:

(2.2.9) Φ(y1, . . . , yn+1, α1, . . . , αn+1) = α1y1 + · · ·+ αn+1yn+1.

Apì to je¸rhma tou Karajeodwr , h eikìna thc Φ eÐnai akrib¸c Ðsh me conv(S) (giatÐ?).
AfoÔ h Φ eÐnai suneq c kai to P eÐnai sumpagèc, sumperaÐnoume ìti to sÔnolo conv(S) =
Φ(P ) eÐnai sumpagèc. 2

2.3 Ta jewr mata twn Radon kai Helly

To pr¸to apotèlesma aut c thc paragr�fou apodeÐqthke apì ton Radon.
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Je¸rhma 2.3.1 (Radon, 1921). 'Estw S èna uposÔnolo tou Rn pou èqei toul�qiston
n+ 2 shmeÐa. Tìte, up�rqoun xèna uposÔnola R kai B tou S ¸ste

(2.3.1) conv(R) ∩ conv(B) 6= ∅.

ShmeÐwsh. 'Opwc ja faneÐ kai apì thn apìdeixh, mporoÔme epiplèon na upojèsoume
ìti R ∪ B = S. 'Allwste, an broÔme R kai B pou ikanopoioÔn to sumpèrasma kai an
V = S \ (R ∪ B) 6= ∅, tìte mporoÔme na jewr soume ta R1 = R ∪ V kai B: èqoume
R1 ∩B = ∅, R1 ∪B = S kai

conv(R1) ∩ conv(B) ⊇ conv(R) ∩ conv(B) 6= ∅.

Apìdeixh. Apì thn upìjesh up�rqoun m ≥ n+2 kai shmeÐa v1, . . . , vm ∈ S ta opoÐa eÐnai
diaforetik� an� dÔo. JewroÔme to omogenèc sÔsthma exis¸sewn

γ1 + · · ·+ γm = 0
γ1v1 + · · ·+ γmvm = 0

me agn¸stouc touc γ1, . . . , γm, to opoÐo qrhsimopoi same kai sthn apìdeixh tou jewr -
matoc tou Karajeodwr . AfoÔ to pl joc m ≥ n+2 twn agn¸stwn eÐnai megalÔtero apì
to pl joc n+ 1 twn exis¸sewn, up�rqei mh tetrimmènh lÔsh tou sust matoc. OrÐzoume

(2.3.2) R = {vi : γi > 0} kai B = {vi : γi ≤ 0}.

Apì ton orismì twn R kai B èqoume R ∩B = ∅.
Jètoume β =

∑
{i:γi>0}

γi > 0. AfoÔ γ1 + · · ·+ γm = 0, èqoume

(2.3.3)
∑

{i:γi≤0}

(−γi) =
∑

{i:γi>0}

γi = β.

Apì thn γ1v1 + · · ·+ γmvm = 0 paÐrnoume

(2.3.4)
∑

{i:γi>0}

γivi =
∑

{i:γi≤0}

(−γi)vi.

DiairoÔme me β kai orÐzoume

(2.3.5) v =
∑

{i:γi>0}

γi

β
vi =

∑
{i:γi≤0}

−γi

β
vi.

Apì thn (2.3.3) eÐnai fanerì ìti to v eÐnai kurtìc sunduasmìc shmeÐwn tou R kai, tautì-
qrona, kurtìc sunduasmìc shmeÐwn tou B. Dhlad , v ∈ conv(R) ∩ conv(B). 2

To epìmeno apotèlesma apodeÐqthke apì ton Helly to 1913. Qrhsimopoi¸ntac to dikì
tou je¸rhma, o Radon èdwse (to 1921) thn apìdeixh pou parousi�zoume parak�tw.
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Je¸rhma 2.3.2 (Helly). 'Estwm ≥ n+1 kai {A1, . . . , Am} mia peperasmènh oikogèneia
kurt¸n uposunìlwn tou Rn. Upojètoume ìti opoiad pote n+ 1 apì ta Ai èqoun mh ken 
tom : an i1, . . . , in+1 eÐnai deÐktec apì to {1, . . . ,m}, tìte

(2.3.6) Ai1 ∩ · · · ∩Ain+1 6= ∅.

Tìte, h tom  ìlwn twn Ai eÐnai mh ken :

(2.3.7) A1 ∩ · · · ∩Am 6= ∅.

Apìdeixh. H apìdeixh ja gÐnei me epagwg  wc proc to pl joc m twn sunìlwn. An
m = n+ 1 tìte to sumpèrasma sumpÐptei me thn upìjesh.

Upojètoume loipìn ìtim > n+1. Apì thn epagwgik  upìjesh, gia k�je i = 1, . . . ,m,
h tom  A1∩· · ·∩Ai−1∩Ai+1∩· · ·∩Am eÐnai mh ken . [Pr�gmati, h oikogèneia {Aj : j 6= i}
ikanopoieÐ thn (2.3.6) kai apoteleÐtai apì ligìtera apì m sÔnola.] MporoÔme loipìn, gia
k�je i = 1, . . . ,m, na broÔme

(2.3.8) pi ∈ A1 ∩ · · · ∩Ai−1 ∩Ai+1 ∩ · · · ∩Am.

'Etsi, èqoume m > n+1 shmeÐa p1, . . . , pm me thn idiìthta: to pi an kei se ìla ta sÔnola
Aj ektìc Ðswc apì to Ai. DiakrÐnoume dÔo peript¸seic:

(a) Up�rqoun deÐktec i 6= s ¸ste pi = ps = p (dÔo apì ta pi sumpÐptoun). Tìte, to p
an kei se ìla ta Aj : afoÔ p = pi, to p an kei se ìla ta Aj ektìc Ðswc apì to Ai, afoÔ
ìmwc p = ps, to p an kei kai sto Ai. 'Epetai ìti

(2.3.9) p ∈ A1 ∩ · · · ∩Am,

dhlad  isqÔei h (2.3.7).

(b) Ta p1, . . . , pm eÐnai diaforetik� an� dÔo. AfoÔ m ≥ n+2, mporoÔme na efarmìsoume
to je¸rhma tou Radon. Up�rqoun I, J ⊂ {1, . . . ,m} me I ∩ J = ∅ ¸ste an jèsoume
R = {pi : i ∈ I} kai B = {pj : j ∈ J} tìte up�rqei k�poio shmeÐo

(2.3.10) q ∈ conv(R) ∩ conv(B).

Isqurizìmaste ìti to q an kei se ìla ta Ai. Pr�gmati, apì ton trìpo epilog c twn pi

èqoume

(2.3.11) R ⊂
⋂
{As : s /∈ I}.

To sÔnolo dexi� eÐnai kurtì, wc tom  kurt¸n sunìlwn, �ra

(2.3.12) conv(R) ⊂
⋂
{As : s /∈ I}.

'Omoia,

(2.3.13) conv(B) ⊂
⋂
{As : s /∈ J}.
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AfoÔ q ∈ conv(R) ∩ conv(B), sumperaÐnoume ìti

(2.3.14) q ∈
⋂
{As : s /∈ I} kai q ∈

⋂
{As : s /∈ J}.

AfoÔ I ∩ J = ∅, gia k�je s ∈ {1, . . . ,m} èqoume {eÐte s /∈ I   s /∈ J}. Apì thn (2.3.14)
èpetai ìti q ∈ A1 ∩ · · · ∩Am, �ra A1 ∩ · · · ∩Am 6= ∅. 2

To je¸rhma tou Helly den isqÔei gia �peirec oikogèneiec kurt¸n sunìlwn. Gia par�deigma
jewr ste ta sÔnola An = [n,∞), n ∈ N   ta sÔnola Bn =

(
0, 1

n

)
, n ∈ N. IsqÔei ìmwc,

an k�noume thn epiplèon upìjesh ìti ta dojènta kurt� sÔnola eÐnai sumpag .

Prìtash 2.3.3. 'Estw {Ai : i ∈ I} (|I| ≥ n + 1) mia endeqomènwc �peirh oikogèneia
sumpag¸n kurt¸n uposunìlwn tou Rn. Upojètoume ìti opoiad pote n+1 apì ta Ai èqoun
mh ken  tom : an i1, . . . , in+1 ∈ I, tìte

(2.3.15) Ai1 ∩ · · · ∩Ain+1 6= ∅.

Tìte, h tom  ìlwn twn Ai eÐnai mh ken :

(2.3.16)
⋂
i∈I

Ai 6= ∅.

Apìdeixh. An J eÐnai èna peperasmèno uposÔnolo tou I me plhj�rijmo |J | ≥ n+ 1 tìte
h oikogèneia {Aj : j ∈ J} ikanopoieÐ tic upojèseic tou Jewr matoc 2.3.2, �ra èqei mh
ken  tom . An p�li |J | < n + 1 tìte oi upojèseic mac exasfalÐzoun ìti h oikogèneia
{Aj : j ∈ J} èqei mh ken  tom . Dhlad , gia k�je peperasmèno J ⊆ I isqÔei

(2.3.17)
⋂
j∈J

Aj 6= ∅.

Ac upojèsoume ìti
⋂

i∈I Ai = ∅. Tìte, an stajeropoi soume i ∈ I, èqoume

(2.3.18) Ai ⊆
⋃
j 6=i

Ac
j .

Ta sÔnola Ac
j , j 6= i, sqhmatÐzoun anoikt  k�luyh tou sumpagoÔc sunìlou Ai. 'Ara,

up�rqei peperasmèno F ⊆ I \ {i} ¸ste

(2.3.19) Ai ⊆
⋃
j∈F

Ac
j .

Tìte, to J = F ∪ {i} eÐnai peperasmèno sÔnolo kai

(2.3.20)
⋂
j∈J

Aj = ∅.
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Autì èrqetai se antÐjesh me thn (2.3.17). 'Ara,
⋂

i∈I Ai 6= ∅. 2

An koit�xete prosektik� thn apìdeixh thc Prìtashc 2.3.3 ja parathr sete ìti qrhsi-
mopoi same th sump�geia enìc mìno apì ta sÔnola Ai kai to gegonìc ìti ìla ta Ai  tan
kleist�. Me �lla lìgia, èqoume deÐxei to ex c isqurìtero apotèlesma.

Prìtash 2.3.4. 'Estw {Ai : i ∈ I} (|I| ≥ n + 1) mia endeqomènwc �peirh oikogèneia
kleist¸n kurt¸n uposunìlwn tou Rn. Upojètoume ìti up�rqei i∗ ∈ I ¸ste to Ai∗ na eÐnai
sumpagèc kai ìti opoiad pote n + 1 apì ta Ai èqoun mh ken  tom . Tìte, h tom  ìlwn
twn Ai eÐnai mh ken . 2

2.4 Efarmogèc sth sunduastik  gewmetrÐa
To je¸rhma tou Helly èqei pollèc efarmogèc sth sunduastik  gewmetrÐa. Ja melet -
soume k�poiec apì autèc se aut  thn par�grafo kai stic ask seic.

To je¸rhma tou Kirchberger. To pr¸to mac par�deigma eÐnai to je¸rhma tou Kirch-
berger (apodeÐqthke to 1903, prin apì to je¸rhma tou Helly). Gia na to diatup¸soume
qreiazìmaste ton ex c orismì: an A,B ⊂ Rn, lème ìti to uperepÐpedo H = {x ∈ Rn :
〈x, y〉 = α} (ìpou 0 6= y ∈ Rn kai α ∈ R) diaqwrÐzei gn sia ta A kai B an

〈x, y〉 < α gia k�je x ∈ A kai 〈x, y〉 > α gia k�je x ∈ B.

Je¸rhma 2.4.1. 'Estw R kai B dÔo peperasmèna uposÔnola tou Rn. Upojètoume ìti
gia k�je S ⊂ R∪B me plhj�rijmo |S| ≤ n+2 up�rqei uperepÐpedo pou diaqwrÐzei gn sia
ta S ∩R kai S ∩B. Tìte, up�rqei uperepÐpedo pou diaqwrÐzei gn sia ta R kai B.

Apìdeixh. TautÐzoume to uperepÐpedo H = {x ∈ Rn : 〈x, y〉 = α} me to shmeÐo (y, α) ∈
Rn × R ≡ Rn+1.

Gia k�je shmeÐo r ∈ R orÐzoume èna sÔnolo Ar ⊂ Rn+1 jètontac

(2.4.1) Ar = {(y, α) ∈ Rn+1 : 〈r, y〉 < α}

kai gia k�je shmeÐo b ∈ B orÐzoume èna sÔnolo Ab ⊂ Rn+1 jètontac

(2.4.2) Ab = {(y, α) ∈ Rn+1 : y〈b, y〉 > α}.

Apì ton orismì prokÔptei eÔkola ìti ta sÔnola Ar kai Ab eÐnai kurt� uposÔnola tou
Rn+1.

AfoÔ ta sÔnola Ar kai Ab eÐnai anoikt�, gia k�je S ⊆ R ∪B èqoume ìti h tom 

(2.4.3)

( ⋂
r∈S∩R

Ar

)⋂( ⋂
b∈S∩B

Ab

)

eÐnai anoiktì sÔnolo, �ra eÐnai mh ken  an kai mìno an perièqei shmeÐo (y, α) me y 6= 0.
Dhlad , an kai mìno an up�rqei uperepÐpedo pou diaqwrÐzei gn sia ta S ∩R kai S ∩B.
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Apì thn upìjesh, gia k�je S ⊆ R ∪B me |S| ≤ n+ 2 isqÔei

(2.4.4)

( ⋂
r∈S∩R

Ar

)⋂( ⋂
b∈S∩B

Ab

)
6= ∅.

[Pr�gmati, h upìjesh mac exasfalÐzei ìti up�rqei (y, α) ∈ Rn+1 me y 6= 0 ¸ste 〈x, y〉 < α
gia k�je x ∈ R ∩ S kai 〈x, y〉 > α gia k�je x ∈ B ∩ S. Dhlad , isqÔei h (2.4.4).]

Tìte, to je¸rhma tou Helly (parathr ste ìti to efarmìzoume ston Rn+1) mac dÐnei

(2.4.5)

(⋂
r∈R

Ar

)⋂(⋂
b∈B

Ab

)
6= ∅.

H teleutaÐa sqèsh shmaÐnei akrib¸c ìti ta R kai B diaqwrÐzontai gn sia apì k�poio
uperepÐpedo. 2

To {kèntro} miac katanom c shmeÐwn. An H = {x ∈ Rn : 〈x, θ〉 = α} eÐnai èna
uperepÐpedo, jewroÔme touc anoiktoÔc hmiq¸rouc

(2.4.6) H+ = {x ∈ Rn : 〈x, θ〉 > α} kai H− = {x ∈ Rn : 〈x, θ〉 < α}

kai touc kleistoÔc hmiq¸rouc

(2.4.7) H+ = {x ∈ Rn : 〈x, θ〉 ≥ α} kai H− = {x ∈ Rn : 〈x, θ〉 ≤ α}

pou orÐzei to H.
To epìmeno je¸rhma deÐqnei ìti k�je peperasmèno uposÔnolo S tou Rn èqei èna

{kèntro}, me thn ex c ènnoia: up�rqei y ∈ Rn me thn idiìthta {k�je hmÐqwroc pou perièqei
to y perièqei èna arket� meg�lo posostì twn shmeÐwn tou S}.

Je¸rhma 2.4.2 (Rado, 1947). 'Estw S èna peperasmèno sÔnolo ston Rn. Up�rqei
shmeÐo y ∈ Rn me thn ex c idiìthta: gia k�je kleistì hmÐqwro F pou perièqei to y èqoume

(2.4.8)
|F ∩ S|
|S|

≥ 1
n+ 1

.

Apìdeixh. ParathroÔme pr¸ta ìti arkeÐ na broÔme y ∈ Rn me thn ex c idiìthta: gia k�je
anoiktì hmÐqwro G pou ikanopoieÐ thn

(2.4.9)
|G ∩ S|
|S|

>
n

n+ 1

isqÔei y ∈ G. [Pr�gmati, ac upojèsoume ìti èqoume brei y ∈ Rn me aut  thn idiìthta.

'Estw F kleistìc hmÐqwroc me y ∈ F . An |F∩S|
|S| < 1

n+1 tìte o anoiktìc hmÐqwroc

G = Rn \ F ikanopoieÐ thn (2.4.9), �ra y ∈ G. 'Etsi odhgoÔmaste se �topo, afoÔ

y ∈ F ∩G = ∅. Sunep¸c, |F∩S|
|S| ≥ 1

n+1 .]
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JewroÔme loipìn thn oikogèneia G ìlwn twn anoikt¸n hmiq¸rwn G pou ikanopoioÔn
thn (2.4.9). Autì pou mènei na deÐxoume eÐnai ìti

(2.4.10)
⋂

G∈G
G 6= ∅.

Gia k�je G ∈ G jètoume CG = conv(G∩ S). H oikogèneia C = {CG : G ∈ G} apoteleÐtai
apì sumpag  kurt� sÔnola. ParathroÔme ìti, gia k�je G1, . . . , Gn+1 ∈ G isqÔei

(2.4.11) S ∩ CG1 ∩ · · · ∩ CGn+1 6= ∅.

Pr�gmati, kajèna apì ta CGi perièqei perissìtera apì n
n+1 |S| shmeÐa tou S, �ra

(2.4.12) |(Cc
G1
∪ · · · ∪ Cc

Gn+1
) ∩ S| ≤

n+1∑
i=1

|Cc
Gi
∩ S| <

n+1∑
i=1

|S|
n+ 1

= |S|.

Sunep¸c, opoiad pote n+1 sÔnola thc C èqoun mh ken  tom . Apì to je¸rhma tou Helly
èpetai ìti

⋂
G∈G CG 6= ∅.

Tìte, an jewr soume tuqìn y ∈
⋂

G∈G CG èqoume y ∈ CG ⊆ G gia k�je G ∈ G. 2

To Je¸rhma 2.4.2 genikeÔetai qwrÐc duskolÐa sto plaÐsio twn Borel mètrwn pijanìthtac µ
ston Rn. MporeÐte na skeftìsaste ta ex c dÔo paradeÐgmata:

(i) To mètro arÐjmhshc. 'Estw X èna peperasmèno uposÔnolo tou Rn me plhj�rijmo |S| = m.
Gia k�je A ⊆ Rn jètoume

µ(A) =
|A ∩ S|

m
.

Autì eÐnai to plaÐsio tou Jewr matoc 2.4.2.

(ii) Oloklhr¸simh puknìthta 'Estw f : Rn → R+ mia oloklhr¸simh sun�rthsh me
∫

Rn f(x) dx =
1. Gia k�je Borel sÔnolo A ⊆ Rn jètoume

µ(A) =

∫
A

f(x) dx.

Je¸rhma 2.4.3. 'Estw µ èna Borel mètro pijanìthtac ston Rn. Up�rqei shmeÐo y ∈ Rn me

thn ex c idiìthta: gia k�je kleistì hmÐqwro G pou perièqei to y èqoume

(2.4.8) µ(G) ≥ 1

n + 1
.

Apìdeixh. An G eÐnai ènac kleistìc hmÐqwroc ston Rn, gr�foume Gc gia ton sumplhrwmatikì
anoiktì hmÐqwro. 'Estw S h kl�sh ìlwn twn kleist¸n hmiq¸rwn G gia touc opoÐouc µ(Gc) <

1
n+1

. ParathroÔme ìti an G1, . . . , Gn+1 ∈ S, tìte

(2.4.9) µ(Gc
1 ∪ · · · ∪Gc

n+1) <
n + 1

n + 1
= 1,
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dhlad 

(2.4.10) G1 ∩ · · · ∩Gn+1 6= ∅.

Apì to je¸rhma tou Helly èpetai ìti k�je peperasmènh oikogèneia {Gi : i ∈ I} ⊂ S èqei mh
ken  tom .

MporoÔme na broÔme peperasmènouc to pl joc kleistoÔc hmiq¸rouc G1, . . . , Gm ⊂ Rn twn
opoÐwn h tom  F = G1 ∩ · · · ∩ Gm eÐnai fragmènh, �ra sumpag c. Megal¸nontac autoÔc touc
hmiq¸rouc (me metaforèc) mporoÔme na upojèsoume ìti èqoun mètro megalÔtero apì n

n+1
, dhlad 

ìti G1, . . . , Gm ∈ S. Tìte, h oikogèneia

(2.4.11) {F ∩G : G ∈ S}

apoteleÐtai apì sumpag  sÔnola, kai k�je peperasmènh upooikogèneia thc èqei mh ken  tom .
Apì thn Prìtash 2.3.3 sumperaÐnoume ìti up�rqei y ∈ Rn me thn idiìthta: y ∈ G gia k�je
G ∈ S.

'Estw H ènac anoiktìc hmÐqwroc pou perièqei to y. To sumpl rwma tou H eÐnai ènac
kleistìc hmÐqwroc G pou den perièqei to y, �ra den an kei sthn S. Tìte, µ(H) ≥ 1

n+1
.

An G eÐnai ènac kleistìc hmÐqwroc pou perièqei to y, up�rqei fjÐnousa akoloujÐa {Hm}
anoikt¸n hmiq¸rwn me

(2.4.12) G =

∞⋂
m=1

Hm.

Tìte, y ∈ Hm gia k�je m, �ra µ(Hm) ≥ 1
n+1

gia k�je m. 'Epetai ìti

(2.4.13) µ(G) = lim
m→∞

µ(Hm) ≥ 1

n + 1
,

ki autì apodeiknÔei to je¸rhma. 2

2.5 GenikeÔseic twn tri¸n jewrhm�twn
2.5aþ To ègqrwmo je¸rhma Karajeodwr 

To je¸rhma aut c thc paragr�fou genikeÔei to je¸rhma tou Karajeodwr : paÐrnontac
S1 = S2 = · · · = Sn+1 blèpoume ìti an S eÐnai uposÔnolo tou Rn kai 0 ∈ conv(S) tìte
up�rqoun v1 ∈ S1, . . . , vn+1 ∈ S ¸ste 0 ∈ conv({v1, . . . , vn+1}). Autì eÐnai isodÔnamo me
to je¸rhma tou Karajeodwr  (exhg ste giatÐ).

Je¸rhma 2.5.1 (Bárány, 1982). 'Estw S1, S2, . . . , Sn+1 uposÔnola tou Rn me thn
ex c idiìthta: gia k�je i = 1, 2, ..., n+ 1,

(2.5.1) 0 ∈ conv(Si).

Tìte, up�rqoun v1 ∈ S1, . . . , vn+1 ∈ Sn+1 ¸ste

(2.5.2) 0 ∈ conv({v1, . . . , vn+1}).
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Apìdeixh. MporoÔme na upojèsoume ìti k�je Si eÐnai peperasmèno sÔnolo: apì thn
upìjesh èqoume ìti, gia k�je i = 1, . . . , n+ 1, 0 ∈ conv(Si). Apì ton orismì thc kurt c
j khc, up�rqoun peperasmèna S′i ⊆ Si ¸ste 0 ∈ conv(S′i), i = 1, . . . , n+ 1. An deÐxoume
ìti up�rqoun v1 ∈ S′1, . . . , vn+1 ∈ S′n+1 ¸ste 0 ∈ conv({v1, . . . , vn+1}), tìte èpetai to
zhtoÔmeno, diìti vi ∈ S′i ⊆ Si.

Upojètoume loipìn ìti k�je Si eÐnai peperasmèno sÔnolo kai ìti den isqÔei to sumpèras-
ma. Tìte, gia k�je epilog  shmeÐwn ai ∈ Si isqÔei d(0, {a1, ..., an+1}) > 0. AfoÔ
ta Si eÐnai peperasmèna sÔnola, up�rqei epilog  shmeÐwn zi ∈ Si ¸ste h apìstash
d(0, {z1, ..., zn+1}) na eÐnai jetik  kai h mikrìterh dunat .

Jètoume T = conv{z1, ..., zn+1} kai d := d(0, T ). To T eÐnai sumpagèc, �ra up�rqei
y ∈ T ¸ste

(2.5.3) d(0, T ) = ‖y‖2.

L mma 2.5.2. An θ eÐnai to monadiaÐo di�nusma sth dieÔjunsh tou y, tìte

(2.5.4) T ⊂ H+ = {x ∈ Rn : 〈x, θ〉 ≥ ‖y‖2}.

Apìdeixh tou l mmatoc. ArkeÐ na deÐxoume ìti

(2.5.5) {z1, ..., zn+1} ⊂ H+

kai to l mma èpetai apì ton orismì thc kurt c j khc. 'Estw z ∈ {z1, ..., zn+1}. Gia k�je
t ∈ (0, 1) isqÔei h anisìthta

(2.5.6) ‖y‖22 − 2t〈y, y − z〉+ t2‖z − y‖22 = ‖y + t(z − y)‖22 ≥ ‖y‖22,

�ra

(2.5.7)
t

2
‖z − y‖22 ≥ 〈y, y − z〉.

Af nontac to t→ 0+, paÐrnoume 〈z, y〉 ≥ 〈y, y〉 = ‖y‖22, dhlad 

(2.5.8) 〈z, θ〉 ≥ ‖y‖2.

2

Sunèqeia thc apìdeixhc. JètoumeH = {x ∈ Rn : 〈x, θ〉 = ‖y‖2} kai JH = {z1, . . . , zn+1}∩
H. Tìte,

(2.5.9) T ∩H = conv(JH) ⊆ H

(�skhsh). AfoÔ dimH = n − 1, efarmìzontac to je¸rhma tou Karajeodwr  gia to
y ∈ T ∩ H èqoume ìti gr�fetai wc kurtìc sunduasmìc to polÔ n shmeÐwn apì ta zi.
Dhlad , up�rqei j ∈ {1, 2, ..., n+ 1} ¸ste

(2.5.10) y ∈ conv({zi : i 6= j}).
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'Omwc,

(2.5.11) 0 ∈ conv(Sj)

kai epiplèon

(2.5.12) 0 ∈ H− = {x ∈ Rn : 〈x, θ〉 < ‖y‖2}.

'Ara, up�rqei wj ∈ Sj me ws ∈ H− (pr�gmati, an eÐqame Sj ⊂ H+ tìte ja eÐqame
conv(Sj) ⊂ H+, �ra 0 ∈ H+, �topo).

T¸ra, an jewr soume to sÔnolo T1 = conv{wj , zi : i 6= j}, isqÔei

(2.5.13) d(0, T1) < d(0, T ).

Pr�gmati, gia k�je t ∈ (0, 1) isqÔei d(0, T1) ≤ ‖y + t(wj − y)‖2, �ra

(2.5.14) d2(0, T1) ≤ d2(0, T )− 2t〈y, y − wj〉+ t2‖y − wj‖22.

Jètoume

(2.5.15) α = ‖y − wj‖22 > 0

kai

(2.5.16) β = 〈y, y − wj〉 = ‖y‖2
(
‖y‖2 − 〈wj , θ〉

)
> 0.

H teleutaÐa anisìthta isqÔei diìti wj ∈ H−. An loipìn epilèxoume 0 < t < min{1, 2β
α },

apì thn (2.5.14) paÐrnoume

(2.5.17) d2(0, T1) ≤ d2(0, T )− 2tβ + t2α < d2(0, T ).

'Etsi, katal goume se �topo. 2

2.5bþ To klasmatikì je¸rhma Helly

'Estw m ≥ n+ 1 kai C = {C1, . . . , Cm} mia peperasmènh oikogèneia kurt¸n uposunìlwn
tou Rn. To je¸rhma tou Helly mac exasfalÐzei ìti an k�je upooikogèneia n+1 sunìlwn
apì thn C èqei mh ken  tom , tìte C1 ∩ · · · ∩Cm 6= ∅. Sto epìmeno {klasmatikì je¸rhma
Helly} exet�zetai h perÐptwsh ìpou èna posostì twn upooikogenei¸n megèjouc n+1 èqei
mh ken  tom .

Je¸rhma 2.5.3 (Katschalski–Liu, 1979). Gia k�je n ≥ 1 kai gia k�je α > 0 up�rqei
stajer� β = β(n, α) > 0 me thn akìloujh idiìthta.

'Estw m ≥ n + 1 kai C1, . . . , Cm kurt� sÔnola ston Rn. An toul�qiston
α
(

m
n+1

)
uposÔnola I ⊆ {1, . . . ,m} me |I| = n+1 ikanopoioÔn thn

⋂
i∈I Ci 6= ∅,

tìte up�rqei J ⊆ {1, . . . ,m} me |J | ≥ βm ¸ste
⋂

j∈J Cj 6= ∅.
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ShmeÐwsh. H kalÔterh dunat  ex�rthsh tou β apì ta n kai α eÐnai β = 1−(1−α)1/(n+1).
H apìdeixh pou parousi�zoume ed¸ dÐnei thn asjenèsterh ektÐmhsh β ≥ α

n+1 .

Apìdeixh. Gia k�je I ⊆ {1, . . . ,m} sumbolÐzoume me CI to sÔnolo
⋂

i∈I Ci.
ParathroÔme pr¸ta ìti arkeÐ na apodeÐxoume to je¸rhma k�nontac thn epiplèon upì-

jesh ìti k�je Ci eÐnai sumpagèc (kai m�lista polÔtopo). Pr�gmati, an mac dojoÔn tuqìn-
ta kurt� sÔnola C1, . . . , Cm tìte, gia k�je I me |I| = n+1 kai CI 6= ∅, epilègoume tuqìn
shmeÐo xI ∈ CI kai, gia k�je i = 1, . . . ,m, orÐzoume C ′i = conv({xI : CI 6= ∅, i ∈ I}).
Parathr ste ìti k�je C ′i eÐnai kurtì, sumpagèc kai perièqetai sto Ci. EpÐshc, an gia
k�poio sÔnolo deikt¸n I me |I| = n + 1 isqÔei

⋂
i∈I Ci 6= ∅, tìte xI ∈

⋂
i∈I C

′
i dhlad ,⋂

i∈I C
′
i 6= ∅. Sunep¸c, to pl joc twn I ⊆ {1, . . . ,m} me |I| = n+1 pou ikanopoioÔn thn⋂

i∈I C
′
i 6= ∅ eÐnai Ðso me to pl joc twn I ⊆ {1, . . . ,m} me |I| = n + 1 pou ikanopoioÔn

thn
⋂

i∈I Ci 6= ∅. PaÐrnontac up� ìyin kai to gegonìc ìti C ′i ⊆ Ci, blepoume ìti, an to
sumpèrasma tou jewr matoc isqÔei gia ta C ′i, tìte isqÔei kai gia ta Ci.

Me b�sh thn prohgoÔmenh parat rhsh, upojètoume ìti ta sÔnola Ci, kaj¸c kai ìla
ta m  ken� CI , eÐnai kurt� kai sumpag . JewroÔme th lexikografik  di�taxh ≤ ston
Rn: (t1, . . . , tn) < (r1, . . . , rn) an up�rqei 1 ≤ k ≤ n ¸ste ti = ri gia k�je i < k
kai tk < rk. EÔkola elègqoume ìti k�je mh kenì sumpagèc uposÔnolo tou Rn perièqei
monadikì {lexikografik� el�qisto} shmeÐo (�skhsh).

L mma 2.5.4. 'Estw I ⊆ {1, . . . ,m} sÔnolo deikt¸n ¸ste |I| = n + 1 kai CI 6= ∅. An
vI eÐnai to lexikografik� el�qisto shmeÐo tou CI , tìte up�rqei J ⊆ I me |J | = n ¸ste to
vI na eÐnai to lexikografik� el�qisto shmeÐo tou CJ .

Apìdeixh tou l mmatoc. OrÐzoume A = {x ∈ Rn : x < vI}. To sÔnolo A eÐnai kurtì
kai, apì ton orismì tou vI , èqoume A ∩ CI = ∅. AfoÔ h oikogèneia A ∩ {Ci : i ∈ I}
èqei ken  tom , to je¸rhma tou Helly mac exasfalÐzei ìti up�rqei upooikogèneia n + 1
sunìlwn aut c thc oikogèneiac pou èqei ken  tom . To A prèpei na an kei se aut  thn
upooikogèneia, diìti ìla ta upìloipa sÔnola èqoun koinì shmeÐo, to vI . 'Ara, up�rqei
J ⊆ I me |J | = n ¸ste h oikogèneia A∩ {Cj : j ∈ J} na èqei ken  tom . T¸ra, mporoÔme
eÔkola na doÔme ìti to vI eÐnai to lexikografik� el�qisto shmeÐo tou CJ . Pr�gmati,
vJ ≤ vI diìti CI ⊆ CJ kai vI ≤ vJ diìti A ∩ CJ = ∅ (exhg ste tic leptomèreiec). 2

Apìdeixh tou jewr matoc. 'Estw U h oikogèneia ìlwn twn α
(

m
n+1

)
sunìlwn deikt¸n I

gia ta opoÐa |I| = n + 1 kai CI 6= ∅. Qrhsimopoi¸ntac to l mma, gia k�je I ∈ U
stajeropoioÔme J = J(I) ⊆ I me |J | = n ¸ste to CJ na èqei to Ðdio lexikografik�
el�qisto shmeÐo me to CI .

To pl joc twn diaforetik¸n n-sunolwn J ⊆ {1, . . . ,m} eÐnai Ðso me
(
m
n

)
. Up�rqei

loipìn k�poio J0 me |J0| = n ¸ste J0 = J(I) gia toul�qiston

(2.5.18)
α
(

m
n+1

)(
m
n

) = α
m− n

n+ 1

diaforetik� sÔnola deikt¸n I ∈ U . Tìte, to lexikografik� el�qisto shmeÐo vJ0 tou CJ0



46 · Sunduastik� jewr mata gia kurt� sÔnola ston EukleÐdeio q¸ro

an kei se ìla aut� ta CI , dhlad  se toul�qiston

(2.5.19) n+ α
m− n

n+ 1
> α

m

n+ 1

apì ta sÔnola Ci (an kei sta n sÔnola Cj , j ∈ J0, kai se èna epiplèon Ci gia k�je I me
J0 = J(I), diaforetikì k�je for�). Sunep¸c, to sumpèrasma isqÔei me β = α

n+1 . 2

2.5gþ To je¸rhma tou Tverberg

To je¸rhma tou Radon exasfalÐzei ìti k�je sÔnolo S ⊆ Rn me n + 2 shmeÐa èqei dÔo
xèna uposÔnola pou oi kurtèc touc j kec èqoun koinì shmeÐo. To er¸thma pou prokÔptei
eÐnai an gia sÔnola me perissìtera stoiqeÐa mporoÔme p�nta na brÐskoume poll� xèna
uposÔnola pou oi kurtèc touc j kec èqoun koinì shmeÐo.

H akrib c diatÔpwsh tou probl matoc eÐnai h ex c. 'Estw T (n, r) o mikrìteroc fusikìc
m me thn akìlouj  idiìthta: an A ⊂ Rn kai |A| = m, tìte up�rqoun xèna an� dÔo
A1, . . . , Ar ⊂ A ¸ste

(2.5.20)
r⋂

j=1

conv(Aj) 6= ∅.

SÔmfwna me to je¸rhma tou Radon èqoume

(2.5.21) T (n, 2) = n+ 2.

EÐnai eÔkolo na elègxoume ìti

(2.5.22) T (n, r1r2) ≤ T (n, r1)T (n, r2)

gia k�je r1, r2 ≥ 2 (�skhsh). Sunep¸c, T (n, r) < ∞ gia k�je r ≥ 2. To fr�gma pou
prokÔptei eÐnai asjenèc: gia par�deigma, me efarmog  aut c thc parat rhshc paÐrnoume
T (n, 2k) ≤ (n+2)k. To je¸rhma tou Tverberg dÐnei th bèltisth ektÐmhsh gia ton T (n, r).

Je¸rhma 2.5.5 (Tverberg, 1966). 'Estw n, r ≥ 2. Gia k�je A ⊂ Rn me |A| = (r −
1)(n+1)+1 mporoÔme na broÔme xèna an� dÔo A1, . . . , Ar ⊂ A ¸ste

⋂r
j=1 conv(Aj) 6= ∅.

ShmeÐwsh. To apotèlesma autì eÐnai bèltisto. Dhlad ,

(2.5.23) T (n, r) = (r − 1)(n+ 1) + 1.

Apìdeixh. Gia thn apìdeixh ja qreiastoÔme thn ènnoia tou kurtoÔ k¸nou pou par�getai
apì èna X ⊆ Rd.
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Orismìc 2.5.6 (kurtìc k¸noc). 'Estw X ⊆ Rd. O kurtìc k¸noc pou par�getai
apì to X eÐnai to sÔnolo cone(X) ìlwn twn grammik¸n sunduasm¸n shmeÐwn tou X me
mh arnhtikoÔc suntelestèc. Dhlad ,

(2.5.24) cone(X) =

{
m∑

i=1

tixi : m ∈ N, ti ≥ 0, xi ∈ X

}
.

Parathr ste ìti o k¸noc cone(X) eÐnai h ènwsh ìlwn twn hmieujei¸n pou xekinoÔn apì
to 0 kai pernoÔn apì k�poio shmeÐo thc kurt c j khc conv(X) tou X.

Prìtash 2.5.7 (je¸rhma tou Tverberg gia k¸nouc). 'Estw A ⊂ Rn+1 me |A| =
(r − 1)(n + 1) + 1. An 0 /∈ conv(A) tìte up�rqoun r mh ken�, xèna an� dÔo uposÔnola
A1, . . . , Ar tou A ¸ste

(2.5.25)
r⋂

j=1

cone(Aj) 6= {0}.

Apìdeixh thc prìtashc. Jètoume N = (r − 1)(n + 1). OrÐzoume grammikèc apeikonÐseic
φj : Rn+1 → RN (j = 1, . . . , r) wc ex c: qwrÐzoume tic N suntetagmènec tou RN se r− 1
om�dec twn n+ 1 suntetagmènwn � sumbolik�, u = (∗ | ∗ | ∗ | · · · | ∗ | ∗) � kai orÐzoume

φ1(x) = (x | 0 | 0 | · · · | 0 | 0)
φ2(x) = ( 0 | x | 0 | · · · | 0 | 0)
· · · · · ·

φr−2(x) = ( 0 | 0 | 0 | · · · | x | 0)
φr−1(x) = ( 0 | 0 | 0 | · · · | 0 | x)
φr(x) = (−x | −x | −x | · · · | −x | −x).

H basik  idiìthta twn φj eÐnai h ex c: an u1, . . . , ur ∈ Rn+1, tìte

(2.5.26)
r∑

j=1

φj(uj) = 0 an kai mìno anu1 = u2 = · · · = ur.

Autì eÐnai fanerì, afoÔ

(2.5.27)
r∑

j=1

φj(uj) = (u1 − ur | u2 − ur | · · · | ur−1 − ur).

Gr�foume A = {a1, . . . , aN+1} kai orÐzoume

(2.5.28) M = φ1(A) ∪ φ2(A) ∪ · · · ∪ φr(A).
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Gia k�je i = 1, . . . , N + 1 jewroÔme to sÔnolo

(2.5.29) Mi = {φ1(ai), φ2(ai), . . . , φr(ai)}.

ParathroÔme ìti to �jroisma twn stoiqeÐwn tou Mi eÐnai Ðso me

(2.5.30)
r∑

j=1

φj(ai) = 0,

�ra

(2.5.31) 0 ∈ conv(Mi), i = 1, . . . , N + 1.

Apì to ègqrwmo je¸rhma tou Karajeodwr , up�rqoun vi = φf(i)(ai) ∈ Mi, i =
1, . . . , N + 1, ¸ste 0 ∈ conv({v1, . . . , vN+1}). Me �lla lìgia, up�rqoun ti ≥ 0 me∑N+1

i=1 ti = 1, ¸ste

(2.5.32)
N+1∑
i=1

tiφf(i)(ai) = 0.

Parathr ste ìti k�je f(i) ∈ {1, . . . , r}. Gia k�je j = 1, . . . , r orÐzoume

(2.5.33) Ij = {1 ≤ i ≤ N + 1 : f(i) = j} kai Aj = {aj : j ∈ Ij}.

Prathr ste ìti ta A1, . . . , Ar eÐnai xèna. Tìte, h (2.5.32) gr�fetai wc ex c:

(2.5.34) 0 =
N+1∑
i=1

tiφf(i)(ai) =
r∑

j=1

∑
i∈Ij

tiφj(ai) =
r∑

j=1

φj

∑
i∈Ij

tiai

 .

Apì thn (2.5.26) sumperaÐnoume ìti

(2.5.35)
∑
i∈I1

tiai =
∑
i∈I2

tiai = · · · =
∑
i∈Ir

tiai =: x.

Mènei na deÐxoume ìti x 6= 0. Tìte,

(2.5.36) 0 6= x ∈
r⋂

j=1

cone(Aj).

Eidikìtera,
⋂r

j=1 cone(Aj) 6= {0} kai, ek twn ustèrwn, ta Aj eÐnai mh ken�.
Gia thn x 6= 0 upojètoume to antÐjeto. Tìte, mporoÔme na deÐxoume ìti 0 ∈ conv(A),

to opoÐo eÐnai �topo. Pr�gmati, afoÔ
∑N+1

i=1 ti = 1, up�rqoun j0 ≤ r kai i ∈ Ij0 ¸ste
ti > 0. 'Omwc, tìte, mporoÔme na gr�youme

(2.5.37) 0 =
∑

i∈Ij0

ti∑
i∈Ij0

ti
ai,
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dhlad , 0 ∈ conv(Aj0) ⊆ conv(A). 2

Apìdeixh tou jewr matoc. 'Estw A ⊂ Rn me |A| = (r − 1)(n+ 1) + 1. OrÐzoume

(2.5.38) Ã = A× {1} = {(a, 1) : a ∈ A} ⊆ Rn+1.

ParathroÔme ìti

(2.5.39) conv(Ã) ⊆ Rn × {1},

�ra

(2.5.40) 0 /∈ conv(Ã).

Apì thn prohgoÔmenh prìtash, mporoÔme na broÔme xèna an� dÔo B1, . . . , Br ⊆ Ã ¸ste⋂r
j=1 cone(Bj) 6= {0}. Apì ton orismì tou Ã, ta B1, . . . , Br eÐnai sÔnola thc morf c

Ãj = Aj ×{1}, kai ta A1, . . . , Ar eÐnai xèna uposÔnola tou A (exhg ste giatÐ). Dhlad ,
up�rqoun xèna an� dÔo A1, . . . , Ar ⊆ A ¸ste

(2.5.41)
r⋂

j=1

cone(Ai × {1}) 6= {0}.

'Estw x 6= 0 sthn tom  twn k¸nwn. Tìte, x = (u, s) gia k�poio u ∈ Rn kai k�poio s > 0:
pr�gmati, afoÔ x ∈ cone(A1), to x eÐnai thc morf c

x =
∑

ti(ai, 1) =
(∑

tiai,
∑

ti

)
gia k�poia ai ∈ A1, kai s =

∑
ti > 0 diìti ìla ta ti eÐnai mh arnhtik� kai an eÐqame∑

ti = 0 ja paÐrname u =
∑
tiai = 0, dhlad  x = 0. Pollaplasi�zontac me 1/s

paÐrnoume shmeÐo x′ = (u′, 1) ∈
⋂r

j=1 cone(Aj). Tìte, u′ ∈
⋂r

j=1 conv(Aj). Dhlad ,

(2.5.42)
r⋂

j=1

conv(Aj) 6= ∅.

2

2.6 Par�rthma
2.6aþ To je¸rhma tou Karajeodwr  kai to prìblhma tou Waring

Qrhsimopoi¸ntac to je¸rhma tou Karajeodwr  ja apodeÐxoume to ex c.
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Je¸rhma 2.6.1. 'Estw k kai n dÔo fusikoÐ arijmoÐ. Up�rqoun u1, . . . , um ∈ Rn pou
ikanopoioÔn to ex c: gia k�je x ∈ Rn,

(2.6.1) ‖x‖2k
2 =

m∑
i=1

〈ui, x〉2k.

Dhlad , h k-ost  dÔnamh tou ajroÐsmatoc twn tetrag¸nwn n pragmatik¸n metablht¸n
eÐnai èna �jroisma (2k)-dun�mewn kat�llhlwn grammik¸n morf¸n twn metablht¸n.

Klasik� paradeÐgmata eÐnai h tautìthta tou Liouville:

(2.6.2) (ξ21 + ξ22 + ξ23 + ξ24)2 =
1
6

∑
1≤i<j≤4

(ξi + ξj)4 +
1
6

∑
1≤i<j≤4

(ξi − ξj)4,

kai h tautìthta tou Fleck:

(2.6.3) (ξ21 +ξ22 +ξ23 +ξ24)3 =
1
60

∑
1≤i<j<k≤4

(ξi±ξj±ξk)6+
1
30

∑
1≤i<j≤4

(ξi±ξj)6+
3
5

4∑
i=1

ξ6i .

Ja doulèyoume ston H2k,n, ton grammikì q¸ro twn omogen¸n poluwnÔmwn p(x) =
p(ξ1, . . . , ξn) me n metablhtèc, pou èqoun bajmì 2k. Mia b�sh tou H2k,n eÐnai to sÔnolo
twn poluwnÔmwn

(2.6.4) eα(x) = ξα1
1 · · · ξαn

n ,

ìpou α = (αi)i≤n, αi ∈ Z+, α1 + · · · + αn = 2k. MporoÔme loipìn na tautÐsoume ton

H2k,n me ton Rd, ìpou d =
(
n+2k−1

2k

)
. K�je p ∈ H2k,n gr�fetai monos manta sth morf 

p(x) =
∑

tα(p)eα(x),

opìte tautÐzoume to p me thn akoloujÐa t(p) = (tα(p)) ∈ Rd. Parathr ste ìti an
pm, p ∈ H2k,n tìte t(pm) → t(p) ston Rd an kai mìno an pm → p omoiìmorfa sthn Sn−1.

Orismìc 2.6.2. 'Estw U : Rn → Rn ènac orjog¸nioc metasqhmatismìc. Dhlad ,
〈Ux,Uy〉 = 〈x, y〉 gia k�je x, y ∈ Rn (isodÔnama, U tU = Id ìpou U t o {an�stro-
foc} tou U). Gia k�je p ∈ H2k,n sumbolÐzoume me U(p) to polu¸numo q pou orÐzetai apì
thn

(2.6.5) q(x) = p(U−1x) = p(U tx).

ParathroÔme ìti:

(i) To q = U(p) eÐnai ki autì omogenèc polu¸numo: U(p) ∈ H2k,n.
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(ii) An U1, U2 eÐnai dÔo orjog¸nioi metasqhmatismoÐ, tìte

(U1U2)(p) = U1(U2(p)).

(iii) An p(x) = ‖x‖2k
2 = (ξ21 + · · ·+ ξ2n)k, tìte U(p) = p gia k�je orjog¸nio metasqhma-

tismì U .

Gia thn apìdeixh tou Jewr matoc 2.6.1 ja qrhsimopoi soume to gegonìc ìti ta polu¸nu-
ma thc morf c c‖x‖2k

2 eÐnai ta mìna omogen  polu¸numa bajmoÔ 2k pou eÐnai {analloÐwta
wc proc orjog¸niouc metasqhmatismoÔc}.

L mma 2.6.3. An p ∈ H2k,n kai U(p) = p gia k�je orjog¸nio metasqhmatismì U :
Rn → Rn, tìte up�rqei c ∈ R ¸ste

(2.6.6) p(x) = c‖x‖2k
2 = c(ξ21 + · · ·+ ξ2n)k

gia k�je x = (ξ1, . . . , ξn) ∈ Rn.

Apìdeixh. Epilègoume tuqìn y ∈ Sn−1 kai jètoume c = p(y). JewroÔme to polu¸nuno

(2.6.7) q(x) = p(x)− c‖x‖2k
2 .

'Eqoume q ∈ H2k,n kai, apì thn upìjesh pou k�name gia to p,

(2.6.8) q(Ux) = q(x)

gia k�je orjog¸nio metasqhmatismì U : Rn → Rn. 'Estw x ∈ Sn−1. Up�rqei orjog¸nioc
metasqhmatismìc Ux me thn idiìthta Ux(y) = x. Tìte,

(2.6.9) q(x) = q(Ux(y)) = q(y) = 0.

AfoÔ to q eÐnai omogenèc kai q(x) = 0 gia k�je x ∈ Sn−1, sumperaÐnoume ìti q(x) = 0
gia k�je x ∈ Rn. Dhlad , p(x) = c‖x‖2k

2 . 2

Apìdeixh tou Jewr matoc 2.6.1. Gia k�je y ∈ Bn
2 orÐzoume

(2.6.10) py(x) = 〈y, x〉2k.

K�je py eÐnai omogenèc polu¸numo bajmoÔ 2k. JewroÔme thn kurt  j kh

(2.6.11) K = conv({py : y ∈ Bn
2 })

twn py ston H2k,n. Qrhsimopoi¸ntac to gegonìc ìti h Bn
2 eÐnai sumpag c kai h apeikìnish

y 7→ py eÐnai suneq c, blèpoume ìti to sÔnolo {py : y ∈ Bn
2 } eÐnai sumpagèc. Apì thn

Prìtash 2.2.2, to K eÐnai sumpagèc.
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Ja deÐxoume ìti up�rqei c > 0 ¸ste to polu¸numo c‖x‖2k
2 na an kei sto K. OrÐzoume

(2.6.12) p(x) =
1

|Bn
2 |

∫
Bn

2

py(x) dy =
1

|Bn
2 |

∫
Bn

2

〈y, x〉2kdy.

Parathr ste ìti p ∈ H2k,n kai U(p) = p gia k�je orjog¸nio metasqhmatismì U . Pr�g-
mati,

p(U tx) =
1

|Bn
2 |

∫
Bn

2

〈y, U tx〉2kdy =
1

|Bn
2 |

∫
Bn

2

〈Uy, x〉2kdy

= |detU | · 1
|Bn

2 |

∫
U(Bn

2 )

〈z, x〉2kdz = p(x),

afoÔ |detU | = 1 kai U(Bn
2 ) = Bn

2 . Apì to L mma 2.6.3 up�rqei c ∈ R ¸ste

p(x) = c‖x‖2k
2

gia k�je x ∈ Rn. AfoÔ py(x) ≥ 0 gia k�je y ∈ Bn
2 kai, an x 6= 0 èqoume py(x) > 0 gia

ta {sqedìn ìla} ta y ∈ Bn
2 , sumperaÐnoume ìti p(x) > 0 gia x 6= 0. Sunep¸c, c > 0.

To olokl rwma sthn (2.6.12) proseggÐzetai (omoiìmorfa wc proc x ∈ Sn−1) apì
peperasmèna ajroÐsmata Riemann, dhlad  kurtoÔc sunduasmoÔc thc morf c

N∑
i=1

tipyi

gia k�poia yi ∈ Bn
2 (exhg ste tic leptomèreiec). 'Ara, to p an kei sthn kleist  j kh tou

K. 'Omwc, to K eÐnai sumpagèc. 'Ara, p ∈ K. Dhlad , up�rqoun y1, . . . , ym ∈ Bn
2 kai

ti ≥ 0 pou ikanopoioÔn to ex c: gia k�je x ∈ Rn,

(2.6.13) c‖x‖2k
2 =

m∑
i=1

ti〈yi, x〉2k.

'Epetai to sumpèrasma tou jewr matoc. 2

To prìblhma tou Waring. To 1770, o Waring isqurÐsthke (qwrÐc apìdeixh) ìti gia
k�je k ≥ 2 up�rqei g(k) ∈ N me thn ex c idiìthta: an n ∈ N tìte up�rqoun s ≤ g(k) kai
m1, . . . ,ms ∈ N ¸ste

(2.6.14) n = mk
1 + · · ·+mk

s .

Gia thn akrÐbeia, o Waring apl¸c isqurÐsthke ìti mporoÔme na p�roume g(2) = 4, g(3) = 9
kai g(4) = 19. O Hilbert apèdeixe (to 1909) ìti o isqurismìc tou Waring eÐnai swstìc
gia k�je k ≥ 2.
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Gia thn apìdeixh autoÔ tou apotelèsmatoc o Hilbert, gia k�je zeug�ri fusik¸n ari-
jm¸n k kai n, kataskeÔase dianÔsmata u1, . . . , um me akèraiec suntetagmènec kai rhtoÔc
arijmoÔc c1, . . . , cm me thn idiìthta

(2.6.15) ‖x‖2k
2 =

m∑
i=1

ci〈ui, x〉2k

gia k�je x ∈ Rn (sugkrÐnete me to Je¸rhma 2.6.1).
Ac doÔme gia par�deigma p¸c qrhsimopoieÐtai h (2.6.15) sthn perÐptwsh k = 4.

GnwrÐzoume ìti k�je fusikìc arijmìc gr�fetai san �jroisma tess�rwn tetrag¸nwn
fusik¸n arijm¸n (Lagrange). 'Estw n ∈ N. Up�rqoun a1, a2, a3, a4 ∈ Z+ ¸ste n =
a2
1 + a2

2 + a2
3 + a2

4. Efarmìzoume to Ðdio apotèlesma gia touc ai. Up�rqoun aij ∈ Z+,
i, j = 1, . . . , 4, ¸ste

(2.6.16) n =
n∑

i=1

(a2
i1 + a2

i2 + a2
i3 + a2

i4)
2.

T¸ra qrhsimopoioÔme thn (2.6.15) �  , an jèlete, thn tautìthta (2.6.12) tou Liouville �
me n = 4 kai k = 2. 'Epetai (exhg ste giatÐ) ìti o n gr�fetai sth morf 

(2.6.17) n =
1
6

s∑
j=1

m4
j

ìpou mj ∈ N kai s ≤ 48 (!). Jewr ste t¸ra opoiond pote n ≥ 6. Autìc gr�fetai sth
morf  n = 6n1 + x gia k�poion 0 ≤ x ≤ 5. Efarmìzontac thn (2.6.17) gia ton n1 kai
gr�fontac ton x = 14 + · · ·+ 14 san �jroisma to polÔ pènte tet�rtwn dun�mewn, èqoume
gr�yei ton n san �jroisma to polÔ 53 tet�rtwn dun�mewn.

Gia k�je k ∈ N sumbolÐzoume me g∗(k) to mikrìtero fusikì arijmì gia ton opoÐo:
an n ∈ N tìte up�rqoun s ≤ g∗(k) kai m1, . . . ,ms ∈ N ¸ste na isqÔei h (2.6.14). Sth
dekaetÐa tou 1920, oi Hardy kai Littlewood anèptuxan mia analutik  mèjodo pou od ghse
(arket� argìtera) sto k�tw fr�gma

(2.6.18) g∗(k) ≥ 2k +

⌊(
3
2

)k
⌋
− 2.

Eik�zetai ìti to dexiì mèloc dÐnei thn akrib  tim  thc posìthtac g∗(k). Autì èqei epalh-
jeuteÐ gia k ≤ 471 600 000.

2.6bþ To je¸rhma tou Helly sth jewrÐa prosèggishc

DÐnoume t¸ra mia efarmog  tou jewr matoc tou Helly se èna prìblhma thc jewrÐac
prosèggishc. 'Estw {f1, . . . , fm} èna peperasmèno sÔnolo sunart sewn fi : T → R pou
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eÐnai orismènec se k�poio sÔnolo T . DÐnontai ε ≥ 0 kai mia sun�rthsh g : T → R. Gia
k�je a = (a1, . . . , am) ∈ Rm jewroÔme ton grammikì sunduasmì fa : T → R twn fi pou
orÐzetai apì thn

(2.6.19) fa(t) =
m∑

i=1

aifi(t).

Skopìc mac eÐnai na broÔme a ∈ Rm ¸ste

(2.6.20) |g(t)− fa(t)| ≤ ε gia k�je t ∈ T.

Autì eÐnai to legìmeno prìblhma thc omoiìmorfhc prosèggishc (  prosèggishc kat�
Chebyshev). To je¸rhma tou Helly deÐqnei ìti mporoÔme na broÔme mia omoiìmorfh
prosèggish fa gia thn g sto T an mporoÔme na petÔqoume to Ðdio se k�je {sqetik�
mikrì} uposÔnolo tou T .

Je¸rhma 2.6.4. 'Estw T èna peperasmèno sÔnolo. StajeropoioÔme ε ≥ 0. Upojètoume
ìti an t1, . . . , tm+1 eÐnai opoiad potem+1 shmeÐa tou T tìte up�rqei fa � h opoÐa exart�tai
apì ta t1, . . . , tm+1 � ¸ste

(2.6.21) |g(ti)− fa(ti)| ≤ ε gia k�je i = 1, . . . ,m+ 1.

Tìte, up�rqei fa me thn idiìthta

(2.6.22) |g(t)− fa(t)| ≤ ε gia k�je t ∈ T.

Apìdeixh. Gia k�je t ∈ T orÐzoume èna sÔnolo A(t) ⊂ Rm wc ex c:

(2.6.23) A(t) =
{
a = (a1, . . . , am) : |g(t)− fa(t)| ≤ ε

}
.

Me �lla lìgia, A(t) eÐnai to sÔnolo twn a ∈ Rm gia ta opoÐa h sun�rthsh fa proseggÐzei
thn g me akrÐbeia ε sto shmeÐo t.

EÔkola elègqoume ìti k�je sÔnolo A(t) eÐnai kurtì sÔnolo. H upìjesh tou jewr -
matoc exasfalÐzei ìti an t1, . . . , tm+1 ∈ T tìte

(2.6.24) A(t1) ∩ · · · ∩A(tm+1) 6= ∅.

Dhlad , h peperasmènh oikogèneia kurt¸n sunìlwn {A(t) : t ∈ T} ikanopoieÐ tic upojè-
seic tou jewr matoc tou Helly. 'Epetai ìti

(2.6.25)
⋂
t∈T

A(t) 6= ∅.

JewroÔme tuqoÔsa fa me fa ∈ A(t) gia k�je t ∈ T . Tìte, h fa ikanopoieÐ thn (2.6.22). 2

Sthn perÐptwsh pou to T eÐnai �peiro, mporoÔme na epekteÐnoume to prohgoÔmeno
je¸rhma an upojèsoume k�poia {anexarthsÐa} twn sunart sewn f1, . . . , fm.
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Je¸rhma 2.6.5. 'Estw fi : T → R, i = 1, . . . ,m, sunart seic me thn ex c idiìthta:
up�rqoun s1, . . . , sn ∈ T ¸ste an gia thn fa = a1f1 + · · ·+ amfm èqoume fa(s1) = · · · =
fa(sn) = 0 tìte a1 = · · · = am = 0.

Upojètoume ìti an t1, . . . , tm+1 eÐnai opoiad pote m+ 1 shmeÐa tou T tìte up�rqei fa

� h opoÐa exart�tai apì ta t1, . . . , tm+1 � ¸ste

(2.6.26) |g(ti)− fa(ti)| ≤ ε gia k�je i = 1, . . . ,m+ 1.

Tìte, up�rqei fa me thn idiìthta

(2.6.27) |g(t)− fa(t)| ≤ ε gia k�je t ∈ T.

Apìdeixh. 'Opwc sthn apìdeixh tou Jewr matoc 2.6.4, gia k�je t ∈ T jewroÔme to
sÔnolo

(2.6.28) A(t) =
{
a = (a1, . . . , am) : |g(t)− fa(t)| ≤ ε

}
.

JewroÔme to sÔnolo

(2.6.29) A = A(s1) ∩ · · · ∩A(sn).

Ja deÐxoume ìti to A eÐnai sumpagèc sÔnolo. EÔkola elègqoume ìti to A(t) eÐnai kleistì,
opìte arkeÐ na deÐxoume ìti eÐnai fragmèno. OrÐzoume G : Rm → R me

(2.6.30) G(a) = max{|fa(si)| : i = 1, . . . , n}.

ParathroÔme ìti

(i) G(λa) = |λ| ·G(a) gia k�je λ ∈ R.

(ii) G(a) = 0 an kai mìno an a = 0 (ed¸ qrhsimopoieÐtai h upìjesh gia thn anexarthsÐa
twn fi).

(iii) H G eÐnai suneq c.

'Ara,

(2.6.31) min{G(a) : a ∈ Sm−1} = δ > 0,

opìte

(2.6.32) G(a) ≥ δ‖a‖2 gia k�je a ∈ Rm.

ParathroÔme ìti an a ∈ A tìte |g(si) − fa(si)| ≤ ε gia k�je i = 1, . . . , n, dhlad 
|fa(si)| ≤ |g(si)|+ ε gia k�je i = 1, . . . , n. 'Ara,

(2.6.33) G(a) ≤ R := ε+ max{|g(si)| : i = 1, . . . , n},
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kai h (2.6.31) dÐnei

(2.6.34) ‖a‖2 ≤
R

δ
.

Dhlad , A ⊂ (R/δ)Bn
2 . Sunep¸c, to A eÐnai èna sumpagèc kurtì uposÔnolo tou Rm.

Gia k�je t ∈ T jètoume B(t) = A(t) ∩ A. Tìte, k�je B(t) eÐnai sumpagèc sÔno-
lo. Efarmìzontac to je¸rhma tou Helly ìpwc sthn apìdeixh tou Jewr matoc 2.6.4,
sumperaÐnoume ìti h tom  opoiasd pote peperasmènhc oikogèneiac sunìlwn A(t) eÐnai mh
ken . Eidikìtera, k�je sÔnolo thc morf c B(t1)∩ · · · ∩B(tm+1) eÐnai mh kenì, kurtì kai
sumpagèc. Apì thn Prìtash 2.3.3,

(2.6.35)
⋂
t∈T

B(t) 6= ∅ �ra
⋂
t∈T

A(t) 6= ∅.

An a ∈
⋂

t∈T A(t), tìte h sun�rthsh

(2.6.36) fa = a1f1 + · · ·+ amfm

proseggÐzei thn g me sf�lma to polÔ Ðso me ε omoiìmorfa sto T . 2

2.6gþ To je¸rhma tou Krasnosselsky

'Estw S èna mh kenì sumpagèc uposÔnolo tou Rn. An x, y ∈ S tìte lème ìti to y eÐnai
oratì apì to x an to eujÔgrammo tm ma [x, y] perièqetai sto S. Skopìc mac eÐnai na
apodeÐxoume to ex c apotèlesma tou Krasnosselsky.

Je¸rhma 2.6.6 (Krasnosselsky, 1947). 'Estw S mh kenì sumpagèc uposÔnolo tou
Rn me thn ex c idiìthta: an y1, . . . , yn+1 ∈ S tìte up�rqei x ∈ S ¸ste k�je yi na eÐnai
oratì apì to x. Tìte, up�rqei x ∈ S ¸ste k�je y ∈ S na eÐnai oratì apì to x.

Apìdeixh. Gia k�je x ∈ S jewroÔme to sÔnolo Sx ìlwn twn y ∈ S ta opoÐa eÐnai orat�
apì to x:

(2.6.37) Sx = {y ∈ S : [x, y] ⊆ S}.

Gia k�je x ∈ S to sÔnolo Sx eÐnai kleistì: èstw (yn) akoloujÐa sto Sx kai èstw ìti
yn → y. K�je yn ∈ S kai to S eÐnai kleistì, �ra y ∈ S. Ja deÐxoume ìti y ∈ Sx, dhlad 
ìti, gia k�je t ∈ [0, 1] isqÔei (1− t)x+ ty ∈ S. Autì eÐnai aplì: gia k�je n ∈ N èqoume
(1− t)x+ tyn ∈ S diìti yn ∈ Sx. AfoÔ to S eÐnai kleistì, sumperaÐnoume ìti

(2.6.38) (1− t)x+ ty = lim
n→∞

[(1− t)x+ tyn] ∈ S.

To t ∈ [0, 1]  tan tuqìn, �ra [x, y] ⊆ S. 'Epetai ìti y ∈ Sx.
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EÐdame ìti k�je Sx eÐnai kleistì uposÔnolo tou S, �ra eÐnai sumpagèc sÔnolo. Apì
thn Prìtash 2.2.2 sumperaÐnoume ìti: gia k�je x ∈ S, h kurt  j kh Cx = conv(Sx) tou
Sx eÐnai sumpagèc kai kurtì sÔnolo.

JewroÔme thn oikogèneia

(2.6.39) CS = {Cx | x ∈ S}.

Apì thn upìjesh tou jewr matoc, gia k�je x1, . . . , xn+1 ∈ S up�rqei y ∈ S ¸ste [y, xi] ⊆
S gia k�je i = 1, . . . , n+ 1. Dhlad ,

(2.6.40) y ∈ Sx1 ∩ · · · ∩ Sx1 ⊆ Cx1 ∩ · · · ∩ Cxn+1 .

Eidikìtera,

(2.6.41) Cx1 ∩ · · · ∩ Cxn+1 6= ∅.

Autì shmaÐnei ìti h CS ikanopoieÐ tic upojèseic tou jewr matoc tou Helly. Sunep¸c,

(2.6.42)
⋂
x∈S

Cx 6= ∅.

JewroÔme tuqìn a ∈
⋂

x∈S Cx. Ja deÐxoume, me apagwg  se �topo, ìti S = Sa. Autì
apodeiknÔei to je¸rhma: k�je y ∈ S eÐnai oratì apì to a.

Ac upojèsoume ìti up�rqoun b ∈ S kai c sto eujÔgrammo tm ma (a, b) ¸ste c /∈ S.
AfoÔ to S eÐnai kleistì kai c /∈ S, up�rqei kleist  mp�la B = B(c, r) ¸ste S ∩ B = ∅.
MporoÔme na broÔme t > 0 ¸ste h kleist  mp�la t(b − c) + B na {akoump sei} to S.
Pio sugkekrimèna, brÐskoume ton mikrìtero t > 0 gia ton opoÐo [t(b− c) +B]∩ S 6= ∅. H
mp�la D = B(c+ t(b−c), r) = t(b−c)+B èqei koin� shmeÐa me to S all� int(D)∩S = ∅.
Ja deÐxoume ìti: an y ∈ D ∩ S, tìte a /∈ Cy. AfoÔ a ∈

⋂
y∈S Cy, odhgoÔmaste se �topo.

'Estw y ∈ D∩S. Gr�foume d = c+ t(b− c), opìte D = B(d, r). JewroÔme ta sÔnola

H = {z ∈ Rn : 〈z, y − d〉 = 〈y, y − d〉}.
H− = {z ∈ Rn : 〈z, y − d〉 < 〈y, y − d〉}.
H+ = {z ∈ Rn : 〈z, y − d〉 ≥ 〈y, y − d〉}.

Isqurismìc 1. Cy ⊆ H+.

ArkeÐ na deÐxoume ìti Sy ⊆ H+. 'Estw z ∈ Sy. Gia k�je t ∈ (0, 1) èqoume y − t(y − z) =
(1−t)y+tz ∈ S, �ra ‖d−y+t(y−z)‖2 ≥ ‖y−d‖2. Uy¸nontac sto tetr�gwno paÐrnoume

(2.6.43) ‖d− y‖22 + 2t〈d− y, y − z〉+ t2‖y − z‖22 ≥ ‖y − d‖22.

Aplopoi¸ntac, diair¸ntac me t kai paÐrnontac ìrio kaj¸c to t→ 0+, katal goume sthn
〈d− y, y − z〉 ≥ 0, dhlad 

(2.6.44) 〈z, y − d〉 ≥ 〈y, y − d〉.
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Autì deÐqnei ìti z ∈ H+. 2

Isqurismìc 2. a ∈ H−.

Apì ton orismì tou t, gia mikr� θ > 0 èqoume [−θ(b − c) +D] ∩ S = ∅. Xekin¸ntac apì
thn ‖y−d+θ(b−c)‖2 > ‖y−d‖2 kai douleÔontac ìpwc sthn apìdeixh tou prohgoÔmenou
isqurismoÔ, katal goume sthn

(2.6.45) 〈b− c, d− y〉 ≤ 0.

AfoÔ to a− d eÐnai arnhtikì pollapl�sio tou b− c, autì shmaÐnei ìti

(2.6.46) 〈a− d, d− y〉 ≥ 0.

Tìte,

(2.6.47) 〈a− y, d− y〉 = 〈a− d, d− y〉+ ‖d− y‖22 > 0.

Autì shmaÐnei ìti

(2.6.48) 〈a, y − d〉 < 〈y, y − d〉,

dhlad , a ∈ H−. 2

Sundu�zontac touc dÔo isqurismoÔc blèpoume ìti an y ∈ D ∩ S, tìte a /∈ Cy kai katal -
goume se �topo. 2

2.7 Ask seic
1. 'Estw A èna mh kenì anoiktì uposÔnolo tou Rn. DeÐxte ìti h kurt  j kh conv(A) tou A
eÐnai anoiktì sÔnolo.

2. (a) 'Estw S mh kenì, fragmèno uposÔnolo tou Rn. DeÐxte ìti ta S kai conv(S) èqoun thn
Ðdia di�metro.

(b) 'Estw S, T mh ken� uposÔnola tou Rn. DeÐxte ìti

conv(S + T ) = conv(S) + conv(T ).

(g) 'Estw S mh kenì uposÔnolo tou Rn. DeÐxte ìti conv(int(S)) ⊆ int(conv(S)). IsqÔei p�nta
isìthta?

3. 'Estw S ⊂ Rn kai èstw x, y ∈ Rn dÔo shmeÐa pou den an koun sthn kurt  j kh conv(S) tou
S. DeÐxte ìti an x ∈ conv(S ∪ {y}) kai y ∈ conv(S ∪ {x}) tìte x = y.

4. DÐnontai eujÔgramma tm mata I1, . . . , Im ston R2 ta opoÐa perièqontai stic diakekrimènec
par�llhlec eujeÐec `1, . . . , `m. Upojètoume ìti gia k�je i1, i2, i3 ∈ {1, . . . , m} up�rqei eujeÐa
pou tèmnei ta Ii1 , Ii2 kai Ii3 . DeÐxte ìti up�rqei eujeÐa pou tèmnei ìla ta diast mata I1, . . . , Im.
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5. DÐnontai kurt� sÔnola A1, . . . , Am ston R2. Upojètoume ìti gia k�je i, j ∈ {1, . . . , m}
up�rqei eujeÐa par�llhlh ston x��xona pou tèmnei ta Ai kai Aj . DeÐxte ìti up�rqei eujeÐa
par�llhlh ston x��xona pou tèmnei ìla ta sÔnola A1, . . . , Am.

6. 'Estw m ≥ n+1, d > 0 kai C1, . . . , Cm mh ken� kurt� uposÔnola tou Rn me thn ex c idiìthta:
an 1 ≤ i1 < · · · < in+1 ≤ m tìte up�rqei y ∈ Rn ¸ste d(y, Cij ) ≤ d gia k�je j = 1, . . . , n + 1.
DeÐxte ìti up�rqei x ∈ Rn ¸ste d(x, Ci) ≤ d gia k�je i = 1, . . . , m.

7. DÐnontai θ1, . . . , θk ∈ Sn−1 kai t1, . . . , tk ∈ R. Upojètoume ìti to kurtì polÔedro

P =

k⋂
i=1

{x ∈ Rn : 〈x, θi〉 ≤ ti}

eÐnai mh kenì kai fragmèno. DeÐxte ìti: an to uperepÐpedo H = {x ∈ Rn : 〈x, θ〉 = t} (ìpou
θ ∈ Sn−1 kai t ∈ R) ikanopoieÐ thn P ∩H = ∅, tìte up�rqoun 1 ≤ i1 < · · · < in ≤ k ¸ste to
P ′ =

⋂n
j=1{x ∈ Rn : 〈x, θij 〉 ≤ tij} na ikanopoieÐ tic P1 ⊇ P kai P ′ ∩H = ∅.

8. 'Estw A1, . . . , Am mh ken� kurt� uposÔnola tou Rn kai èstw k ≤ n + 1. Upojètoume ìti:
gia k�je i1, . . . , ik ∈ {1, . . . , m}, to sÔnolo Ai1 ∩ · · · ∩Aik eÐnai mh kenì.

DeÐxte ìti: an F eÐnai ènac (n− k + 1)-di�statoc grammikìc upìqwroc tou Rn tìte up�rqei
u ∈ Rn ¸ste h metafor� F + u tou F na tèmnei ìla ta sÔnola A1, . . . , Am.

9. 'Estw A1, . . . , Am kai C kurt� uposÔnola tou Rn.

(a) DeÐxte ìti gia k�je i = 1, . . . , m, to sÔnolo Bi = {u ∈ Rn : Ai ∩ (C + u) 6= ∅} eÐnai kurtì.

(b) Upojètoume ìti gia k�je i1, . . . , in+1 ∈ {1, . . . , m} up�rqei u ∈ Rn ¸ste to C + u na tèmnei
ta Ai1 , . . . , Ain+1 . DeÐxte ìti up�rqei u ∈ Rn ¸ste to C+u na tèmnei ìla ta sÔnola A1, . . . , Am.

10. 'Estw m ≥ n + 1 kai K, C1, . . . , Cm kurt� uposÔnola tou Rn. Upojètoume ìti gia k�je
1 ≤ i1 < · · · < in+1 ≤ m up�rqei x ∈ Rn ¸ste x + K ⊆ Ci1 ∩ · · · ∩ Cin+1 . DeÐxte ìti up�rqei
x ∈ Rn ¸ste x + K ⊆ C1 ∩ · · · ∩ Cm.

11. DÐnontai n shmeÐa x1, . . . , xn sto epÐpedo. DeÐxte ìti up�rqei zeÔgoc k�jetwn eujei¸n
`1 ⊥ `2 ¸ste kajèna apì ta tèssera kleist� tetarthmìria sta opoÐa qwrÐzoun to epÐpedo na
perièqei toul�qiston [n/4] apì ta shmeÐa xi.

12. 'Estw T (n, r) o mikrìteroc fusikìc m me thn akìlouj  idiìthta: an A ⊂ Rn kai |A| = m,
tìte up�rqoun xèna an� dÔo A1, . . . , Ar ⊂ A ¸ste

r⋂
i=1

conv(Ai) 6= ∅.

DeÐxte ìti
T (n, r1r2) ≤ T (n, r1)T (n, r2)

gia k�je r1, r2 ≥ 2.
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13. Skopìc mac se aut  thn �skhsh eÐnai na deÐxoume to ex c: an K eÐnai èna mh kenì, kurtì
kai sumpagèc uposÔnolo tou Rn, tìte up�rqei y ∈ Rn ¸ste

− 1

n
K + y ⊆ K.

(a) Exet�ste pr¸ta thn perÐptwsh pou K = conv({u1, . . . , un+1}) gia k�poia u1, . . . , un+1 ∈ Rn

me u1 + · · ·+ un+1 = 0. Me autèc tic upojèseic deÐxte ìti

− 1

n
K ⊆ K.

(b) Exet�ste t¸ra thn perÐptwsh pou K = conv({u1, . . . , un+1}) gia k�poia u1, . . . , un+1 ∈ Rn.
An

y =
u1 + · · ·+ un+1

n
,

deÐxte ìti

− 1

n
K + y ⊆ K.

(g) Jewr ste t¸ra th genik  perÐptwsh: K eÐnai èna mh kenì, kurtì kai sumpagèc uposÔnolo
tou Rn. Gia k�je x ∈ K jewr ste to sÔnolo

Ax =

{
y ∈ Rn : − 1

n
x + y ∈ K

}
kai deÐxte ìti h oikogèneia {Ax : x ∈ K} ikanopoieÐ tic upojèseic tou jewr matoc tou Helly.

14*. An K eÐnai èna sumpagèc uposÔnolo tou Rn, h di�metroc tou K orÐzetai apì thn

diam(K) = max{‖x− y‖2 : x, y ∈ K}.

'Estw K sumpagèc uposÔnolo tou Rn me diam(K) ≤ 2. DeÐxte ìti up�rqei u ∈ Rn ¸ste to K
na perièqetai sthn kleist  mp�la B(u, rn) me kèntro u kai aktÐna

rn =

√
2n

n + 1
.

To apotèlesma autì eÐnai gnwstì wc je¸rhma tou Jung.

15*. DÐnontai mh kenèc oikogèneiec C1, . . . , Cn+1 sumpag¸n kurt¸n uposunìlwn tou Rn me thn
akìloujh idiìthta: gia k�je epilog  C1 ∈ C1, . . . , Cn+1 ∈ Cn+1 isqÔei C1 ∩ · · · ∩ Cn+1 6= ∅.
DeÐxte ìti up�rqei i ∈ {1, . . . , n + 1} ¸ste ìla ta sÔnola thc oikogèneiac Ci na èqoun k�poio
koinì shmeÐo.

16* 'Estw S ⊆ Rn. Upojètoume ìti h kurt  j kh conv(S) tou S èqei mh kenì eswterikì. DeÐxte
ìti: an x ∈ int(conv(S)) tìte up�rqoun v1, . . . , v2n ∈ S ¸ste x ∈ int(conv({v1, . . . , v2n})).



Kef�laio 3

GewmetrÐa twn arijm¸n

3.1 To je¸rhma tou Minkowski

Poll� apì ta probl mata thc gewmetrÐac twn arijm¸n diatup¸nontai sthn ex c morf :
DÐnontai mia sun�rthsh F : Rn → R me F (0, . . . , 0) = 0 kai ènac jetikìc pragmatikìc
arijmìc λ. To zhtoÔmeno eÐnai na brejeÐ mh tetrimmènh n-�da akeraÐwn a1, . . . , an pou
ikanopoioÔn thn

(3.1.1) |F (a1, . . . , an)| ≤ λ.

JewroÔme thn tuqoÔsa n-�da x = (x1, . . . , xn) ∈ Rn san shmeÐo tou EukleÐdeiou q¸rou
Rn kai sumbolÐzoume me K to sÔnolo ìlwn twn x ∈ Rn pou ikanopoioÔn thn

(3.1.2) |F (x)| = |F (x1, . . . , xn)| ≤ λ.

Tìte, to arqikì mac prìblhma diatup¸netai isodÔnama wc ex c: K�tw apì poièc proôpo-
jèseic to sÔnolo K perièqei shmeÐo u ∈ Zn \ {0}? Up�rqoun dÔo shmantikèc idèec pÐsw
apì aut  th met�frash tou probl matoc. Pr¸ton, paÐrnoume up� ìyin mac tic timèc thc F
se k�je x ∈ Rn, kai ìqi mìno tic timèc thc sta u ∈ Zn. Autì mac dÐnei th dunatìthta na
qrhsimopoi soume analutikèc mejìdouc gia thn antimet¸pish tou probl matoc. DeÔteron,
h ermhneÐa pou dÐnoume sto prìblhma eÐnai gewmetrik , k�ti pou eunoeÐ thn eisagwg  nèwn
ennoi¸n kai mejìdwn oi opoÐec basÐzontai sth gewmetrik  mac diaÐsjhsh.

Gewmetrikèc mèjodoi autoÔ tou tÔpou eÐqan  dh qrhsimopoihjeÐ apì ton Gauss kai ton
Dirichlet, oi opoÐoi erg�zontan se probl mata sqetik� me tic jetik� orismènec tetrag-
wnikèc morfèc. Pr¸toc ìmwc o Minkowski anèptuxe mia susthmatik  jewrÐa, apèdeixe
èna genikì je¸rhma gia n-di�stata kurt� s¸mata K, kai to ef�rmose se meg�lo pl joc
shmantik¸n problhm�twn. H nèa jewrÐa onom�sthke {gewmetrÐa twn arijm¸n} apì ton
Ðdio ton Minkowski.

O Hermite (1850) apèdeixe ìti, an F eÐnai mia jetik� orismènh tetragwnik  morf  n
metablht¸n, tìte h (3.1.1) èqei mh tetrimmènh akèraia lÔsh an to λ xepern�ei mia tim 
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pou exart�tai mìno apì to n kai apì th diakrÐnousa thc F . H fÔsh thc apìdeix c tou
 tan arijmhtik . O Minkowski metèfrase to apotèlesma tou Hermite se èna je¸rhma gia
elleiyoeid , kai èdwse mia nèa gewmetrik  apìdeix  tou. Sth sunèqeia parat rhse ìti,
oi mìnec idiìthtec tou elleiyoeidoÔc pou apaitoÔntan gia thn apìdeixh,  tan h kurtìthta
kai h summetrÐa tou wc proc to 0. Katèlhxe ètsi sto ex c je¸rhma (pr¸to je¸rhma tou
Minkowski):

Je¸rhma 3.1.1 (Minkowski). 'Estw K anoiktì kai fragmèno, summetrikì wc proc to
0, kurtì uposÔnolo tou Rn. An |K| > 2n, tìte toK perièqei toul�qiston èna u ∈ Zn\{0}.

To apotèlesma autì den epidèqetai beltÐwsh. An jewr soume ton kÔbo Q = {x :
|xi| < 1, i = 1, . . . , n}, tìte |Q| = 2n, all� Q ∩ Zn = {0}.

Ja d¸soume mia apìdeixh tou Jewr matoc 3.1.1 h opoÐa basÐzetai sto ex c L mma tou
Blichfeldt:

Je¸rhma 3.1.2 (Blichfeldt). 'Estw M èna Jordan metr simo uposÔnolo tou Rn, me
|M | > 1. Up�rqoun x 6= y sto M ¸ste x− y ∈ Zn.

Apìdeixh. H apìdeixh pou ja d¸soume ofeÐletai ston Hajos. Upojètoume ìti |M | > 1.
An toM den eÐnai fragmèno, parathroÔme ìti h tom  touM me mp�la kat�llhla meg�lhc
aktÐnac exakoloujeÐ na èqei ìgko megalÔtero apì 1. Upojètoume loipìn, qwrÐc periorismì
thc genikìthtac, ìti to M eÐnai fragmèno. JewroÔme to jemeli¸dec parallhlepÐpedo tou
Zn

(3.1.3) P = {x ∈ Rn : 0 ≤ xi < 1, i = 1, . . . , n}.

To sÔnolo U twn u ∈ Zn gia ta opoÐa (u+P )∩M 6= ∅ eÐnai peperasmèno: an (u+P )∩M 6=
∅ tìte u ∈ M − P kai to M − P eÐnai fragmèno, �ra èqoume peperasmènec to pl joc
epilogèc gia to u. Gr�foume

(3.1.4) U = {u1, . . . , ur}.

Gia k�je j = 1, . . . , r, orÐzoume Mj = (uj + P ) ∩M . Ta sÔnola Mj eÐnai xèna kai h
ènws  touc eÐnai to M . Gia k�je j = 1, . . . , r jewroÔme th metafor� M ′

j = Mj − uj =
P ∩ (M − uj) ⊆ P . ParathroÔme ìti |M ′

j | = |Mj | gia k�je j = 1, . . . , r. Sundu�zontac
autèc tic parathr seic blèpoume ìti an ta M ′

j  tan xèna, tìte ja eÐqame

|P | ≥ |M ′
1 ∪ · · · ∪M ′

r| =
r∑

j=1

|M ′
j | =

r∑
j=1

|Mj | =
r∑

j=1

|(uj + P ) ∩M |

=
∑

u∈Zn

|(u+ P ) ∩M | = |M | > 1,

to opoÐo eÐnai �topo. 'Ara, up�rqoun i 6= j ∈ {1, . . . , r} kai z ∈ M ′
i ∩M ′

j . Tìte, ta
x = z + ui kai y = z + uj an koun sto M , kai x− y = ui − uj ∈ Zn \ {0}. 2
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Parat rhsh. To Ðdio isqÔei an upojèsoume ìti toM eÐnai fragmèno, kleistì, kai |M | ≥ 1.
GiatÐ an p�roume mia fjÐnousa akoloujÐa λr → 1, èqoume |λrM | > 1, �ra up�rqoun
xr, yr ∈ λrM ¸ste 0 6= xr − yr ∈ Zn. Tìte, oi (xr), (yr) èqoun upakoloujÐec xkr → x ∈
M , ykr → y ∈M , kai eÔkola elègqoume ìti x− y ∈ Zn \ {0}.
Apìdeixh tou jewr matoc 3.1.1. JewroÔme to M = K/2. To M eÐnai Jordan metr simo
kai, apì thn upìjes  mac, |M | > 1. Apì to L mma tou Blichfeldt, up�rqoun x, y ∈ M
¸ste 0 6= x− y ∈ Zn. 'Omwc, apì ton orismì tou M , up�rqoun w1, w2 ∈ K me x = w1/2
kai y = w2/2. To K eÐnai summetrikì wc proc to 0, �ra −w2 ∈ K. Apì thn kurtìthta
tou K sumperaÐnoume ìti

(3.1.5) x− y =
w1 + (−w2)

2
∈ K.

Dhlad , 0 6= x− y ∈ K ∩ Zn. 2

3.1aþ To epiqeÐrhma tou Minkowski

Perigr�foume t¸ra to arqikì epiqeÐrhma tou Minkowski. JewroÔme èna kleistì, sum-
metrikì wc proc to 0, kurtì s¸ma K. Gia k�je λ > 0, jewroÔme to s¸ma λK. AfoÔ to
K eÐnai fragmèno, gia mikr� λ èqoume λK ∩ Zn = {0}, kai afoÔ to K perièqei mia mp�la
me kèntro to 0, gia meg�la λ ja èqoume λK ∩ (Zn \ {0}) 6= ∅.

AfoÔ 0 ∈ λK, apì thn kurtìthta tou K èpetai ìti: an 0 < λ < λ′, tìte λK ⊂ λ′K.
AfoÔ to K eÐnai kleistì, sumperaÐnoume ìti

(3.1.6) λK =
⋂
{λ′K : λ′ > λ}.

gia k�je λ > 0. Eidikìtera, an orÐsoume

(3.1.7) λ1 = inf{λ > 0 : λK ∩ (Zn \ {0}) 6= ∅},

tìte

(3.1.8) λ1K ∩ (Zn \ {0}) 6= ∅.

Dhlad , up�rqei el�qistoc λ1 > 0 gia ton opoÐo to λ1K perièqei mh mhdenikì akèraio
shmeÐo (to opoÐo, bèbaia, ja brÐsketai sto sÔnorì tou). Gia thn apìdeixh thc (3.1.8),
stajeropoioÔme λ∗ > λ1 kai jewroÔme fjÐnousa akoloujÐa λ∗ > µn → λ1. To λ∗K
perièqei peperasmèna to pl joc mh mhdenik� akèraia shmeÐa, kai, gia k�je n, k�poio apì
aut� an kei sto µnK. Up�rqoun loipìn mh mhdenikì u ∈ Zn kai upakoloujÐa µkn

¸ste
u ∈ µkn

K gia k�je n. Tìte,

(3.1.9) u ∈
⋂
n

µknK = λ1K.

Gia k�je λ > 0 jewroÔme ta sÔnola λK+u, u ∈ Zn. Gia mikr� λ, ta sÔnola λK+u eÐnai
xèna an� dÔo. Me èna epiqeÐrhma an�logo proc to prohgoÔmeno, deÐqnoume ìti up�rqei
el�qistoc λ0 > 0 gia ton opoÐo up�rqei u ∈ Zn \ {0} ¸ste λ0K ∩ (λ0K + u) 6= ∅.
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L mma 3.1.3. Gia k�je summetrikì kurtì s¸ma K isqÔei h isìthta λ1 = 2λ0.

Apìdeixh. 'Estw x ∈ λ0K ∩ (λ0K + u), ìpou u ∈ Zn \ {0}. Tìte, lìgw thc summetrÐac
tou K, èqoume u− x ∈ λ0K kai x ∈ λ0K, �ra u ∈ 2λ0K. Epomènwc,

(3.1.10) λ1 ≤ 2λ0.

Apì thn �llh pleur�, an u ∈ λ1K ∩ (Zn \ {0}), tìte, parathr¸ntac ìti −u/2 ∈ (λ1/2)K
kai qrhsimopoi¸ntac th summetrÐa tou K, gr�foume

(3.1.11)
u

2
= −u

2
+ u ∈ λ1

2
K ∩

(
λ1

2
K + u

)
.

'Epetai ìti λ0 ≤ λ1/2. 2

O Minkowski olokl rwne to epiqeÐrhm� tou wc ex c: ta sÔnola λ0K + u, u ∈ Zn,
èqoun xèna eswterik�. Autì èqei san sunèpeia thn anisìthta |λ0K| ≤ 1 (alli¸c, to
L mma tou Blichfeldt ja mac odhgoÔse se �topo, exhg ste giatÐ). SÔmfwna me to L mma
3.1.3,

(3.1.12) λn
1 |K| = |λ1K| = |(2λ0)K| = 2n|λ0K| ≤ 2n.

An upojèsoume ìti to K den perièqei mh mhdenikì akèraio shmeÐo, tìte λ1 > 1, dhlad 
|K| < 2n. Epomènwc, k�je kleistì, summetrikì wc proc to 0 kurtì s¸ma K me ìgko
|K| ≥ 2n, perièqei mh mhdenikì u ∈ Zn.

Gia thn perÐptwsh tou anoiktoÔ K, upojètontac ìti |K| > 2n, brÐskoume λ < 1 ¸ste
λn|K| > 2n, opìte |λK| = λn|K| > 2n. Efarmìzontac to prohgoÔmeno apotèlesma,
brÐskoume mh mhdenikì akèraio shmeÐo u ∈ λK ⊂ K. 2

Parathr seic. To epiqeÐrhma tou Minkowski (eidikìtera h eisagwg  twn paramètrwn
λ0, λ1 kai to L mma 3.1.3) eÐnai shmantikì gia istorikoÔc lìgouc. Ton od ghse ston oris-
mì thc nìrmac pou ep�getai apì to K kai ston orismì twn diadoqik¸n elaqÐstwn
tou K:

(i) 'Estw K kleistì kurtì uposÔnolo tou Rn me 0 ∈ int(K). H sun�rthsh st�jmhc
(  sunarthsoeidèc Miknowski) tou K eÐnai h sun�rthsh gK : Rn → R pou orÐzetai
apì thn

(3.1.13) gK(x) = inf{λ > 0 : x ∈ λK}.

An to K eÐnai summetrikì kurtì s¸ma, tìte h gK eÐnai nìrma ston Rn kai K = {x :
gK(x) ≤ 1}.

(ii) 'Estw K summetrikì kurtì s¸ma ston Rn. MporoÔme na elègxoume ìti, gia k�je
i = 1, . . . , n, up�rqoun λ > 0 ¸ste to λK na perièqei toul�qiston i grammik�
anex�rthta dianÔsmata tou Zn. OrÐzoume

(3.1.14) λi = inf{λ > 0 : dim(λK ∩ Zn) ≥ i},
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ìpou dim(λK ∩ Zn) eÐnai h di�stash tou upoq¸rou pou par�getai apì ta akèraia
shmeÐa tou λK. Oi arijmoÐ 0 < λ1 ≤ λ2 ≤ · · · ≤ λn eÐnai ta diadoqik� el�qista tou
K. SÔmfwna me to pr¸to je¸rhma tou Minkowski, afoÔ λ1K ∩Zn = {0}, to λ1K
prèpei na èqei ìgko to polÔ Ðso me 2n:

(3.1.15) λn
1 |K| ≤ 2n.

PaÐrnontac up� ìyin tou ìla ta diadoqik� el�qista λ1, . . . , λn touK, o Minkowski apèdeix-
e k�ti isqurìtero (to deÔtero je¸rhma tou Minkowski):

Je¸rhma 3.1.4. 'Estw K summetrikì kurtì s¸ma ston Rn. Tìte,

(3.1.16) λ1λ2 . . . λn|K| ≤ 2n.

3.2 Efarmogèc sth jewrÐa twn arijm¸n
3.2aþ OmogeneÐc grammikèc morfèc

H pio gnwst  efarmog  tou jewr matoc tou Minkowski afor� sust mata omogen¸n
grammik¸n morf¸n:

Je¸rhma 3.2.1. 'Estw ξi(x1, . . . , xn) = ai1x1 + · · · + ainxn, i = 1, . . . , n, omogeneÐc
grammikèc morfèc me pragmatikoÔc suntelestèc aij kai mh mhdenik  orÐzousa ∆. An
t1, . . . , tn > 0 kai t1t2 · · · tn ≥ |∆|, tìte up�rqei (x1, . . . , xn) ∈ Zn \ {0} ¸ste

(3.2.1) |ξi(x1, . . . , xn)| ≤ ti, i = 1, . . . , n.

Apìdeixh. JewroÔme to parallhlepÐpedo

(3.2.2) P = {x : |ξi(x1, . . . , xn)| ≤ ti, i = 1, . . . , n}.

An T eÐnai o grammikìc metasqhmatismìc pou orÐzetai apì ton pÐnaka (aij), tìte P =
T−1(P1), ìpou

(3.2.3) P1 = {y : |yi| ≤ ti, i = 1, . . . , n}.

'Ara,

(3.2.4) |P | = |T−1(P1)| =
|P1|
|∆|

= 2n t1t2 · · · tn
|∆|

≥ 2n.

Apì to je¸rhma tou Minkowski, up�rqei x ∈ P ∩ (Zn \ {0}). 2

Efarmog . 'Estw a1, . . . , an ∈ R. Up�rqoun akèraioi u1, . . . , un+1 ¸ste

(3.2.5) |un+1ai − ui| ≤
1

u
1/n
n+1

, i = 1, . . . , n.
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Apìdeixh. Jètoume ξn+1(x1, . . . , xn+1) = xn+1 kai

(3.2.6) ξi(x1, . . . , xn+1) = xn+1ai − xi, i = 1, . . . , n.

Tìte |∆| = 1, �ra gia k�je t > 1 up�rqei (u1, . . . , un+1) ∈ Zn \ {0} pou ikanopoieÐ tic

(3.2.7) |un+1| ≤ t kai |un+1ai − ui| ≤ t−1/n.

To un+1 den mporeÐ na eÐnai Ðso me mhdèn, giatÐ tìte ìloi oi ui, i ≤ n ja  tan apolÔtwc
mikrìteroi tou 1, dhlad  epÐshc Ðsoi me mhdèn. EpÐshc, antikajist¸ntac an qreiasteÐ
ìlouc touc ui me touc −ui, mporoÔme na upojèsoume ìti un+1 > 0. 'Epetai ìti

(3.2.8) |un+1ai − ui| ≤
1
t1/n

≤ 1

u
1/n
n+1

gia k�je i = 1, . . . , n. 2

3.2bþ To je¸rhma prosèggishc tou Dirichlet

Efarmìzoume t¸ra pio prosektik� to je¸rhma tou Minkowski sto prìblhma thc prosèg-
gishc pragmatik¸n arijm¸n apì rhtoÔc (je¸rhma tou Dirichlet):

Je¸rhma 3.2.2. Up�rqei stajer� c > 0 me thn idiìthta: gia k�je a ∈ R, up�rqei
osod pote meg�loc q ∈ N kai up�rqei p ∈ Z, ¸ste

(3.2.9)
∣∣∣∣a− p

q

∣∣∣∣ ≤ c

q2
.

Apìdeixh. MporoÔme na upojèsoume ìti o a eÐnai �rrhtoc (an o a eÐnai rhtìc, tìte to
prìblhma den èqei kami� duskolÐa). 'Estw M > 0. AfoÔ a /∈ Q, up�rqei Q > 1 ¸ste

(3.2.10) tM := min{|aq − p| : q ≤M, q ∈ N, p ∈ Z} > 1
Q
.

OrÐzoume

(3.2.11) K =
{

(x, y) ∈ R2 : |ax− y| ≤ 1
Q
, |x| ≤ Q

}
.

To K eÐnai parallhlìgrammo, me embadìn |K| = (2Q)(2/Q) = 4. Apì to je¸rhma tou
Minkowski, up�rqei (q, p) ∈ K ∩ (Z2 \ {0}). 'Eqoume q 6= 0, giatÐ alli¸c ja eÐqame
|p| ≤ 1/Q < 1, dhlad  p = 0. EpÐshc, lìgw thc summetrÐac tou K, mporoÔme na
upojèsoume ìti q > 0 (dhlad , q ∈ N). Autì shmaÐnei ìti 0 < q ≤ Q kai |aq − p| ≤ 1/Q,
�ra

(3.2.12)
∣∣∣∣a− p

q

∣∣∣∣ ≤ 1
qQ

≤ 1
q2
.
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Tèloc, apì ton orismì tou tM , èqoume

(3.2.13) |aq − p| ≤ 1
Q
< tM ,

�ra q > M . 2

To Je¸rhma 3.2.2 genikeÔetai wc ex c:

Je¸rhma 3.2.3. Up�rqei stajer� c > 0 me thn idiìthta: an a1, . . . , an ∈ R, up�rqei
osod pote meg�loc q ∈ N kai up�rqoun p1, . . . , pn ∈ Z, ¸ste

(3.2.14)
∣∣∣∣ai −

pi

q

∣∣∣∣ ≤ c

q1+
1
n

.

Apìdeixh. 'Estw M > 0. H apìdeixh eÐnai entel¸c an�logh me aut n tou Jewr matoc
3.2.2: mporoÔme na upojèsoume ìti oi a1, . . . , an den eÐnai ìloi rhtoÐ. To parallhlepÐpedo
sto opoÐo efarmìzoume to Je¸rhma tou Minkowski, eÐnai to

(3.2.15) K =
{

(x, y1, . . . , yn) ∈ Rn+1 : |aix− yi| ≤
1

Q1/n
, |x| ≤ Q

}
,

ìpou Q > 1 arket� meg�loc ¸ste na ikanopoieÐtai h

(3.2.16) tM := min
{

max
i≤n

|aiq − pi| : q ≤M, q ∈ N, pi ∈ Z
}
>

1
Q1/n

.

Oi leptomèreiec af nontai wc �skhsh. 2

3.2gþ Ginìmeno grammik¸n morf¸n

'Estw ξi(x1, . . . , xn) = ai1x1 + · · · + ainxn, i = 1, . . . , n, omogeneÐc grammikèc morfèc me
pragmatikoÔc suntelestèc aij kai mh mhdenik  orÐzousa ∆. PaÐrnontac t1 = · · · = tn =
|∆|1/n sto Je¸rhma 3.2.1, blèpoume ìti up�rqei (x1, . . . , xn) ∈ Zn \ {0} ¸ste

(3.2.17)
n∏

i=1

|ξi(x1, . . . , xn)| ≤ |∆|.

Ja d¸soume èna kalÔtero �nw fr�gma gia to ginìmeno twn ξi:

Je¸rhma 3.2.4. An ξi kai ∆ ìpwc parap�nw, up�rqei (x1, . . . , xn) ∈ Zn \ {0} ¸ste

(3.2.18)
n∏

i=1

|ξi(x1, . . . , xn)| ≤ n!
nn
|∆|.
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Apìdeixh. To qwrÐo {x :
∏n

i=1 |ξi(x)| ≤ r}, r > 0, den eÐnai kurtì, perièqei ìmwc to

(3.2.19) Kr =

{
x ∈ Rn :

n∑
i=1

|ξi(x)| ≤ nr1/n

}
,

giatÐ, apì thn anisìthta arijmhtikoÔ-gewmetrikoÔ mèsou, gia k�je x1, . . . , xn ∈ R èqoume

(3.2.20)
n∏

i=1

|ξi(x)| ≤

(
1
n

n∑
i=1

|ξi(x)|

)n

.

An T eÐnai o grammikìc metasqhmatismìc pou orÐzetai apì tic ξi, tìte Kr = T−1(K1
r ),

ìpou

(3.2.21) K1
r =

{
y :

n∑
i=1

|yi| ≤ nr1/n

}
.

'Ara,

(3.2.22) |Kr| =
|K1

r |
|detT |

=
2nnnr

n!|∆|
.

O ìgkoc tou Kr ja eÐnai Ðsoc me 2n an r = r0 = n!|∆|/nn, kai tìte, to je¸rhma tou
Minkowski mac exasfalÐzei ìti up�rqei x ∈ Kr0∩(Zn\{0}). Dhlad , up�rqei x ∈ Zn\{0}
gia to opoÐo

(3.2.23)
n∏

i=1

|ξi(x)| ≤

(
1
n

n∑
i=1

|ξi(x)|

)n

≤ r0 =
n!
nn
|∆|.

3.2dþ Tetragwnikèc morfèc

Je¸rhma 3.2.5. 'Estw A = (aij) summetrikìc, jetik� orismènoc n × n pÐnakac. Jew-
roÔme thn tetragwnik  morf 

(3.2.24) T (x1, . . . , xn) = T (x) = 〈Ax, x〉.

An D = det(aij) eÐnai h diakrÐnousa thc T , mporoÔme na broÔme (u1, . . . , un) ∈ Zn \ {0}
¸ste

(3.2.25) T (u1, . . . , un) ≤ 4
π

(
Γ
(n

2
+ 1
)2

D

)1/n

.

Apìdeixh. Up�rqei summetrikìc, jetik� orismènoc S ¸ste S2 = A. Gia k�je r > 0
orÐzoume

(3.2.26) Kr = {x ∈ Rn : T (x) ≤ r}.
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'Eqoume T (x) ≤ r an kai mìno an ‖Sx‖22 ≤ r. Dhlad , Kr =
√
rS−1(Bn

2 ). Epomènwc,

(3.2.27) |Kr| =
rn/2

det(S)
ωn =

rn/2

√
D

πn/2

Γ(n
2 + 1)

.

Epilègoume r0 > 0 ètsi ¸ste na èqoume |Kr0 | = 2n. Tìte, apì to Je¸rhma tou Minkows-
ki, mporoÔme na broÔme (u1, . . . , un) ∈ Kr0 ∩ (Zn \ {0}), dhlad ,

(3.2.28) T (u1, . . . , un) ≤ r0 =
4
π

(
Γ
(n

2
+ 1
)2

D

)1/n

.

3.2eþ To je¸rhma tou Lagrange

Qrhsimopoi¸ntac to je¸rhma tou Minkowski, ja apodeÐxoume to ex c je¸rhma tou La-
grange:

Je¸rhma 3.2.6. K�je fusikìc arijmìc n gr�fetai sth morf  n = x2
1 + x2

2 + x2
3 + x2

4,
ìpou x1, x2, x3, x4 ∈ Z.

Apìdeixh. Arqik�, parathroÔme ìti arkeÐ na exet�soume thn perÐptwsh pou o n eÐnai
eleÔjeroc tetrag¸nwn, dhlad , n = p1 . . . pr, ìpou pj diakekrimènoi pr¸toi. Parathr ste
ìti k�je fusikìc arijmìc n gr�fetai sth morf  n = s2m, ìpou o m eÐnai eleÔjeroc
tetrag¸nwn  m = 1. Pr�gmati, o n analÔetai sth morf  n = pa1

1 · · · par
r . An aj = 2tj+vj

me vj ∈ {0, 1}, arkeÐ na jèsoume s = pt1
1 · · · ptr

r kai m = pv1
1 · · · pvr

r .
An o isqurismìc tou jewr matoc alhjeÔei gia touc fusikoÔc pou eÐnai eleÔjeroi

tetrag¸nwn, kai an mac dojeÐ tuq¸n fusikìc arijmìc n, gr�foume ton n sth morf 
n = s2m ìpou o m eÐnai eleÔjeroc tetrag¸nwn kai, gnwrÐzontac ìti mporoÔme na gr�y-
oume ton m sth morf  m = y2

1 + y2
2 + y2

3 + y2
4 ìpou yi ∈ Z, paÐrnoume

n = (ly1)2 + (ly2)2 + (ly3)2 + (ly4)2.

Upojètoume loipìn ìti n = p1 . . . pr, ìpou pj diakekrimènoi pr¸toi.

L mma 3.2.7. 'Estw p pr¸toc. Up�rqoun ap, bp ∈ Z ¸ste

(3.2.29) a2
p + b2p + 1 ≡ 0 (mod p).

Apìdeixh. An p = 2, paÐrnoume a2 = 1 kai b2 = 0. An o p eÐnai peritìc pr¸toc, elègqoume
ìti oi arijmoÐ a2, a = 0, 1, . . . , p−1

2 , eÐnai anisoôpìloipoi mod p, kai to Ðdio isqÔei gia touc

−1 − b2, b = 0, 1, . . . , p−1
2 . AfoÔ to pl joc twn a kai b eÐnai p + 1, up�rqoun dÔo apì

autoÔc pou an koun sthn Ðdia kl�sh mod p. Autì shmaÐnei upoqrewtik� ìti up�rqoun
0 ≤ ap, bp ≤ p−1

2 me thn idiìthta

(3.2.30) a2
p ≡ −1− b2p (mod p),

dhlad , a2
p + b2p + 1 ≡ 0 (mod p). 2
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L mma 3.2.8. 'Estw n = p1 . . . pr, ìpou pj diakekrimènoi pr¸toi. Up�rqoun a, b ∈ Z
¸ste

(3.2.31) a2 + b2 + 1 ≡ 0 (mod n).

Apìdeixh. Apì to prohgoÔmeno l mma, gia k�je j = 1, . . . , r up�rqoun aj , bj ∈ Z ¸ste

(3.2.31) a2
j + b2j + 1 ≡ (mod pj).

Apì to Kinèziko Je¸rhma UpoloÐpwn, ta sust mata

x ≡ aj (mod pj), j = 1, . . . , r

kai
x ≡ bj (mod pj), j = 1, . . . , r

èqoun lÔseic a kai b antÐstoiqa. Tìte,

(3.2.32) a2 + b2 + 1 ≡ a2
j + b2j + 1 ≡ (mod pj)

gia k�je j = 1, . . . , r. AfoÔ oi pj eÐnai diakekrimènoi pr¸toi, èpetai ìti a2 + b2 + 1 ≡
0 (mod n). 2

Sunèqeia thc apìdeixhc tou jewr matoc. Ja lème plègma k�je sÔnolo thc morf c
Λ = T (Zn), ìpou T ∈ GL(n) (o T eÐnai antistrèyimoc grammikìc metasqhmatismìc tou
Rn). An gia k�poio plègma Λ = T (Zn) kai k�poio summetrikì kurtì s¸ma K ston Rn

isqÔei

(3.2.33) |K| ≥ 2n|detT |,

tìte up�rqei v 6= 0 ¸ste v ∈ K ∩ Λ. Pr�gmati, an jewr soume to summetrikì kurtì
s¸ma K1 = T−1(K), tìte |K1| = |K|/|detT | ≥ 2n. Apì to je¸rhma tou Minkowski
up�rqei u 6= 0 ¸ste u ∈ K1 ∩ Zn. Jètontac v = T (u) èqoume v 6= 0, v ∈ T (K1) = K kai
v ∈ T (Zn) = Λ.

Apì to L mma 3.2.8 up�rqoun a, b ∈ Z ¸ste n | (a2 + b2 +1). JewroÔme ton grammikì
metasqhmatismì T : R4 → R4 pou orÐzetai apì tic

T (e1) = (1, 0, a,−b), T (e2) = (0, 1, b, a), T (e3) = (0, 0, n, 0), T (e4) = (0, 0, 0, n).

O T eÐnai antistrèyimoc kai |detT | = n2. An u = (u1, u2, u3, u4) ∈ Zn tìte

(3.2.34) T (u) = (u1, u2, au1 + bu2 + nu3,−bu1 + au2 + nu4).

JewroÔme to plègma Λ = T (Zn) kai th mp�la B = {x : x2
1 + x2

2 + x2
3 + x2

4 < 2n}. O
ìgkoc thc eÐnai Ðsoc me

(3.2.35) |B| = 2n2π2 > 16n2 = 24|detT |.
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Apì to je¸rhma tou Minkowski, up�rqei (x1, x2, x3, x4) ∈ Λ \ {0} ¸ste

(3.2.36) 0 < x2
1 + x2

2 + x2
3 + x2

4 < 2n.

Dhlad , up�rqei u ∈ Zn \ {0} ¸ste

(3.2.37) 0 < u2
1 + u2

2 + (au1 + bu2 + nu3)2 + (−bu1 + au2 + nu4)2 < 2n.

'Omwc, an jèsoume U = u2
1 + u2

2 + (au1 + bu2 + nu3)2 + (−bu1 + au2 + nu4)2, èqoume

U ≡ u2
1 + u2

2 + (au1 + bu2)2 + (−bu1 + au2)2 (mod n)
≡ u2

1 + u2
2 + (a2 + b2)(u2

1 + u2
2) (mod n)

≡ (a2 + b2 + 1)(u2
1 + u2

2) (mod n)
≡ 0 (mod n)

'Ara, n | U . Apì thn (3.2.37) sumperaÐnoume ìti n = U = u2
1 + u2

2 + (au1 + bu2 +nu3)2 +
(−bu1 + au2 + nu4)2. 2

3.3 Akèraia shmeÐa se elleiyoeid 
'Ena summetrikì kurtì s¸ma E ston Rn lègetai elleiyoeidèc an up�rqei antistrèyimoc
grammikìc metasqhmatismìc T (T ∈ GL(n)) ¸ste E = T (Bn

2 ).
SumbolÐzoume me En thn kl�sh ìlwn twn elleiyoeid¸n tou Rn pou den perièqoun sto

eswterikì touc kanèna shmeÐo tou Zn\{0}. To prìblhma pou ja m�c apasqol sei se
aut  thn Par�grafo eÐnai na dojoÔn ektim seic gia thn posìthta

(3.3.1) αn = sup{|E| : E ∈ En}.

3.3aþ H mèjodoc tou Blichfeldt

O Blichfeldt èdwse to akìloujo �nw fr�gma gia thn αn.

Je¸rhma 3.3.1. Gia k�je n ∈ N, isqÔei h anisìthta

(3.3.2) αn ≤
n+ 2

2
2n/2.

Gia thn apìdeixh thc anisìthtac k�noume pr¸ta thn ex c anagwg . Jèloume na deÐxoume
ìti:

Gia k�je elleiyoeidèc E me ìgko |E| > n+2
2 2n/2 isqÔei E ∩ (Zn \ {0}) 6= ∅.

IsodÔnama, arkeÐ na deÐxoume ìti:

Gia k�je plègma Λ = T (Zn) ston Rn me |Bn
2 | > n+2

2 |detT | isqÔei Bn
2 ∩ (Λ \

{0}) 6= ∅.
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H apìdeixh thc isodunamÐac twn dÔo prot�sewn af netai wc �skhsh.
JewroÔme loipìn èna plègma Λ = T (Zn) ston Rn to opoÐo ikanopoieÐ thn

(3.3.3) |Bn
2 | >

n+ 2
2

|detT |.

An vi = T (ei), i = 1, . . . , n, jewroÔme to parallhlepÐpedo

(3.3.4) Q =

{
n∑

i=1

tivi : 0 ≤ ti < 1

}
.

Parathr ste ìti Q = T (P ), ìpou P = {x : 0 ≤ xi < 1, i = 1, . . . n} eÐnai to jemeli¸dec
parallhlepÐpedo tou Zn. Sunep¸c,

(3.3.5) |Q| = |T (P )| = |detT | |P | = |detT |.

Gia k�je oloklhr¸simh sun�rthsh f : Rn → R mporoÔme na gr�youme∫
Rn

f(x) dx =
∑
u∈Λ

∫
u+Q

f(x) dx =
∑
u∈Λ

∫
Q

f(u+ y) dy

=
∫

Q

(∑
u∈Λ

f(u+ y)

)
dy.

An loipìn h f ikanopoieÐ thn

(3.3.6)
∫

Rn

f(x) dx > |Q|,

tìte

(3.3.7)
1
|Q|

∫
Q

(∑
u∈Λ

f(u+ y)

)
dy > 1,

kai autì shmaÐnei ìti up�rqei y ∈ Rn ¸ste

(3.3.8)
∑
u∈Λ

f(u+ y) > 1.

L mma 3.3.2. H sun�rthsh

f(x) =

{
1− 2‖x‖22 , 0 ≤ ‖x‖2 < 1√

2

0 , ‖x‖2 ≥ 1√
2

ikanopoieÐ thn ∫
Rn

f(x) dx > |Q|.
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Apìdeixh. Jètontac r = 1√
2
èqoume∫

Rn

f(x) dx =
∫

rBn
2

(
1− ‖x‖22

r2

)
dx

= |rBn
2 | −

1
r2

∫
rBn

2

∫ ‖x‖2

0

2t dt dx

= |rBn
2 | −

1
r2

∫ r

0

2t
∫

t≤‖x‖2≤r

dx dt

= |rBn
2 | −

1
r2

∫ r

0

2t (|rBn
2 | − |tBn

2 |) dt

= |rBn
2 | − |rBn

2 |
1
r2

∫ r

0

2t
(

1− tn

rn

)
dt

= |rBn
2 | − |rBn

2 |
1
r2

∫ r

0

(
2t− 2tn+1

rn

)
dt

= |rBn
2 | − |rBn

2 |
(

1− 2
n+ 2

)
=

2
n+ 2

|rBn
2 |

=
2

n+ 2
1

2n/2
|Bn

2 |

> |detT | = |Q|,

ìpou sto tèloc antikatast same r = 1/
√

2 kai qrhsimopoi same thn upìjesh ìti |Bn
2 | >

n+2
2 |detT | pou k�name gia to Λ sthn (3.3.3). 2

T¸ra, mporoÔme na efarmìsoume thn (3.3.8) gia th sugkekrimènh sun�rthsh f : up�rqei
y ∈ Rn ¸ste

(3.3.9)
∑

u∈Λ∩B(−y,1/
√

2)

(1− 2‖u+ y‖22 > 1.

To sÔnolo U twn u ∈ Λ pou ikanopoioÔn thn ‖u + y‖2 < 1/
√

2 eÐnai peperasmèno.
MporoÔme loipìn na gr�youme U = {u1, . . . , um} kai tìte h (3.3.9) paÐrnei th morf 

m∑
i=1

(1− 2‖ui + y‖22) > 1,

dhlad 

(3.3.10)
m∑

i=1

‖ui + y‖22 <
m− 1

2
.

O Blichfeldt olokl rwne thn apìdeixh tou jewr matoc mèsw thc akìloujhc anisìthtac:
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L mma 3.3.3. An y, u1, . . . , um ∈ Rn, tìte

(3.3.11)
m∑

i=1

m∑
j=1

‖ui − uj‖22 ≤ 2m
m∑

i=1

‖ui + y‖22.

Apìdeixh. ParathroÔme pr¸ta ìti arkeÐ na apodeÐxoume thn anisìthta sthn perÐptwsh
y = 0:

(3.3.12)
m∑

i=1

m∑
j=1

‖ui − uj‖22 ≤ 2m
m∑

i=1

‖ui‖22.

Katìpin efarmìzoume aut  thn eidik  perÐptwsh gia ta u1 + y, . . . , um + y.

Gia thn apìdeixh thc (3.3.12), gr�foume

m∑
i=1

m∑
j=1

‖ui − uj‖22 =
m∑

i=1

m∑
j=1

(
‖ui‖22 − 2〈ui, uj〉+ ‖uj‖22

)
= 2m

m∑
i=1

‖ui‖22 − 2
〈 m∑

i=1

ui,
m∑

j=1

uj

〉

= 2m
m∑

i=1

‖ui‖22 − 2

∥∥∥∥∥
m∑

i=1

ui

∥∥∥∥∥
2

2

≤ 2m
m∑

i=1

‖ui‖22. 2

Epistrèfoume sthn (3.3.10): qrhsimopoi¸ntac to L mma 3.3.3 paÐrnoume

(3.3.13)
m∑

i,j=1

‖ui − uj‖22 ≤ 2m
m∑

i=1

‖ui + y‖22 < 2m
m− 1

2
= m(m− 1).

'Omwc, to pl joc twn mh mhdenik¸n ìrwn ‖ui − uj‖22 (me i 6= j) sto aristerì mèloc thc
(3.3.13) eÐnai Ðso me m(m− 1). Sunep¸c, up�rqoun i 6= j ¸ste ‖ui − uj‖22 < 1. Dhlad ,
to v = ui − uj an kei sto Λ, eÐnai mh mhdenikì, kai

‖v‖2 = ‖ui − uj‖2 < 1.

Autì shmaÐnei ìti v ∈ Bn
2 ∩ (Λ \ {0}). Dhlad , deÐxame ìti gia k�je plègma Λ = T (Zn)

ston Rn me |Bn
2 | > n+2

2 |detT | isqÔei Bn
2 ∩ (Λ \ {0}) 6= ∅. 2
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3.3bþ Elleiyoeid  qwrÐc akèraia shmeÐa

Se aut  thn par�grafo exet�zoume to antÐstrofo prìblhma: na brejeÐ elleiyoeidèc me
ìso gÐnetai megalÔtero ìgko, to opoÐo den perièqei akèraia shmeÐa sto eswterikì tou.
To kalÔtero gnwstì apotèlesma ofeÐletai ston K. Ball kai qrhsimopoieÐ to L mma tou
Bang:

L mma 3.3.4. 'Estw x1, . . . , xm monadiaÐa dianÔsmata ston Rn, kai w1, . . . , wm jetikoÐ
pragmatikoÐ arijmoÐ. Up�rqei epilog  pros mwn ε1, . . . , εm ∈ {−1, 1} ¸ste to u =∑m

i=1 εiwixi na ikanopoieÐ tic

(3.3.14) |〈u, xi〉| ≥ wi, i = 1, . . . ,m.

Apìdeixh. Gia k�je ε = (ε1, . . . , εm) ∈ {−1, 1}m, jètoume u(ε) =
∑m

i=1 εiwixi. Epilè-
goume ekeÐno to u = u(ε∗) pou èqei to megalÔtero m koc (an up�rqoun perissìtera apì
èna tètoia u(ε), epilègoume opoiod pote apì aut�).

Gia k�je j = 1, . . . ,m, orÐzoume

(3.3.15) uj = u(ε∗)− 2ε∗jwjxj .

K�je uj eÐnai thc morf c u(ε), me εi = ε∗i an i 6= j, kai εj = −ε∗j . 'Ara,

‖u(ε∗)‖22 ≥ ‖uj‖22 = ‖u(ε∗)− 2ε∗jwjxj‖22
= ‖u(ε∗)‖22 − 4wjε

∗
j 〈u(ε∗), xj〉+ 4w2

j‖xj‖22.

'Epetai ìti

(3.3.16) |〈u(ε∗), xj〉| ≥ ε∗j 〈u(ε∗), xj〉 ≥
4w2

j‖xj‖22
4wj

= wj ,

gia k�je j = 1, . . . ,m. 2

H akrib c diatÔpwsh tou jewr matoc tou Ball eÐnai h ex c:

Je¸rhma 3.3.5. Gia k�je ε > 0 up�rqei elleiyoeidèc E ston Rn pou den perièqei shmeÐa
tou Zn\{0}, kai èqei ìgko

(3.3.17) |E| > 2(n− 1)− ε.

Apìdeixh. JewroÔme thn kl�sh ìlwn twn elleiyoeid¸n thc morf c

(3.3.18) ER = {x ∈ Rn : 〈u, x〉2 + ‖x‖22 < R2}, u ∈ Rn, R > 0.

Gia k�je R > 0, prospajoÔme arqik� na broÔme u = uR ∈ Rn, ¸ste to ER na mhn
perièqei akèraia shmeÐa ektìc apì to 0. Dhlad , zht�me gia k�je z ∈ Zn \ {0} na isqÔei

(3.3.19) 〈u, z〉2 + ‖z‖22 ≥ R2.
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H anisìthta aut  ikanopoieÐtai profan¸c an ‖z‖2 ≥ R. Periorizìmaste loipìn sta
0 < ‖z‖2 < R, kai zht�me

(3.3.20)
∣∣∣∣〈u, z

‖z‖2

〉∣∣∣∣ ≥
√

R2

‖z‖22
− 1.

Jètoume wz =
√

(R/‖z‖2)2 − 1, krat�me èna mìno z̃ apì ta ±z gia k�je 0 < ‖z‖2 < R,
kai efarmìzoume to L mma tou Bang: up�rqoun εz̃ ∈ {−1, 1}, ¸ste

(3.3.21)

∣∣∣∣∣〈∑
z̃

εz̃wz̃
z̃

‖z̃‖2
,
z̃

‖z̃‖2

〉∣∣∣∣∣ ≥ wz̃, 0 < ‖z‖2 < R.

IsodÔnama, up�rqoun εz ∈ {−1, 1} ¸ste to di�nusma

(3.3.22) u = u(R) =
1
2

∑
0<‖z‖2<R

εzwz
z

‖z‖2

na ikanopoieÐ tic

(3.3.23)
∣∣∣∣〈u, z

‖z‖2

〉∣∣∣∣ ≥ wz, 0 < ‖z‖2 < R.

Gi� aut n thn epilog  tou u èqoume exasfalÐsei ìti ER ∩ Zn = {0}. Gia ton upologismì
tou ìgkou tou ER, qreiazìmaste mia ektÐmhsh gia to m koc tou u. Gia to skopì autì,
jewroÔme to monadiaÐo di�nusma θ sth dieÔjunsh tou u. An K(R) eÐnai to m koc tou u,
èqoume

K(R) = ‖u‖2 = 〈u, θ〉 =
1
2

∑
0<‖z‖2<R

εz
〈z, θ〉
‖z‖2

wz

≤ 1
2

∑
0<‖z‖2<R

|〈z, θ〉|
‖z‖2

√
R2

‖z‖22
− 1 =: K̃(R).

Jètoume v = z/R. Tìte,

(3.3.24) K̃(R) =
1
2

∑
v∈ 1

R Zn∩Bn
2 \{0}

|〈v, θ〉|
‖v‖2

√
1

‖v‖22
− 1.

Kaj¸c to R→∞, to parap�nw �jroisma (pollaplasiasmèno epÐ R−n) eÐnai èna �jroisma
Riemann gia to

(3.3.25)
1
2

∫
Bn

2

|〈v, θ〉|
‖v‖2

√
1

‖v‖22
− 1 dv.
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Dhlad ,

(3.3.26) lim
R→∞

K̃(R)
ωnRn

=
1

2ωn

∫
Bn

2

|〈v, θ〉|
‖v‖2

√
1

‖v‖22
− 1 dv.

Gia ton upologismì tou teleutaÐou oloklhr¸matoc, paÐrnoume polikèc suntetagmènec:

lim
R→∞

K̃(R)
ωnRn

=
nωn

2ωn

∫
Sn−1

∫ 1

0

|〈φ, θ〉|ρn−1

√
1
ρ2
− 1dρσ(dφ)

=
n

2

∫
Sn−1

|〈φ, θ〉|σ(dφ) ·
∫ 1

0

ρn−2
√

1− ρ2dρ.

ParathroÔme ìti to pr¸to olokl rwma eÐnai anex�rthto tou θ ∈ Sn−1. MporoÔme loipìn
na upojèsoume ìti θ = e1. Gr�foume

(3.3.27)
∫

Bn
2

|z1|dz = nωn

∫
Sn−1

|〈φ, e1〉|σ(dφ) ·
∫ 1

0

ρndρ =
nωn

n+ 1

∫
Sn−1

|〈φ, e1〉|σ(dφ),

kai

(3.3.28)
∫

Bn
2

|z1|dz = 2
∫ 1

0

ωn−1t(1− t2)(n−1)/2dt,

opìte, ∫
Sn−1

|〈φ, θ〉|σ(dφ) =
2ωn−1

∫ 1

0
t(1− t2)(n−1)/2dt

(nωn)/(n+ 1)

=
2(n+ 1)ωn−1

nωn

[
− 1
n+ 1

(1− t2)(n+1)/2

]1
0

=
2ωn−1

nωn
.

Tèloc, ∫ 1

0

ρn−2
√

1− ρ2dρ =
1
2

∫ 1

0

t
n−1

2 −1(1− t)
3
2−1dt =

Γ((n− 1)/2)Γ(3/2)
2Γ((n+ 2)/2)

.

PaÐrnontac up� ìyin mac thn ωk = πk/2/Γ((k/2) + 1), katal goume sthn

lim
R→∞

K̃(R)
ωnRn

=
2ωn−1

nωn

Γ(n−1
2 )

√
π

2

Γ(n
2 )

=
2
n

π(n−1)/2Γ(n
2 + 1)

πn/2Γ(n−1
2 + 1)

Γ(n−1
2 )

√
π

2

2Γ(n
2 )

=
1

2(n− 1)
.
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Autì shmaÐnei ìti, gia meg�la R,

(3.3.29)
ωnR

n

K̃(R)
> 2(n− 1)− ε

2
.

ParathroÔme epÐshc ìti lim K̃(R) = +∞, alli¸c ja eÐqame

(3.3.30) lim
R→∞

K̃(R)
ωnRn

= 0.

Apì thn �llh pleur�, o ìgkoc tou ER eÐnai Ðsoc me ton ìgko tou

(3.3.31) E′
R = {x ∈ Rn : 〈K(R)e1, x〉2 + ‖x‖22 < R2},

o opoÐoc upologÐzetai eÔkola: to E′
R èqei (n− 1) hmi�xonec Ðsouc me R, kai ènan Ðso me

R/
√

1 +K2(R). 'Ara,

(3.3.32) |ER| =
ωnR

n√
1 +K2(R)

≥ ωnR
n√

1 + K̃2(R)
,

to opoÐo gia meg�la R eÐnai megalÔtero apì

(3.3.33)
ωnR

n

K̃(R)
− ε

2
> 2(n− 1)− ε.

'Etsi, èqoume apodeÐxei ìti up�rqoun elleiyoeid  qwrÐc mh tetrimmèna akèraia shmeÐa, ta
opoÐa èqoun ìgko osod pote kont� sto 2(n− 1). 2

'Amesh sunèpeia eÐnai to akìloujo k�tw fr�gma gia thn αn:

Je¸rhma 3.3.6. Gia k�je n ∈ N, αn ≥ 2(n− 1). 2

ShmeÐwsh. Sthn kateÔjunsh tou Jewr matoc tou Blichfeldt, to kalÔtero gnwstì apotè-
lesma eÐnai autì twn Kabatjanskii kai Levenstein [KL]:

(3.3.34) αn ≤ (1.32)n ' 2[0.401+on(1)]n.

3.4 Par�rthma: efarmogèc thc an�lushc Fourier sthn kurt 
gewmetrÐa

3.4aþ H apìdeixh tou Siegel gia to pr¸to je¸rhma tou Minkowski

O Siegel apèdeixe ènan genikì tÔpo apì ton opoÐo prokÔptei wc pìrisma to pr¸to je¸rhma
tou Minkowski. H apìdeixh autoÔ tou tÔpou qrhsimopoieÐ thn tautìthta tou Parseval.
H idèa eÐnai h ex c:
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'Estw K anoiktì summetrikì kurtì s¸ma ston Rn, χ h qarakthristik  sun�rthsh tou
K/2, kai

(3.4.1) φ(x) =
∑

u∈Zn

χ(u+ x).

Tìte, h φ(x1, . . . , xn) eÐnai periodik  wc proc k�je metablht , me perÐodo 1. An P =
{x : 0 ≤ xi < 1, i = 1, . . . , n} eÐnai to sÔnhjec jemeli¸dec parallhlepÐpedo tou Zn, h
tautìthta tou Parseval mac dÐnei

(3.4.2)
∫

P

φ2(x)dx =
∑

u∈Zn

|α(u)|2,

ìpou

α(u) =
∫

P

φ(x)e−2πi〈u,x〉dx =
∑

u∈Zn

∫
P

χ(u+ x)e−2πi〈u,x〉dx

=
∫

Rn

χ(x)e−2πi〈u,x〉dx,

eÐnai oi suntelestèc Fourier thc φ.

Je¸rhma 3.4.1. 'Estw K anoiktì summetrikì kurtì s¸ma ston Rn pou den perièqei mh
mhdenikì akèraio shmeÐo. An orÐsoume φ kai α ìpwc parap�nw, tìte

(3.4.3) 2n = |K|+ 4n

|K|
∑

u∈Zn\{0}

|α(u)|2.

Apìdeixh. AfoÔ K ∩ Zn = {0}, ta sÔnola u+ 1
2K, u ∈ Zn, eÐnai xèna, epomènwc

(3.4.4) u 6= u′ =⇒ χ(x+ u)χ(x+ u′) = 0.

'Epetai ìti φ2 = φ ston Rn, �ra

(3.4.5) α(0) =
∫

P

φ(x)dx =
∫

P

φ2(x)dx = |α(0)|2 +
∑

u∈Zn\{0}

|α(u)|2.

'Omwc,

(3.4.6) α(0) =
∫

Rn

χ(x)dx =
|K|
2n

,

�ra

(3.4.7)
|K|
2n

=
|K|2

4n
+

∑
u∈Zn\{0}

|α(u)|2,

kai to zhtoÔmeno prokÔptei an pollaplasi�soume ta dÔo mèlh thc teleutaÐac isìthtac me
4n/|K|. 2
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Pìrisma 3.4.2. 'Estw K anoiktì summetrikì kurtì s¸ma ston Rn. An K ∩ Zn = {0},
tìte |K| ≤ 2n. 2

3.4bþ H apìdeixh tou Hurwitz gia thn isoperimetrik  anisìthta sto epÐpedo

Qrhsimopoi¸ntac mejìdouc an�lushc Fourier, o Hurwitz apèdeixe thn akìloujh isoperimetrik 
anisìthta:

Je¸rhma 3.4.3. Estw K qwrÐo sto epÐpedo tou opoÐou to sÔnoro eÐnai mi� apl  kleist  kai

leÐa kampÔlh. Tìte,

4πA(K) ≤ P 2(K),

ìpou A(K) eÐnai to embadìn tou K kai P (K) eÐnai h perÐmetroc tou K. Isìthta isqÔei mìno an

to K eÐnai dÐskoc.

Arqikèc parathr seic. Upojètoume ìti to qwrÐo K èqei san sÔnorì tou mia leÐa apl  kleist 
kampÔlh γ : [a, b] → R2. Me autì ennooÔme ìti an γ(t) = (x(t), y(t)), tìte oi x′ kai y′ eÐnai
suneqeÐc kai epiplèon (x′(t), y′(t)) 6= (0, 0) gi� k�je t, to opoÐo exasfalÐzei ìti h kampÔlh èqei
se k�je shmeÐo efaptìmeno di�nusma to opoÐo metab�lletai me suneq  trìpo.

To m koc thc kampÔlhc γ dÐnetai apì thn

(3.4.8) P =

∫ b

a

√
[x′(t)]2 + [y′(t)]2 dt.

Ja orÐsoume pr¸ta mia nèa parametrikopoÐhsh thc kampÔlhc γ: JewroÔme thn apeikìnish s :
[a, b] → [0, P ] me

(3.4.9) s(t) =

∫ t

a

√
[x′(u)]2 + [y′(u)]2du.

H s eÐnai suneq c kai gnhsÐwc aÔxousa sun�rthsh tou t, sunep¸c orÐzetai h antÐstrof  thc
s−1 sto [0, P ] kai mporoÔme na jewr soume thn kampÔlh γ1 : [0, P ] → R2 me γ1(s) = γ(t) ìpou
s = s(t). Tìte, an x1(s) = x(t) kai y1(s) = y(t) èqoume

(3.4.10)
dx1

ds
=

dx

dt

dt

ds
=

x′(t)√
[x′(t)]2 + [y′(t)]2

kai

(3.4.11)
dy1

ds
=

dy

dt

dt

ds
=

y′(t)√
[x′(t)]2 + [y′(t)]2

.

Apì tic parap�nw sqèseic blèpoume ìti h γ1 èqei thn idiìthta

(dx1/ds)2 + (dy1/ds)2 = 1

gi� k�je t. Eqoume dhlad  parametrikopoi sei thn kampÔlh wc proc m koc tìxou.

To embadìn tou qwrÐou K upologÐzetai me th bo jeia tou jewr matoc tou Green: JewroÔme
tic sunart seic Q(x, y) = x kai P (x, y) = −y. An me γ1 sumbolÐsoume kai thn eikìna thc
kampÔlhc γ1 (to sÔnoro dhlad  tou K), tìte

(3.4.12)

∫
γ1

Pdx + Qdy =

∫
K

(
∂Q

∂x
− ∂P

∂y

)
dxdy,
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kai gia tic sugkekrimènec P kai Q paÐrnoume

(3.4.13) A(K) =
1

2

∫
γ1

xdy − ydx.

'Epetai ìti

(3.4.14) A(K) =
1

2

∫ P

0

[x1(s)y
′
1(s)− y1(s)x

′
1(s)]ds

kai me olokl rwsh kat� par�gontec paÐrnoume

(3.4.15) A(K) =

∫ P

0

x1(s)y
′
1(s)ds.

Ja k�noume akìma mia allag  metablht c: jètoume 2πs = Pθ, opìte θ ∈ [0, 2π] kai an γ2(θ) =
γ1(s) = (x2(θ), y2(θ)), èqoume

(3.4.16) [x′2(θ)]
2 + [y′2(θ)]

2 =
P 2

4π2

gia k�je θ, kai

(3.4.17) A(K) =

∫ 2π

0

x2(θ)y
′
2(θ)dθ.

Apìdeixh tou jewr matoc. MporoÔme na upojèsoume ìti to sÔnoro tou K eÐnai h eikìna miac
kampÔlhc γ2 : [0, 2π] → R2 h opoÐa ikanopoieÐ tic (3.9) kai (3.10).

Oi sunart seic x2(θ) kai y2(θ) eÐnai suneqeÐc �ra èqoun seirèc Fourier, kai epeid  eÐnai kai
paragwgÐsimec oi seirèc Fourier touc sugklÐnoun se autèc:

(3.4.18) x2(θ) =
a0

2
+

∞∑
k=1

(ak cos kθ + bk sin kθ)

kai

(3.4.19) y2(θ) =
c0

2
+

∞∑
k=1

(ck cos kθ + dk sin kθ) .

Epeid  oi x′2 kai y′2 eÐnai suneqeÐc, èqoun seirèc Fourier

(3.4.20) x′2(θ) ∼
∞∑

k=1

(kbk cos kθ − kak sin kθ)

kai

(3.4.21) y′2(θ) ∼
∞∑

k=1

(kdk cos kθ − kck sin kθ) .

H tautìthta tou Parseval mac dÐnei

(3.4.22)

∫ 2π

0

[x′2(θ)]
2dθ = π

∞∑
k=1

k2(a2
k + b2

k)
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kai

(3.4.23)

∫ 2π

0

[y′2(θ)]
2dθ = π

∞∑
k=1

k2(c2
k + d2

k).

Sundu�zontac me thn (3.9) paÐrnoume

(3.4.24) P 2(K) = 2π2
∞∑

k=1

k2(a2
k + b2

k + c2
k + d2

k).

Apì thn �llh pleur�, h (3.10) mac dÐnei

(3.4.25) A(K) =

∫ 2π

0

x2(θ)y
′
2(θ)dθ = π

∞∑
k=1

k(akdk − bkck).

Afair¸ntac paÐrnoume:

(3.4.26) P 2 − 4πA = 2π2
∞∑

k=1

(
k2(a2

k + b2
k + c2

k + d2
k)− 2k(akdk − bkck)

)

= 2π2
∞∑

k=1

k[(ak − dk)2 + (bk + ck)2] + 2π2
∞∑

k=2

(k2 − k)
(
a2

k + b2
k + c2

k + d2
k

)
≥ 0.

H anisìthta loipìn isqÔei kai mènei na exet�soume pìte mporeÐ na isqÔei isìthta. Apì thn
(3.4.26) eÐnai fanerì ìti gi� k ≥ 2 prèpei na èqoume ak = bk = ck = dk = 0 (afoÔ k2− k > 0 an
k ≥ 2). Epiplèon, to pr¸to apì ta dÔo ajroÐsmata prèpei na mhdenÐzetai ki autì, �ra a1 = d1

kai b1 = −c1. Dhlad ,

x2(θ) =
a0

2
+ a1 cos θ + b1 sin θ

kai
y2(θ) =

c0

2
− b1 cos θ + a1 sin θ.

'Enac aplìc upologismìc deÐqnei ìti

(3.4.27)
(
x2(θ)−

a0

2

)2

+
(
y2(θ)−

c0

2

)2

= a2
1 + b2

1,

dhlad  h kampÔlh γ2 perigr�fei kÔklo, kai to K eÐnai dÐskoc. 2

3.5 Ask seic
1. 'Estw K kurtì s¸ma ston Rn. Gia k�je r ∈ N, jewroÔme to plègma (1/r)Zn. SumbolÐzoume
me Nr ton plhj�rijmo tou sunìlou K ∩ (1/r)Zn. DeÐxte ìti

lim
r→∞

|K|
Nr(1/r)n

= 1.

2. (Mordell) 'Estw m ∈ N kai èstw K èna kurtì s¸ma ston Rn me |K| > m. Tìte, up�rqei
z ∈ Rn ¸ste to K + z na perièqei toul�qiston m + 1 diakekrimèna akèraia shmeÐa.
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3. (van der Corput) 'Estw m ∈ N, kai K èna anoiktì kai fragmèno, summetrikì wc proc to 0,
kurtì uposÔnolo tou Rn, me ìgko |K| > 2nm. Tìte, to K perièqei toul�qiston m zeug�ria
akeraÐwn shmeÐwn ±uj 6= 0.

Upìdeixh. Qrhsimopoi ste to L mma tou Mordell.

4. (Mahler) 'Estw K kurtì s¸ma ston Rn, to opoÐo perièqei to 0 sto eswterikì tou. O
suntelest c asummetrÐac tou K wc proc to 0 eÐnai o mikrìteroc σ = σ(K) > 0 gia ton opoÐo

x ∈ K =⇒ −x ∈ σK.

DeÐxte ìti: an |K| > (1 + σ(K))n, tìte K ∩ (Zn \ {0}) 6= ∅.

5. ApodeÐxte leptomer¸c to Je¸rhma 3.2.3.

6. DeÐxte ìti oi parak�tw prot�seic eÐnai isodÔnamec:

(i) Gia k�je elleiyoeidèc E me ìgko |E| > n+2
2

2n/2 isqÔei E ∩ (Zn \ {0}) 6= ∅
(ii) Gia k�je plègma Λ = T (Zn) ston Rn (ìpou T ∈ GL(n)) me |Bn

2 | > n+2
2
|det T | isqÔei

Bn
2 ∩ (Λ \ {0}) 6= ∅.

7* (Pick) 'Estw K kurtì polÔgwno me korufèc shmeÐa tou Z2. DeÐxte ìti to pl joc twn
shmeÐwn tou K ∩ Z2 eÐnai Ðso me

A(K) +
|Z2 ∩ bd(K)|

2
+ 1,

ìpou A(K) to embadìn tou K kai bd(K) to sÔnoro tou K.

'Estw K summetrikì kurtì s¸ma ston Rn. 'Ena plègma Λ = T (Zn), ìpou T ∈ GL(n), lègetai
apodektì gia to K, an to mìno shmeÐo tou Λ pou an kei sto eswterikì tou K eÐnai to 0.

An Λ = T (Zn) ìpou T ∈ GL(n), orÐzoume det Λ = |det T |. H krÐsimh orÐzousa ∆(K) tou

K eÐnai to inf(det Λ), ìpou to infimum paÐrnetai p�nw apì ìla ta plègmata Λ pou eÐnai apodekt�

gia to K.

8. DeÐxte ìti:

(i) An K ⊆ W , tìte ∆(K) ≤ ∆(W ).

(ii) Gia k�je t > 0, ∆(tK) = tn∆(K).

(iii) An T ∈ GL(n), tìte ∆(T (K)) = |det T |∆(K).

9. DeÐxte ìti, gia k�je summetrikì kurtì s¸ma K ston Rn isqÔei

∆(K) ≥ 2−n|K|.

10. SumbolÐzoume me En thn kl�sh ìlwn twn elleiyoeid¸n tou Rn pou den perièqoun sto
eswterikì touc kanèna shmeÐo tou Zn\{0} kai orÐzoume

αn = sup{|E| : E ∈ En}.
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DeÐxte ìti
∆(Bn

2 )αn = ωn.

Mia oikogèneia P = {xi + rBn
2 : i ∈ I} apì mp�lec aktÐnac r > 0, lègetai packing an oi

xi + rBn
2 èqoun xèna eswterik�. OrÐzoume �nw kai k�tw puknìthta tou P wc ex c: gia k�je

R > 0, jewroÔme thn RBn
2 , kai tic xi + rBn

2 oi opoÐec tèmnoun thn RBn
2 . An N(R) eÐnai to

pl joc twn stoiqeÐwn tou {i ∈ I : (xi + rBn
2 ) ∩ (RBn

2 ) 6= ∅}, orÐzoume

δ(P ) = lim sup
R→∞

N(R)ωnrn

ωnRn

kai

δ(P ) = lim inf
R→∞

N(R)ωnrn

ωnRn
.

Oi arijmoÐ δ(P ) kai δ(P ) eÐnai h �nw kai k�tw puknìthta tou P , antÐstoiqa. An δ(P ) = δ(P ),
tìte aut  h koin  tim  eÐnai h puknìthta δ(P ) tou P .

'Estw Λ èna plègma ston Rn. 'Ena packing me kèntra sto Λ eÐnai èna packing thc morf c

P = {x + rBn
2 : x ∈ Λ}.

11. 'Estw P = {x + rBn
2 : x ∈ Λ} èna packing me kèntra sto plègma Λ. DeÐxte ìti

δ(P ) =
ωnrn

det Λ
.

12. OrÐzoume δn to supremum twn δ(P ), ìpou P packing me mp�lec aktÐnac 1 kai kèntra se
k�poio plègma Λ tou Rn. DeÐxte ìti αn = 2nδn.



Kef�laio 4

UperepÐpeda st rixhc kai

diaqwristik� jewr mata

4.1 Afinik  j kh kai afinik  di�stash
Orismìc 4.1.1 (afinikìc sunduasmìc). 'Estw x0, x1, . . . , xk ∈ Rn. To x ∈ Rn

lègetai afinikìc sunduasmìc twn x0, x1, . . . , xk an

(4.1.1) x = t0x0 + t1x1 + · · ·+ tkxk

gia k�poiouc ti ∈ R me t0 + t1 + · · ·+ tk = 1.

Orismìc 4.1.2 (afinik  j kh). 'Estw S mh kenì uposÔnolo tou Rn. H afinik  j kh
aff(S) tou S eÐnai to sÔnolo ìlwn twn afinik¸n sunduasm¸n shmeÐwn tou S. Dhlad ,

aff(S) = {x = t0x0 + t1x1 + · · ·+ tkxk : k ≥ 0, ti ∈ R, t0 + t1 + · · ·+ tk = 1}.

L mma 4.1.3. 'Estw S mh kenì uposÔnolo tou Rn me 0 ∈ S. Tìte, h aff(S) eÐnai
grammikìc upìqwroc tou Rn.

Apìdeixh. 'Estw x, y ∈ aff(S). Tìte, up�rqoun x0, x1, . . . , xk ∈ S kai t0, t1, . . . , tk ∈ R
me t1 + · · ·+ tk = 1 ¸ste

(4.1.2) x = t0x0 + t1x1 + · · ·+ tkxk.

OmoÐwc,

(4.1.3) y = s0y0 + s1y1 + · · ·+ smym,

ìpou yi ∈ S kai si ∈ R me s0 + s1 + · · ·+ sm = 1. MporoÔme na gr�youme

(4.1.4) x+ y = t0x0 + t1x1 + · · ·+ tkxk + s0y0 + s1y1 + · · ·+ smym + (−1)0,
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ìpou 0, x0, x1, . . . , xk, y0, y1, . . . , ym ∈ S kai −1+
∑

i ti +
∑

j yj = 1. 'Ara, x+y ∈ aff(S).
ParathroÔme epÐshc ìti, an λ ∈ R kai x ∈ aff(S) tìte x = t0x0 + t1x1 + · · ·+ tkxk me

ti ∈ R, t0 + t1 + . . .+ tk = 1 kai xi ∈ S, opìte

(4.1.5) λx = (λt0)x0 + (λt1)x1 + · · ·+ (λtk)xk + (1− λ)0,

ìpou 0, x0, x1, . . . , xk ∈ S kai (1− λ) +
∑

i λti = 1. Dhlad , λx ∈ aff(S).
Apì ta parap�nw sumperaÐnoume ìti h aff(S) eÐnai grammikìc upìqwroc tou Rn. 2

L mma 4.1.4. 'Estw S mh kenì uposÔnolo tou Rn kai z ∈ Rn. Tìte,

(4.1.6) aff(S)− z = aff(S − z).

Apìdeixh. 'Estw x ∈ aff(S). Tìte, to x gr�fetai sth morf  x =
∑k

i=0 tixi me
∑k

i=0 ti =
1. 'Ara,

(4.1.7) x− z =
k∑

i=0

tixi − z =
k∑

i=0

tixi −
k∑

i=0

tiz =
k∑

i=0

ti(xi − z) ∈ aff(S − z).

'Etsi, èqoume ìti

(4.1.8) aff(S)− z ⊆ aff(S − z).

O antÐstrofoc egkleismìc apodeiknÔetai parìmoia. 2

L mma 4.1.5. 'Estw S mh kenì uposÔnolo tou Rn. Tìte gia k�je x ∈ S up�rqei
upìqwroc F tou Rn ¸ste aff(S) = x+ F .

Apìdeixh. 'Estw x ∈ S. Tìte aff(S)− x = aff(S − x), �ra

(4.1.9) aff(S) = x+ aff(S − x)

kai o F = aff(S − x) eÐnai grammikìc upìqwroc tou Rn apì to L mma 4.1.3, diìti 0 ∈
S − x. 2

Prìtash 4.1.6. 'Estw S mh kenì uposÔnolo tou Rn. Tìte, up�rqei monadikìc upìqwroc
F tou Rn me thn idiìthta

(4.1.10) aff(S) = x+ F

gia k�poio x ∈ Rn.

Apìdeixh. Apì to prohgoÔmeno l mma, an jewr soume tuqìn x ∈ S tìte aff(S) =
x+ aff(S − x) kai o F = aff(S − x) eÐnai upìqwroc tou Rn.

ParathroÔme epÐshc ìti: an aff(S) = x + F gia k�poion upìqwro tou Rn tìte x ∈
x+ F = aff(S).
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Upojètoume loipon ìti

(4.1.11) aff(S) = x1 + F1 = x2 + F2

gia k�poiouc upìqwrouc F1, F2 tou Rn kai k�poia x1, x2 ∈ aff(S) kai ja deÐxoume ìti
F1 = F2. IsodÔnama, arkeÐ na deÐxoume ìti

(4.1.12) aff(S − x1) = aff(S − x2).

Lìgw summetrÐac, arkeÐ na deÐxoume ton egkleismì aff(S − x1) ⊆ aff(S − x2). 'Estw
z ∈ aff(S − x1). Tìte,

(4.1.13) z =
k∑

i=0

ti(si − x1) =
k∑

i=0

ti(si − x2) + (−1)(x1 − x2) ∈ aff(S − x2),

diìti o aff(S − x2) eÐnai upìqwroc tou Rn kai x1 − x2 ∈ aff(S − x2). 'Ara, aff(S − x1) ⊆
aff(S − x2). 2

Orismìc 4.1.7 (afinik  di�stash). 'Estw S mh kenì uposÔnolo tou Rn. EÐdame ìti
aff(S) = x + F gia k�poion monos manta orismèno upìqwro F tou Rn. H di�stash tou
F lègetai afinik  di�stash tou S.

Orismìc 4.1.8 (afinik  anexarthsÐa). Ta x0, x1, . . . , xk ∈ Rn lègontai afinik�
exarthmèna an k�poio apì aut� eÐnai afinikìc sunduasmìc twn upoloÐpwn. Se antÐjeth
perÐptwsh, lègontai afinik� anex�rthta.

L mma 4.1.9. 'Estw x0, x1, . . . , xk ∈ Rn. Ta akìlouja eÐnai isodÔnama:

(i) Ta x0, x1, . . . , xk eÐnai afinik� exarthmèna.

(ii) Up�rqoun t0, t1, . . . , tk ∈ R, ìqi ìloi Ðsoi me mhdèn, ¸ste

t0 + t1 + · · ·+ tk = 0 kai t0x0 + t1x1 + · · ·+ tkxk = 0.

(iii) Up�rqei i ∈ {0, 1, . . . , k} ¸ste ta xj − xi, j 6= i, na eÐnai grammik� exarthmèna.

Apìdeixh. Upojètoume pr¸ta to (i). K�poio apì ta xi eÐnai afinikìc sunduasmìc twn
upoloÐpwn. QwrÐc periorismì thc genikìthtac upojètoume ìti x0 = t1x1 + · · ·+ tkxk gia

k�poiouc ti ∈ R me
∑k

i=1 ti = 1. Jètontac t0 = −1 èqoume

t0 + t1 + · · ·+ tk = 0 kai t0x0 + t1x1 + · · ·+ tkxk = 0.

AfoÔ t0 6= 0, isqÔei to (ii).
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Upojètoume t¸ra to (ii). An upojèsoume ìti ti 6= 0, tìte ti = −
∑

j 6=i tj kai autì
deÐqnei ìti tj 6= 0 gia toul�qiston èna j0 6= i. Gr�foume

∑
j 6=i

tj(xj − xi) =
∑
j 6=i

tjxj +

−∑
j 6=i

tj

xi =
∑
j 6=i

tjxj + tixi =
k∑

j=0

tjxj = 0.

AfoÔ tj0 6= 0, ta xj − xi, j 6= i eÐnai grammik� exarthmèna, dhlad  isqÔei to (iii).
Tèloc, upojètoume ìti isqÔei to (iii). Up�rqoun i ∈ {0, 1, . . . , k} kai tj , j 6= i, ìqi

ìloi mhdèn, ¸ste
∑

j 6=i tj(xj − xi) = 0. Tìte,

(4.1.14)
∑
j 6=i

tjxj +

−∑
j 6=i

tj

xi = 0,

dhlad  up�rqoun s0, s1, . . . , sk ìqi ìloi mhdèn, ¸ste
∑k

j=0 sj = 0 kai
∑k

j=0 sjxj = 0.
QwrÐc periorismì thc genikìthtac upojètoume ìti s0 6= 0, kai tìte,

(4.1.15) x0 =
k∑

j=1

(
−sj

s0

)
xj .

AfoÔ
∑k

j=1 sj = −s0, èpetai ìti to x0 eÐnai afinikìc sunduasmìc twn x1, . . . , xk. Dhlad ,
ta x0, x1, . . . , xk eÐnai afinik� exarthmèna. 2

Prìtash 4.1.10. 'Estw S mh kenì uposÔnolo tou Rn kai èstw k ≥ 0. To S èqei afinik 
di�stash m ≥ k an kai mìnon an up�rqoun x0, x1, . . . , xk ∈ S ¸ste ta x1−x0, . . . , xk−x0

na eÐnai grammik� anex�rthta.

Apìdeixh. 'Estw ìti to S èqei afinik  di�stash m ≥ k. Tìte, up�rqoun x0 ∈ S kai
upìqwroc F tou Rn me dimF = m ¸ste aff(S) = x0 + F , ìpou F = aff(S − x0).
ParathroÔme ìti F = aff(S − x0) = span(S − x0). O F eÐnai upìqwroc kai perièqei to
S − x0, �ra F ⊇ span(S − x0). Apì thn �llh pleur�, k�je stoiqeÐo tou F eÐnai afinikìc
sunduasmìc stoiqeÐwn tou S − x0, dhlad  grammikìc sunduasmìc stoiqeÐwn tou S − x0.

Sunep¸c, dim(span(S − x0)) = m. 'Epetai ìti to S − x0 perièqei m ≥ k grammik�
anex�rthta dianÔsmata. All� tìte, up�rqoun x0, x1, . . . , xk ∈ S ¸ste ta x0−x1, . . . , x0−
xk na eÐnai grammik� anex�rthta.

AntÐstrofa, upojètoume ìti up�rqoun x0, . . . , xk ∈ S ¸ste ta x0 − x1, . . . , x0 − xk

na eÐnai grammik� anex�rthta. AfoÔ o F = aff(S − x0) perièqei ta x0 − x1, . . . , x0 − xk,
isqÔei dimF ≥ k. Dhlad  h afinik  di�stash tou S eÐnai dimF ≥ k. 2

Pìrisma 4.1.11. 'Estw S mh kenì uposÔnolo tou Rn kai èstw k ≥ 0. To S èqei
afinik  di�stash k an kai mìnon an up�rqoun k+ 1 afinik� anex�rthta shmeÐa tou S kai
opoiad pote k + 2 shmeÐa tou S eÐnai afinik� exarthmèna. 2
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Pìrisma 4.1.12. 'Estw S mh kenì uposÔnolo tou Rn kai èstw k ≥ 0. An to S èqei
afinik  di�stash k kai x0, x1, . . . , xk eÐnai afinik� anex�rthta shmeÐa tou S, tìte k�je
x ∈ aff(S) gr�fetai monos manta wc afinikìc sunduasmìc twn x0, x1, . . . , xk.

Apìdeixh. Apì ta prohgoÔmena, an x0 ∈ S tìte o F = aff(S − x0) eÐnai upìqwroc
di�stashc k kai èqei b�sh {x1− x0, . . . , xk − x0}, ìpou x1, . . . , xk ∈ S. Ta x0, x1, . . . , xk

eÐnai afinik� anex�rthta. 'Estw x ∈ aff(S). Tìte, x−x0 = t1(x1−x0)+ · · ·+ tk(xk−x0)
�ra

(4.1.16) x = (1− t1 − · · · − tk)x0 + t1x1 + · · ·+ tkxk,

dhlad  to x gr�fetai wc afinikìc sunduasmìc twn x0, . . . , xk.
Gia to monos manto upojètoume ìti

(4.1.17) t0x0 + · · ·+ tkxk = s0x0 + · · ·+ skxk,

ìpou s0 + · · ·+ sk = t0 + · · ·+ tk = 1. Tìte,

(4.1.18) (t0 − s0)x0 + · · ·+ (tk − sk)xk = 0 kai
k∑

i=0

(ti − si) = 0.

AfoÔ ta x0, x1, . . . , xk eÐnai afinik� anex�rthta, to L mma 4.1.9(ii) deÐqnei ìti ti = si,
i = 0, 1, . . . , k. 2

Orismìc 4.1.13 (barukentrikèc suntetagmènec). 'Estw S mh kenì uposÔnolo tou
Rn me afinik  di�stash k kai èstw x0, x1, . . . , xk afinik� anex�rthta shmeÐa tou S. An
x = t0x1 + · · · + tkxk ∈ aff(S), tìte oi monos manta orismènoi pragmatikoÐ arijmoÐ
t0, t1, . . . , tk eÐnai oi barukentrikèc suntetagmènec tou x wc proc to {x0, . . . , xk}.

4.2 Topologikèc idiìthtec kurt¸n sunìlwn
Orismìc 4.2.1 (sqetikì eswterikì kai sÔnoro). 'Estw C mh kenì kurtì uposÔnolo
tou Rn. To sqetikì eswterikì ri(C) tou C eÐnai to eswterikì tou C wc proc thn afinik 
tou j kh aff(C). Dhlad , x ∈ ri(C) an up�rqei δ > 0 ¸ste

(4.2.1) B(x, δ) ∩ aff(C) ⊆ C.

To sqetikì sÔnoro tou C eÐnai to sÔnolo

(4.2.2) rb(C) = C \ ri(C).

Dhlad , to sÔnoro tou C wc proc thn afinik  tou j kh aff(C) (parathr ste ìti h kleist 
j kh tou C wc proc thn aff(C) sumpÐptei me to C, diìti h aff(C) eÐnai kleistì sÔnolo).
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Orismìc 4.2.2 (simplex). 'Estw x0, x1, . . . , xk afinik� anex�rthta dianÔsmata ston
Rn. H kurt  touc j kh

(4.2.3) conv({x0, x1, . . . , xk})

lègetai k�simplex.

Prìtash 4.2.3. 'Estw 1 ≤ k ≤ n kai S = conv({x0, x1, . . . , xk}) èna k�simplex ston
Rn. Tìte,

(4.2.4) ri(S) = {t0x1 + t1x1 + · · ·+ tkxk : 0 < ti < 1, t0 + t1 + · · ·+ tk = 1}.

Eidikìtera, ri(S) 6= ∅.

Apìdeixh. Metafèrontac an qreiasteÐ to S, mporoÔme na upojèsoume ìti x0 = 0 kai,
afoÔ exet�zoume to sqetikì eswterikì tou S, mporoÔme epÐshc na upojèsoume ìti k = n.
Me autèc tic upojèseic, èqoume

(4.2.5) S =

{
n∑

i=1

tixi : 0 ≤ ti ≤ 1,
n∑

i=1

ti ≤ 1

}

kai ja deÐxoume ìti

(4.2.6) int(S) ⊇ V =

{
n∑

i=1

tixi : 0 < ti < 1,
n∑

i=1

ti < 1

}
,

opìte, eidikìtera, int(S) 6= ∅.
JewroÔme th sun�rthsh f : Rn → Rn pou orÐzetai wc ex c: ta x1, . . . , xn eÐnai

grammik� anex�rthta, �ra, k�je x ∈ Rn gr�fetai monos manta sth morf  x =
∑n

i=1 tixi,
kai tìte orÐzoume

(4.2.7) f(x) = f(t1x1 + · · ·+ tnxn) = (t1, . . . , tn).

AfoÔ k�je ti ekfr�zetai sunart sei twn suntetagmènwn twn xi, x (lÔnoume to sÔsthma
t1x1 + · · ·+ tnxn = x wc proc ti), eÔkola elègqoume ìti h f eÐnai suneq c. ParathroÔme
ìti to sÔnolo

(4.2.8) B =

{
(t1, . . . , tn) : 0 < ti < 1,

n∑
i=1

ti < 1

}

eÐnai anoiktì uposÔnolo tou Rn. Apì ton orismì thc f èqoume f−1(B) ⊆ S. To sÔnolo
V = f−1(B) eÐnai mh kenì kai anoiktì, diìti h f eÐnai suneq c. 'Ara, int(S) ⊇ V . 2

Je¸rhma 4.2.4. 'Estw C mh kenì kurtì uposÔnolo tou Rn. Tìte, ri(C) 6= ∅.
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Apìdeixh. 'Estw k h afinik  di�stash tou C. Tìte, up�rqoun x0, x1, . . . , xk ∈ C ¸ste to
S = conv({x0, x1, . . . , xk}) na eÐnai k�simplex. Apì thn Prìtash 4.2.3 up�rqei x ∈ ri(S).
'Omwc, S ⊆ C kai aff(S) = aff(C). 'Ara, x ∈ ri(C). Dhlad , ri(C) 6= ∅. 2

Je¸rhma 4.2.5. 'Estw C kurtì uposÔnolo tou Rn. Tìte,

(4.2.9) C = AC := {x ∈ Rn : up�rqei y ∈ C ¸ste (x, y] ⊆ C}

kai
(4.2.10)
int(C) = BC := {x ∈ Rn : gia k�je y ∈ Rn me y 6= x, up�rqei z ∈ (x, y) ¸ste [x, z] ⊆ C}.

Gia thn apìdeixh ja qrhsimopoi soume to ex c l mma:

L mma 4.2.6. 'Estw C kurtì uposÔnolo tou Rn. An x ∈ C kai y ∈ int(C), tìte
[y, x) ⊆ ri(C).

Apìdeixh. MporoÔme na upojèsoume ìti dim(C) = n. 'Estw x ∈ C kai y ∈ ri(C).
JewroÔme tuqìn z ∈ (y, x). Dhlad , z = (1− t)x+ ty gia k�poio t ∈ (0, 1). Gr�foume

(4.2.11) y =
1
t

(
z − (1− t)x

)
.

AfoÔ x ∈ C, up�rqei akoloujÐa (xk) sto C ¸ste xk → x. OrÐzoume

(4.2.12) yk =
1
t

(
z − (1− t)xk

)
.

Tìte, yk → y. AfoÔ y ∈ int(C), up�rqei δ > 0 ¸ste B(y, δ) ⊆ C. Tìte, up�rqei k0 ∈ N
¸ste yk ∈ B(y, δ) gia k�je k ≥ k0. StajeropoioÔme èna k ≥ k0 kai brÐskoume δ1 > 0
¸ste B(yk, δ1) ⊆ B(y, δ) ⊆ C. Tìte, to sÔnolo tB(yk, δ1) + (1− t)xk eÐnai anoiktì kai,
apì thn kurtìthta tou C kai to gegonìc ìti xk ∈ C,

(4.2.13) tB(yk, δ1) + (1− t)xk ⊆ tC + (1− t)C = C.

Sunep¸c, z = tyk + (1− t)xk ∈ C. 'Epetai ìti [y, x) ⊆ C. 2

Apìdeixh tou jewr matoc 4.2.5. MporoÔme na upojèsoume ìti C 6= ∅ kai, sth sunèqeia,
na upojèsoume ìti dim(C) = n.

An x ∈ AC tìte eÐnai fanerì ìti x ∈ C: afoÔ (x, y] ⊆ C gia k�poio y ∈ C, h akoloujÐa
yk =

(
1− 1

k

)
x + 1

ky perièqetai sto C kai sugklÐnei sto x. AntÐstrofa, èstw x ∈ C.
Apì to Je¸rhma 4.2.4 up�rqei y ∈ int(C) kai apì to L mma 4.2.6 èqoume [y, x) ⊆ C.

O deÔteroc isqurismìc isqÔei tetrimmèna an dim(C) < n, afoÔ se aut  thn perÐptwsh
ta dÔo sÔnola thc isìthtac eÐnai ken� (exhg ste giatÐ). Upojètoume loipìn ìti dim(C) =
n. An x ∈ int(C) tìte up�rqei δ > 0 ¸ste B(x, δ) ⊆ C. Tìte, gia k�je y ∈ Rn me y 6= x
èqoume [x, z] ⊆ C, ìpou

(4.2.14) z = x+
δ

2
y − x

‖y − x‖2
.
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Sunep¸c, x ∈ BC . Autì apodeiknÔei ìti int(C) ⊆ BC . AntÐstrofa, èstw x ∈ BC .
JewroÔme y ∈ int(C). MporoÔme na upojèsoume ìti y 6= x (alli¸c, amèswc èqoume
x = y ∈ int(C)). Efarmìzontac ton orismì tou BC gia to y′ = x + (x − y) brÐskoume
z ∈ (x, y′) ¸ste [x, z] ⊆ C. Apì to L mma 4.2.6 èqoume [y, z) ⊆ int(C). 'Omwc, x ∈ (y, z).
Sunep¸c, x ∈ int(C). Dhlad , BC ⊆ int(C). 2

Prìtash 4.2.7. 'Estw C kurtì uposÔnolo tou Rn. Ta sÔnola ri(C) kai C eÐnai kurt�.

Apìdeixh. (a) 'Estw x, y ∈ ri(C). Qrhsimopoi¸ntac to L mma 4.2.6 gia ta x ∈ ri(C) ⊆ C
kai y ∈ ri(C), sumperaÐnoume ìti (x, y) ⊆ ri(C). 'Epetai ìti [x, y] ⊆ ri(C) kai autì
apodeiknÔei ìti to ri(C) eÐnai kurtì.
(b) 'Estw x, y ∈ C kai t ∈ (0, 1). Up�rqoun akoloujÐec (xm), (ym) sto C ¸ste xm → x
kai ym → y. Tìte, zm := (1 − t)xm + tym → (1 − t)x + ty. Apì thn kurtìthta tou C
èqoume zm ∈ C gia k�je m, �ra (1− t)x+ ty ∈ C. 2

Prìtash 4.2.8. 'Estw C kurtì uposÔnolo tou Rn. Tìte,

(4.2.15) C = ri(C)

kai

(4.2.16) ri(C) = ri(C).

Apìdeixh. (a) Apì thn ri(C) ⊆ C paÐrnoume ri(C) ⊆ C. 'Estw x ∈ C. JewroÔme
k�poio y ∈ ri(C). Apì to L mma 4.2.6 èqoume [y, x) ⊆ ri(C). Tìte, eÐnai fanerì ìti
x ∈ [y, x) ⊆ ri(C). Autì apodeiknÔei ton antÐstrofo egkleismì.

(b) AfoÔ C ⊆ C kai aff(C) = aff(C), èqoume ri(C) ⊆ ri(C). AntÐstrofa, èstw x ∈ ri(C).
JewroÔme k�poio y ∈ ri(C). An y = x èqoume x = y ∈ ri(C). 'Estw ìti y 6= x. Tìte,
paÐrnontac y1 = 2x−y 6= y kai efarmìzontac to Je¸rhma 4.2.5 gia to C, brÐskoume z ∈ C
¸ste x ∈ (y, z). 'Omwc, [y, z) ⊆ ri(C) apì to L mma 4.2.6. 'Ara, x ∈ ri(C). Dhl�d , an
x ∈ ri(C) tìte x ∈ ri(C). 2

4.3 Metrik  probol 
'Estw C èna mh kenì, kleistì kai kurtì uposÔnolo tou Rn. H metrik  probol  pC

apeikonÐzei k�je x ∈ Rn sto plhsièstero proc to x shmeÐo pC(x) tou C. H Ôparxh kai h
monadikìthta autoÔ tou shmeÐou apodeiknÔontai sthn epìmenh Prìtash.

Prìtash 4.3.1. 'Estw C mh kenì, kleistì kai kurtì uposÔnolo tou Rn. Gia k�je x ∈ Rn

up�rqei monadikì pC(x) ∈ C ¸ste

(4.3.1) ‖x− pC(x)‖2 ≤ ‖x− y‖2

gia k�je y ∈ C: dhlad , ‖x − pC(x)‖2 = d(x,C). H apeikìnish x 7→ pC(x) lègetai
metrik  probol  tou C.
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Apìdeixh. An x ∈ C jètoume pC(x) = x: eÐnai fanerì ìti eÐnai to monadikì shmeÐo tou C
pou ikanopoieÐ thn (4.3.1) gia k�je y ∈ C.

MporoÔme loipìn na upojèsoume ìti x /∈ C. Gia k�je m ∈ N mporoÔme na broÔme
ym ∈ C me thn idiìthta

(4.3.2) d(x,C) ≤ ‖x− ym‖2 < d(x,C) +
1
m
.

ParathroÔme ìti h akoloujÐa (ym) perièqetai sthn kleist  mp�la B(x, d(x,C) + 1) h
opoÐa eÐnai sumpag c. Sunep¸c, up�rqei upakoloujÐa (ykm) thc (ym) h opoÐa sugklÐnei
se k�poio y0 ∈ Rn. AfoÔ ykm

∈ C kai to C eÐnai kleistì, èqoume y0 ∈ C. Epiplèon, h
(4.3.2) deÐqnei ìti

(4.3.3) ‖x− y0‖2 = lim
m→∞

‖x− ykm
‖2 = d(x,C).

Gia th monadikìthta, ac upojèsoume ìti

(4.3.4) ‖x− y‖2 = ‖x− y0‖2 = d(x,C)

gia k�poio y ∈ C. Apì thn kurtìthta tou C èqoume y+y0
2 ∈ C. Qrhsimopoi¸ntac ton

kanìna tou parallhlogr�mmou gr�foume

4d2(x,C) = 2‖x− y‖22 + 2‖x− y0‖22
= ‖2x− (y + y0)‖22 + ‖y − y0‖22

= 4
∥∥∥∥x− y + y0

2

∥∥∥∥2

2

+ ‖y − y0‖22

≥ 4d2(x,C) + ‖y − y0‖22,

opìte ‖y − y0‖22 ≤ 0. Anagkastik�, y = y0. 2

To epìmeno L mma perigr�fei mia qr simh idiìthta tou plhsièsterou shmeÐou.

L mma 4.3.2. 'Estw C mh kenì, kleistì kai kurtì uposÔnolo tou Rn. Gia k�je x ∈ Rn

kai gia k�je y ∈ C èqoume

(4.3.5) 〈x− pC(x), y − pC(x)〉 ≤ 0.

Apìdeixh. MporoÔme na upojèsoume ìti y 6= pC(x). Gia k�je t ∈ (0, 1) èqoume pC(x) +
t(y − pC(x)) ∈ C, �ra

(4.3.6) ‖x− pC(x)‖22 ≤ ‖x− pC(x)− t(y − pC(x))‖22.

AnaptÔssontac, blèpoume ìti

(4.3.7) 2t〈x− pC(x), y − pC(x)〉 ≤ t2‖y − pC(x)‖22.

Diair¸ntac me t kai af nontac to t→ 0+ paÐrnoume thn (4.3.5). 2
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Je¸rhma 4.3.3 (Busemann-Feller, 1935). 'Estw C mh kenì, kleistì kai kurtì up-
osÔnolo tou Rn. H metrik  probol  pC : Rn → C eÐnai Lipschitz suneq c me stajer� 1.
Dhlad , an x, y ∈ Rn tìte

(4.3.8) ‖pC(x)− pC(y)‖2 ≤ ‖x− y‖2.

Apìdeixh. MporoÔme na upojèsoume ìti u = pC(x) 6= pC(y) = v. Apì to L mma 4.3.2
èqoume

(4.3.9) 〈x− u, v − u〉 ≤ 0 kai − 〈y − v, v − u〉 ≤ 0.

'Ara,

(4.3.10) 〈x− y + v − u, v − u〉 ≤ 0.

Qrhsimopoi¸ntac kai thn anisìthta Cauchy-Schwarz paÐrnoume

(4.3.11) ‖v − u‖22 ≤ 〈y − x, v − u〉 ≤ ‖y − x‖2‖v − u‖2.

AfoÔ u 6= v, èpetai ìti ‖pC(y)− pC(x)‖2 = ‖v − u‖2 ≤ ‖y − x‖2. 2

Orismìc 4.3.4. 'Estw C mh kenì, kleistì kai kurtì uposÔnolo tou Rn kai èstw x ∈
Rn \ C. Tìte, d(x,C) > 0. OrÐzoume

(4.3.12) uC(x) =
x− pC(x)
d(x,C)

.

Apì thn ‖x− pC(x)‖2 = d(x,C) blèpoume ìti ‖uC(x)‖2 = 1. Dhlad , uC(x) ∈ Sn−1: to
uC(x) eÐnai to monadiaÐo di�nusma me kateÔjunsh apì to pC(x) proc to x. SumbolÐzoume
me RC(x) thn hmieujeÐa pou xekin�ei apì to pC(x) kai dièrqetai apì to x:

(4.3.13) RC(x) = {pC(x) + tuC(x) : t ≥ 0}.

To epìmeno L mma deÐqnei ìti an x /∈ C tìte ìla ta shmeÐa pou an koun sthn hmieujeÐa
pou xekin�ei apì to pC(x) kai dièrqetai apì to x èqoun to Ðdio plhsièstero shmeÐo.

L mma 4.3.5. 'Estw C mh kenì, kleistì kai kurtì uposÔnolo tou Rn kai èstw x ∈ Rn\C.
An y ∈ RC(x) tìte pC(y) = pC(x).

Apìdeixh. AfoÔ y ∈ RC(x), èqoume y = pC(x) + t(x− pC(x)) gia k�poion t > 0. Apì to
L mma 4.3.2 èqoume

(4.3.14) 〈x− pC(x), pC(y)− pC(x)〉 ≤ 0

kai

(4.3.15) 〈y − pC(y), pC(x)− pC(y)〉 ≤ 0.
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Antikajist¸ntac to y = pC(x) + t(x− pC(x)) sthn (4.3.15) èqoume

(4.3.16) ‖pC(x)− pC(y)‖22 + t〈x− pC(x), pC(x)− pC(y)〉 ≤ 0.

Apì thn (4.3.14) èpetai ìti ‖pC(x)− pC(y)‖22 ≤ 0. Sunep¸c, pC(x) = pC(y). 2

'Estw C èna mh kenì, sumpagèc kurtì uposÔnolo tou Rn. SumbolÐzoume me bd(C) to
sÔnoro tou C. H epìmenh Prìtash èqei san sunèpeia ìti h metrik  probol  pC : Rn\C →
bd(C) eÐnai epÐ.

Prìtash 4.3.6. 'Estw C èna mh kenì, sumpagèc kurtì uposÔnolo tou Rn. Upojètoume
ìti to C perièqetai sthn anoikt  mp�la B(0, r) me kèntro to 0 kai aktÐna r. Tìte,

(4.3.17) pC(rSn−1) = bd(C).

Apìdeixh. O egkleismìc pC(rSn−1) ⊆ bd(C) eÐnai fanerìc: genik�, an x /∈ C tìte
pC(x) ∈ bd(C) (exhg ste giatÐ).

'Estw z ∈ bd(C). Gia k�je m ∈ N mporoÔme na broÔme xm ∈ B◦(0, r) \ C me

(4.3.18) ‖z − xm‖2 <
1
m
.

Apì to Je¸rhma 4.3.3 èqoume

(4.3.19) ‖z − pC(xm)‖2 = ‖pC(z)− pC(xm)‖2 ≤ ‖z − xm‖2 <
1
m
.

JewroÔme thn hmieujeÐa RC(xm). Aut  tèmnei thn rSn−1 se k�poio shmeÐo ym. Apì to
L mma 4.3.5 èqoume pC(ym) = pC(xm), �ra

(4.3.20) ‖z − pC(ym)‖2 <
1
m
.

H rSn−1 eÐnai sumpag c, �ra up�rqoun y ∈ rSn−1 kai upakoloujÐa (ykm
) thc (ym) ¸ste

ykm → y. Apì th sunèqeia thc metrik c probol c èqoume pC(y) = lim
m→∞

pC(ykm). 'Omwc,

h (4.3.20) deÐqnei ìti pC(ykm) → z.
Sunep¸c, z = pC(y) ∈ pC(rSn−1). 2

4.4 UperepÐpeda st rixhc kai diaqwristik� jewr mata
4.4aþ UperepÐpeda st rixhc

Orismìc 4.4.1. 'Estw H = H(u, α) = {x ∈ Rn : 〈x, u〉 = α}, ìpou u 6= 0 kai α ∈ R,
èna uperepÐpedo. JewroÔme touc kleistoÔc hmiq¸rouc

(4.4.1) H+ = {x ∈ Rn : 〈x, u〉 ≥ α} kai H− = {x ∈ Rn : 〈x, u〉 ≤ α}

pou orÐzei to H. An A eÐnai èna mh kenì uposÔnolo tou Rn, lème ìti to H sthrÐzei to A
sto x (  fèrei to A sto x) an



96 · UperepÐpeda st rixhs kai diaqwristik� jewr mata

(i) x ∈ A ∩H,

(ii) EÐte A ⊆ H+   A ⊆ H−.

An G eÐnai ènac kleistìc hmÐqwroc, lème ìti o G sthrÐzei to A an A ∩ bd(G) 6= ∅ kai
A ⊆ G. An o G = H− orÐzetai apì to uperepÐpedo H = H(u, α) kai sthrÐzei to A se
k�poio shmeÐo x, tìte lème ìti to u eÐnai èna exwterikì k�jeto di�nusma tou A sto x.

H melèth twn idiot twn thc metrik c probol c sthn §4.3 mac epitrèpei na apodeÐxoume
thn Ôparxh uperepipèdwn pou sthrÐzoun èna kleistì kurtì gn sio uposÔnolo tou q¸rou.

L mma 4.4.2. 'Estw C èna mh kenì, kleistì kai kurtì uposÔnolo tou Rn. An x ∈ Rn \C
tìte to uperepÐpedo pou pern�ei apì to pC(x) kai eÐnai k�jeto sto uC(x) sthrÐzei to C
sto shmeÐo pC(x).

Apìdeixh. To uperepÐpedo pou pern�ei apì to pC(x) kai eÐnai k�jeto sto uC(x) eÐnai to

(4.4.2) H = {y ∈ Rn : 〈y, uC(x)〉 = 〈pC(x), uC(x)〉}.

EÐnai fanerì ìti

(4.4.3) pC(x) ∈ C ∩H.

Epiplèon, an y ∈ C tìte to L mma 4.3.2 deÐqnei ìti

(4.4.4) 〈uC(x), y − pC(x)〉 ≤ 0 ⇒ 〈y, uC(x)〉 ≤ 〈pC(x), uC(x)〉.

Autì shmaÐnei ìti C ⊆ H−. Apì ton Orismì 4.4.1, to H− sthrÐzei to C sto shmeÐo
pC(x). 2

Je¸rhma 4.4.3. (a) 'Estw C èna mh kenì, kleistì kurtì uposÔnolo tou Rn. An y ∈
bd(C) tìte up�rqei uperepÐpedo pou sthrÐzei to C sto shmeÐo y.

(b) 'Estw C èna mh kenì, sumpagèc kurtì uposÔnolo tou Rn. Gia k�je u ∈ Sn−1 up�rqei
uperepÐpedo H(u) pou sthrÐzei to C kai èqei exwterikì k�jeto di�nusma to u.

Apìdeixh. (a) 'Estw y ∈ bd(C). Upojètoume pr¸ta ìti to C eÐnai fragmèno. Tìte,
up�rqei r > 0 ¸ste to C na perièqetai sthn anoikt  mp�la B(0, r) me kèntro to 0 kai
aktÐna r. Apì to L mma 4.3.6, up�rqei x ∈ rSn−1 me thn idiìthta pC(x) = y. Apì to
L mma 4.4.2 up�rqei uperepÐpedo pou sthrÐzei to C sto shmeÐo y.

'Estw t¸ra ìti to C den eÐnai fragmèno. To sÔnolo C ∩ B(y, 1) (ìpou B(y, 1) eÐnai
h kleist  mp�la me kèntro to y kai aktÐna 1) eÐnai mh kenì, sumpagèc kai kurtì. AfoÔ
y ∈ bd(C) èqoume y ∈ bd(C ∩B(y, 1)) (exhg ste giatÐ). 'Ara, up�rqei uperepÐpedo H to
opoÐo sthrÐzei to C ∩B(y, 1) sto shmeÐo y. MporoÔme na upojèsoume ìti

(4.4.5) C ∩B(y, 1) ⊆ H−.
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An den isqÔei h C ⊆ H−, tìte up�rqei z ∈ C \ H−. Apì thn kurtìthta tou C èqoume
[y, z] ⊆ C. 'Omwc, to z an kei sto sumpl rwma tou H−, �ra to (y, z]∩B(y, 1) den mporeÐ
na perièqetai sto H−, �topo.

(b) 'Estw u ∈ Sn−1. H sun�rthsh y 7→ 〈y, u〉 eÐnai suneq c. AfoÔ to C eÐnai sumpagèc,
up�rqei y0 ∈ C ¸ste

(4.4.6) 〈y0, u〉 = max{〈y, u〉 : y ∈ C}.

Jètoume

(4.4.7) H = {y ∈ Rn : 〈y, u〉 = 〈y0, u〉}.

Tìte, C ⊆ H− kai y0 ∈ C∩H. 'Ara, to H sthrÐzei to C sto shmeÐo y0 kai èqei exwterikì
k�jeto di�nusma to u. 2

To epìmeno je¸rhma deÐqnei ìti h idiìthta (a) tou Jewr matoc 4.4.3 qarakthrÐzei ta
kleist� kurt� sÔnola pou èqoun mh kenì eswterikì.

Je¸rhma 4.4.4. 'Estw C èna kleistì uposÔnolo tou Rn me mh kenì eswterikì. Upojè-
toume ìti gia k�je y ∈ bd(C) up�rqei uperepÐpedo pou sthrÐzei to C sto y. Tìte, to C
eÐnai kurtì.

Apìdeixh. Ac upojèsoume ìti to C den eÐnai kurtì. Tìte, up�rqoun x, y ∈ C kai z ∈ [x, y]
me z /∈ C. AfoÔ to C èqei mh kenì eswterikì, up�rqei w ∈ int(C) ¸ste ta x, y kai w na
mhn eÐnai suneujeiak�.

JewroÔme to eujÔgrammo tm ma [w, z]. AfoÔ z /∈ C, up�rqei u ∈ [w, z) to opoÐo
an kei sto sÔnoro tou C. Apì thn upìjesh, up�rqei uperepÐpedo H pou sthrÐzei to C
sto u. 'Eqoume w /∈ H, �ra h tom  tou H me to epÐpedo E pou orÐzoun ta x, y kai w
eÐnai mia eujeÐa ` pou pern�ei apì to u. AfoÔ to C perièqetai ston ènan apì touc dÔo
kleistoÔc hmiq¸rouc pou orÐzei to H, ta x, y kai w eÐnai sto èna apì ta dÔo hmiepÐpeda
tou E pou orÐzei h `. Autì eÐnai �topo, afoÔ h ` pern�ei apì to u to opoÐo eÐnai eswterikì
shmeÐo tou trig¸nou xyw. 2

4.4bþ Diaqwristik� jewr mata

Orismìc 4.4.5. (a) 'Estw H = H(u, α) = {x ∈ Rn : 〈x, u〉 = α}, ìpou u 6= 0 kai α ∈ R,
èna uperepÐpedo. An A,B eÐnai mh ken� uposÔnola tou Rn, lème ìti to H diaqwrÐzei ta
A kai B an A ⊆ H+ kai B ⊆ H−   A ⊆ H− kai B ⊆ H+.

(b) Lème ìti ta A kai B diaqwrÐzontai gn sia apì to H an A ⊆ H+ kai B ⊆ H−   A ⊆ H−
kai B ⊆ H+, ìpou H+ kai H− oi anoiktoÐ hmÐqwroi pou orÐzontai apì to H.

(g) Tèloc, lème ìti ta A kai B diaqwrÐzontai austhr� apì to H an up�rqei ε > 0 ¸ste
ta A kai B na diaqwrÐzontai tìso apì to H(u, α− ε) ìso kai apì to H(u, α+ ε).
(d) Lègontac ìti to A diaqwrÐzetai apì to shmeÐo x ennooÔme ìti ta sÔnola A kai {x}
diaqwrÐzontai.
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Je¸rhma 4.4.6. 'Estw C mh kenì kurtì uposÔnolo tou Rn kai èstw x /∈ C. Tìte, ta
C kai x kai diaqwrÐzontai.

An, epiplèon, upojèsoume ìti to C eÐnai kleistì, tìte ta C kai x diaqwrÐzontai austhr�.

Apìdeixh. Upojètoume pr¸ta ìti to C eÐnai kleistì. To uperepÐpedo H pou pern�ei
apì to pC(x) kai eÐnai k�jeto sto uC(x) sthrÐzei to C, �ra diaqwrÐzei ta C kai x. An

jewr soume to uperepÐpedo H1 pou pern�ei apì to pC(x)+x
2 kai eÐnai k�jeto sto uC(x),

autì diaqwrÐzei austhr� ta C kai x.
'Estw t¸ra ìti to C den eÐnai kleistì. An to x den an kei sthn kleist  j kh C tou

C, apì ton prohgoÔmeno isqurismì up�rqei uperepÐpedo pou diaqwrÐzei to kleistì kurtì
sÔnolo C apì to x. Autì to uperepÐpedo diaqwrÐzei ta C kai x. An x ∈ C \ C, tìte
x ∈ bd(C). Tìte, to Je¸rhma 4.4.3(a) deÐqnei ìti up�rqei uperepÐpedo H pou sthrÐzei to
C sto shmeÐo x. Autì to uperepÐpedo diaqwrÐzei ta C kai x. 2

'Ameso pìrisma tou Jewr matoc 4.4.6 eÐnai to ex c basikì apotèlesma.

Je¸rhma 4.4.7. K�je mh kenì, kleistì kai kurtì gn sio uposÔnolo tou Rn eÐnai h tom 
twn kleist¸n hmiq¸rwn pou to sthrÐzoun.

Apìdeixh. 'Estw C èna mh kenì, kleistì kai kurtì gn sio uposÔnolo tou Rn. Apì ton
orismì tou {hmiq¸rou st rixhc} eÐnai fanerì ìti

C ⊆ ∩{G : o G eÐnai kleistìc hmÐqwroc pou sthrÐzei to C}.

'Estw x /∈ C. Apì to Je¸rhma 4.4.6 to x diaqwrÐzetai austhr� apì to C, dhlad  up�rqei
kleistìc hmÐqwroc G o opoÐoc sthrÐzei to C kai den perièqei to x. 2

To epìmeno l mma deÐqnei ìti to na diaqwrÐsoume dÔo uposÔnola tou EukleÐdeiou
q¸rou an�getai sto prìblhma tou na diaqwrÐsoume shmeÐo apì sÔnolo.

L mma 4.4.8. 'Estw A kai B mh ken� uposÔnola tou Rn. Ta A kai B diaqwrÐzontai
(diaqwrÐzontai austhr�) an kai mìno an ta A − B kai 0 diaqwrÐzontai (diaqwrÐzontai
austhr�).

Apìdeixh. Ac upojèsoume ìti ta A kai B diaqwrÐzontai austhr� apì to H: up�rqoun
u 6= 0, α ∈ R kai ε > 0 ¸ste ta A kai B na diaqwrÐzontai tìso apì to H(u, α − ε) ìso
kai apì to H(u, α+ ε). QwrÐc periorismì thc genikìthtac upojètoume ìti

(4.4.8) A ⊆ {x : 〈x, u〉 ≥ α+ ε} kai B ⊆ {x : 〈x, u〉 ≤ α− ε}.

'Estw x ∈ A − B. MporoÔme na gr�youme x = a − b, ìpou a ∈ A kai b ∈ B. Apì thn
(4.4.8) paÐrnoume

(4.4.9) 〈x, u〉 = 〈a, u〉 − 〈b, u〉 ≥ (α+ ε)− (α− ε) = 2ε.

Sunep¸c, ta A−B kai 0 diaqwrÐzontai austhr� apì to uperepÐpedo

(4.4.10) H(u, ε) = {x : 〈x, u〉 = ε}.
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AntÐstrofa, upojètoume ìti ta A−B kai 0 diaqwrÐzontai austhr�. Tìte, up�rqoun u 6= 0
kai ε > 0 ¸ste

(4.4.11) 〈x, u〉 ≥ 2ε gia k�je x ∈ A−B.

OrÐzoume

(4.4.12) s = inf{〈a, u〉 : a ∈ A} kai t = sup{〈b, u〉 : b ∈ B}.

Apì thn (4.4.11) èqoume 〈b, u〉+ 2ε ≤ 〈a, u〉 gia k�je a ∈ A kai b ∈ B. 'Ara, t+ 2ε ≤ s.
'Epetai ìti to

(4.4.13) H

(
u,
s+ t

2

)
=
{
x : 〈x, u〉 =

s+ t

2

}
diaqwrÐzei austhr� ta A kai B.

Sthn perÐptwsh pou zht�me ta A kai B na diaqwrÐzontai (apl¸c), h apìdeixh eÐnai
entel¸c ìmoia. 2

Me thn upìjesh ìti ta A kai B eÐnai kurt� èqoume san �meso pìrisma to ex c di-
aqwristikì je¸rhma.

Je¸rhma 4.4.9. 'Estw A kai B mh ken�, kurt� uposÔnola tou Rn me A∩B = ∅. Tìte,
ta A kai B diaqwrÐzontai.

An, epiplèon, to A eÐnai sumpagèc kai to B eÐnai kleistì, tìte ta A kai B diaqwrÐzontai
austhr�.

Apìdeixh. AfoÔ ta A kai B eÐnai kurt�, eÔkola elègqoume ìti to A − B eÐnai kurtì
sÔnolo. Apì thn upìjesh ìti A ∩B = ∅ èpetai ìti 0 /∈ A−B. Apì to pr¸to mèroc tou
Jewr matoc 4.4.6, ta A − B kai 0 kai diaqwrÐzontai. Apì to L mma 4.4.8, ta A kai B
diaqwrÐzontai.

An upojèsoume ìti to A eÐnai sumpagèc kai to B eÐnai kleistì, tìte to A − B eÐnai
kleistì: jewr ste akoloujÐa xm = am − bm sto A − B, h opoÐa sugklÐnei se k�poio
z ∈ Rn. AfoÔ to A eÐnai sumpagèc, up�rqei upakoloujÐa (akm

) thc (am) h opoÐa sugklÐnei
se k�poio a ∈ A. Tìte,

(4.4.14) bkm
= akm

− (akm
− bkm

) → a− z

kai a− z = b ∈ B afoÔ to B eÐnai kleistì. Sunep¸c, z = a− b ∈ A−B. Apì to deÔtero
mèroc tou Jewr matoc 4.4.6, ta A−B kai 0 diaqwrÐzontai austhr�. Apì to L mma 4.4.8,
ta A kai B diaqwrÐzontai austhr�. 2

4.5 Polikì sunìlou
Orismìc 4.5.1. 'Estw C èna mh kenì uposÔnolo tou Rn. To polikì tou C eÐnai to
sÔnolo

(4.5.1) C◦ = {y ∈ Rn : 〈x, y〉 ≤ 1 gia k�je x ∈ C}.
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Parathr seic 4.5.2. (a) To C◦ eÐnai mh kenì: parathr ste ìti 0 ∈ C◦.
(b) To C◦ eÐnai kurtì kai kleistì: an y1, y2 ∈ C◦ kai t ∈ [0, 1], tìte gia k�je x ∈ C
èqoume

(4.5.2) 〈x, (1− t)y1 + ty2〉 = (1− t)〈x, y1〉+ t〈x, y2〉 ≤ (1− t) · 1 + t · 1 = 1.

'Ara, (1 − t)y1 + ty2 ∈ C◦. Gia na deÐxoume ìti to C◦ eÐnai kleistì, jewroÔme ym ∈ C◦

me ym → y ∈ Rn. Gia k�je x ∈ C kai gia k�je m ∈ N èqoume 〈x, ym〉 ≤ 1, �ra

(4.5.3) 〈x, y〉 = lim
m→∞

〈x, ym〉 ≤ 1.

'Epetai ìti y ∈ C◦.
(g) An to C eÐnai fragmèno, tìte to C◦ perièqei mia mp�la me kèntro to 0 (�ra, èqei
mh kenì eswterikì). Pr�gmati, up�rqei M > 0 ¸ste ‖x‖2 ≤ M gia k�je x ∈ C. An
‖y‖2 ≤ 1/M , tìte

(4.5.4) 〈x, y〉 ≤ ‖x‖2‖y‖2 ≤M · 1
M

= 1.

Dhlad , h mp�la B(0, 1/M) perièqetai sto C◦.
(d) An to C perièqei mia mp�la me kèntro to 0 tìte to C◦ eÐnai fragmèno. Pr�gmati, ac
upojèsoume ìti B(0, r) ⊆ C. Estw 0 6= y ∈ C◦. Tìte, to shmeÐo x = ry/‖y‖2 an kei
sthn B(0, r), �ra an kei sto C. 'Epetai ìti

(4.5.5) 1 ≥ 〈x, y〉 =
〈

ry

‖y‖2
, y

〉
= r‖y‖2.

Me �lla lìgia, C◦ ⊆ B(0, 1/r).

SumbolÐzoume me C◦◦ to polikì tou polikoÔ tou C. Dhlad , C◦◦ := (C◦)◦.

Prìtash 4.5.3. 'Estw C mh kenì uposÔnolo tou Rn. Tìte,

(4.5.6) C◦◦ = conv(C ∪ {0}).

Dhlad , to C◦◦ eÐnai to mikrìtero kleistì kai kurtì uposÔnolo tou Rn to opoÐo perièqei
to C kai to 0.

Apìdeixh. Apì ton orismì blèpoume eÔkola ìti C◦◦ ⊇ C. Apì tic Parathr seic (a) kai
(b) to C◦◦ eÐnai kleistì, kurtì kai perièqei to 0. 'Epetai ìti

(4.5.7) C◦◦ ⊇ conv(C ∪ {0}).

Gia na apodeÐxoume ìti isqÔei isìthta, upojètoume ìti up�rqei x ∈ C◦◦ to opoÐo den an kei
sto conv(C ∪ {0}). Apì to deÔtero mèroc tou Jewr matoc 4.4.6, up�rqei uperepÐpedo
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pou diaqwrÐzei austhr� to x apì to conv(C ∪ {0}). Eidikìtera, mporoÔme na broÔme
0 6= y ∈ Rn kai α ∈ R ¸ste

(4.5.8) 〈z, y〉 < α gia k�je z ∈ C ∪ {0}

kai

(4.5.9) 〈x, y〉 > α.

AfoÔ 0 ∈ C ∪{0}, èqoume α > 0. Apì thn (4.5.8) èpetai ìti 〈z, y/α〉 < 1 gia k�je z ∈ C,
�ra y/α ∈ C◦. 'Omwc, h (4.5.9) dÐnei 〈x, y/α〉 > 1, to opoÐo eÐnai �topo afoÔ x ∈ C◦◦. 2

Sth sunèqeia upojètoume ìti to C eÐnai kurtì uposÔnolo tou Rn. 'Amesh sunèpeia thc
Prìtashc 4.5.3 eÐnai h ex c.

Prìtash 4.5.4. 'Estw C kurtì uposÔnolo tou Rn me 0 ∈ C. Tìte, C◦◦ = C. Eidikìtera,
an to C eÐnai kleistì tìte C◦◦ = C. 2

An upojèsoume ìti to C eÐnai kurtì s¸ma pou perièqei to 0 sto eswterikì tou, tìte h
Prìtash 4.5.4 kai oi Parathr seic (g) kai (d) deÐqnoun to ex c.

Prìtash 4.5.5. 'Estw K èna kurtì s¸ma ston Rn me 0 ∈ int(K). Tìte:

(i) To K◦ eÐnai kurtì s¸ma kai 0 ∈ int(K◦).

(ii) K◦◦ = K. 2

H epìmenh Prìtash qarakthrÐzei ta shmeÐa tou sunìrou tou polikoÔ enìc kurtoÔ s¸-
matoc. H sten  sqèsh pou up�rqei an�mesa se èna kurtì s¸ma kai sto polikì tou ja
melethjeÐ sto epìmeno Kef�laio.

Prìtash 4.5.6. 'Estw K èna kurtì s¸ma ston Rn me 0 ∈ int(K), kai èstw y ∈ Rn.
Tìte, y ∈ bd(K◦) an kai mìno an to K sthrÐzetai apì ton hmÐqwro

(4.5.10) G(y, 1) = {x ∈ Rn : 〈x, y〉 ≤ 1}.

Apìdeixh. Upojètoume pr¸ta ìti o G(y, 1) sthrÐzei to K. AfoÔ K ⊆ G(y, 1), èqoume
y ∈ K◦. An y ∈ int(K◦), tìte up�rqei t > 1 ¸ste ty ∈ K◦ (exhg ste giatÐ). Autì
shmaÐnei ìti

(4.5.11) max{〈x, y〉 : x ∈ K} =
1
t

max{〈x, ty〉 : x ∈ K} ≤ 1
t
< 1,

to opoÐo eÐnai �topo: afoÔ o G(y, 1) sthrÐzei to K, up�rqei x0 ∈ K ∩H(y, 1). Dhlad ,
up�rqei x0 ∈ K ¸ste 〈x0, y〉 = 1.

AntÐstrofa, upojètoume ìti y ∈ bd(K◦). AfoÔ 0 ∈ int(K), èqoume y 6= 0 kai

(4.5.12) 0 < max{〈x, y〉 : x ∈ K} ≤ 1.
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Mènei na deÐxoume ìti sth dexi� anisìthta èqoume isìthta. An ìqi, tìte up�rqei t > 1
¸ste max{〈x, ty〉 : x ∈ K} = 1. 'Epetai ìti ty ∈ K◦. AfoÔ to K◦ eÐnai kurtì s¸ma kai
perièqei to 0, sumperaÐnoume ìti [0, ty] ⊂ K◦, kai afoÔ to y eÐnai eswterikì shmeÐo tou
eujÔgrammou tm matoc [0, ty] sumperaÐnoume ìti y ∈ int(K◦) (qrhsimopoioÔme to L mma
4.2.6). Katal xame se �topo, �ra

(4.5.13) max{〈x, y〉 : x ∈ K} = 1.

Tìte, o G(y, 1) sthrÐzei to K. 2

4.6 Ask seic
1. 'Estw x0, x1, . . . , xk ∈ Rn me thn ex c idiìthta: k�je x ∈ conv({x0, x1, . . . , xk}) gr�fe-
tai monos manta san kurtìc sunduasmìc twn x0, x1, . . . , xk. DeÐxte ìti ta x0, x1, . . . , xk eÐnai
afinik� anex�rthta.

2. 'Estw C mh kenì, kurtì uposÔnolo tou Rn. DeÐxte ìti:

(i) aff(C) = aff(C) = aff(ri(C)).

(ii) ri(C) = ri(C) = ri(ri(C)).

(iii) rb(C) = rb(C) = rb(ri(C)).

3. 'Estw C1, C2 mh ken�, kurt� uposÔnola tou Rn. DeÐxte ìti

ri(C1 + C2) = ri(C1) + ri(C2).

4. 'Estw C1, C2 kurt� uposÔnola tou Rn me ri(C1) ∩ ri(C2) 6= ∅. DeÐxte ìti

ri(C1 ∩ C2) = ri(C1) ∩ ri(C2).

IsqÔei to Ðdio gia tuqìnta mh ken� kurt� C1, C2 ⊆ Rn?

5. 'Estw {Ci : i ∈ I} oikogèneia kurt¸n uposunìlwn tou Rn me
⋂

i∈I ri(Ci) 6= ∅. DeÐxte ìti⋂
i∈I

Ci =
⋂
i∈I

Ci.

6. 'Estw S = conv({x0, x1, . . . , xn}) èna n�simplex ston Rn kai èstw y ∈ int(S). DeÐxte ìti ta

Si = conv({x0, x1, . . . , xi−1, y, xi+1, . . . , xn}), i = 0, 1, . . . , n

eÐnai n�simplices, an� dÔo èqoun xèna eswterik�, kai

S = S0 ∪ S1 ∪ · · · ∪ Sn.
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7. 'Estw A mh kenì uposÔnolo tou Rn. DeÐxte ìti

conv(A) =
⋂
{B ⊆ Rn : B ⊇ A, B kleistì kai kurtì}.

8. D¸ste par�deigma kleistoÔ uposunìlou tou R2 tou opoÐou h kurt  j kh den eÐnai kleistì
sÔnolo. MporeÐte na breÐte antÐstoiqo par�deigma sto R?

9. 'Estw C mh kenì, kleistì kai kurtì uposÔnolo tou Rn. DeÐxte ìti: an x, y ∈ Rn kai
‖pC(x)− pC(y)‖2 = ‖x− y‖2, tìte x− pC(x) = y − PC(y).

An ‖pC(x)− pC(y)‖2 = ‖x− y‖2 gia k�je x, y ∈ Rn, ti sumperaÐnete gia to C?

10*. 'Estw A mh kenì, kleistì uposÔnolo tou Rn me thn ex c idiìthta: gia k�je x ∈ Rn

up�rqei monadikì pA(x) ∈ A ¸ste ‖x− pA(x)‖2 = d(x, A). DeÐxte ìti to A eÐnai kurtì.

11. 'Estw K èna mh kenì, sumpagèc kurtì uposÔnolo tou Rn. DeÐxte ìti up�rqei oikogèneia
{B(xi, ri) : i ∈ I} apì kleistèc mp�lec ston Rn ¸ste

K =
⋂
i∈I

B(xi, ri).

12. 'Estw K èna kurtì s¸ma ston Rn. To kèntro b�rouc tou K eÐnai to shmeÐo y = (y1, . . . , yn)
me suntetagmènec

yi =
1

|K|

∫
K

〈x, ei〉 dx, i = 1, . . . , n.

DeÐxte ìti y ∈ K.

13. (a) Perigr�yte ìla ta kleist� kurt� uposÔnola tou Rn pou to sumpl rwm� touc eÐnai
epÐshc kurtì.

(b) Perigr�yte ìla ta kurt� uposÔnola tou Rn ta opoÐa den èqoun kanèna uperepÐpedo st rixhc.

14. (a) Up�rqei par�deigma xènwn mh ken¸n, kleist¸n kurt¸n uposunìlwn tou R2 ta opoÐa den
diaqwrÐzontai gn sia?

(b) Up�rqei par�deigma xènwn mh ken¸n, kleist¸n kurt¸n uposunìlwn tou R2 ta opoÐa na
diaqwrÐzontai gn sia all� na mhn diaqwrÐzontai austhr�?

15. 'Estw C mh kenì, kurtì uposÔnolo tou Rn. DeÐxte ìti to C eÐnai kleistì an kai mìno an
to C ∩ ` eÐnai kleistì sÔnolo gia k�je eujeÐa ` ston Rn.

16. (a) 'Estw T = conv({v1, . . . , vm}). DeÐxte ìti

T ◦ = {x ∈ Rn : 〈x, vj〉 ≤ 1 gia k�je j = 1, . . . , m}.

(b) 'Estw v1, . . . , vm ∈ Rn kai

P = {x ∈ Rn : 〈x, vj〉 ≤ 1 gia k�je j = 1, . . . , m}.
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DeÐxte ìti P ◦ = conv({0, v1, . . . , vm}).

17. 'Estw A kai B kleist� kai kurt� uposÔnola tou Rn ta opoÐa perièqoun to 0. DeÐxte ìti

(A ∩B)◦ = conv(A◦ ∪B◦).



Kef�laio 5

Kurtèc sunart seic

5.1 Kurtèc sunart seic miac metablht c
Se aut  thn par�grafo upenjumÐzoume k�poia basik� apotelèsmata gia kurtèc sunart -
seic f : I → R, ìpou I eÐnai èna (kleistì, anoiktì   hmianoiktì, peperasmèno   �peiro)
di�sthma sto R.

Orismìc 5.1.1. 'Estw I di�sthma sto R kai èstw f : I → R mia sun�rthsh.

(a) H f lègetai kurt  an

(5.1.1) f((1− t)a+ tb) ≤ (1− t)f(a) + tf(b)

gia k�je a, b ∈ I kai gia k�je t ∈ R me 0 < t < 1. H gewmetrik  shmasÐa tou orismoÔ
eÐnai h ex c: h qord  pou èqei san �kra ta shmeÐa (a, f(a)) kai (b, f(b)) den eÐnai poujen�
k�tw apì to gr�fhma thc f .

(b) H f lègetai gnhsÐwc kurt  an

(5.1.2) f((1− t)a+ tb) < (1− t)f(a) + tf(b)

gia k�je a, b ∈ I kai gia k�je t ∈ R me 0 < t < 1.

(g) H f : I → R lègetai koÐlh (antÐstoiqa, gnhsÐwc koÐlh) an h −f eÐnai kurt  (antÐs-
toiqa, gnhsÐwc kurt ).

Parat rhsh 5.1.2. IsodÔnamoi trìpoi me touc opoÐouc mporeÐ na perigrafeÐ h kurtìthta
thc f : I → R eÐnai oi ex c:

(a) An a, b, x ∈ I kai a < x < b, tìte

(5.1.3) f(x) ≤ b− x

b− a
f(a) +

x− a

b− a
f(b).
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Parathr ste ìti to dexiì mèloc aut c thc anisìthtac isoÔtai me

(5.1.4) f(a) +
f(b)− f(a)

b− a
(x− a).

(b) An a, b ∈ I kai an t, s > 0 me t+ s = 1, tìte

(5.1.5) f(ta+ sb) ≤ tf(a) + sf(b).

Orismìc 5.1.3 (epigr�fhma). 'Estw I èna di�sthma kai èstw f : I → R. To epigr�fh-
ma thc f eÐnai to sÔnolo

epi(f) = {(x, t) ∈ I × R : f(x) ≤ t}.

H epìmenh prìtash mac epitrèpei na melet�me kurtèc sunart seic mèsw kurt¸n sunìl-
wn kai antÐstrofa (h apìdeixh eÐnai apl  kai af netai wc �skhsh):

Prìtash 5.1.4. 'Estw I èna di�sthma kai èstw f : I → R. H f eÐnai kurt  an kai mìno
an to epi(f) eÐnai kurtì uposÔnolo tou R2.

Prìtash 5.1.5 (to l mma twn tri¸n qord¸n). 'Estw f : I → R kurt  sun�rthsh.
An y < x < z sto I, tìte

(5.1.6)
f(x)− f(y)

x− y
≤ f(z)− f(y)

z − y
≤ f(z)− f(x)

z − x
.

Apìdeixh. AfoÔ h f eÐnai kurt , èqoume

(5.1.7) f(x) ≤ z − x

z − y
f(y) +

x− y

z − y
f(z).

Apì aut  thn anisìthta blèpoume ìti

(5.1.8) f(x)− f(y) ≤ y − x

z − y
f(y) +

x− y

z − y
f(z) =

x− y

z − y
[f(z)− f(y)],

to opoÐo apodeiknÔei thn arister  anisìthta sthn (5.1.6). Xekin¸ntac p�li apì thn (5.1.7),
gr�foume

(5.1.9) f(x)− f(z) ≤ z − x

z − y
f(y) +

x− z

z − y
f(z) = −z − x

z − y
[f(z)− f(y)],

ap� ìpou prokÔptei h dexi� anisìthta sthn (5.1.6). 2

'Amesh sunèpeia tou l mmatoc twn tri¸n qord¸n eÐnai h ex c.

Pìrisma 5.1.6. 'Estw f : I → R kurt  sun�rthsh. An y < x < z < w sto I, tìte

(5.1.10)
f(x)− f(y)

x− y
≤ f(w)− f(z)

w − z
.
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Apìdeixh. Efarmìzontac thn Prìtash 5.1.5 gia ta shmeÐa y < x < z, paÐrnoume

(5.1.11)
f(x)− f(y)

x− y
≤ f(z)− f(x)

z − x
.

Efarmìzontac p�li thn Prìtash 5.1.5 gia ta shmeÐa x < z < w, paÐrnoume

(5.1.12)
f(z)− f(x)

z − x
≤ f(w)− f(z)

w − z
.

'Epetai to sumpèrasma. 2

Je¸rhma 5.1.7. 'Estw f : (a, b) → R kurt  sun�rthsh. An x ∈ (a, b), tìte up�rqoun
oi pleurikèc par�gwgoi

(5.1.13) f ′−(x) = lim
h→0−

f(x+ h)− f(x)
h

kai f ′+(x) = lim
h→0+

f(x+ h)− f(x)
h

.

Apìdeixh. Ja deÐxoume ìti up�rqei h dexi� pleurik  par�gwgoc f ′+(x) (me ton Ðdio trìpo
douleÔoume gia thn arister  pleurik  par�gwgo f ′−(x)). JewroÔme th sun�rthsh gx :
(x, b) → R pou orÐzetai apì thn

(5.1.14) gx(z) :=
f(z)− f(x)

z − x
.

H gx eÐnai aÔxousa: an x < z1 < z2 < b, to l mma twn tri¸n qord¸n deÐqnei ìti

(5.1.15) gx(z1) =
f(z1)− f(x)

z1 − x
≤ f(z2)− f(x)

z2 − x
= gx(z2).

EpÐshc, an jewr soume tuqìn y ∈ (a, x), to l mma twn tri¸n qord¸n (gia ta y < x < z)
deÐqnei ìti

(5.1.16)
f(x)− f(y)

x− y
≤ f(z)− f(x)

z − x
= gx(z)

gia k�je z ∈ (x, b), dhlad  h gx eÐnai k�tw fragmènh. 'Ara, up�rqei to

(5.1.17) lim
z→x+

gx(z) = lim
z→x+

f(z)− f(x)
z − x

= lim
h→0+

f(x+ h)− f(x)
h

.

Dhlad , up�rqei h dexi� pleurik  par�gwgoc f ′+(x). 2

Je¸rhma 5.1.8. 'Estw f : (a, b) → R kurt  sun�rthsh. Oi pleurikèc par�gwgoi f ′−,
f ′+ eÐnai aÔxousec sto (a, b) kai f ′− ≤ f ′+ sto (a, b).
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Apìdeixh. 'Estw x < y sto (a, b). Gia arket� mikrì jetikì h èqoume x± h, y ± h ∈ (a, b)
kai x+ h < y − h. Apì thn Prìtash 5.1.5 kai apì to L mma 5.1.6 blèpoume ìti

(5.1.18)
f(x)− f(x− h)

h
≤ f(x+ h)− f(x)

h
≤ f(y)− f(y − h)

h
≤ f(y + h)− f(y)

h
.

PaÐrnontac ìria kaj¸c h→ 0+, sumperaÐnoume ìti

(5.1.19) f ′−(x) ≤ f ′+(x) ≤ f ′−(y) ≤ f ′+(y).

Oi anisìthtec f ′−(x) ≤ f ′−(y) kai f ′+(x) ≤ f ′+(y) deÐqnoun ìti oi f ′−, f
′
+ eÐnai aÔxousec

sto (a, b). H arister  anisìthta sthn (5.1.20) deÐqnei ìti f ′− ≤ f ′+ sto (a, b). 2

H Ôparxh twn pleurik¸n parag¸gwn exasfalÐzei ìti k�je kurt  sun�rthsh f : I → R
eÐnai suneq c sto eswterikì tou I:

Je¸rhma 5.1.9. K�je kurt  sun�rthsh f : (a, b) → R eÐnai suneq c.

Apìdeixh. 'Estw x ∈ (a, b). Tìte, gia mikr� h > 0 èqoume x+ h, x− h ∈ (a, b) kai

(5.1.21) f(x+ h) = f(x) +
f(x+ h)− f(x)

h
· h→ f(x) + f ′+(x) · 0 = f(x)

ìtan h→ 0+, en¸, teleÐwc an�loga,

(5.1.22) f(x− h) = f(x) +
f(x− h)− f(x)

−h
· (−h) → f(x) + f ′−(x) · 0 = f(x)

ìtan h→ 0+. 'Ara, h f eÐnai suneq c sto x. 2

Ston Apeirostikì Logismì dÐnetai suqn� ènac diaforetikìc orismìc thc kurtìthtac
gia mia paragwgÐsimh sun�rthsh f : (a, b) → R. Gia k�je x ∈ (a, b), jewroÔme thn
efaptomènh

(5.1.23) u = f(x) + f ′(x)(u− x)

tou graf matoc thc f sto (x, f(x)) kai lème ìti h f eÐnai kurt  sto (a, b) an gia k�je
x ∈ (a, b) kai gia k�je y ∈ (a, b) èqoume

(5.1.24) f(y) ≥ f(x) + f ′(x)(y − x).

Dhlad , an to gr�fhma {(y, f(y)) : a < y < b} brÐsketai p�nw apì k�je efaptomènh.
To epìmeno je¸rhma deÐqnei ìti, an perioristoÔme sthn kl�sh twn paragwgÐsimwn

sunart sewn, oi {dÔo orismoÐ} sumfwnoÔn.

Je¸rhma 5.1.10. 'Estw f : (a, b) → R paragwgÐsimh sun�rthsh. Ta ex c eÐnai isodÔ-
nama:
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(a) H f eÐnai kurt .

(b) H f ′ eÐnai aÔxousa.

(g) Gia k�je x, y ∈ (a, b) isqÔei h

(5.1.25) f(y) ≥ f(x) + f ′(x)(y − x).

Apìdeixh. Upojètoume ìti h f eÐnai kurt . AfoÔ h f eÐnai paragwgÐsimh, èqoume f ′ =
f ′− = f ′+ sto (a, b). Apì to Je¸rhma 5.1.8 oi f ′−, f

′
+ eÐnai aÔxousec, �ra h f ′ eÐnai

aÔxousa.
Upojètoume t¸ra ìti h f ′ eÐnai aÔxousa. 'Estw x, y ∈ (a, b). An x < y, efarmìzontac

to je¸rhma mèshc tim c sto [x, y], brÐskoume ξ ∈ (x, y) ¸ste f(y) = f(x) + f ′(ξ)(y− x).
AfoÔ ξ > x kai h f ′ eÐnai aÔxousa, èqoume f ′(ξ) ≥ f ′(x). AfoÔ y − x > 0, èpetai ìti

(5.1.26) f(y) = f(x) + f ′(ξ)(y − x) ≥ f(x) + f ′(x)(y − x).

An x > y, efarmìzontac to je¸rhma mèshc tim c sto [y, x], brÐskoume ξ ∈ (y, x) ¸ste
f(y) = f(x) + f ′(ξ)(y − x). AfoÔ ξ < x kai h f ′ eÐnai aÔxousa, èqoume f ′(ξ) ≤ f ′(x).
AfoÔ y − x < 0, èpetai p�li ìti

(5.1.27) f(y) = f(x) + f ′(ξ)(y − x) ≥ f(x) + f ′(x)(y − x).

Tèloc, upojètoume ìti h (5.1.25) isqÔei gia k�je x, y ∈ (a, b) kai ja deÐxoume ìti h f
eÐnai kurt . 'Estw x < y sto (a, b) kai èstw 0 < t < 1. Jètoume z = (1 − t)x + ty.
Efarmìzontac thn upìjesh gia ta zeug�ria x, z kai y, z, paÐrnoume

(5.1.28) f(x) ≥ f(z) + f ′(z)(x− z) kai f(y) ≥ f(z) + f ′(z)(y − z).

'Ara,

(1− t)f(x) + tf(y) ≥ (1− t)f(z) + tf(z) + f ′(z)[(1− t)(x− z) + t(y − z)]
= f(z) + f ′(z)[(1− t)x+ ty − z]
= f(z).

Dhlad , (1− t)f(x) + tf(y) ≥ f((1− t)x+ ty). 2

Sthn perÐptwsh pou h f eÐnai dÔo forèc paragwgÐsimh sto (a, b), h isodunamÐa twn
(a) kai (b) sto Je¸rhma 5.1.10 dÐnei ènan aplì qarakthrismì thc kurtìthtac mèsw thc
deÔterhc parag¸gou.

Je¸rhma 5.1.11. 'Estw f : (a, b) → R dÔo forèc paragwgÐsimh sun�rthsh. H f eÐnai
kurt  an kai mìno an f ′′(x) ≥ 0 gia k�je x ∈ (a, b).

Apìdeixh. H f ′ eÐnai aÔxousa an kai mìno an f ′′ ≥ 0 sto (a, b). 'Omwc, sto Je¸rhma
5.1.10 eÐdame ìti h f ′ eÐnai aÔxousa an kai mìno an h f eÐnai kurt . 2
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5.2 Kurtèc sunart seic poll¸n metablht¸n
'Estw C èna mh kenì, kurtì uposÔnolo tou Rn. Mia sun�rthsh f : C → R lègetai kurt 
an gia k�je x1, x2 ∈ C kai gia k�je t ∈ [0, 1] isqÔei

(5.2.1) f((1− t)x1 + tx2) ≤ (1− t)f(x1) + tf(x2).

Parathr ste ìti (1−t)x1+tx2 ∈ C apì thn kurtìthta tou C. Me epagwg  apodeiknÔoume
to ex c.

Je¸rhma 5.2.1 (anisìthta tou Jensen). 'Estw C èna mh kenì, kurtì uposÔnolo tou
Rn kai èstw f : C → R kurt  sun�rthsh. An x1, . . . , xm ∈ C kai t1, . . . , tm ≥ 0 me
t1 + · · ·+ tm = 1, tìte

(5.2.2) f(t1x1 + · · ·+ tmxm) ≤ t1f(x1) + · · ·+ tmf(xm).

5.2aþ Sunèqeia kurt¸n sunart sewn

Orismìc 5.2.2. 'Estw f : C → R. Lème ìti h f eÐnai Lipschitz suneq c sto D ⊆ C an
up�rqei stajer� L > 0 ¸ste, gia k�je y, z ∈ D,

(5.2.3) |f(y)− f(z)| ≤ L‖y − z‖2.

K�je stajer� L > 0 pou ikanopoieÐ thn (5.2.3) lègetai stajer� Lipschitz gia thn f sto
D.

H f lègetai topik� Lipschitz sto x ∈ C an up�rqei r > 0 ¸ste h f na eÐnai Lipschitz
suneq c sto B(x, r) ∩ C. Se autì ton orismì, h stajer� Lipschitz mporeÐ na exart�tai
apì to x kai apì to r.

Je¸rhma 5.2.3. 'Estw f : C → R kurt  sun�rthsh. Tìte, h f eÐnai topik� Lipschitz
se k�je x ∈ int(C).

Apìdeixh. 'Estw x ∈ int(C). JewroÔme pr¸ta δ > 0 ¸ste B(x, δ) ⊆ C kai brÐskoume
afinik� anex�rthta shmeÐa x0, x1, . . . , xn sth sfaÐra S(x, δ) = {y : ‖y − x‖2 = δ} ¸ste
to x na an kei sto eswterikì tou simplex S = conv({x0, x1, . . . , xn}). AfoÔ k�je y ∈ S
gr�fetai san kurtìc sunduasmìc twn x0, x1, . . . , xn, apì thn anisìthta tou Jensen èqoume

(5.2.4) f(y) ≤ α := max{f(x0), f(x1), . . . , f(xn)}

gia k�je y ∈ S. Eidikìtera, f(x) ≤ α.
Epilègoume r > 0 ¸ste B(x, 2r) ⊆ int(S). Gia k�je y ∈ B(x, 2r) èqoume 2x − y ∈

B(x, 2r) kai x = y+(2x−y)
2 . Apì thn kurtìthta thc f kai apì thn (5.2.4) blèpoume ìti

(5.2.5) f(x) ≤ f(y) + f(2x− y)
2

≤ f(y) + α

2
,
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�ra

(5.2.6) f(y) ≥ 2f(x)− α.

Sundu�zontac ta parap�nw sumperaÐnoume ìti

(5.2.7) |f(y)| ≤ γ = max{α, |2f(x)− α|}

gia k�je y ∈ B(x, 2r).
T¸ra mporoÔme na deÐxoume ìti h f eÐnai Lipschitz me stajer� 2γ/r sto x: jewroÔme

thn anoikt  mp�la B(x, r) kai tuqìnta y 6= z sthn B(x, r). Up�rqei w ∈ B(x, 2r) ¸ste
z ∈ (y, w) kai ‖w − z‖2 = r. Jewr¸ntac thn f wc kurt  sun�rthsh sthn eujeÐa twn
y, z, w kai efarmìzontac to l mma twn tri¸n qord¸n, paÐrnoume

(5.2.8)
f(z)− f(y)
‖y − z‖2

≤ f(w)− f(z)
‖w − z‖2

≤ |f(w)|+ |f(z)|
r

≤ 2γ
r
.

Dhlad ,

(5.2.9) f(z)− f(y) ≤ 2γ
r
‖y − z‖2.

Lìgw summetrÐac, èqoume kai thn f(y)− f(z) ≤ 2γ
r ‖y − z‖2. Dhlad ,

(5.2.10) |f(z)− f(y)| ≤ 2γ
r
‖y − z‖2

gia k�je y, z ∈ B(x, r). 2

Je¸rhma 5.2.4. 'Estw C èna mh kenì, kurtì uposÔnolo tou Rn. K�je kurt  sun�rthsh
f : C → R eÐnai suneq c sto int(C).

Apìdeixh. 'Estw x ∈ int(C). Apì to prohgoÔmeno je¸rhma up�rqoun r,M > 0 ¸ste

(5.2.11) |f(y)− f(x)| ≤M‖y − x‖2

gia k�je y ∈ B(x, r). Apì thn (5.2.11) elègqoume eÔkola ìti an xn ∈ C kai xn → x
èqoume telik� |f(xn)− f(x)| ≤M‖xn − x‖2 → 0, dhlad  f(xn) → f(x). 'Epetai ìti h f
eÐnai suneq c sto x. 2

5.2bþ Qarakthrismìc mèsw uperepipèdwn st rixhc

Orismìc 5.2.5 (uperepÐpedo st rixhc). 'Estw f : C → R. Lème ìti h f èqei up-
erepÐpedo st rixhc sto x ∈ C an up�rqei afinik  sun�rthsh α : Rn → R thc morf c

(5.2.12) α(y) = f(x) + 〈u, y − x〉,
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ìpou u ∈ Rn, ¸ste

(5.2.13) f(y) ≥ α(y) = f(x) + 〈u, y − x〉

gia k�je y ∈ C. Parathr ste ìti α(x) = f(x). Ja lème epÐshc ìti h α sthrÐzei thn f
sto x.

Ja apodeÐxoume ton akìloujo qarakthrismì gia kurtèc sunart seic f : C → R, sthn
perÐptwsh pou to C eÐnai anoiktì.

Je¸rhma 5.2.6. 'Estw C mh kenì, anoiktì kurtì uposÔnolo tou Rn. H f : C → R eÐnai
kurt  an kai mìno an èqei uperepÐpedo st rixhc se k�je x ∈ C.

Gia thn apìdeixh ja qreiastoÔme dÔo l mmata. To pr¸to eÐnai o antÐstoiqoc qarakthris-
mìc gia sunart seic miac metablht c.

L mma 5.2.7. 'Estw I anoiktì di�sthma tou R. H f : I → R eÐnai kurt  an kai mìno an
èqei uperepÐpedo st rixhc se k�je x ∈ I.

Apìdeixh. Upojètoume pr¸ta ìti h f eÐnai kurt  kai jewroÔme tuqìn x ∈ I. QwrÐc
periorismì thc genikìthtac mporoÔme na upojèsoume ìti x = 0 kai f(x) = f(0) = 0. Gia
tuqìn y 6= 0 èqoume ìti ty,−sy ∈ I an ta t, s > 0 eÐnai arket� mikr�. Apì thn kurtìthta
thc f èpetai ìti

(5.2.14) 0 = f(0) = (t+ s)f
(

s

t+ s
(ty) +

t

t+ s
(−sy)

)
≤ sf(ty) + tf(−sy).

Dhlad ,

(5.2.15)
f(ty)
t

≥ −f(−sy)
s

.

Autì shmaÐnei ìti up�rqei u ∈ R ¸ste f(ty) ≥ ut gia k�je t > 0 me ty ∈ I kai f(−sy) ≥
u(−s) gia k�je s > 0 me −sy ∈ I. An orÐsoume α : R → R me α(r) = ur

y , tìte h α eÐnai
grammik  kai

f(z) ≥ α(z)

gia k�je z ∈ I. AfoÔ α(0) = 0 = f(0), h α orÐzei uperepÐpedo st rixhc gia thn f sto
x = 0.

AntÐstrofa, upojètoume ìti: gia k�je x ∈ I up�rqei afinik  sun�rthsh αx : R → R
thc morf c

(5.2.16) αx(y) = f(x) + ux(y − x),

ìpou ux ∈ R, ¸ste

(5.2.17) f(y) ≥ αx(y)
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gia k�je y ∈ I. Parathr ste ìti

(5.2.18) f(y) = g(y) := max{αx(y) : x ∈ I}

gia k�je y ∈ I. H (5.2.18) isqÔei diìti f(y) ≥ αx(y) gia k�je x ∈ I apì thn (5.2.17), kai
αy(y) = f(y). 'Etsi, h f ≡ g èqei t¸ra grafteÐ sth morf  supremum miac oikogèneiac
afinik¸n sunart sewn, ap� ìpou èpetai eÔkola ìti eÐnai kurt  (genikìtera, to kat� shmeÐo
supremum miac oikogèneiac kurt¸n sunart sewn eÐnai kurt  sun�rthsh). 2

L mma 5.2.8. 'Estw C mh kenì, kurtì uposÔnolo tou Rn kai èstw f : C → R kurt 
sun�rthsh. 'Estw x ∈ int(C) kai èstw H afinikìc upìqwroc me x ∈ H. An h f |H èqei
uperepÐpedo st rixhc sto x pou orÐzetai apì thn afinik  sun�rthsh αH : H → R, tìte h
f èqei uperepÐpedo st rixhc sto x pou orÐzetai apì mia afinik  sun�rthsh α : Rn → R
me α|H = αH .

Apìdeixh. MporoÔme na upojèsoume ìti x = 0 kai f(x) = f(0) = 0. Tìte, o H eÐnai
grammikìc upìqwroc tou Rn kai mporoÔme na upojèsoume ìti dim(H) = k < n. Ja
deÐxoume ìti gia p = k + 1, . . . , n up�rqoun upìqwroc Hp ⊇ Hp−1 me dim(Hp) = p kai
grammik  sun�rthsh αp : Hp → R ¸ste αp|H = αH kai h αp na {sthrÐzei thn f sto x}.
Sto b ma p = n exasfalÐzoume to zhtoÔmeno.

'Estw ìti èqoun oristeÐ o Hp kai h αp. An p < n tìte mporoÔme na broÔme w ∈ C \Hp.
Jètoume Hp+1 = span({Hp, w}). K�je u ∈ Hp+1 gr�fetai monos manta sth morf 
u = v + tw, ìpou v ∈ Hp kai t ∈ R. Ja epilèxoume ρ ∈ R ètsi ¸ste, an orÐsoume th
grammik  sun�rthsh αp+1 : Hp+1 → R me

(5.2.19) αp+1(u) = αp+1(v + tw) = αp(v) + tρ,

tìte h αp+1 sthrÐzei thn f |C∩Hp+1 sto x.
O periorismìc gia to ρ eÐnai o ex c: an to v ∈ Hp kai o t ∈ R ikanopoioÔn thn

v + tw ∈ C, tìte

(5.2.20) αp(v) + tρ ≤ f(v + tw).

IsodÔnama, zht�me: an t > 0, v1 ∈ Hp kai v1 + tw ∈ C tìte

(5.2.21) ρ ≤ f(v1 + tw)− αp(v1)
t

,

en¸ an s > 0, v2 ∈ Hp kai v2 − sw ∈ C tìte αp(v2)− sρ ≤ f(v2 − sw), dhlad 

(5.2.22) ρ ≥ αp(v2)− f(v2 − sw)
s

.

H epilog  tou ρ eÐnai dunat  an deÐxoume to ex c: an t, s > 0, v1, v2 ∈ Hp kai v1 + tw, v2−
sw ∈ C, tìte

(5.2.23)
αp(v2)− f(v2 − sw)

s
≤ f(v1 + tw)− αp(v1)

t
.



114 · Kurtès sunart seis

'Omwc, apì thn kurtìthta thc f kai thn grammikìthta thc αp èqoume

sf(v1 + tw) + tf(v2 − sw) ≥ (t+ s)f
(
sv1 + stw

t+ s
+
tv2 − tsw

t+ s

)
= (t+ s)f

(
sv1 + tv2
t+ s

)
≥ (t+ s)αp

(
sv1 + tv2
t+ s

)
= sαp(v1) + tαp(v2),

dhlad 

(5.2.24) s(f(v1 + tw)− αp(v1)) ≥ t(αp(v2)− f(v2 − sw)).

Autì apodeiknÔei ìti up�rqei ρ ∈ R ¸ste

(5.2.25) sup
v2−sw∈C

αp(v2)− f(v2 − sw)
s

≤ ρ ≤ inf
v1+tw∈C

f(v1 + tw)− αp(v1)
t

,

kai epitrèpei to epagwgikì b ma. 2

Apìdeixh tou Jewr matoc 5.2.6. Upojètoume pr¸ta ìti h f eÐnai kurt  kai jewroÔme
tuqìn x ∈ C. MporoÔme na upojèsoume ìti x = 0 kai f(x) = f(0) = 0.

PaÐrnoume tuqoÔsa eujeÐa H1 pou pern�ei apì to 0. O periorismìc thc f sto C ∩H1

eÐnai kurt  sun�rthsh. Qrhsimopoi¸ntac to L mma 5.2.7 brÐskoume grammik  sun�rthsh
α1 : H1 → R h opoÐa sthrÐzei thn f |C∩H1 sto x. Katìpin, qrhsimopoi¸ntac to L mma
5.2.8 epekteÐnoume thn α1 se grammik  sun�rthsh α : Rn → R h opoÐa sthrÐzei thn f sto
x.

O antÐstrofoc isqurismìc mporeÐ na apodeiqjeÐ akrib¸c ìpwc apodeÐqthke sth monodi�s-
tath perÐptwsh (sumbouleuteÐte to deÔtero mèroc thc apìdeixhc tou L mmatoc 5.2.7). 2

5.2gþ Diaforisimìthta kurt¸n sunart sewn

Sth sunèqeia apodeiknÔoume k�poia apotelèsmata sqetik� me thn {idiaÐterh sumperifor�}
twn kurt¸n sunart sewn wc proc thn diaforisimìthta.

Je¸rhma 5.2.9. 'Estw f : C → R kurt  sun�rthsh kai èstw x ∈ int(C). Tìte, h f
eÐnai diaforÐsimh sto x an kai mìno an up�rqoun oi merikèc par�gwgoi ∂f

∂xi
(x), i = 1, . . . , n.

Apìdeixh. UpenjumÐzoume ìti h f eÐnai diaforÐsimh sto x an up�rqei u ∈ Rn ¸ste

f(y) = f(x) + 〈u, y − x〉+ o(‖y − x‖2)

kaj¸c to y → x: o sumbolismìc o(‖y − x‖2) shmaÐnei ìti

(5.2.26) lim
y→x

f(y)− f(x)− 〈u, y − x〉
‖y − x‖2

= 0.
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An h f eÐnai diaforÐsimh sto x, paÐrnontac y = x+ tei kai t→ 0, blèpoume ìti, gia k�je
i = 1, . . . , n, up�rqei h

(5.2.27)
∂f

∂xi
(x) = lim

t→0

f(x+ tei)− f(x)
t

= ui.

Me �lla lìgia, u = ∇f(x).
AntÐstrofa, upojètoume ìti up�rqoun oi merikèc par�gwgoi ∂f

∂xi
(x), i = 1, . . . , n.

Jètoume

(5.2.28) ui :=
∂f

∂xi
(x), i = 1, . . . , n.

Apì ton orismì twn merik¸n parag¸gwn èqoume

(5.2.29) f(x+ tei) = f(x) + uit+ o(|t|), t→ 0.

'Ara,

f(y) = f(x+ y − x) = f

(
1
n

n∑
i=1

(x+ n(yi − xi)ei)

)

≤ 1
n

n∑
i=1

f(x+ n(yi − xi)ei)

= f(x) +
n∑

i=1

ui(yi − xi) + o(‖y − x‖2)

= f(x) + 〈u, y − x〉+ o(‖y − x‖2)

ìtan y → x. 'Omoia, an to y ∈ C eÐnai arket� kont� sto x, èqoume 2x − y ∈ C kai
2x− y = x− (y − x), �ra

(5.2.30) f(2x− y) ≤ f(x)− 〈u, y − x〉+ o(‖y − x‖2)

ìtan y → x. AfoÔ 2f(x) ≤ f(2x− y) + f(y) apì thn kurtìthta thc f , paÐrnoume

(5.2.31) f(y) ≥ 2f(x)− f(2x− y) = f(x) + 〈u, y − x〉+ o(‖y − x‖2)

ìtan y → x. 'Epetai ìti

(5.2.32) f(y) = f(x) + 〈u, y − x〉+ o(‖y − x‖2),

dhlad  h f eÐnai diaforÐsimh sto x. 2
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Parat rhsh 5.2.10. ApodeiknÔetai ìti k�je kurt  sun�rthsh f : C → R eÐnai sqedìn
pantoÔ diaforÐsimh (je¸rhma Reidemeister). Akìma isqurìtera, eÐnai dÔo forèc parag-
wgÐsimh sqedìn pantoÔ (je¸rhma Alexandrov): gia sqedìn k�je x ∈ C (me thn ènnoia
tou Lebesgue) up�rqei n× n pÐnakac H, h Essian  thc f sto x, ¸ste

(5.2.33) f(y) = f(x) + 〈∇f(x), y − x〉+
1
2
〈H(y − x), y − x〉+ o(‖y − x‖22)

ìtan y → x.

H epìmenh prìtash deÐqnei ìti h diaforisimìthta miac kurt c sun�rthshc f : C → R
sto x ∈ int(C) eÐnai isodÔnamh me th monadikìthta tou uperepipèdou st rixhc thc f sto
x.

Je¸rhma 5.2.11. 'Estw f : C → R kurt  sun�rthsh kai èstw x ∈ int(C). Tìte, h f
eÐnai diaforÐsimh sto x an kai mìno an up�rqei monadik  afinik  sun�rthsh α : Rn → R
¸ste α(x) = f(x) kai f(y) ≥ α(y) gia k�je y ∈ C.

Apìdeixh. Upojètoume pr¸ta ìti h f eÐnai diaforÐsimh sto x. 'Eqoume dei ìti up�rqoun
afinikèc sunart seic oi opoÐec sthrÐzoun thn f sto x. 'Estw

(5.2.34) α(y) = f(x) + 〈u, y − x〉

k�poia apì autèc. StajeropoioÔme i ≤ n kai paÐrnoume y = x± tei ∈ C, t > 0. 'Eqoume

(5.2.35) f(x+ tei) ≥ f(x) + tui,

opìte afair¸ntac to f(x), diair¸ntac me t kai af nontac to t→ 0+, blèpoume ìti

(5.2.36) ui ≤ lim
t→0+

f(x+ tei)− f(x)
t

=
∂f

∂xi
(x).

Me ton Ðdio trìpo, jewr¸ntac y = x− tei, paÐrnoume

(5.2.37) ui ≥ lim
t→0+

f(x− tei)− f(x)
−t

=
∂f

∂xi
(x).

'Epetai ìti u = ∇f(x), dhlad  h α eÐnai monos manta orismènh.
Gia thn antÐstrofh kateÔjunsh upojètoume ìti h f den eÐnai diaforÐsimh sto x. Apì to

Je¸rhma 5.2.9 sumperaÐnoume ìti up�rqei i ≤ n ¸ste na mhn up�rqei h merik  par�gwgoc
∂f
∂xi

(x). H sun�rthsh gi(t) = f(x+ tei) eÐnai kurt , �ra up�rqoun oi {pleurikèc merikèc

par�gwgoi} ∂f
∂xi

−
(x), ∂f

∂xi

+
(x) kai isqÔei

(5.2.38) b−i :=
∂f

∂xi

−
(x) < b+i :=

∂f

∂xi

+

(x).
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An jewr soume opoiond pote r ∈ R me b−i < r < b+i , h afinik  sun�rthsh αi,r(x +
tei) = f(x) + rt sthrÐzei ton periorismì thc f sto C ∩ {x + tei : t ∈ R} sto shmeÐo
x. Qrhsimopoi¸ntac to L mma 5.2.8 mporoÔme na epekteÐnoume thn αi,r se mia afinik 
sun�rthsh αr : Rn → R h opoÐa sthrÐzei thn f sto x. 'Etsi, h f èqei perissìtera apì
èna uperepÐpeda st rixhc sto x (toul�qiston èna gia k�je r ∈ (b−i , b

+
i )). 2

Tèloc, deÐqnoume ìti mia kurt  sun�rthsh pou eÐnai orismènh se anoiktì kurtì sÔnolo
kai eÐnai pantoÔ diaforÐsimh eÐnai anagkastik� C1 (èqei suneqeÐc merikèc parag¸gouc).

Je¸rhma 5.2.12. 'Estw C mh kenì, anoiktì kurtì uposÔnolo tou Rn. An f : C → R
eÐnai kurt  sun�rthsh diaforÐsimh pantoÔ sto C, tìte oi merikèc par�gwgoi thc f eÐnai
suneqeÐc sto C, dhlad  h f an kei sthn kl�sh C1.

Apìdeixh. 'Estw x ∈ C. Up�rqei r > 0 ¸ste na isqÔoun ta ex c: B(x, r) ⊆ C kai up�rqei
L > 0 ¸ste

(5.2.39) |f(y)− f(z)| ≤ L‖y − z‖2
gia k�je y, z ∈ B(x, r).

JewroÔme tuqoÔsa akoloujÐa (xm) sto C me xm → x kai deÐqnoume ìti ∇f(xm) →
∇f(x). MporoÔme na upojèsoume ìti xm ∈ B(x, r) gia k�je m ∈ N.

Jètoume um = ∇f(xm) kai u = ∇f(x). DeÐqnoume pr¸ta ìti h (um) eÐnai fragmènh:
gia k�je m èqoume

(5.2.40) f(y) ≥ f(x) + 〈um, y − x〉, y ∈ C.

Gia tuqìn m jewroÔme ym ∈ B(x, r) ¸ste to ym − xm na eÐnai omìrropo me to um.
Qrhsimopoi¸ntac tic (5.2.39) kai (5.2.40) blèpoume ìti

(5.2.41) ‖um‖2‖ym − xm‖2 = 〈um, ym − xm〉 ≤ f(ym)− f(xm) ≤ L‖ym − xm‖2,

�ra

(5.2.42) ‖um‖2 ≤ L.

JewroÔme t¸ra tuqoÔsa sugklÐnousa upakoloujÐa thc (um): ac upojèsoume ìti ukm →
v. Gia k�je y ∈ C kai gia k�je m èqoume

(5.2.43) f(y) ≥ f(xkm
) + 〈ukm

, y − xkm
〉.

PaÐrnontac ìrio, blèpoume ìti

(5.2.44) f(y) ≥ f(x) + 〈v, y − x〉.

AfoÔ to y ∈ C  tan tuqìn, h α(y) = f(x) + 〈v, y − x〉 sthrÐzei thn f sto x. 'Omwc, h f
eÐnai diaforÐsimh sto x. Apì to Je¸rhma 5.2.11 èpetai ìti

(5.2.45) v = u = ∇f(x).

EÐdame ìti k�je sugklÐnousa upakoloujÐa thc fragmènhc akoloujÐac (∇f(xm)) sugklÐnei
sto ∇f(x). 'Epetai ìti ∇f(xm) → ∇f(x). 2
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5.2dþ Epigr�fhma kurt c sun�rthshc

Orismìc 5.2.13. 'Estw f : Rn → R. To epigr�fhma thc f eÐnai to sÔnolo

(5.2.45) epi(f) = {(y, t) ∈ Rn × R : t ≥ f(y)}.

Apì touc orismoÔc thc kurt c sun�rthshc kai tou epigraf matoc elègqoume ìti h f eÐnai
kurt  an kai mìno an to epigr�fhma epi(f) eÐnai kurtì sÔnolo. PaÐrnontac up' ìyin kai
to Je¸rhma 5.2.4 èqoume to ex c.

Je¸rhma 5.2.14. 'Estw f : Rn → R kurt  sun�rthsh. To epigr�fhma epi(f) thc f
eÐnai kurtì kai kleistì uposÔnolo tou Rn+1. 2

JewroÔme t¸ra mia kurt  sun�rthsh f : Rn → R kai tuqìn y ∈ Rn. ParathroÔme
ìti (y, f(y)) ∈ bd(epi(f)). Apì to Je¸rhma 5.2.14, to epi(f) eÐnai kleistì kai kurtì.
Sunep¸c, up�rqei uperepÐpedo tou Rn+1 to opoÐo sthrÐzei to epi(f) sto shmeÐo (y, f(y)).
Me �lla lìgia, up�rqoun x ∈ Rn kai b, α ∈ R me (x, b) 6= (0, 0), ¸ste

(5.2.46) 〈x, z〉+ bt ≥ α

gia k�je z ∈ Rn kai gia k�je t ≥ f(z), en¸

(5.2.47) 〈x, y〉+ bf(y) = α.

ParathroÔme ìti b > 0. Pr�gmati, ac upojèsoume pr¸ta ìti b < 0: tìte, af nontac to
t→ +∞ sthn (5.2.46) katal goume se �topo. An p�li b = 0, tìte èqoume 〈x, z〉 ≥ α gia
k�je z ∈ Rn. Autì mporeÐ na sumbeÐ mìno an x = 0, to opoÐo epÐshc odhgeÐ se �topo:
tìte, ja eÐqame (x, b) = (0, 0).

Antikajist¸ntac ta x kai α me ta x/b kai α/b antÐstoiqa, mporoÔme na upojèsoume
ìti b = 1 stic (5.2.46) kai (5.2.47). Antikajist¸ntac ek nèou to x me to −x, èqoume to
akìloujo.

Je¸rhma 5.2.15. 'Estw f : Rn → R kurt  sun�rthsh kai èstw y ∈ Rn. Up�rqoun
0 6= x ∈ Rn kai α ∈ R ¸ste

(5.2.48) 〈x, y〉+ α = f(y)

kai

(5.2.49) 〈x, z〉+ α ≤ f(z)

gia k�je z ∈ Rn. 2
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5.3 Sun�rthsh st rixhc kai sun�rthsh st�jmhc
5.3aþ Sun�rthsh st rixhc

'Estw K mh kenì, kurtì kai sumpagèc uposÔnolo tou Rn. Gia k�je mh mhdenikì y ∈ Rn

jewroÔme thn apeikìnish x → 〈x, y〉. AfoÔ to K eÐnai sumpagèc, orÐzontai oi αy =
max{〈x, y〉 : x ∈ K} kai βy = min{〈x, y〉 : x ∈ K}. Ta uperepÐpeda

(5.3.1) H(y, αy) = {x ∈ Rn : 〈x, y〉 = αy}

kai

(5.3.2) H(y, βy) = {x ∈ Rn : 〈x, y〉 = βy}

sthrÐzoun to K. OrÐzoume mia sun�rthsh ston Rn apeikonÐzontac k�je y ston αy.

Orismìc 5.3.1 (sun�rthsh st rixhc). 'Estw K mh kenì, kurtì kai sumpagèc up-
osÔnolo tou Rn. H sun�rthsh st rixhc (support function) hK : Rn → R tou K orÐzetai
apì thn

(5.3.3) hK(y) = max{〈x, y〉 : x ∈ K}.

ParadeÐgmata

(a) JewroÔme ton kÔbo Qn = {x ∈ Rn : |xi| ≤ 1 gia k�je i ≤ n}. Gia k�je y ∈ Rn kai
gia k�je x ∈ Qn èqoume

(5.3.4) 〈x, y〉 ≤
n∑

i=1

|xi||yi| ≤ max
i≤n

|xi| ·
n∑

i=1

|yi|,

�ra hQn
(y) ≤

∑n
i=1 |yi|. Epiplèon, an xi = sgn(yi), tìte x = (x1, . . . , xn) ∈ Qn kai

(5.3.5) 〈x, y〉 =
n∑

i=1

sgn(yi)yi =
n∑

i=1

|yi|.

Sunep¸c,

(5.3.6) hQn
(y) =

n∑
i=1

|yi|.

(b) JewroÔme to K = Bn
1 = {x ∈ Rn :

∑n
i=1 |xi| ≤ 1}. (To K eÐnai polÔtopo me korufèc

ta ±ei, i = 1, . . . , n. Gia n = 2 eÐnai rìmboc, gia n = 3 okt�edro). Gia k�je y ∈ Rn kai
gia k�je x ∈ K èqoume

(5.3.7) 〈x, y〉 ≤
n∑

i=1

|xi||yi| ≤ max
i≤n

|yi| ·
n∑

i=1

|xi|,
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�ra hK(y) ≤ maxi≤n |yi|. Epiplèon, an max |yi| = |yi0 | kai x = (sgnyi0)ei0 , tìte x ∈ K
kai 〈y, x〉 = |yi0 |. 'Ara,

(5.3.8) hK(y) = max
i≤n

|yi|.

(g) 'Estw 1 < p < ∞ kai èstw q o suzug c ekjèthc tou p, o opoÐoc orÐzetai apì thn
1
p + 1

q = 1 (parathr ste ìti 1 < q < ∞ kai p(q − 1) = q). JewroÔme to K = Bn
p =

{x ∈ Rn :
∑n

i=1 |xi|p ≤ 1}. 'Estw y ∈ Rn kai èstw ‖y‖q
q :=

∑n
i=1 |yi|q. Gia k�je x ∈ K,

h anisìthta tou Hölder deÐqnei ìti

(5.3.9) 〈x, y〉 ≤
n∑

i=1

|xi||yi| ≤

(
n∑

i=1

|yi|q
)1/q ( n∑

i=1

|xi|p
)1/p

= ‖y‖q,

�ra hK(y) ≤ ‖y‖q. An y 6= 0 kai an orÐsoume x = (x1, . . . , xn) ìpou xi = |yi|q−1sgn(yi)/‖y‖q/p
q ,

tìte

(5.3.10) 〈x, y〉 =
1

‖y‖q/p
q

n∑
i=1

|yi|q = ‖y‖q−q/p
q = ‖y‖q

kai

(5.3.11)
n∑

i=1

|xi|p =
1

‖y‖q
q

n∑
i=1

|yi|p(q−1) =
1

‖y‖q
q

n∑
i=1

|yi|q = 1,

dhlad , x ∈ K. 'Ara,

(5.3.12) hK(y) = max
x∈K

〈x, y〉 = ‖y‖q.

Oi basikèc idiìthtec thc sun�rthshc st rixhc perigr�fontai sthn epìmenh Prìtash.

Prìtash 5.3.2. (a) 'Estw K mh kenì kurtì kai sumpagèc uposÔnolo tou Rn. H hK

eÐnai kurt  kai jetik� omogen c.

(b) hλK = λhK gia k�je λ > 0.
(g) An K1 kai K2 eÐnai mh ken� kurt� kai sumpag  uposÔnola tou Rn, tìte hK1+K2 =
hK1 + hK2 .

Apìdeixh. (a) DeÐqnoume pr¸ta ìti h hK eÐnai upogrammik . 'Estw y1, y2 ∈ Rn. Gia k�je
x ∈ K èqoume

(5.3.13) 〈x, y1 + y2〉 = 〈x, y1〉+ 〈x, y2〉 ≤ hK(y1) + hK(y2).

'Ara,

(5.3.14) hK(y1 + y2) = max
x∈K

〈x, y1 + y2〉 ≤ hK(y1) + hK(y2).
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An y ∈ Rn kai λ > 0, tìte

(5.3.15) hK(λy) = max
x∈K

〈x, λy〉 = max
x∈K

λ〈x, y〉 = λmax
x∈K

〈x, y〉 = λhK(y),

�ra h hK eÐnai jetik� omogen c. AfoÔ h hK eÐnai upogrammik  kai jetik� omogen c,
sumperaÐnoume ìti h hK eÐnai kurt .

(b) 'Estw λ > 0. Tìte,

(5.3.16) hλK(y) = max
x∈λK

〈x, y〉 = max
x∈K

〈λx, y〉 = λmax
x∈K

〈x, y〉 = λhK(y),

�ra hλK = λhK .

(g) Gia k�je y ∈ Rn èqoume

hK1+K2(y) = max{〈y, x1 + x2〉 : x1 ∈ K1, x2 ∈ K2}
= max{〈y, x1〉+ 〈y, x2〉 : x1 ∈ K1, x2 ∈ K2}
= max{〈y, x1〉 : x1 ∈ K1}+ max{〈y, x2〉 : x2 ∈ K2}
= hK1(y) + hK2(y).

'Ara, hK1+K2 = hK1 + hK2 . 2

Skopìc mac eÐnai na deÐxoume ìti h sun�rthsh st rixhc tou K prosdiorÐzei to K.
Autì eÐnai �mesh sunèpeia tou epìmenou jewr matoc.

Je¸rhma 5.3.3. An K1,K2 eÐnai mh ken�, kurt� sumpag  uposÔnola tou Rn, tìte
K1 ⊆ K2 an kai mìno an hK1 ≤ hK2 .

Apìdeixh. Apì ton orismì thc sun�rthshc st rixhc blèpoume eÔkola ìti an K1 ⊆ K2

tìte

(5.3.17) hK1(y) = max
x∈K1

〈x, y〉 ≤ max
x∈K2

〈x, y〉 = hK2(y)

gia k�je y ∈ Rn. AntÐstrofa, ac upojèsoume ìti hK1 ≤ hK2 all� up�rqei x ∈ K1 me
x /∈ K2. Tìte ta x,K2 qwrÐzontai austhr�, dhlad  up�rqei y ∈ Rn ¸ste 〈z, y〉 < 〈x, y〉
gia k�je z ∈ K2. Tìte,

(5.3.18) hK2(y) = max{〈z, y〉 : z ∈ K2} < 〈x, y〉 ≤ hK1(y),

to opoÐo eÐnai �topo. 2

Pìrisma 5.3.4. An K eÐnai mh kenì kurtì sumpagèc uposÔnolo tou Rn, tìte 0 ∈ K an
kai mìno an hK ≥ 0.

Apìdeixh. h{0} = 0. 2
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Pìrisma 5.3.5. H sun�rthsh st rixhc kajorÐzei to sÔnolo K. Dhlad , an K1,K2 eÐnai
mh ken� kurt� sumpag  uposÔnola tou Rn me hK1 = hK2 , tìte K1 = K2. 2

Sthn eidik  perÐptwsh pou toK eÐnai summetrikì (wc proc to 0) kurtì s¸ma oi basikèc
idiìthtec thc sun�rthshc st rixhc apodeiknÔoun to ex c.

Prìtash 5.3.6. 'EstwK summetrikì kurtì s¸ma ston Rn. Tìte, h sun�rthsh st rixhc
hK eÐnai nìrma, kai dÐnetai apì thn

(5.3.19) hK(y) = max
x∈K

|〈x, y〉|

gia k�je y ∈ Rn.

Apìdeixh. AfoÔ 0 ∈ K èqoume hK(y) ≥ 0 gia k�je y ∈ Rn. Apì th summetrÐa tou K kai
to gegonìc ìti èqei mh kenì eswterikì, sumperaÐnoume ìti up�rqei r > 0 ¸ste B(0, r) ⊂ K
(�skhsh). 'Epetai ìti: an y 6= 0 tìte

(5.3.20) hK(y) ≥ max
x∈B(0,r)

〈x, y〉 = r‖y‖2 > 0.

EpÐshc,

(5.3.21) hK(−y) = max
x∈K

〈x,−y〉 = max
x∈K

〈−x,−y〉 = max
x∈K

〈x, y〉 = hK(y).

AfoÔ h hK eÐnai jetik� omogen c, elègqoume eÔkola ìti

(5.3.22) hK(ty) = |t|hK(y)

gia k�je y ∈ Rn kai gia k�je t > 0. H trigwnik  anisìthta èqei  dh apodeiqjeÐ, �ra h
hK eÐnai nìrma.

Tèloc, p�li apì th summetrÐa tou K, èqoume ±〈x, y〉 = 〈±x, y〉 ≤ hK(y) gia k�je
x ∈ K, opìte

(5.3.23) max
x∈K

|〈x, y〉| ≤ hK(y)

ki autì apodeiknÔei thn (5.3.19). 2

To teleutaÐo apotèlesma aut c thc upoparagr�fou dÐnei èna qarakthrismì thc kl�shc
twn sunart sewn st rixhc: mia sun�rthsh h : Rn → R eÐnai sun�rthsh st rixhc k�poiou
mh kenoÔ sumpagoÔc kurtoÔ sunìlou an kai mìno an eÐnai kurt  kai jetik� omogen c.

Je¸rhma 5.3.7. 'Estw h : Rn → R kurt  kai jetik� omogen c. Tìte up�rqei (monadikì)
kurtì sumpagèc uposÔnolo K tou Rn ¸ste hK = h.
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Apìdeixh. JewroÔme to sÔnolo

(5.3.24) K = {x ∈ Rn : 〈y, x〉 ≤ h(y) gia k�je y ∈ Rn}.

Gia k�je y ∈ Rn to sÔnolo {x ∈ Rn : 〈y, x〉 ≤ h(y)} eÐnai hmÐqwroc (  olìklhroc o Rn).
Sunep¸c, to K eÐnai kurtì wc tom  kurt¸n sunìlwn.

Epeid  h h eÐnai suneq c, to K eÐnai kleistì. Epiplèon, eÐnai sumpagèc, afoÔ gia k�je
x ∈ K kai gia k�je i = 1, . . . , n isqÔei

(5.3.25) −h(−ei) ≤ −〈−ei, x〉 = xi = 〈ei, x〉 ≤ h(ei).

JewroÔme tuqìn y ∈ Rn. AfoÔ h h eÐnai kurt , apì to Je¸rhma 5.2.15 up�rqoun x 6= 0
ston Rn kai α ∈ R ¸ste

(5.3.26) 〈x, y〉+ α = h(y)

kai

(5.3.27) 〈x, z〉+ α ≤ h(z)

gia k�je z ∈ Rn. AfoÔ h h eÐnai jetik� omogen c, apì thn (5.3.27) paÐrnoume

(5.3.28) α ≤ t (h(z)− 〈x, z〉)

gia k�je t > 0. Stajeropoi¸ntac z (gia par�deigma to y) kai af nontac to t → 0+,
blèpoume ìti α ≤ 0. Af nontac t¸ra to t→ +∞ sthn (5.3.28), blèpoume ìti

(5.3.29) 〈x, z〉 ≤ h(z)

gia k�je z ∈ Rn, dhlad  x ∈ K. Eidikìtera, to K eÐnai mh kenì.
Ac upojèsoume ìti α < 0. Epistrèfontac sthn (5.3.26) paÐrnoume

(5.3.30) 〈x, y〉 > 〈x, y〉+ α = h(y),

to opoÐo eÐnai �topo apì thn (5.3.29). 'Ara, α = 0. 'Omwc tìte, oi (5.3.26) kai (5.3.27)
deÐqnoun ìti

(5.3.31) hK(y) = max
z∈K

〈z, y〉 = 〈x, y〉 = h(y).

To y  tan tuqìn, �ra hK = h.
An M eÐnai èna �llo mh kenì, kurtì sumpagèc uposÔnolo tou Rn me hM = h, tìte

hK = hM kai to Pìrisma 5.3.5 deÐqnei ìti M = K. Dhlad , to K eÐnai to monadikì
sumpagèc kurtì sÔnolo pou èqei wc sun�rthsh st rixhc thn h. 2



124 · Kurtès sunart seis

5.3bþ Sun�rthsh st�jmhc

'Estw L kleistì kurtì uposÔnolo tou Rn me 0 ∈ int(L). 'Estw x ∈ Rn. Tìte up�rqoun
pragmatikoÐ arijmoÐ λ > 0 ¸ste x ∈ λL: an r > 0 me B(0, r) ⊆ L kai an λ > ‖x‖2/r,
èqoume x ∈ λL.

Orismìc 5.3.8 (sun�rthsh st�jmhc). 'Estw L kleistì kurtì uposÔnolo tou Rn me
0 ∈ int(L). H sun�rthsh st�jmhc (gauge function) gL : Rn → R tou L orÐzetai apì thn

(5.3.32) gL(x) = inf{λ > 0 : x ∈ λL}.

Parat rhsh 5.3.9. (a) AfoÔ to L eÐnai kurtì, an x ∈ λL tìte x ∈ µL gia k�je µ > λ.
Pr�gmati, x = λz gia k�poio z ∈ L, �ra

(5.3.33) x = µ

(
λ

µ
z +

(
1− λ

µ

)
0
)
∈ µL.

Sunep¸c, to sÔnolo Λ = {λ > 0 : x ∈ λL} èqei th morf  (a,+∞)   [a,+∞), ìpou a ≥ 0.
An a > 0, tìte to sÔnolo Λ eÐnai kleistì: èstw λn ∈ Λ, n ∈ N me λn → λ. Up�rqoun

zn ∈ L ¸ste x = λnzn. AfoÔ λ ≥ a > 0, isqÔei zn → x/λ. AfoÔ to L eÐnai kleistì,
isqÔei x/λ ∈ L, �ra λ ∈ Λ.

Sunep¸c, to Λ èqei th morf  (0,+∞)   [a,+∞), a > 0.
(b) Apì ton orismì blèpoume ìti an L1, L2 eÐnai dÔo kleist� kurt� uposÔnola tou Rn

pou to eswterikì touc perièqei to 0, tìte L1 ⊆ L2 an kai mìno an gL2 ≤ gL1 (deÐte kai
thn apìdeixh thc Prìtashc 5.3.11 parak�tw).

Oi basikèc idiìthtec thc sun�rthshc st�jmhc perigr�fontai apì thn epìmenh Prìtash.

Prìtash 5.3.10. 'Estw L kleistì kurtì uposÔnolo tou Rn me 0 ∈ int(L). Tìte:
(a) gL(x) ≥ 0 gia k�je x ∈ Rn.

(b) gL(x) = 0 an kai mìno an λx ∈ L gia k�je λ > 0. Eidikìtera, gL(0) = 0.
(g) gµL = 1

µgL gia k�je µ > 0.

(d) L = {x ∈ Rn : gL(x) ≤ 1}.
(e) Genikìtera, µL = {x ∈ Rn : gL(x) ≤ µ} gia k�je µ > 0.
(st) H gL eÐnai jetik� omogen c.

(z) H gL eÐnai kurt .

Apìdeixh. (a) Profanèc apì ton orismì thc gL.

(b) 'Epetai �mesa apì thn Parat rhsh 5.3.9.

(g) ParathroÔme ìti

(5.3.34) gµL(x) = inf{λ > 0 : x ∈ λµL} = inf
{
ρ

µ
> 0 : x ∈ ρL

}
=

1
µ
gL(x).
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(d)-(e) 'Estw x ∈ Rn me gL(x) ≤ µ. An gL(x) = 0, tìte λx ∈ L gia k�je λ > 0, �ra
x ∈ µL. An gL(x) > 0, apì thn Parat rhsh 5.3.9 èpetai ìti to sÔnolo Λ èqei th morf 
[a,+∞), ìpou a = gL(x). 'Epetai ìti x ∈ gL(x)L ⊆ µL. O antÐstrofoc egkleismìc eÐnai
profan c apì ton orismì thc gL.

(st) Gia k�je µ > 0 kai gia k�je x ∈ Rn èqoume

gL(µx) = inf{λ > 0 : µx ∈ λL} = inf{λ > 0 : x ∈ (λ/µ)L}
= inf{ρµ > 0 : x ∈ ρL} = µgL(x).

(z) 'Estw x, y ∈ Rn kai èstw t ∈ (0, 1). Ja deÐxoume ìti

(5.3.35) gL((1− t)x+ ty) ≤ (1− t)gL(x) + tgL(y).

An to dexiì mèloc eÐnai Ðso me 0, tìte x ∈ λL kai y ∈ λL gia k�je λ > 0. 'Ara,
(1− t)x+ ty ∈ λL gia k�je λ > 0, ap' ìpou èpetai ìti gL(tx+ (1− t)y) = 0.

'Estw ìti to dexiì mèloc thc anisìthtac eÐnai jetikì. Up�rqoun λn > 0, µn > 0 ¸ste
x ∈ λnL, y ∈ µnL kai

(5.3.36) λn → gL(x), µn → gL(y).

Tìte, (1− t)x+ ty ∈ ((1− t)λn + tµn)L, dhlad 

(5.3.37) gL((1− t)x+ ty) ≤ (1− t)λn + tµn.

Af nontac to n→∞ paÐrnoume thn (5.3.35). 2

H epìmenh Prìtash deÐqnei ìti h sun�rthsh st�jmhc gL prosdiorÐzei to L.

Prìtash 5.3.11. An K,L kurt� kleist� uposÔnola tou Rn me 0 ∈ int(K) ∩ int(L) kai
gK = gL, tìte K = L.

Apìdeixh. Apì to Je¸rhma 5.3.10(d) èqoume

(5.3.38) K = {x : gK(x) ≤ 1} = {x : gL(x) ≤ 1} = L,

afoÔ gK(x) ≤ 1 an kai mìno an gL(x) ≤ 1. 2

Sthn eidik  perÐptwsh pou toK eÐnai summetrikì (wc proc to 0) kurtì s¸ma oi basikèc
idiìthtec thc sun�rthshc st�jmhc apodeiknÔoun to ex c.

Prìtash 5.3.12. 'Estw L summetrikì kurtì s¸ma ston Rn. Tìte, h sun�rthsh st�-
jmhc gL eÐnai nìrma.



126 · Kurtès sunart seis

Apìdeixh. AfoÔ h gL eÐnai mh arnhtik , jetik� omogen c kai kurt , arkeÐ na deÐxoume ìti
gL(−x) = gL(x) kai ìti gL(x) > 0 gia k�je x 6= 0. H apìdeixh af netai wc �skhsh: o
pr¸toc isqurismìc prokÔptei apì th summetrÐa tou L wc proc to 0 kai o deÔteroc apì to
gegonìc ìti to L perièqei th mp�la B(0, r) gia k�poion r > 0. 2

To teleutaÐo apotèlesma aut c thc upoparagr�fou dÐnei èna qarakthrismì thc kl�shc
twn sunart sewn st�jmhc: mia sun�rthsh g : Rn → R eÐnai sun�rthsh st�jmhc k�poiou
kleistoÔ kurtoÔ sunìlou pou to eswterikì tou perièqei to 0 an kai mìno an eÐnai mh
arnhtik , kurt  kai jetik� omogen c.

Je¸rhma 5.3.13. 'Estw g : Rn → R mh arnhtik  jetik� omogen c kurt  sun�rthsh.
Jètoume L = {x ∈ Rn : g(x) ≤ 1}. Tìte to L eÐnai kurtì kai kleistì, 0 ∈ int(L) kai
g = gL.

Apìdeixh. To L eÐnai kurtì wc sÔnolo st�jmhc kurt c sun�rthshc. EpÐshc eÐnai kleistì,
afoÔ h g eÐnai suneq c.

AfoÔ h g eÐnai jetik� omogen c, isqÔei g(0) = 0 kai h sunèqeia thc g sunep�getai ìti
to sÔnolo {x ∈ Rn : g(x) < 1} eÐnai anoiktì. 'Ara, 0 ∈ int(L).

JewroÔme th sun�rthsh st�jmhc gL tou L. Apì to Je¸rhma 5.3.10(d) èqoume

(5.3.39) {x ∈ Rn : g(x) ≤ 1} = L = {x ∈ Rn : gL(x) ≤ 1}.

Apì aut  thn isìthta ja exaqjeÐ h isìthta twn g kai gL.
'Estw x ∈ Rn. An g(x) = 0, tìte gia k�je λ > 0 èqoume g(λx) = 0 ≤ 1, �ra λx ∈ L.

'Epetai ìti gL(x) = 0. An gL(x) = 0, tìte λx ∈ L gia k�je λ > 0, �ra gL(λx) ≤ 1 gia
k�je λ > 0. 'Epetai ìti λg(x) = g(λx) ≤ 1 gia k�je λ > 0, sunep¸c g(x) = 0.

MporoÔme loipìn na upojèsoume ìti g(x) > 0 kai gL(x) > 0. Tìte g(x/g(x)) = 1,
opìte

(5.3.40)
gL(x)
g(x)

= gL

(
x

g(x)

)
≤ 1.

EpÐshc, èqoume x/gL(x) ∈ L opìte

(5.3.41)
g(x)
gL(x)

= g

(
x

gL(x)

)
≤ 1.

'Ara, g(x) = gL(x). 2

5.3gþ Sqèsh twn dÔo sunart sewn

Qrhsimopoi¸ntac thn ènnoia tou polikoÔ enìc kurtoÔ sunìlou mporoÔme na deÐxoume ìti
h sun�rthsh st rixhc kai h sun�rthsh st�jmhc ikanopoioÔn thn ex c sqèsh duðsmoÔ.
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Je¸rhma 5.3.14. 'Estw K kurtì sumpagèc uposÔnolo tou Rn me 0 ∈ K. Tìte 0 ∈
int(K◦) kai hK = gK◦ . AntÐstrofa, èstw L kurtì kleistì uposÔnolo tou Rn me 0 ∈
int(L). Tìte to L◦ eÐnai sumpagèc kai isqÔei hL◦ = gL.

Apìdeixh. AfoÔ to K eÐnai sumpagèc kurtì kai 0 ∈ K, h hK orÐzetai kal� kai paÐrnei mh
arnhtikèc timèc. To K◦ eÐnai kleistì kurtì kai èqoume deÐxei ìti an to K eÐnai fragmèno
tìte 0 ∈ int(K◦). 'Ara, h gK◦ orÐzetai kal�. ParathroÔme ìti

(5.3.42) K◦ = {y ∈ Rn : hK(y) ≤ 1}.

Apì to Je¸rhma 5.3.13 (me g = hK ≥ 0) èpetai ìti hK = gK◦ .
AntÐstrofa, èstw L kurtì kleistì uposÔnolo tou Rn me 0 ∈ int(L). Apì thn teleu-

taÐa upìjesh sumperaÐnoume ìti to L◦ eÐnai fragmèno. To L◦ eÐnai kurtì kai kleistì
(�ra, sumpagèc) kai 0 ∈ L◦. Epomènwc, h hL◦ orÐzetai kal� kai eÐnai mh arnhtik . Apì
to pr¸to mèroc tou Jewr matoc èqoume

(5.3.43) hL◦ = gL◦◦ .

'Omwc,

(5.3.44) L◦◦ = conv(L ∪ {0}) = L = L.

'Ara, hL◦ = gL. 2

Pìrisma 5.3.15. 'Estw K kurtì s¸ma ston Rn me 0 ∈ int(K). Tìte, to K◦ eÐnai kurtì
s¸ma me 0 ∈ int(K◦) kai

(5.3.45) hK = gK◦ , hK◦ = gK .

Eidikìtera, an to K eÐnai summetrikì wc proc to 0 tìte oi hK , gK eÐnai nìrmec kai
ikanopoioÔn thn (5.3.45). 2

Par�deigma

Gia k�je 1 ≤ p <∞ orÐzoume

(5.3.46) ‖x‖p =

(
n∑

i=1

|xi|p
)1/p

.

Gia p = ∞ jètoume

(5.3.47) ‖x‖∞ = max
1≤i≤n

|xi|.

Gia k�je p ∈ [1,∞] h ‖ · ‖p eÐnai mh arnhtik , kurt  kai jetik� omogen c. 'Ara, eÐnai
sun�rthsh st�jmhc tou sunìlou

(5.3.48) Bn
p = {x ∈ Rn : ‖x‖p ≤ 1}.
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Gia k�je p, to Bn
p eÐnai kurtì, summetrikì wc proc to 0, sumpagèc (perièqetai ston kÔbo

Bn
∞) kai 0 ∈ int(Bn

p ). 'Ara, h ‖ · ‖p eÐnai nìrma.
Apì to Je¸rhma 5.3.14 èqoume hBn

p
= g(Bn

p )◦ . Sthn upopar�grafo 5.3(a') eÐdame ìti

hBn
p

= ‖ · ‖q ìpou q eÐnai o suzug c ekjèthc tou p. Dhlad , g(Bn
p )◦ = gBn

q
. Apì thn

Prìtash 5.3.11 sumperaÐnoume ìti

(5.3.49) (Bn
p )◦ = Bn

q

gia k�je p ∈ (1,∞), ìpou 1
p + 1

q = 1 (kai q = 1 an p = ∞, q = ∞ an p = 1).

5.4 Ask seic
1. 'Estw f : Rn → R �nw fragmènh kurt  sun�rthsh. DeÐxte ìti h f eÐnai stajer .

2. 'Estw f : Rn → R kurt  sun�rthsh, g : Rn → R koÐlh sun�rthsh kai èstw ìti f(x) ≤ g(x)
gia k�je x ∈ Rn. DeÐxte ìti up�rqei afinik  sun�rthsh h : Rn → R ¸ste f(x) ≤ h(x) ≤ g(x)
gia k�je x ∈ Rn.

3. 'Estw V mh kenì, anoiktì kurtì uposÔnolo tou Rn kai èstw f : V → R kurt  sun�rthsh.
DeÐxte ìti: an C eÐnai mh kenì, sumpagèc uposÔnolo tou V tìte h f eÐnai Lipschitz suneq c sto
C.

4. 'Estw C mh kenì, anoiktì kurtì uposÔnolo tou Rn kai èstw f : C → R.
(a) Upojètoume ìti h f èqei suneqeÐc merikèc parag¸gouc. DeÐxte ìti h f eÐnai kurt  an kai
mìno an

〈∇f(x)−∇f(y), x− y〉 ≥ 0

gia k�je x, y ∈ C.

(b) Upojètoume ìti h f èqei suneqeÐc merikèc parag¸gouc deÔterhc t�xhc. DeÐxte ìti h f eÐnai
kurt  an kai mìno an gia k�je x ∈ C kai gia k�je u ∈ Rn isqÔei

n∑
i,j=1

∂2f

∂xi∂xj
(x)uiuj ≥ 0.

5. 'Estw C kleistì kai kurtì uposÔnolo tou Rn kai èstw f : Rn → R h sun�rthsh f(x) =
dist(x, C).

(a) 'Estw x /∈ C. DeÐxte ìti

∇f(x) =
x− pC(x)

‖x− pC(x)‖2
.

(b) DeÐxte ìti h f eÐnai diaforÐsimh sto Rn \ C.

6. 'Estw A, B mh ken�, sumpag  kai kurt� uposÔnola tou Rn. An C = conv(A ∪B) deÐxte ìti

hC(x) = max{hA(x), hB(x)}
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gia k�je x ∈ Rn.

7. 'Estw A, B kleist� kai kurt� uposÔnola tou Rn me 0 ∈ int(A) ∩ int(B). An C = A ∩ B
deÐxte ìti

gC(x) = max{gA(x), gB(x)}
gia k�je x ∈ Rn.

8. 'Estw h : Rn → R kurt , jetik� omogen c sun�rthsh. DeÐxte ìti:

(i) h′(u; u) = h(u) kai h′(u;−u) = −h(u),

(ii) h′(u; y) ≤ h(y),

ìpou h′(x; u) eÐnai h par�gwgoc thc f sto shmeÐo x sthn kateÔjunsh tou u.

9. 'Estw C mh kenì, kurtì kai sumpagèc uposÔnolo tou Rn. 'Estw u 6= 0. OrÐzoume

L = {x ∈ C : hC(u) = 〈x, u〉}.

DeÐxte ìti:

(i) h′C(u; y) = hL(y) gia k�je y ∈ Rn.

(ii) H hC eÐnai diaforÐsimh sto u an kai mìno an to L eÐnai monosÔnolo.

10. 'Estw C mh kenì, kurtì kai sumpagèc uposÔnolo tou Rn. DeÐxte ìti h hC eÐnai grammik 
an kai mìno an to C eÐnai monosÔnolo.

11. 'Estw f : Rn → R kurt  sun�rthsh. To upodiaforikì thc f sto x eÐnai to sÔnolo

∂f(x) = {v ∈ Rn : f(y) ≥ f(x) + 〈v, y − x〉 gia k�je y ∈ Rn}.

(a) DeÐxte ìti to ∂f(x) eÐnai mh kenì, sumpagèc kai kurtì.

(b) DeÐxte ìti
∂f(x) = {v ∈ Rn : 〈v, u〉 ≤ f ′(x; u) gia k�je u 6= 0},

ìpou f ′(x; u) eÐnai h par�gwgoc thc f sto shmeÐo x sthn kateÔjunsh tou u.

(g) DeÐxte ìti: an h f eÐnai diaforÐsimh sto x tìte ∂f(x) = {∇f(x)}.

12. 'Estw C mh kenì, kurtì kai sumpagèc uposÔnolo tou Rn. DeÐxte ìti ∂hC(0) = C.





Kef�laio 6

AkraÐa shmeÐa

6.1 AkraÐa kai ektejeimèna shmeÐa
Orismìc 6.1.1 (akraÐa shmeÐa � èdrec). (a) 'Estw C èna kleistì kurtì uposÔnolo
tou Rn. 'Ena shmeÐo x ∈ C lègetai akraÐo shmeÐo tou C an den perièqetai sto eswterikì
k�poiou eujÔgrammou tm matoc tou opoÐou ta �kra an koun sto C.

Gia na elègxoume ìti to x ∈ C eÐnai akraÐo shmeÐo tou C arkeÐ, isodÔnama, na elègx-
oume to ex c: an y, z ∈ C kai x = (1 − t)y + tz gia k�poio 0 < t < 1, tìte y = z = x
(parathr ste ìti an y 6= z tìte to eujÔgrammo tm ma [y, z] eÐnai mh tetrimmèno kai gia
k�je 0 < t < 1 to (1− t)y + tz eÐnai eswterikì tou shmeÐo).

Gr�foume ext(C) gia to sÔnolo twn akraÐwn shmeÐwn tou C. ParadeÐgmata: ta akraÐa
shmeÐa enìc dÐskou eÐnai ìla ta shmeÐa thc perifèrei�c tou kai ta akraÐa shmeÐa enìc kÔbou
eÐnai oi korufèc tou. 'Ena kleistì kurtì sÔnolo mporeÐ na mhn èqei akraÐa shmeÐa: an
jewr sete opoiond pote kleistì hmÐqwro G tìte ext(G) = ∅.
(b) Genikìtera, èna kurtì uposÔnolo F ⊆ C lègetai èdra tou C an isqÔei to ex c: an
y, z ∈ C kai x = (1 − t)y + tz gia k�poio 0 < t < 1, tìte y, z ∈ F . Mia èdra F tou C
lègetai k-èdra an dim(aff(F )) = k. Apì touc orismoÔc eÐnai fanerì ìti x ∈ ext(C) an
kai mìno an to monosÔnolo {x} eÐnai 0-èdra tou C.

L mma 6.1.2. 'Estw C èna kleistì kurtì uposÔnolo tou Rn. 'Ena shmeÐo x ∈ C eÐnai
akraÐo shmeÐo tou C an kai mìno an to sÔnolo C \ {x} eÐnai kurtì.

Apìdeixh. Upojètoume pr¸ta ìti x ∈ ext(C). 'Estw y, z ∈ C \ {x} kai èstw t ∈ (0, 1).
Apì thn kurtìthta tou C èqoume (1−t)y+tz ∈ C. Apì thn �llh pleur�, (1−t)y+tz 6= x,
afoÔ to x eÐnai akraÐo shmeÐo tou C kai y, z 6= x. 'Epetai ìti (1 − t)y + tz ∈ C \ {x}.
Autì apodeiknÔei ìti to C \ {x} eÐnai kurtì.

AntÐstrofa, ac upojèsoume ìti to C \{x} eÐnai kurtì. An x /∈ ext(C), tìte up�rqoun
y, z ∈ C ¸ste to x na eÐnai eswterikì shmeÐo tou [y, z]. 'Omwc tìte, y, z ∈ C \ {x}, kai
apì thn upìjesh paÐrnoume x ∈ [y, z] ⊆ C \ {x}, to opoÐo eÐnai �topo. 2
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Orismìc 6.1.3 (ektejeimèna shmeÐa). 'Estw C èna kleistì kurtì uposÔnolo tou Rn.
'Ena shmeÐo x ∈ C lègetai ektejeimèno shmeÐo tou C an up�rqei uperepÐpedo H ¸ste to
H na sthrÐzei to C kai to x na eÐnai to monadikì koinì shmeÐo twn C kai H: dhlad ,
C ∩H = {x}. Gr�foume exp(C) gia to sÔnolo twn ektejeimènwn shmeÐwn tou C.

L mma 6.1.4. 'Estw C èna kleistì kurtì uposÔnolo tou Rn. K�je ektejeimèno shmeÐo
tou C eÐnai akraÐo shmeÐo tou C. Dhlad ,

(6.1.1) exp(C) ⊆ ext(C).

Apìdeixh. 'Estw x ∈ exp(C). Tìte, up�rqoun 0 6= u ∈ Rn kai α ∈ R ¸ste

(6.1.2) 〈x, u〉 = α

kai

(6.1.3) 〈w, u〉 < α gia k�je w ∈ C \ {x}.

Upojètoume ìti x = (1− t)y + tz gia k�poia y, z ∈ C kai 0 < t < 1. Tìte,

(6.1.4) α = 〈x, u〉 = (1− t)〈y, u〉+ t〈z, u〉 ≤ (1− t)α+ tα = α.

AfoÔ 0 < t < 1, autì shmaÐnei ìti 〈y, u〉 = 〈z, u〉 = α. Apì thn (6.1.3) èpetai ìti
y = z = x. Dhlad , x ∈ ext(C). 2

ShmeÐwsh: O egkleismìc mporeÐ na eÐnai gn sioc. Jewr ste ta sÔnola

C1 = {(x, y) ∈ R2 : −1 ≤ x ≤ 1, y = 1 +
√

1− x2}

C2 = {(x, y) ∈ R2 : −1 ≤ x ≤ 1, y = −1−
√

1− x2},

kai thn kurt  touc j kh C = conv(C1 ∪ C2). Tìte, (±1,±1) ∈ ext(C) \ exp(C). Ja
deÐxoume ìmwc ìti sthn perÐptwsh enìc kurtoÔ sumpagoÔc sunìlou, to sÔnolo twn ekte-
jeimènwn shmeÐwn eÐnai puknì sto sÔnolo twn akraÐwn shmeÐwn.

Je¸rhma 6.1.5 (Straszewicz). 'Estw K èna sumpagèc kurtì uposÔnolo tou Rn. Tìte,

(6.1.5) exp(K) ⊇ ext(K).

ShmeÐwsh: To sÔnolo twn akraÐwn shmeÐwn enìc sumpagoÔc kurtoÔ uposunìlou tou Rn

(n ≥ 3) mporeÐ na mhn eÐnai kleistì: gia par�deigma jewr ste to dÐsko D = {(x, y, 0) ∈
R3 : (x−1)2+y2 = 1} kai to sumpagèc kurtì sÔnoloK = conv(D∪(0, 0,±1)). DeÐxte ìti
to ext(K) = exp(K) den eÐnai kleistì sÔnolo. Sunep¸c, o egkleismìc exp(K) ⊇ ext(K)
tou Jewr matoc 6.1.5 den mporeÐ na antikatastajeÐ me isìthta.

H apìdeixh ja basisteÐ se mia seir� apì l mmata pou parousi�zoun anex�rthto endi-
afèron. To pr¸to dÐnei ènan qarakthrismì twn akraÐwn shmeÐwn enìc sumpagoÔc kurtoÔ
sunìlou.
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L mma 6.1.6. 'Estw K èna kurtì sumpagèc uposÔnolo tou Rn. 'Ena shmeÐo x ∈ K eÐnai
akraÐo shmeÐo tou K an kai mìno an gia k�je r > 0 up�rqei anoiktìc hmÐqwroc G tou Rn

¸ste x ∈ G kai K ∩G ⊆ B(x, r).

Apìdeixh. Upojètoume pr¸ta ìti x ∈ ext(K) kai ìti r > 0. Tìte, to K \ B(x, r) eÐnai
sumpagèc, �ra to sÔnolo

(6.1.6) L = conv(K \B(x, r))

eÐnai kurtì kai sumpagèc.
Parathr ste ìti x /∈ L. Alli¸c, afoÔ x ∈ ext(K), apì to L mma 6.1.2 ja eÐqame

(6.1.7) x ∈ conv(K \B(x, r)) ⊆ conv(K \ {x}) = K \ {x},

to opoÐo eÐnai �topo. AfoÔ x /∈ L, ta L kai x diaqwrÐzontai austhr�. Sunep¸c, up�rqei
anoiktìc hmÐqwroc G ¸ste x ∈ G kai G ∩ L = ∅. Tìte,

(6.1.8) (K \B(x, r)) ∩G = ∅, �ra K \B(x, r) ⊆ Gc.

'Epetai ìti K ∩G ⊆ B(x, r).
AntÐstrofa: èstw ìti x /∈ ext(K). Tìte, up�rqoun y 6= z sto K ¸ste x ∈ (y, z).

MporoÔme loipìn na broÔme r > 0 arket� mikrì ¸ste ta y kai z na mhn an koun sthn
B(x, r).

Apì thn upìjesh, up�rqei anoiktìc hmÐqwroc G me thn idiìthta: x ∈ G kai K ∩G ⊆
B(x, r). AfoÔ y, z /∈ B(x, r), èqoume y, z ∈ Gc. 'Omwc, to Gc eÐnai kurtì (kleistìc
hmÐqwroc). 'Ara, [y, z] ⊆ Gc. Dhlad , x ∈ Gc, to opoÐo eÐnai �topo. 2

To epìmeno l mma perigr�fei mia {mèjodo entopismoÔ ektejeimènwn shmeÐwn} enìc
kurtoÔ sumpagoÔc sunìlou.

L mma 6.1.7. 'EstwK èna sumpagèc kurtì uposÔnolo tou Rn. 'Estw w ∈ Rn. JewroÔme
z ∈ K to opoÐo èqei th mègisth dunat  apìstash apì to w:

(6.1.9) ‖z − w‖2 = max{‖y − w‖2 : y ∈ K}

(parathr ste ìti tètoia shmeÐa up�rqoun, afoÔ to K eÐnai sumpagèc kai h y 7→ ‖y−w‖2
eÐnai suneq c). Tìte, z ∈ exp(K).

Apìdeixh. Gia k�je y ∈ K èqoume

(6.1.10) ‖z − w‖22 ≥ ‖y − w‖22 = ‖(y − z) + (z − w)‖22,

dhlad 

(6.1.11) ‖z − w‖22 ≥ ‖y − z‖22 + 2〈y − z, z − w〉+ ‖z − w‖22.
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'Ara, gia k�je y ∈ K èqoume

(6.1.12) 2(〈y, z − w〉 − 〈z, z − w〉) + ‖y − z‖22 ≤ 0.

'Epetai ìti

(6.1.13) 〈y, z − w〉 ≤ α := 〈z, z − w〉

gia k�je y ∈ K. Dhlad , to

(6.1.14) H = {x ∈ Rn : 〈x, z − w〉 = α}

sthrÐzei to K sto z. Epiplèon, an 〈y, z − w〉 = α gia k�poio y ∈ K tìte, epistrèfontac
sthn (6.1.12) blèpoume ìti ‖y − z‖22 ≤ 0, dhlad  y = z. 'Ara, K ∩ H = {z}, to opoÐo
deÐqnei ìti to z eÐnai ektejeimèno shmeÐo tou K. 2

Qrhsimopoi¸ntac to L mma 6.1.7 paÐrnoume to ex c.

L mma 6.1.8. 'Estw K èna sumpagèc kurtì uposÔnolo tou Rn. An G eÐnai ènac anoiktìc
hmÐqwroc tou Rn me thn idiìthta K ∩G 6= ∅, tìte exp(K) ∩G 6= ∅.

Apìdeixh. Jètoume D = diam(K) kai gr�foume ton G sth morf 

(6.1.15) G = {x ∈ Rn : 〈x, u〉 < α},

ìpou 0 6= u ∈ Rn kai α ∈ R. 'Estw x ∈ K ∩G. Ja epilèxoume λ > 0 kat�llhla meg�lo
kai ja qrhsimopoi soume to prohgoÔmeno L mma gia to w = x+ λu.

JewroÔme z ∈ K to opoÐo èqei th megalÔterh dunat  apìstash apì to w. Apì to
L mma 6.1.7 èqoume z ∈ exp(K). Mènei loipìn na deÐxoume ìti z ∈ G. AfoÔ

(6.1.16) ‖z − w‖2 ≥ ‖x− w‖2,

arkeÐ na deÐxoume ìti gia k�je y ∈ K ∩Gc isqÔei

(6.1.17) ‖y − w‖2 < ‖x− w‖2.

ParathroÔme ìti an y ∈ K ∩Gc tìte 〈y, u〉 ≥ α, opìte

(6.1.18) ‖y − w‖22 = ‖y − x− λu‖22 = ‖y − x‖22 − 2λ〈y − x, u〉+ ‖x− w‖22

afoÔ λu = w − x. ArkeÐ loipìn na exasfalÐsoume ìti

(6.1.19) ‖y − x‖22 < 2λ(〈y, u〉 − 〈x, u〉)

gia k�je y ∈ K ∩Gc. AfoÔ ‖y − x‖2 ≤ D kai 〈y, u〉 − 〈x, u〉 ≥ α − 〈x, u〉 > 0, arkeÐ na
epilèxoume to λ > 0 arket� meg�lo ¸ste na isqÔei h

(6.1.20) D2 < 2λ(α− 〈x, u〉).
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Tìte, h (6.1.17) isqÔei gia k�je y ∈ K ∩Gc, kai apì thn (6.1.16) èqoume z ∈ exp(K)∩G.
2

Apìdeixh tou Jewr matoc 6.1.5: 'Estw x ∈ ext(K). Ja deÐxoume ìti gia k�je r > 0
isqÔei B(x, r) ∩ exp(K) 6= ∅. Apì to L mma 6.1.6 up�rqei anoiktìc hmÐqwroc G ¸ste

(6.1.21) x ∈ G kai K ∩G ⊆ B(x, r).

AfoÔ K ∩G 6= ∅, apì to L mma 6.1.8 up�rqei

(6.1.22) z ∈ exp(K) ¸ste z ∈ G.

AfoÔ z ∈ K ∩G, apì thn (6.1.21) sumperaÐnoume ìti z ∈ B◦(x, r). Dhlad ,

(6.1.23) B(x, r) ∩ exp(K) 6= ∅.

AfoÔ to r > 0  tan tuqìn, blèpoume ìti x ∈ exp(K). 2

To basikì apotèlesma aut c thc Paragr�fou eÐnai to akìloujo je¸rhma tou Minkowski.

Je¸rhma 6.1.9 (Minkowski). 'Estw K èna sumpagèc kurtì uposÔnolo tou Rn. Tìte,
to K eÐnai h kurt  j kh twn akraÐwn shmeÐwn tou:

(6.1.24) K = conv(ext(K)).

Apìdeixh. H apìdeixh gÐnetai me epagwg  wc proc th di�stash d = dim(aff(K)) thc
afinik c j khc tou K. An d = 0, tìte to K eÐnai monosÔnolo kai o isqurismìc tou
jewr matoc isqÔei profan¸c. Upojètoume loipìn ìti h di�stash tou K eÐnai d > 0 kai
ìti to je¸rhma isqÔei gia ìla ta sumpag  kurt� uposÔnola tou Rn pou èqoun afinik 
di�stash mikrìterh apì d.

'Estw x ∈ K. An to x eÐnai akraÐo shmeÐo tou K tìte, profan¸c, x ∈ conv(ext(K)).
Upojètoume loipìn ìti x ∈ K \ ext(K).

Tìte, up�rqei eujeÐa ` ¸ste to x na eÐnai eswterikì shmeÐo tou eujÔgrammou tm matoc
[y, z] = ` ∩ K. To y an kei sto sqetikì sÔnoro tou K sthn aff(K). Tìte, up�rqoun
0 6= u ∈ aff(K) kai α ∈ R ¸ste

(6.1.25) 〈w, u〉 ≤ α = 〈y, u〉

gia k�je w ∈ K. JewroÔme to uperepÐpedo Hy = {v ∈ aff(K) : 〈v, u〉 = α} tou aff(K) kai
to K ∩Hy. To K ∩Hy eÐnai mh kenì, kurtì kai sumpagèc sÔnolo me di�stash mikrìterh
apì d. 'Ara, eÐnai h kurt  j kh twn akraÐwn shmeÐwn tou. AfoÔ y ∈ K∩Hy, to y gr�fetai
san kurtìc sunduasmìc akraÐwn shmeÐwn tou K∩Hy. An loipìn deÐxoume ìti k�je akraÐo
shmeÐo tou K ∩Hy eÐnai akraÐo shmeÐo tou K, ja èqoume deÐxei ìti y ∈ conv(ext(K)).

'Estw w akraÐo shmeÐo tou K ∩Hy kai ac upojèsoume ìti w = (1 − t)w1 + tw2 gia
k�poia w1, w2 ∈ K kai 0 < t < 1. Tìte,

(6.1.26) α = 〈w, u〉 = (1− t)〈w1, u〉+ t〈w2, u〉 ≤ (1− t)α+ tα = α,
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ap' ìpou blèpoume ìti 〈w1, u〉 = 〈w2, u〉 = α, dhlad , w1, w2 ∈ K ∩Hy. 'Omwc to w eÐnai
akraÐo shmeÐo tou K ∩Hy, �ra w1 = w2 = w. Autì apodeiknÔei ìti w ∈ ext(K).

Me ton Ðdio trìpo deÐqnoume ìti z ∈ conv(ext(K)). AfoÔ x ∈ [y, z], èpetai ìti

(6.1.27) x ∈ conv({y, z}) ⊆ conv(ext(K)).

To x ∈ K \ ext(K)  tan tuqìn, �ra K ⊆ conv(ext(K)). 2

ShmeÐwsh: Qrhsimopoi¸ntac to Je¸rhma tou Karajeodwr  blèpoume ìti an K eÐnai èna
sumpagèc kurtì uposÔnolo tou Rn tìte k�je x ∈ K gr�fetai san kurtìc sunduasmìc
to polÔ n+ 1 akraÐwn shmeÐwn tou K.

'Enac �lloc trìpoc diatÔpwshc tou jewr matoc tou Minkowski eÐnai o ex c.

Pìrisma 6.1.10. 'Estw K èna sumpagèc kurtì uposÔnolo tou Rn kai èstw M ⊆ K.
Tìte,

(6.1.28) K = conv(M) an kai mìno an M ⊇ ext(K).

Apìdeixh. AfoÔ to K eÐnai kurtì kai M ⊆ K, èqoume K ⊇ conv(M). ParathroÔme ìti
an M ⊇ ext(K) tìte

(6.1.29) K ⊇ conv(M) ⊇ conv(ext(K)) = K.

AntÐstrofa, an K = conv(M) kai up�rqei x ∈ ext(K) \M , tìte apì thn kurtìthta tou
K \ {x} (L mma 6.1.2) kai thn M ⊆ K \ {x} paÐrnoume

(6.1.30) K = conv(M) ⊆ conv(K \ {x}) = K \ {x},

to opoÐo eÐnai �topo. 2

Pìrisma 6.1.11. 'Estw K èna sumpagèc kurtì uposÔnolo tou Rn kai èstw M ⊆ K.
Tìte,

(6.1.31) K = conv(exp(K)).

Apìdeixh. Apì to Je¸rhma tou Straszewicz èqoume ext(K) ⊆ exp(K). Parathr ste ìti,
genik�, conv(A) ⊆ conv(A). 'Ara,

(6.1.32) K = conv(ext(K)) ⊆ conv(exp(K)) ⊆ conv(exp(K)) ⊆ K.

Dhlad , K = conv(exp(K)). 2

Pollèc apì tic efarmogèc tou Jewr matoc tou Minkowski basÐzontai sthn epìmenh
apl  Prìtash.

Prìtash 6.1.12. 'Estw K èna mh kenì, sumpagèc kurtì uposÔnolo tou Rn. An f :
K → R eÐnai mia suneq c kurt  sun�rthsh kai an M = max{f(x) : x ∈ K}, tìte
up�rqei akraÐo shmeÐo z tou K ¸ste f(z) = M .
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Apìdeixh. AfoÔ to K eÐnai sumpagèc kai h f eÐnai suneq c, up�rqei x ∈ K ¸ste f(x) =
M . AfoÔ x ∈ K = conv(ext(K)), up�rqoun z1, . . . , zm ∈ ext(K) kai ti ≥ 0 me t1 + · · ·+
tm = 1 ¸ste x = t1z1 + · · ·+ tmzm. Apì thn kurtìthta thc f èqoume

(6.1.33) M = f(x) = f(t1z1 + · · ·+ tmzm) ≤
m∑

i=1

tif(zi) ≤ max
1≤i≤m

f(zi) ≤M.

'Ara, up�rqei i ≤ m ¸ste f(zi) = M (akribèstera, èqoume f(zi) = M gia ìlouc touc
deÐktec i ≤ m pou ikanopoioÔn thn ti > 0). 2

6.2 PolÔtopa kai polÔedra
Sthn §2.1 orÐsame thn kl�sh twn polutìpwn kai thn kl�sh twn poluèdrwn ston n-
di�stato EukleÐdeio q¸ro.

(a) PolÔtopo ston Rn eÐnai h kurt  j kh enìc peperasmènou sunìlou S shmeÐwn tou
Rn.

(b) PolÔedro ston Rn eÐnai mia {peperasmènh tom  hmiq¸rwn}, dhlad  èna sÔnolo thc
morf c

(6.2.1) P = {x ∈ Rn : 〈x, ui〉 ≤ αi gia i = 1, . . . ,m}

ìpou m ∈ N, u1, . . . , um eÐnai mh mhdenik� dianÔsmata ston Rn kai α1, . . . , αm ∈ R.

Skopìc mac se aut  thn par�grafo eÐnai na deÐxoume ìti h kl�sh twn fragmènwn
poluèdrwn kai h kl�sh twn polutìpwn sumpÐptoun. H apìdeixh ja basisteÐ sto ex c
L mma.

L mma 6.2.1. 'Estw P to polÔedro

(6.2.2) P = {x ∈ Rn : 〈x, ui〉 ≤ αi, i = 1, . . . ,m}.

Gia k�je y ∈ P orÐzoume

(6.2.3) I(y) = {i ≤ m : 〈y, ui〉 = αi}.

Tìte, y ∈ ext(P ) an kai mìno an to sÔnolo {ui : i ∈ I(y)} par�gei ton Rn. Eidikìtera,
gia k�je y ∈ ext(P ) èqoume |I(y)| ≥ n.

Apìdeixh. Upojètoume pr¸ta ìti gia k�poio y ∈ P to sÔnolo {ui : i ∈ I(y)} par�gei ton
Rn. 'Estw ìti y = (1− t)y1 + ty2 gia k�poia y1, y2 ∈ P kai k�poio 0 < t < 1. Tìte, gia
k�je i ∈ I(y) èqoume

(6.2.4) αi = 〈y, ui〉 = (1− t)〈y1, ui〉+ t〈y2, ui〉 ≤ (1− t)αi + tαi = αi,
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dhlad 

(6.2.5) 〈y1, ui〉 = 〈y2, ui〉 = αi gia k�je i ∈ I(y).

'Epetai ìti (y1 − y2) ⊥ ui gia k�je i ∈ I(y). AfoÔ ta ui, i ∈ I(y) par�goun ton Rn,
sumperaÐnoume ìti y1 − y2 = 0. Dhlad , y1 = y2 = y. Autì deÐqnei ìti y ∈ ext(P ).

AntÐstrofa, ac upojèsoume ìti to {ui : i ∈ I(y)} den par�gei ton Rn. Tìte, up�rqei
z 6= 0 ston Rn me thn idiìthta

(6.2.6) 〈z, ui〉 = 0 gia k�je i ∈ I(y).

Parathr ste ìti, gia k�je i /∈ I(y) èqoume

(6.2.7) 〈y, ui〉 < αi.

JewroÔme ε > 0 kai orÐzoume y1 = y + εz, y2 = y − εz. Tìte, yi 6= y kai

(6.2.8) y =
y1 + y2

2
.

EpÐshc, an to ε > 0 eÐnai arket� mikrì, èqoume y1, y2 ∈ P . Pr�gmati, an i ∈ I(y) tìte

(6.2.9) 〈y ± εz, ui〉 = 〈y, ui〉 ± ε〈z, ui〉 = 〈y, ui〉 = αi,

en¸, an i /∈ I(y) èqoume

(6.2.10) 〈y ± εz, ui〉 = 〈y, ui〉 ± ε〈z, ui〉 < αi

an to ε > 0 eÐnai arket� mikrì ¸ste na ikanopoioÔntai oi

(6.2.11) ε|〈z, ui〉| < αi − 〈y, ui〉, i /∈ I(y).

Apì ta parap�nw sumperaÐnoume ìti y /∈ ext(P ). 2

Je¸rhma 6.2.2. K�je fragmèno polÔedro eÐnai polÔtopo.

Apìdeixh. 'Estw P to fragmèno polÔedro

(6.2.12) P = {x ∈ Rn : 〈x, ui〉 ≤ αi, i = 1, . . . ,m}.

To P eÐnai kleistì kai kurtì (wc tom  kleist¸n upoq¸rwn). AfoÔ eÐnai fragmèno, to P
eÐnai sumpagèc. Apì to Je¸rhma tou Minkowski èqoume P = conv(ext(P )). An deÐxoume
ìti to ext(P ) eÐnai peperasmèno sÔnolo, èpetai to Je¸rhma.

Apì to L mma 6.2.1, k�je y ∈ ext(P ) eÐnai h monadik  lÔsh tou sust matoc

(6.2.13) 〈y, ui〉 = αi, i ∈ I(y).
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H monadikìthta prokÔptei apì to gegonìc ìti to sÔnolo {ui : i ∈ I(y)} par�gei ton
Rn. Eidikìtera, se k�je y ∈ ext(P ) mporoÔme na antistoiqÐsoume mia n-�da grammik�
anex�rthtwn dianusm�twn ui1(y), . . . , uin(y) (ij ∈ I(y)) kai h apeikìnish y 7→ (ui1(y), . . . , uin(y))
eÐnai èna proc èna.

To pl joc twn dunat¸n n-�dwn (ui1 , . . . , uin
) aut c thc morf c eÐnai to polÔ Ðso me(

m
n

)
. 'Ara,

(6.2.14) |ext(P )| ≤
(
m

n

)
.

Dhlad , to ext(P ) eÐnai peperasmèno sÔnolo. 2

Gia thn antÐstrofh kateÔjunsh qrhsimopoioÔme ton duðsmì.

Je¸rhma 6.2.3. K�je polÔtopo eÐnai polÔedro.

Apìdeixh. 'Estw P = conv({x1, . . . , xm}) èna polÔtopo. Ja doulèyoume sthn afinik 
j kh A = aff(P ) tou P . An deÐxoume ìti up�rqoun u1, . . . , us ∈ A kai αi ∈ R ¸ste

(6.2.15) P = {x ∈ A : 〈x, ui〉 ≤ αi, i = 1, . . . , s},

tìte mporoÔme na gr�youme to P san tom  peperasmènwn to pl joc kleist¸n hmiq¸rwn
tou Rn. Pr�gmati, up�rqoun kleistoÐ hmÐqwroi F1, . . . , F2d tou Rn ¸ste A = F1∩· · ·∩F2d

(an n−d eÐnai h di�stash thc A kai an v1, . . . , vd eÐnai èna pl rec orjokanonikì sÔsthma
dianusm�twn k�jetwn sthn A, tìte h A gr�fetai san tom  kleist¸n hmiq¸rwn thc morf c
{x : 〈x, vj〉 ≤ βj} kai {x : 〈x, vj〉 ≥ γj}). Tìte,

(6.2.16) P = F1 ∩ · · · ∩ F2d ∩ {x ∈ Rn : 〈x, ui〉 ≤ αi, i = 1, . . . , s}.

QwrÐc periorismì thc genikìthtac upojètoume loipìn ìti int(P ) 6= ∅. MporoÔme epiplèon
na upojèsoume ìti 0 ∈ int(P ): den eÐnai dÔskolo na deÐxete ìti gia k�je w ∈ Rn to P
eÐnai polÔedro an kai mìno an to P + w eÐnai polÔedro.

Me autèc tic upojèseic, to polikì P ◦ tou P eÐnai èna sumpagèc kurtì uposÔnolo tou
Rn kai 0 ∈ int(P ◦). H basik  parat rhsh eÐnai ìti

P ◦ = {y ∈ Rn : 〈y, x〉 ≤ 1 gia k�je x ∈ P}
= {y ∈ Rn : 〈y, xi〉 ≤ 1 gia k�je i = 1, . . . ,m}.

Dhlad , to P ◦ eÐnai èna fragmèno polÔedro ston Rn. Apì to Je¸rhma 6.2.2, to P ◦ eÐnai
polÔtopo. Dhlad , up�rqoun z1, . . . , zr ∈ Rn ¸ste

(6.2.17) P ◦ = conv({z1, . . . , zr}).

Tìte, to epiqeÐrhma pou qrhsimopoi same parap�nw deÐqnei ìti

(6.2.18) P ◦◦ = {x ∈ Rn : 〈x, zi〉 ≤ 1 gia k�je i = 1, . . . , r}.

Dhlad , to P ◦◦ eÐnai polÔedro. AfoÔ P ◦◦ = P , èpetai to sumpèrasma. 2
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6.3 To polÔtopo tou Birkhoff

Orismìc 6.3.1. (a) 'Estw σ mia met�jesh tou {1, . . . , n}. O pÐnakac met�jeshc Xσ

eÐnai o n × n pÐnakac Xσ = (xij) me suntetagmènec xij = 1 an σ(j) = i kai xij = 0
alli¸c. Dhlad , xij = δi,σ(j). Parathr ste ìti k�je pÐnakac met�jeshc èqei mÐa mon�da
kai n − 1 mhdenik� se k�je gramm    st lh tou. AntÐstrofa, k�je pÐnakac aut c thc
morf c antistoiqeÐ se k�poia met�jesh σ tou {1, . . . , n}.
(b) 'Enac n × n pÐnakac X = (xij) lègetai dipl� stoqastikìc an xij ≥ 0 gia k�je
i, j = 1, . . . , n kai to �jroisma twn suntetagmènwn k�je gramm c   st lhc tou isoÔtai me
1. Dhlad ,

n∑
j=1

xij = 1 gia k�je i = 1, . . . , n,

n∑
i=1

xij = 1 gia k�je j = 1, . . . , n.

(g) Apì ton orismì tou dipl� stoqastikoÔ pÐnaka blèpoume ìti to sÔnolo DSn twn

dipl� stoqastik¸n pin�kwn eÐnai èna polÔedro ston Rn2
. To DSn lègetai polÔtopo tou

Birkhoff.

EÔkola elègqoume ìti k�je pÐnakac met�jeshc eÐnai akraÐo shmeÐo tou DSn. To
je¸rhma twn Birkhoff – von Neumann isqurÐzetai ìti to polÔtopo DSn den èqei �lla
akraÐa shmeÐa.

Je¸rhma 6.3.2 (Birkhoff, 1946 – von Neumann, 1953). To sÔnolo ext(DSn) twn
akraÐwn shmeÐwn tou polutìpou tou Birkhoff eÐnai to sÔnolo twn n×n pin�kwn met�jeshc.

Apìdeixh. H apìdeixh pou ja parousi�soume ed¸ gÐnetai me epagwg  wc proc to n. Gia
n = 1 o isqurismìc tou Jewr matoc isqÔei profan¸c. 'Estw n > 1. JewroÔme ton
afinikì upìqwro

(6.3.1) L =

X = (xij) ∈ Rn2
: (∀i ≤ n)

n∑
j=1

xij = 1, (∀j ≤ n)
n∑

i=1

xij = 1


tou Rn2

. Parathr ste ìti dim(L) = (n − 1)2. Pr�gmati, k�je X = (xij) ∈ L pros-
diorÐzetai pl rwc apì tic (n− 1)2 suntetagmènec xij , 1 ≤ i, j ≤ n− 1, afoÔ oi upìloipec
suntetagmènec prosdiorÐzontai apì tic sqèseic

xin = 1−
n−1∑
j=1

xij
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xnj = 1−
n−1∑
i=1

xij

xnn = 1−
n−1∑
i=1

xin = (2− n) +
n−1∑
i,j=1

xij .

An perioristoÔme sto q¸ro L, to polÔtopo DSn orÐzetai apì tic n2 anisìthtec xij ≥ 0.
Ac upojèsoume ìti X = (xij) eÐnai èna akraÐo shmeÐo tou DSn. Apì to L mma 6.2.1
up�rqoun toul�qiston (n−1)2 zeug�ria (i, j) gia ta opoÐa xij = 0. AfoÔ o X eÐnai dipl�
stoqastikìc, den mporeÐ na èqei n mhdenikèc suntetagmènec se k�poia gramm  oÔte mporeÐ
na èqei perissìterec apì mÐa mh mhdenikèc suntetagmènec se k�je gramm , giatÐ tìte to
pl joc twn mhdenik¸n suntetagmènwn tou ja  tan to polÔ Ðso me n(n − 2) < (n − 1)2.
Up�rqei loipìn k�poioc deÐkthc i0 ≤ n me thn ex c idiìthta: up�rqei monadikìc deÐkthc
j0 ≤ n ¸ste xi0j0 6= 0. AfoÔ o X eÐnai dipl� stoqastikìc, anagkastik� èqoume

(6.3.2) xi0j0 = 1 kai xi0j = 0 an j 6= j0.

EpÐshc, afoÔ xi0j0 = 1 kai o X eÐnai dipl� stoqastikìc, paÐrnoume

(6.3.3) xi0j0 = 1 kai xij0 = 0 an i 6= i0.

Apì tic (6.3.2) kai (6.3.3) eÐnai fanerì ìti an diagr�youme thn i0-st  gramm  kai thn
j0-st  st lh tou X ja prokÔyei ènac dipl� stoqastikìc (n− 1)× (n− 1) pÐnakac Y .

Parathr ste ìti o Y eÐnai akraÐo shmeÐo tou DSn−1. An up rqan Y1 6= Y2 sto
DSn−1 kai 0 < t < 1 ¸ste Y = (1 − t)Y1 + tY2, tìte me {antikat�stash tou Y apì
touc Y1 kai Y2 antÐstoiqa mèsa ston X} ja paÐrname dÔo dipl� stoqastikoÔc pÐnakec
X1, X2 ∈ DSn me thn idiìthta: X1 6= X2 kai X = (1− t)X1 + tX2. Autì ja  tan �topo,
afoÔ X ∈ ext(DSn).

T¸ra mporoÔme na efarmìsoume thn epagwgik  upìjesh. EÐdame ìti Y ∈ ext(DSn−1),
�ra o Y eÐnai pÐnakac met�jeshc. 'Epetai ìti o X eÐnai pÐnakac met�jeshc. 2

6.3aþ PolÔtopa metajèsewn

Orismìc 6.3.3 (polÔtopo metajèsewn). SumbolÐzoume me Sn thn om�da twn meta-
jèsewn tou {1, . . . , n}. 'Estw w = (w1, . . . , wn) ∈ Rn. Gia k�je met�jesh σ ∈ Sn

orÐzoume

(6.3.4) σ(w) = (wσ−1(1), . . . , wσ−1(n)).

To polÔtopo twn metajèsewn tou w eÐnai to polÔtopo

(6.3.5) P (w) = conv({σ(w) : σ ∈ Sn}).

Dhlad , to P (w) prokÔptei an jewr soume ìla ta shmeÐa pou par�gontai me met�jesh
twn suntetagmènwn tou w kai p�roume thn kurt  touc j kh.



142 · AkraÐa shmeÐa

H epìmenh Prìtash deÐqnei ìti k�je polÔtopo metajèsewn eÐnai grammik  eikìna tou
polutìpou tou Birkhoff.

Prìtash 6.3.4. 'Estw w ∈ Rn. JewroÔme ton grammikì metasqhmatismì Tw : Rn2 →
Rn pou orÐzetai apì thn

(6.3.6) Tw(X) = X(w),

ìpou èqoume tautÐsei ton Rn2
me ton grammikì q¸ro twn n× n pin�kwn. Tìte,

(6.3.7) Tw(DSn) = P (w).

Apìdeixh. Apì to Je¸rhma twn Birkhoff – von Neumann kai apì to Je¸rhma tou
Minkowski paÐrnoume

(6.3.8) Tw(DSn) = Tw(conv({Xσ : σ ∈ Sn})) = conv({Tw(Xσ) : σ ∈ Sn}).

Parathr ste ìti, gia k�je σ ∈ Sn,

(6.3.9) Tw(Xσ) = Xσ(w) = (wσ−1(1), . . . , wσ−1(n)) = σ(w).

'Ara,

(6.3.10) Tw(DSn) = conv({σ(w) : σ ∈ Sn}).

Dhlad , Tw(DSn) = P (w). 2

6.3bþ Efarmogèc sthn an�lush pin�kwn

An X eÐnai ènac n × n pÐnakac, gr�foume X = (X1, . . . , Xn) ìpou X1, . . . , Xn eÐnai ta
dianÔsmata-grammèc tou X. Sthn prohgoÔmenh upopar�grafo eÐdame ìti an w ∈ Rn kai
X ∈ DSn tìte X(w) ∈ P (w). Apì th dom  tou DSn kai thn Prìtash 6.1.12 paÐrnoume
to ex c basikì L mma.

L mma 6.3.5. 'Estw w ∈ Rn kai C kurtì uposÔnolo tou Rn me P (w) ⊆ C. An f : C → R
eÐnai mia kurt  sun�rthsh, tìte h g : DSn → R pou orÐzetai apì thn

(6.3.11) g(X) = f(X(w)) = f(〈X1, w〉, . . . , 〈Xn, w〉)

eÐnai kurt  sun�rthsh kai

(6.3.12) max(g) = max{f(σ(w)) : σ ∈ Sn}.

Apìdeixh. An X,Y ∈ DSn kai 0 < t < 1, tìte

g((1− t)X + tY ) = f [((1− t)X + tY )(w)] = f [(1− t)X(w) + tY (w)]
≤ (1− t)f(X(w)) + tf(Y (w)) = (1− t)g(X) + tg(Y ),
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dhlad  h g eÐnai kurt . Apì thn Prìtash 6.1.12 èpetai ìti

(6.3.13) max(g) = max{f(Xσ(w)) : σ ∈ Sn}.

AfoÔ Xσ(w) = σ(w), èpetai to L mma. 2

Qrhsimopoi¸ntac aut  thn parat rhsh mporoÔme na deÐxoume pl joc anisot twn gia tic
idiotimèc summetrik¸n pin�kwn. H apìdeixh touc basÐzetai sto ex c genikì sq ma.

Je¸rhma 6.3.6. 'Estw T ènac summetrikìc n× n pÐnakac kai èstw w to di�nusma pou
prokÔptei an diat�xoume me tuqìnta trìpo tic (pragmatikèc) idiotimèc tou T . An C eÐnai
èna kurtì uposÔnolo tou Rn me P (w) ⊆ C kai an f : C → R eÐnai mia kurt  sun�rthsh,
tìte gia k�je orjokanonik  b�sh {v1, . . . , vn} tou Rn èqoume

(6.3.14) f(〈Tv1, v1〉, . . . , 〈Tvn, vn〉) ≤ max{f(σ(w)) : σ ∈ Sn}.

Apìdeixh. 'Estw {u1, . . . , un} mia orjokanonik  b�sh apì idiodianÔsmata tou T pou
antistoiqoÔn stic idiotimèc w1, . . . , wn. Dhlad , Tui = wiui. JewroÔme ton pÐnaka X
pou èqei suntetagmènec xij = 〈ui, vj〉2. O X eÐnai dipl� stoqastikìc: gia par�deigma,
èqoume

(6.3.15)
n∑

j=1

xij =
n∑

j=1

〈ui, vj〉2 = ‖ui‖22 = 1

gia k�je i ≤ n. 'Omwc,

(6.3.16) Tvj = T

(
n∑

i=1

〈ui, vj〉ui

)
=

n∑
i=1

〈ui, vj〉wiui,

�ra

(6.3.17) 〈Tvj , vj〉 =
n∑

i=1

〈ui, vj〉2wi = 〈Xj , w〉,

ìpou Xj eÐnai h j-st  st lh tou X. Apì to L mma 6.3.5,

f(〈Tv1, v1〉, . . . , 〈Tvn, vn〉) = f(〈X1, w〉, . . . , 〈Xn, w〉)
= f(Xt(w)) ≤ max{f(σ(w)) : σ ∈ Sn}.

Sthn pragmatikìthta èqoume apodeÐxei k�ti isqurìtero. An epilèxoume san {v1, . . . , vn}
kat�llhlh met�jesh σ(w) twn idiotim¸n tou T petuqaÐnoume isìthta. Dhlad ,

(6.3.18) max f(〈Tv1, v1〉, . . . , 〈Tvn, vn〉) = max{f(σ(w)) : σ ∈ Sn},
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ìpou to aristerì maximum paÐrnetai p�nw apì ìlec tic orjokanonikèc b�seic tou Rn.
2

Epilègontac kat�llhla th sun�rthsh f sto prohgoÔmeno je¸rhma, paÐrnoume mia
seir� anisot twn. H pr¸th mac epilog  eÐnai

(6.3.19) f(s1, . . . , sn) =
k∑

i=1

si

gia stajerì k ≤ n.

Je¸rhma 6.3.7. 'Estw T ènac n × n summetrikìc pÐnakac kai èstw {v1, . . . , vn} mia
orjokanonik  b�sh tou Rn. Tìte,

(6.3.20)
k∑

i=1

λn−i+1 ≤
k∑

i=1

〈Tvi, vi〉 ≤
k∑

i=1

λi

ìpou λ1 ≥ λ2 ≥ . . . ≥ λn eÐnai oi idiotimèc tou T .

Apìdeixh. H f(s1, . . . , sn) =
∑k

i=1 si eÐnai kurt  ston Rn (h −f epÐshc). Apì to Je¸rhma
6.3.6 up�rqei met�jesh σ ∈ Sn ¸ste

(6.3.21)
k∑

i=1

〈Tvi, vi〉 ≤
k∑

i=1

λσ−1(i).

Lìgw thc di�taxhc twn λi, to dexiì mèloc eÐnai mikrìtero   Ðso apì to
∑k

i=1 λi, opìte
èqoume apodeÐxei th dexi� anisìthta tou jewr matoc. DouleÔontac an�loga me thn
−f paÐrnoume thn arister  anisìthta. Parathr ste ìti èqoume isìthta sthn arister 
anisìthta an to vi, i ≤ k eÐnai idiodi�nusma gia thn λn−i+1, en¸ sth dexi� anisìthta an
to vi eÐnai idiodi�nusma gia thn λi. 2

H epìmenh epilog  mac eÐnai h sun�rthsh

(6.3.22) f(s1, . . . , sn) = (s1s2 · · · sk)1/k

pou orÐzetai gia mh arnhtik� si kai stajerì k ≤ n. H f eÐnai koÐlh, opìte paÐrnoume to
ex c:

Je¸rhma 6.3.8. An T eÐnai ènac n × n summetrikìc pÐnakac kai {v1, . . . , vn} eÐnai mia
orjokanonik  b�sh tou Rn, tìte

(6.3.23)
k∏

i=1

λn−i+1 ≤
k∏

i=1

〈Tvi, vi〉 ≤

(
1
k

k∑
i=1

λi

)k

ìpou λ1 ≥ λ2 ≥ . . . ≥ λn eÐnai oi idiotimèc tou T .
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Apìdeixh. H sun�rthsh f pou qrhsimopoioÔme eÐnai koÐlh, �ra h −f eÐnai kurt  sto Pn.
Apì to Je¸rhma 6.3.6,

(6.3.24)

(
k∏

i=1

λn−i+1

)1/k

≤

(
k∏

i=1

〈Tvi, vi〉

)1/k

,

to opoÐo m�c dÐnei thn arister  anisìthta. ParathroÔme ki ed¸ ìti èqoume isìthta sthn
arister  anisìthta an to vi, i ≤ k eÐnai idiodi�nusma gia thn λn−i+1. Gia th dexi�
anisìthta efarmìzoume thn anisìthta arijmhtikoÔ-gewmetrikoÔ mèsou kai to Je¸rhma
6.3.7:

(6.3.25)

(
k∏

i=1

〈Tvi, vi〉

)1/k

≤ 1
k

k∑
i=1

〈Tvi, vi〉 ≤
1
k

k∑
i=1

λi. 2

'Amesec sunèpeiec eÐnai dÔo polÔ gnwstèc anisìthtec gia orÐzousec.

Je¸rhma 6.3.9 (anisìthta tou Hadamard). An T eÐnai ènac n × n pÐnakac me
suntetagmènec tij , tìte

(6.3.26) (detT )2 ≤
n∏

j=1

(
n∑

i=1

t2ij

)
.

An o T eÐnai summetrikìc kai jetik� hmiorismènoc,

(6.3.27) detT ≤
n∏

i=1

tii.

Apìdeixh. DeÐqnoume pr¸ta th deÔterh anisìthta. H orÐzousa enìc pÐnaka eÐnai Ðsh me
to ginìmeno twn idiotim¸n tou, an loipìn jewr soume th sun jh orjokanonik  b�sh {ei}
kai qrhsimopoi soume to Je¸rhma 6.3.8 me k = n, paÐrnoume

(6.3.28) detT =
n∏

i=1

λi ≤
n∏

i=1

〈Tei, ei〉 =
∏
i=1

tii.

An efarmìsoume aut  thn anisìthta gia to summetrikì kai jetik� hmiorismèno pÐnaka
S = T tT (ìpou t¸ra T tuq¸n n× n pÐnakac), paÐrnoume

(6.3.29) (detT )2 = detS ≤
n∏

j=1

sjj =
n∏

j=1

(
n∑

i=1

t2ij

)
. 2
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Je¸rhma 6.3.10 (anisìthta tou Minkowski). An T kai S eÐnai summetrikoÐ jetik�
hmiorismènoi n× n pÐnakec, tìte

(6.3.30) [det(T + S)]1/n ≥ (detT )1/n + (detS)1/n.

Apìdeixh. 'Estw v1, . . . , vn mia orjokanonik  b�sh apì idiodianÔsmata tou T + S. Tìte,

[det(T + S)]1/n =

[
n∏

i=1

〈(T + S)vi, vi〉

]1/n

=

[
n∏

i=1

〈Tvi, vi〉+ 〈Svi, vi〉

]1/n

≥

[
n∏

i=1

〈Tvi, vi〉

]1/n

+

[
n∏

i=1

〈Svi, vi〉

]1/n

≥ (detT )1/n + (detS)1/n.

H proteleutaÐa anisìthta eÐnai sunèpeia thc anisìthtac arijmhtikoÔ-gewmetrikoÔ mèsou,
en¸ h teleutaÐa prokÔptei apì to Je¸rhma 6.3.9. 2

6.4 Ask seic
1. 'Estw C mh kenì, kleistì kurtì uposÔnolo tou Rn. An F eÐnai èdra tou C kai x ∈ ext(F )
tìte x ∈ ext(C).

2. 'Estw C mh kenì, kleistì kurtì uposÔnolo tou R2. DeÐxte ìti to sÔnolo twn akraÐwn
shmeÐwn tou C eÐnai kleistì.

3. 'Estw A mh kenì uposÔnolo tou Rn. DeÐxte ìti to x ∈ Rn eÐnai akraÐo shmeÐo tou conv(A)
an kai mìno an x ∈ A kai x /∈ conv(A \ {x}).

4. 'Estw C mh kenì, kleistì kurtì uposÔnolo tou Rn. DeÐxte ìti ext(C) 6= ∅ an kai mìno an
to C den perièqei kamÐa eujeÐa.

5. DeÐxte ìti k�je polÔedro èqei peperasmènec to pl joc èdrec.

6. DeÐxte ìti k�je èdra enìc poluèdrou eÐnai polÔedro.

7. DeÐxte ìti k�je polÔtopo èqei peperasmènec to pl joc èdrec.

8*. DeÐxte ìti k�je mh kenì, kleistì kurtì uposÔnolo tou Rn pou èqei peperasmènec to pl joc
èdrec eÐnai polÔedro.
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9. PolÔtopo tou Birkhoff � polÔtopa metajèsewn. To DSn perièqetai ston afinikì
upìqwro

L =

{
X = (xij) ∈ Rn2

: (∀i ≤ n)

n∑
j=1

xij = 1, (∀j ≤ n)

n∑
i=1

xij = 1

}

tou Rn2
, o opoÐoc èqei di�stash (n− 1)2.

(a) DeÐxte ìti aff(DSn) = (n− 1)2, opìte to DSn èqei eswterikì shmeÐo ston L.

(b) BreÐte thn aktÐna thc megalÔterhc mp�lac tou L pou perièqetai sto DSn kai èqei kèntro to
shmeÐo X = (xij) me xij = 1

n
gia k�je i, j = 1, . . . , n.

[Upìdeixh: Aut  h mp�la ja akoump�ei to sÔnoro tou DSn se k�poion A = (aij) pou èqei
toul�qiston mÐa mhdenik  suntetagmènh. QwrÐc periorismì thc genikìthtac mporoÔme na upojè-
soume ìti a11 = 0. DeÐxte ìti:

(i) ‖X −A‖22 =
∑n

i,j=1

(
aij − 1

n

)2
=
∑n

i,j=1 a2
ij − 1.

(ii)
∑n

j=2 a2
1j ≥ 1

n−1
.

(iii) Gia k�je i = 2, . . . , n,

n∑
j=1

a2
ij ≥

1

n− 1
+

n

n− 1
a2

i1 −
2

n− 1
ai1.

Qrhsimopoi¸ntac ta parap�nw deÐxte ìti

‖X −A‖22 ≥
1

(n− 1)2
.

BreÐte A ∈ DSn me a11 = 0 gia ton opoÐo isqÔei isìthta kai sumper�nate ìti h aktÐna pou
zht�me eÐnai Ðsh me 1

n−1
.]

(g) DeÐxte ìti to sÔnolo F = {X = (xij) ∈ DSn : x11 = 0} eÐnai èdra tou DSn me di�stash
(n− 1)2 − 1.

(d) DeÐxte ìti to sÔnolo G = {X = (xij) ∈ DSn : x11 = 1} eÐnai èdra tou DSn me di�stash
(n− 2)2.

(e) 'Estw α = (1, 2, 3). Sqedi�ste to polÔtopo P (α) twn metajèsewn tou α.

(st) 'Estw α = (α1, . . . , αn). DeÐxte ìti to polÔtopo P (α) èqei n! akraÐa shmeÐa an kai mìno
an oi suntetagmènec αi tou α eÐnai diaforetikèc an� dÔo.

10. 'Enac qarakthrismìc twn dipl� stoqastik¸n pin�kwn. 'Estw w = (w1, . . . , wn) kai
y = (y1, . . . , yn) dÔo n-�dec pragmatik¸n arijm¸n me

w1 ≥ · · · ≥ wn kai y1 ≥ · · · ≥ yn.

Lème ìti to di�nusma y kuriarqeÐtai apì to di�nusma w kai gr�foume y ≺ w an

k∑
i=1

yi ≤
k∑

i=1

wi gia k�je k = 1, . . . , n− 1
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kai
y1 + · · ·+ yn = w1 + · · ·+ wn.

(a) DeÐxte ìti X = (xij) ∈ DSn an kai mìno an X(w) ≺ w gia k�je w = (w1, . . . , wn) ∈ Rn.

[Upìdeixh: Ja qreiasteÐte thn parat rhsh ìti to ginìmeno dÔo dipl� stoqastik¸n pin�kwn eÐnai
dipl� stoqastikìc pÐnakac. Eidikìtera, an o X eÐnai dipl� stoqastikìc kai an P = Xσ, Q = Xτ

eÐnai dÔo pÐnakec met�jeshc, tìte o PXQ eÐnai dipl� stoqastikìc.]

(b)* 'Estw w = (w1, . . . , wn) kai y = (y1, . . . , yn) dÔo n-�dec pragmatik¸n arijm¸n me w1 ≥
· · · ≥ wn kai y1 ≥ · · · ≥ yn. DeÐxte ìti y ≺ w an kai mìno an up�rqei X ∈ DSn ¸ste y = X(w).

11. Je¸rhma Schur-Horn. StajeropoioÔme n ∈ N kai ` = (λ1, . . . , λn) ∈ Rn.

(a) DeÐxte to ex c je¸rhma tou Schur: 'Estw A = (αij) ènac summetrikìc n×n pÐnakac pou èqei
idiotimèc tic λ1, . . . , λn. Tìte, to α = (α11, . . . , αnn) an kei sto polÔtopo P (`) twn metajèsewn
tou `.

[Upìdeixh. O A gr�fetai sth morf  A = UDU t, ìpou D o diag¸nioc pÐnakac D = diag(λ1, . . . , λn)
kai U = (uij) ènac orjog¸nioc pÐnakac. Parathr ste ìti o pÐnakac X = (u2

ij) eÐnai dipla sto-
qastikìc kai qrhsimopoi¸ntac thn anapar�stash A = ADU t deÐxte ìti α = X(`) gia k�poion
X ∈ DSn.]

(b)** DeÐxte ìti isqÔei to antÐstrofo (je¸rhma tou Horn): 'Estw α ∈ P (`). Tìte, up�rqei sum-
metrikìc n×n pÐnakac A = (αij) pou èqei idiotimèc tic λ1, . . . , λn kai diag¸nio (α11, . . . , αnn) = α.



Kef�laio 7

Q¸roi peperasmènhc

di�stashc me nìrma

7.1 Apìstash Banach-Mazur

7.1aþ Fragmènoi telestèc

'Estw X kai Y dÔo q¸roi me nìrma. 'Enac grammikìc telest c T : X → Y lègetai
fragmènoc an up�rqei stajer� c > 0 ¸ste

(7.1.1) ‖Tx‖ ≤ c‖x‖

gia k�je x ∈ X. An o T eÐnai fragmènoc, orÐzoume th nìrma ‖T‖ tou T san th mikrìterh
stajer� c gia thn opoÐa h (7.1.1) isqÔei gia k�je x ∈ X. Tìte,

(7.1.2) ‖T‖ = sup
x6=0

‖Tx‖
‖x‖

= sup
‖x‖≤1

‖Tx‖ = sup
‖x‖=1

‖Tx‖.

'Estw B(X,Y ) to sÔnolo twn fragmènwn telest¸n T : X → Y . O B(X,Y ) eÐnai
grammikìc q¸roc, kai h ‖ · ‖ : B(X,Y ) → R me T 7→ ‖T‖ eÐnai nìrma.

O duðkìc q¸roc touX eÐnai o grammikìc q¸rocX∗ twn fragmènwn grammik¸n sunarth-
soeid¸n x∗ : X → R. Dhlad , X∗ = B(X,R).

O T : X → Y lègetai isomorfismìc an eÐnai grammikìc, èna proc èna kai epÐ telest c,
kai oi T : X → Y , T−1 : Y → X eÐnai fragmènoi telestèc. O T : X → Y lègetai
isometrikìc isomorfismìc an eÐnai isomorfismìc kai, epiplèon, gia k�je x ∈ X isqÔei
‖Tx‖ = ‖x‖. DÔo q¸roi X kai Y me nìrma lègontai isometrik� isìmorfoi an up�rqei
isometrikìc isomorfismìc T : X → Y . Apì th skopi� thc Sunarthsiak c An�lushc, dÔo
isometrik� isìmorfoi q¸roi tautÐzontai: èqoun thn Ðdia grammik  kai metrik  dom .
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Prìtash 7.1.1. 'Estw X ènac n-di�statoc q¸roc me nìrma. MporoÔme na orÐsoume
nìrma ‖ · ‖′ ston Rn ètsi ¸ste o X na eÐnai isometrik� isìmorfoc me ton (Rn, ‖ · ‖′).

Apìdeixh. 'Estw ‖ · ‖ h nìrma tou X, kai èstw {x1, . . . , xn} mia b�sh tou. OrÐzoume
T : X → Rn, me

(7.1.3) T (t1x1 + · · ·+ tnxn) = t1e1 + · · ·+ tnen,

ìpou {e1, . . . , en} h sun jhc b�sh tou Rn. O T eÐnai grammikìc isomorfismìc. OrÐzoume
‖ · ‖′ ston Rn, jètontac

(7.1.4) ‖t1e1 + · · ·+ tnen‖′ = ‖t1x1 + · · ·+ tnxn‖.

H ‖ · ‖′ eÐnai nìrma ston Rn, kai

(7.1.5) ‖Tx‖′ = ‖x‖ gia k�je x ∈ X.

'Ara, o T eÐnai isometrikìc isomorfismìc metaxÔ twn X kai (Rn, ‖ · ‖′). 2

MporoÔme loipìn p�nta na tautÐzoume ènan n-di�stato q¸ro me nìrma me ènan q¸ro
thc morf c X = (Rn, ‖ · ‖).

7.1bþ Apìstash Banach-Mazur

H ènnoia thc apìstashc Banach-Mazur emfanÐzetai sto biblÐo tou Banach {Théorie des
opérations linéaires} (1932). 'Estw X kai Y dÔo q¸roi me nìrma, �peirhc endeqomènwc
di�stashc, kai ac upojèsoume ìti o X eÐnai isìmorfoc me ton Y (gr�foume X ∼ Y ).
OrÐzoume thn apìstash Banach-Mazur twn X kai Y wc ex c:

(7.1.6) d(X,Y ) := inf{||T || · ||T−1||
∣∣ T : X → Y isomorfismìc}.

An oi X kai Y den eÐnai isìmorfoi (X 6∼ Y ), jètoume d(X,Y ) = +∞. Oi basikèc idiìthtec
thc apìstashc Banach-Mazur perigr�fontai sthn epìmenh Prìtash.

Prìtash 7.1.2. 'Estw X,Y, Z q¸roi me nìrma. Tìte,

(i) d(X,Y ) ≥ 1.

(ii) d(X,Y ) = d(Y,X).

(iii) d(X,Y ) ≤ d(X,Z) d(Z, Y ).

(iv) An oi X kai Y eÐnai autopajeÐc, tìte d(X∗, Y ∗) = d(X,Y ).

Apìdeixh. (i) 'Estw IX : X → X o tautotikìc telest c. Gia k�je isomorfismì T : X →
Y isqÔei

(7.1.7) 1 = ‖IX‖ = ‖T−1T‖ ≤ ‖T−1‖ ‖T‖,
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epomènwc,

(7.1.8) 1 ≤ d(X,Y ).

(ii) EÐnai profanèc ìti o T : X → Y eÐnai isomorfismìc an kai mìno an o T−1 : Y → X
eÐnai isomorfismìc, kai (T−1)−1 = T . Apì ton orismì thc apìstashc blèpoume ìti
d(X,Y ) = d(Y,X).
(iii) 'Estw T ′ : X → Z kai T ′′ : Z → Y isomorfismoÐ. Tìte, o T = T ′′ ◦T ′ : X → Y eÐnai
isomorfismìc, �ra

d(X,Y ) ≤ ‖T‖ ‖T−1‖ = ‖T ′′ ◦ T ′‖ ‖(T ′)−1 ◦ (T ′′)−1‖
≤ ‖T ′′‖ ‖(T ′′)−1‖ ‖T ′‖ ‖(T ′)−1‖.

AfoÔ to parap�nw isqÔei gia k�je T ′, T ′′, èpetai ìti

(7.1.9) d(X,Y ) ≤ d(X,Z) d(Z, Y ).

(iv) 'Estw T : X → Y isomorfismìc. Tìte, o suzug c telest c T ∗ : Y ∗ → X∗ tou T ,
pou orÐzetai apì thn T ∗(y∗) = y∗ ◦T gia k�je y∗ ∈ Y ∗, eÐnai isomorfismìc kai ikanopoieÐ
tic ‖T ∗‖ = ‖T‖, kai (T ∗)−1 = (T−1)∗. 'Ara,

(7.1.10) ‖T‖ ‖T−1‖ = ‖T ∗‖ ‖(T ∗)−1‖ ≥ d(X∗, Y ∗),

kai afoÔ o T  tan tuq¸n, sumperaÐnoume ìti

(7.1.11) d(X,Y ) ≥ d(X∗, Y ∗).

Ac upojèsoume t¸ra ìti oi X kai Y eÐnai autopajeÐc. Apì to prohgoÔmeno komm�ti thc
apìdeixhc èqoume d(X∗, Y ∗) ≥ d(X∗∗, Y ∗∗). 'Omwc, o X eÐnai isometrik� isìmorfoc me
ton X∗∗, dhlad  d(X,X∗∗) = 1. 'Omoia, d(Y, Y ∗∗) = 1. 'Epetai ìti

d(X,Y ) ≤ d(X,X∗∗)d(X∗∗, Y ∗∗)d(Y ∗∗, Y ) = d(X∗∗, Y ∗∗) ≤ d(X∗, Y ∗),

kai sundu�zontac me thn prohgoÔmenh anisìthta blèpoume ìti d(X∗, Y ∗) = d(X,Y ). 2

7.1gþ Gewmetrik  ermhneÐa thc apìstashc Banach-Mazur

H gewmetrik  ermhneÐa thc apìstashc Banach-Mazur dÐnetai sthn epìmenh Prìtash: h
apìstash dÔo q¸rwn X kai Y eÐnai mikr  an up�rqei grammikìc metasqhmatismìc thc
monadiaÐac mp�lac tou X pou {moi�zei} me th monadiaÐa mp�la tou Y (perièqei thn BY

kai perièqetai se {mikrì} pollapl�sio thc BY ).

Prìtash 7.1.3. 'Estw X kai Y isìmorfoi q¸roi me nìrma. Tìte,

(7.1.12) d(X,Y ) = inf{d > 0 | ∃T : X → Y : BY ⊆ T (BX) ⊆ dBY }.
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Apìdeixh. Ac upojèsoume ìti d(X,Y ) < d < +∞. Apì ton orismì thc apìstashc,
up�rqei isomorfismìc T : X → Y me ‖T‖ ‖T−1‖ < d. Apì ton orismì thc nìrmac telest 
blèpoume ìti:

(a) Gia k�je x ∈ BX èqoume ‖Tx‖Y ≤ ‖T‖ ‖x‖X ≤ ‖T‖, �ra

(7.1.13) T (BX) ⊆ ‖T‖BY .

(b) Gia k�je y ∈ BY èqoume ‖T−1y‖X ≤ ‖T−1‖ ‖y‖Y ≤ ‖T−1‖, �ra

(7.1.14) T−1(BY ) ⊆ ‖T−1‖BX ,

 , isodÔnama,

(7.1.15) BY ⊆ ‖T−1‖T (BX).

An jèsoume S = ‖T−1‖T , tìte, apì to (a) èqoume S(BX) ⊆ ‖T‖ ‖T−1‖BY , kai apì to
(b) èqoume BY ⊆ S(BX). Dhlad , up�rqei S : X → Y pou ikanopoieÐ thn

(7.1.16) BY ⊆ S(BX) ⊆ dBY .

AntÐstrofa, an BY ⊆ S(BX) ⊆ dBY gia k�poion S : X → Y , tìte ‖S‖ ≤ d kai
‖S−1‖ ≤ 1. 'Ara, d(X,Y ) ≤ ‖S‖ ‖S−1‖ ≤ d. 2

7.1dþ H apìstash Banach-Mazur se q¸rouc peperasmènhc di�stashc

Upojètoume t¸ra ìti dimX = dimY = n. Xèroume ìti o X eÐnai isìmorfoc me ton Y .
Se aut  thn perÐptwsh, h apìstash Banach-Mazur twn X kai Y {pi�netai} gia k�poion
isomorfismì T : X → Y :

Prìtash 7.1.4. An dimX = dimY = n, tìte

(7.1.17) d(X,Y ) = min{‖T‖ ‖T−1‖ | T : X → Y isomorfismìc}.

Apìdeixh. Apì ton orismì tou inf, up�rqei akoloujÐa isomorfism¸n Sm : X → Y ¸ste

(7.1.18) ‖Sm‖ ‖S−1
m ‖ → d(X,Y ).

JewroÔme thn akoloujÐa Tm = ‖S−1
m ‖Sm. Tìte, ‖T−1

m ‖ = 1 kai

(7.1.19) ‖Tm‖ = ‖Tm‖ ‖T−1
m ‖ = ‖Sm‖ ‖S−1

m ‖ → d(X,Y ).

Lìgw thc sump�geiac thc monadiaÐac mp�lac tou B(Y,X), mporoÔme na broÔme upakolou-
jÐa T−1

km
→ S, ìpou S ∈ B(Y,X) me ‖S‖ = 1. H {‖Tkm‖} eÐnai fragmènh, �ra up�rqei

upakoloujÐa Tλkm
→ T , ìpou T ∈ B(X,Y ). EpÐshc,

IY = Tλkm
◦ T−1

λkm
→ T ◦ S
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kai IX = T−1
λkm

◦ Tλkm
→ S ◦ T , �ra oi S, T eÐnai isomorfismoÐ kai S = T−1. Tèloc,

(7.1.20) ‖T‖ ‖S‖ = lim
m→∞

||Tλkm
|| ||T−1

λkm
|| = d(X,Y ).

Dhlad , ‖T‖ ‖T−1‖ = d(X,Y ). 2

Pìrisma 7.1.5. An dimX = dimY = n tìte, d(X,Y ) = 1 an kai mìno an o X eÐnai
isometrik� isìmorfoc me ton Y .

Apìdeixh: 'Estw ìti d(X,Y ) = 1. Apì thn Prìtash 7.1.4, up�rqei isomorfismìc T :
X → Y ¸ste ‖T‖ ‖T−1‖ = d(X,Y ) = 1. 'Ara, ‖T‖ = 1/‖T−1‖. 'Estw x ∈ X. Tìte,

‖x‖ = ‖T−1 Tx‖ ≤ ‖T−1‖ ‖Tx‖ =
1
‖T‖

‖Tx‖

≤ 1
||T ||

||T || ||x|| = ||x||.

'Ara, o T ′ = T/‖T‖ : X → Y eÐnai isometrikìc isomorfismìc. To antÐstrofo eÐnai pro-
fanèc: an o T : X → Y eÐnai isometrikìc isomorfismìc, tìte 1 ≤ d(X,Y ) ≤ ‖T‖ ‖T−1‖ =
1. 2

7.2 To L mma tou Auerbach

Orismìc 7.2.1 (diorjog¸nio sÔsthma). 'Estw X q¸roc me nìrma. Onom�zoume dior-
jog¸nio sÔsthma ston X mia akoloujÐa zeugari¸n (xi, x

∗
i )i∈I ⊆ X ×X∗ pou ikanopoieÐ

tic

(7.2.1) x∗i (xj) = δij gia k�je i, j ∈ I.

An, epiplèon, ikanopoioÔntai oi

(7.2.2) ‖xi‖X = ‖x∗i ‖X∗ = 1 gia k�je i ∈ I,

tìte to sÔsthma lègetai normarismèno.

To l mma tou Auerbach exasfalÐzei thn Ôparxh normarismènou diorjog¸niou sust -
matoc se k�je n-di�stato q¸ro me nìrma.

Je¸rhma 7.2.2 (l mma tou Auerbach). 'Estw X q¸roc me nìrma di�stashc n.
MporoÔme na broÔme dianÔsmata x1, . . . , xn ∈ X kai x∗1, . . . , x

∗
n ∈ X∗ pou ikanopoioÔn tic

‖xi‖ = 1, ‖x∗i ‖ = 1 kai x∗i (xj) = δij .

Apìdeixh. 'Estw e1, e2, . . . , en mia b�sh tou X. K�je y ∈ X gr�fetai monos manta sth
morf  y =

∑n
i=1 yiei. Gia k�je epilog  n dianusm�twn y1, . . . , yn ∈ X, gr�foume

(7.2.3) yk =
n∑

i=1

ykiei, (k = 1, . . . , n).
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Tìte, ta y1, . . . , yn eÐnai grammik� anex�rthta an kai mìno an

(7.2.4) |det(yki)n
i,k=1| > 0.

JewroÔme th monadiaÐa sfaÐra SX = {x ∈ X : ‖x‖ = 1}, orÐzoume F : X × · · · ×X → R
me

(7.2.5) F (y1, y2, . . . , yn) = det(yki)

kai gr�foume f gia ton periorismì thc F sto SX × · · · × SX . H f eÐnai ‖ · ‖-suneq c:
An y

(m)
k ∈ SX , kai ‖y(m)

k − yk‖ → 0, tìte h isodunamÐa thc ‖ · ‖ me thn EukleÐdeia nìrma
deÐqnei ìti

(7.2.6)

∥∥∥∥∥
n∑

i=1

(yki − y
(m)
ki )ei

∥∥∥∥∥ ≥ c

(
n∑

i=1

|yki − y
(m)
ki |2

)1/2

gia k�poia stajer� c > 0 pou exart�tai mìno apì ta ei, �ra y
(m)
ki → yki gia k�je i, k ≤ n.

Tìte,

(7.2.7) f(y(m)
1 , . . . , y(m)

n ) = det(y(m)
ki ) → det(yki) = f(y1, . . . , ym).

'Epetai ìti h f paÐrnei mègisth tim  se k�poia n-�da (x1, . . . , xn) ∈ SX × · · · × SX . H
f eÐnai peritt  wc proc k�je yk, kai profan¸c up�rqoun grammik� anex�rthtec n-�dec
(y1, . . . , yn) sto pedÐo orismoÔ thc. 'Ara, sto shmeÐo megÐstou èqoume

(7.2.8) f(x1, . . . , xn) > 0 kai |f(y1, . . . , yn)| ≤ f(x1, . . . , xn)

gia k�je y1, . . . , yn ∈ SX . Gia i = 1, . . . , n orÐzoume

(7.2.9) x∗i (x) :=
F (x1, . . . , xi−1, x, xi+1, . . . , xn)

f(x1, . . . , xn)
.

ParathroÔme ìti o paronomast c eÐnai stajerìc kai di�foroc tou mhdenìc, en¸ o ari-
jmht c eÐnai orÐzousa me metablht  th st lh tou x (�ra, ta x∗i eÐnai grammik� sunarth-
soeid ). EpÐshc,

(a) x∗i (xj) = δij , �ra ‖x∗i ‖ ≥ x∗i (xi) = 1, kai
(b) An ‖x‖ = 1, tìte

(7.2.10) |x∗i (x)| =
|f(x1, . . . , xi−1, x, xi+1, . . . , xn)|

|f(x1, . . . , xn)|
≤ 1,

�ra ‖x∗i ‖ ≤ 1.
Ta (a) kai (b) dÐnoun to zhtoÔmeno. 2

Me th bo jeia tou L mmatoc tou Auerbach, mporoÔme na d¸soume mia pr¸th ektÐmhsh
gia thn apìstash Banach-Mazur metaxÔ enìc q¸rou X di�stashc n kai tou `n1 .
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Je¸rhma 7.2.3. Gia k�je n-di�stato q¸ro me nìrma X isqÔei h

(7.2.11) d(X, `n1 ) ≤ n.

Apìdeixh. 'Eqoume deÐ ìti k�je n-di�statoc q¸roc me nìrma eÐnai isometrik� isìmorfoc
me q¸ro thc morf c (Rn, ‖ · ‖), mporoÔme loipìn na upojèsoume ìti X = (Rn, ‖ · ‖).

Apì to L mma tou Auerbach, up�rqoun x1, . . . , xn ∈ X kai x∗1, . . . , x
∗
n ∈ X∗ me

‖xi‖ = 1, ‖x∗i ‖ = 1 kai x∗i (xj) = δij . Apì thn teleutaÐa idiìthta èpetai (�skhsh) ìti ta
x1, . . . , xn sqhmatÐzoun b�sh tou Rn. EpÐshc, gia k�je t1, . . . , tn ∈ R èqoume

(7.2.12)

∥∥∥∥∥
n∑

i=1

tixi

∥∥∥∥∥ ≤
n∑

i=1

|ti|

kai gia k�je j ≤ n isqÔei

(7.2.13)

∥∥∥∥∥
n∑

i=1

tixi

∥∥∥∥∥ ≥
∣∣∣∣∣x∗j
(

n∑
i=1

tixi

)∣∣∣∣∣ = |tj |,

sunep¸c,

(7.2.14)

∥∥∥∥∥
n∑

i=1

tixi

∥∥∥∥∥ ≥ max
1≤j≤n

|tj | ≥
1
n

n∑
i=1

|ti|.

OrÐzoume T : `n1 → X me T (ei) = xi. Tìte, gia k�je y =
∑n

i=1 tiei ∈ `n1 èqoume

(7.2.15) ‖T (y)‖ =

∥∥∥∥∥
n∑

i=1

tixi

∥∥∥∥∥ ≤
n∑

i=1

|ti| = ‖y‖`n
1

kai

(7.2.16) ‖T (y)‖ =

∥∥∥∥∥
n∑

i=1

tixi

∥∥∥∥∥ ≥ 1
n

n∑
i=1

|ti| =
1
n
‖y‖`n

1
.

Dhlad , gia k�je y ∈ `n1 èqoume

(7.2.17)
1
n
‖y‖`n

1
≤ ‖Ty‖ ≤ ‖y‖`n

1
.

Apì thn pr¸th anisìthta blèpoume ìti ‖T−1‖ ≤ n, en¸ apì th deÔterh ìti ‖T‖ ≤ 1.
Autì apodeiknÔei to zhtoÔmeno. 2

To Je¸rhma 7.2.3 kai h pollaplasiastik  trigwnik  anisìthta gia thn apìstash
Banach-Mazur dÐnoun èna �nw fr�gma gia thn apìstash opoiwnd pote n-di�statwn q¸r-
wn X kai Y .

Pìrisma 7.2.4. An X kai Y eÐnai n-di�statoi q¸roi me nìrma, tìte d(X,Y ) ≤ n2.

Apìdeixh. ParathroÔme ìti d(X,Y ) ≤ d(X, `n1 ) · d(`n1 , Y ) ≤ n · n = n2. 2
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7.3 To Banach-Mazur compactum

To gegonìc ìti o log�rijmoc thc apìstashc Banach-Mazur moi�zei polÔ me metrik ,
odhgeÐ sthn idèa na orÐsoume ton {metrikì q¸ro twn n-di�statwn q¸rwn}. 'Estw n ∈ N
kai Bn h kl�sh ìlwn twn n-di�statwn q¸rwn me nìrma. OrÐzoume mia sqèsh isodunamÐac
sthn Bn, jètontac

(7.3.1) X ∼ Y ⇔ d(X,Y ) = 1,

dhlad  an o X eÐnai isometrik� isìmorfoc me ton Y . SumbolÐzoume (p�li) me Bn to sÔnolo
twn kl�sewn isodunamÐac wc proc thn ∼, kai orÐzoume th metrik  ρ pou ep�getai apì thn
log d sto Bn × Bn: An [X], [Y ] eÐnai oi kl�seic isodunamÐac twn X kai Y , jètoume

(7.3.2) ρ([X], [Y ]) = log d(X,Y ).

H ρ eÐnai kal� orismènh kai ikanopoieÐ ta axi¸mata thc metrik c. O metrikìc q¸roc (Bn, ρ)
onom�zetai Banach-Mazur compactum. Sth sunèqeia tautÐzoume thn [X] me ton X, giatÐ
se ìla ta probl mata pou ja mac apasqol soun, isometrik� isìmorfoi q¸roi ousiastik�
sumpÐptoun. O ìroc compactum dikaiologeÐtai apì thn epìmenh prìtash:

Prìtash 7.3.1. To Banach-Mazur compactum (Bn, ρ) eÐnai sumpag c metrikìc q¸roc.

Apìdeixh. To L mma tou Auerbach exasfalÐzei ìti gia k�je [X] ∈ Bn up�rqei X =
(Rn, ‖ · ‖) ∈ [X] ¸ste

(7.3.3)
1
n
‖x‖`n

1
≤ ‖x‖ ≤ ‖x‖`n

1

gia k�je x ∈ Rn. Gr�foume Φn gia to sÔnolo ìlwn twn norm¸n ston Rn pou ikanopoioÔn
thn (7.3.3) kai jètoume

(7.3.4) An = {f = F |S`n
1
| F ∈ Φn},

to sÔnolo twn periorism¸n twn F ∈ Φn sth monadiaÐa sfaÐra tou `n1 . Se k�je f ∈ An,
antistoiqeÐ ènac q¸roc (Rn, F ) pou an kei se k�poia kl�sh [X]F ∈ Bn.

JewroÔme to An san uposÔnolo tou C(S`n
1
) me th sun jh metrik  ‖f − g‖∞. Ja

deÐxoume ìti to An eÐnai isosuneqèc, omoiìmorfa fragmèno kai kleistì uposÔnolo tou
C(S`n

1
).

(a) ToAn eÐnai isosuneqèc: 'Estw ε > 0. PaÐrnoume δ = ε. An x, y ∈ S`n
1
me ‖x−y‖`n

1
< δ

kai f ∈ An, tìte f = ‖ · ‖ |S`n
1
gia k�poia ‖ · ‖ ∈ Φn. 'Ara,

(7.3.5) |f(x)− f(y)| =
∣∣∣‖x‖ − ‖y‖

∣∣∣ ≤ ‖x− y‖ ≤ ‖x− y‖`n
1
< δ = ε.

(b) To An eÐnai omoiìmorfa fragmèno: 'Estw f ∈ An. Tìte, up�rqei nìrma ‖ · ‖ ≤ ‖ · ‖`n
1

¸ste f = ‖ · ‖ |S`n
1
, �ra

(7.3.6) max
x∈S`n

1

|f(x)| = max
x∈S`n

1

‖x‖ ≤ max
x∈S`n

1

‖x‖`n
1

= 1.
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EÔkola elègqoume ìti to An eÐnai kleistì, �ra to Je¸rhma Ascoli mac exasfalÐzei ìti
to An eÐnai sumpagèc.

OrÐzoume t¸ra mia apeikìnish φ : An → Bn wc ex c: an f ∈ An, tìte up�rqei ‖ · ‖f

ston Rn ¸ste ‖ · ‖f |S`n
1

= f kai 1
n‖ · ‖`n

1
≤ ‖ · ‖f ≤ ‖ · ‖`n

1
. Jètoume φ(f) = [Xf ], ìpou

Xf = (Rn, ‖ · ‖f ). ParathroÔme ìti h φ eÐnai epÐ. AfoÔ o An eÐnai sumpag c metrikìc
q¸roc me th metrik  pou ep�getai apì thn ‖ · ‖∞, an deÐxoume ìti h φ eÐnai suneq c, ja
sumper�noume ìti o φ(An) = Bn eÐnai sumpag c metrikìc q¸roc.

Gia to skopì autì, upojètoume ìti fm, f ∈ An kai ìti fm → f omoiìmorfa sthn S`n
1
.

Jèloume na deÐxoume ìti Xfm → Xf wc proc thn apìstash Banach-Mazur.
JewroÔme ton tautotikì telest  Im : (Rn, ‖ ·‖m) → (Rn, ‖ ·‖) kai tuqìn ε > 0. AfoÔ

h ‖ · ‖m sugklÐnei omoiìmorfa sthn ‖ · ‖ sthn S`n
1
, up�rqei m0(ε) ∈ N ¸ste, gia k�je

m ≥ m0 kai k�je x ∈ S`n
1
,
∣∣∣‖x‖m − ‖x‖

∣∣∣ < ε. 'Ara,

(7.3.7) ‖x‖ ≤ ‖x‖m + ε ≤ ‖x‖m + εn‖x‖m = (1 + εn)‖x‖m

kai

(7.3.8) ‖x‖m ≤ ‖x‖+ ε ≤ (1 + εn)‖x‖.

An x ∈ Rn, tìte x
‖x‖`n

1
∈ S`n

1
, opìte gia k�je m ≥ m0 èqoume

(7.3.9)
∥∥∥ x

‖x‖`n
1

∥∥∥ ≤ (1 + εn)
∥∥∥ x

‖x‖`n
1

∥∥∥
m

=⇒ ‖x‖ ≤ (1 + εn)‖x‖m.

Dhlad , ‖Im‖ ≤ 1 + εn. 'Omoia, ‖x‖m ≤ (1 + εn)‖x‖, �ra

(7.3.10) ‖I−1
m ‖ ≤ (1 + εn).

'Epetai ìti

(7.3.11) d(‖ · ‖m, ‖ · ‖) ≤ ‖Im‖ · ‖I−1
m ‖ ≤ (1 + εn)2

gia k�je m ≥ m0. 'Ara,

(7.3.12) d(‖ · ‖m, ‖ · ‖) → 1,

ìtan to m→∞. 2

7.4 Elleiyoeidèc mègistou ìgkou enìc kurtoÔ s¸matoc
Orismìc 7.4.1. Elleiyoeidèc ston Rn eÐnai èna kurtì s¸ma thc morf c

(7.4.1) E =

{
x ∈ Rn :

n∑
i=1

〈x, vi〉2

α2
i

≤ 1

}
,

ìpou {v1, . . . , vn} eÐnai orjokanonik  b�sh tou Rn kai α1, . . . , αn eÐnai jetikoÐ pragmatikoÐ
arijmoÐ (oi dieujÔnseic kai ta m kh twn hmiaxìnwn tou E antÐstoiqa).
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Prìtash 7.4.2. 'Ena kurtì s¸ma E ston Rn eÐnai elleiyoeidèc an kai mìno an up�rqei
antistrèyimoc grammikìc metasqhmatismìc T (T ∈ GL(n)) ¸ste E = T (Bn

2 ).

Apìdeixh. Upojètoume pr¸ta ìti to E eÐnai elleiyoeidèc, dhlad  orÐzetai apì thn (7.4.1)
gia k�poia orjokanonik  b�sh {v1, . . . , vn} tou Rn kai k�poiouc α1, . . . , αn > 0. 'Estw T
o grammikìc metasqhmatismìc tou Rn pou orÐzetai apì tic T (vi) = αivi, i = 1, . . . , n. O T
eÐnai profan¸c antistrèyimoc, kai x ∈ T (Bn

2 ) an kai mìno an up�rqei y =
∑n

j=1 tjvj ∈ Bn
2

me x = Ty. Tìte ìmwc, h isìthta

(7.4.2)
n∑

i=1

〈x, vi〉2

α2
i

=
n∑

i=1

〈
∑n

j=1 tjαjvj , vi〉2

α2
i

=
n∑

i=1

t2i

deÐqnei ìti x ∈ T (Bn
2 ) an kai mìno an x ∈ E, dhlad  E = T (Bn

2 ).
AntÐstrofa, èstw T ∈ GL(n) kai E = T (Bn

2 ). An gr�youme S = T−1, èqoume

(7.4.3) ‖x‖2E = ‖x‖2S−1(Bn
2 ) = ‖Sx‖22 = 〈Sx, Sx〉 = 〈S∗Sx, x〉.

O S∗S eÐnai summetrikìc kai jetik� orismènoc, �ra gr�fetai sth morf  U∗DU ìpou
D diag¸nioc pÐnakac me diag¸nia stoiqeÐa α−2

1 , . . . , α−2
n (ìpou αi jetikoÐ pragmatikoÐ

arijmoÐ) kai o U eÐnai orjog¸nioc pÐnakac. JewroÔme to diag¸nio pÐnaka D1 =
√
D me

diag¸nia stoiqeÐa ta α−1
1 , . . . , α−1

n . AfoÔ o U eÐnai orjog¸nioc, èqoume S∗S = A2, ìpou
A = U∗D1U . Dhlad ,

(7.4.4) ‖x‖2E = 〈A2x, x〉 = ‖Ax‖22 = ‖D1Ux‖22 =
n∑

i=1

〈Ux, ei〉2

α2
i

=
n∑

i=1

〈x, vi〉2

α2
i

,

ìpou ta vi = U∗ei apoteloÔn orjokanonik  b�sh tou Rn. 'Epetai ìti x ∈ E an kai mìno
an ikanopoieÐtai h (7.4.1) gia ta sugkekrimèna vi kai αi, dhlad  to E eÐnai elleiyoeidèc.
2

Parat rhsh. Apì thn apìdeixh eÐnai fanerì ìti o ìgkoc tou E isoÔtai me

(7.4.5) |E| = |Bn
2 |

n∏
i=1

αi.

JewroÔme t¸ra èna summetrikì kurtì s¸ma K ston Rn kai thn oikogèneia E(K) ìlwn
twn elleiyoeid¸n pou perièqontai sto K. O F. John (1948) èdeixe ìti up�rqei monadikì
elleiyoeidèc E pou perièqetai sto K kai èqei ton mègisto dunatì ìgko. Ja lème ìti to
E eÐnai to elleiyoeidèc mègistou ìgkou tou K. Ja doÔme tautìqrona ìti up�rqei
monadikì elleiyoeidèc E pou perièqei to K kai èqei el�qisto ìgko:

Je¸rhma 7.4.3. 'Estw K summetrikì kurtì s¸ma ston Rn. Up�rqei monadikì elleiy-
oeidèc E ⊇ K me el�qisto ìgko.
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Apìdeixh. JewroÔme thn oikogèneia F(K) ìlwn twn elleiyoeid¸n pou perièqoun to K
kai orÐzoume

(7.4.6) V = inf{|E| : E ∈ F(K)} > 0.

Up�rqei akoloujÐa Tm ∈ GL(n) gia thn opoÐa èqoume Em = T−1
m (Bn

2 ) ⊇ K kai

(7.4.7) |Em| =
|Bn

2 |
|det(Tm)|

→ V.

AfoÔ ‖Tm : XK → `n2‖ ≤ 1 gia k�je m ∈ N, mporoÔme na broÔme upakoloujÐa {Tkm
}

kai S ∈ L(Rn) me Tkm
→ S. Tìte,

(7.4.8) |det(S)| = |Bn
2 |/V > 0,

�ra S ∈ GL(n). OrÐzoume E = S−1(Bn
2 ). Tìte,

(7.4.9) ‖S : XK → `n2‖ = lim
m→∞

‖Tkm
: XK → `n2‖ ≤ 1,

�ra E ⊇ K. AfoÔ |E| = V , to E eÐnai èna elleiyoeidèc pou perièqei to K kai èqei ton
el�qisto dunatì ìgko.

DeÐqnoume t¸ra ìti up�rqei èna mìno elleiyoeidèc me aut  thn idiìthta. 'Estw ìti ta
E1 kai E2 perièqoun to K kai èqoun el�qisto ìgko. QwrÐc periorismì thc genikìthtac
mporoÔme na upojèsoume ìti E1 = Bn

2 eÐnai h EukleÐdeia monadiaÐa mp�la, kai

(7.4.10) E2 =

{
x ∈ Rn :

n∑
i=1

〈x, vi〉2/α2
i ≤ 1

}
.

JewroÔme èna trÐto elleiyoeidèc, to

(7.4.11) F =

{
x ∈ Rn :

n∑
i=1

1
2
(1 + α−2

i )〈x, vi〉2 ≤ 1

}
.

AfoÔ F ⊇ E1 ∩ E2 ⊇ K, èqoume

(7.4.12) |F | ≥ |E1| = |E2| = |Bn
2 |,

�ra α1 · · ·αn = 1. PaÐrnontac upìyin thn (7.4.5), gr�foume thn (7.4.12) sth morf 

1 =

(
n∏

i=1

αi

)2

≤
n∏

i=1

2
1 + α−2

i

=
n∏

i=1

2α2
i

1 + α2
i

=
n∏

i=1

2αi

1 + α2
i

.
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'Omwc, 2αi ≤ 1 + α2
i gia k�je i = 1, . . . , n me isìthta mìno an αi = 1. 'Ara, αi = 1,

i = 1, . . . , n. 'Epetai ìti E1 = E2. 2

To Je¸rhma 7.4.3 kai èna aplì epiqeÐrhma duðsmoÔ exasfalÐzoun thn Ôparxh kai th
monadikìthta tou elleiyoeidoÔc mègistou ìgkou tou K.

Je¸rhma 7.4.4. 'Estw K summetrikì kurtì s¸ma ston Rn. Up�rqei monadikì elleiy-
oeidèc E ∈ E(K) me mègisto ìgko.

Apìdeixh. Apì to Je¸rhma 7.4.3 up�rqei monadikì elleiyoeidèc F el�qistou ìgkou tou
K◦. JewroÔme to E = F ◦. Tìte E ⊆ K, to E eÐnai elleiyoeidèc (�skhsh) kai an E1

eÐnai èna �llo elleiyoeidèc me E1 ⊆ K, tìte E◦
1 ⊇ K◦, �ra |E◦

1 | ≥ |F |. Tìte,

(7.4.13) |E1| =
|Bn

2 |2

|E◦
1 |

≤ |Bn
2 |2

|F |
= |E|.

Isìthta mporeÐ na isqÔei mìno an E◦
1 = F , dhlad  E1 = E. 'Ara, to E eÐnai to monadikì

elleiyoeidèc mègistou ìgkou tou K. 2

7.5 To je¸rhma tou John: stoiqei¸dhc apìdeixh
O F. John (1948) èdeixe ìti an h monadiaÐa EukleÐdeia mp�la Bn

2 eÐnai to elleiyoeidèc
el�qistou ìgkou pou perièqei to summetrikì kurtì s¸ma K ston Rn, tìte Bn

2 ⊆
√
nK.

'Amesh sunèpeia autoÔ tou isqurismoÔ eÐnai èna �nw fr�gma gia thn apìstash Banach-
Mazur tuqìntoc n-di�statou q¸rou me nìrma apì ton `n2 .

Je¸rhma 7.5.1. Gia k�je n-di�stato q¸ro me nìrma X èqoume d(X, `n2 ) ≤
√
n.

Apìdeixh. MporoÔme na upojèsoume ìti X = (Rn, ‖ · ‖). JewroÔme th monadiaÐa mp�la
BX tou X kai to elleiyoeidèc el�qistou ìgkou E thc BX . Up�rqei T ∈ GL(n) ¸ste
E = T−1(Bn

2 ). Tìte, T (BX) ⊆ Bn
2 kai h Bn

2 eÐnai to elleiyoeidèc el�qistou ìgkou tou
T (BX). An deqtoÔme to je¸rhma tou John, tìte

(7.5.1)
1√
n
Bn

2 ⊆ T (BX) ⊆ Bn
2 .

'Epetai ìti

(7.5.2) ‖T : X → `n2‖ · ‖T−1 : `n2 → X‖ ≤ 1 ·
√
n =

√
n,

�ra, d(X, `n2 ) ≤
√
n. 2

To Je¸rhma 7.5.1 kai h pollaplasiastik  trigwnik  anisìthta gia thn d mac dÐnoun
èna �nw fr�gma gia th di�metro tou Banach-Mazur compactum.

Je¸rhma 7.5.2. An X kai Y eÐnai dÔo n-di�statoi q¸roi me nìrma, tìte d(X,Y ) ≤ n.
2
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DÐnoume t¸ra mia stoiqei¸dh apìdeixh tou Jewr matoc tou John:

Je¸rhma 7.5.3. 'EstwK summetrikì kurtì s¸ma ston Rn. Upojètoume ìti h EukleÐdeia
monadiaÐa mp�la Bn

2 eÐnai to elleiyoeidèc el�qistou ìgkou pou perièqei to K. Tìte,

(7.5.3) Bn
2 ⊆

√
nK.

Apìdeixh. Upojètoume ìti to sumpèrasma den isqÔei. Tìte, up�rqei x sto sÔnoro tou K
to opoÐo eÐnai eswterikì shmeÐo thc (1/

√
n)Bn

2 . All�zontac suntetagmènec an qreiasteÐ,
mporoÔme na upojèsoume ìti to efaptìmeno uperepÐpedo tou K sto x eÐnai par�llhlo me
to {x : x1 = 0}. Dhlad ,

(7.5.4) K ⊂ P =
{
x ∈ Rn : |x1| ≤

1
c

}
,

ìpou c >
√
n. Gia k�je a, b > 0 orÐzoume to elleiyoeidèc

(7.5.5) Ea,b =

{
x ∈ Rn : a2x2

1 + b2
n∑

i=2

x2
i ≤ 1

}
.

Isqurismìc. An a2−b2

c2 + b2 ≤ 1, tìte K ⊆ Ea,b.

Pr�gmati: an y ∈ K, tìte y ∈ P ∩Bn
2 . 'Ara,

(7.5.6) |y1| ≤
1
c

kai
n∑

i=1

y2
i ≤ 1.

'Epetai ìti

a2y2
1 + b2

n∑
i=2

y2
i = (a2 − b2)y2

1 + b2
n∑

i=1

y2
i

≤ a2 − b2

c2
+ b2

≤ 1.

Dhlad , y ∈ Ea,b. 2

O ìgkoc tou Ea,b isoÔtai me |Ea,b| = |Bn
2 |/(abn−1). An loipìn abn−1 > 1, tìte

|Ea,b| < |Bn
2 |. Me thn upìjesh ìti c >

√
n, ja deÐxoume ìti up�rqoun a, b > 0 pou

ikanopoioÔn tautìqrona tic

(7.5.7) abn−1 > 1 kai
a2 − b2

c2
+ b2 ≤ 1.
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Autì eÐnai �topo, giatÐ ja èqoume breÐ elleiyoeidèc pou perièqei to K kai èqei ìgko
gn sia mikrìtero apì ton ìgko thc Bn

2 .

Gia k�je ε ∈ (0, 1/2), jètoume bε = 1− ε kai aε = (1 + ε+ 2ε2)n−1. Tìte,

(7.5.8) aεb
n−1
ε = [(1− ε)(1 + ε+ 2ε2)]n−1 = (1 + ε2 − 2ε3)n−1 > 1.

EpÐshc,

a2
ε − b2ε
c2

+ b2ε =
(1 + ε+ 2ε2)2(n−1)

c2
+
(

1− 1
c2

)
(1− ε)2

=
1
c2

[1 + 2(n− 1)ε+O(ε2)] +
(

1− 1
c2

)
(1− 2ε+ ε2)

= 1 + 2ε
( n
c2
− 1
)

+O(ε2).

AfoÔ (n/c2) − 1 < 0, eÐnai fanerì ìti h posìthta aut  gÐnetai mikrìterh apì 1 an
af soume to ε→ 0+. Gia mikrì loipìn ε > 0, to elleiyoeidèc Eaε,bε

mac odhgeÐ se �topo.
2

7.6 ShmeÐa epaf c kai h anapar�stash thc tautotik c apeikìn-
ishc

Upojètoume ìti to elleiyoeidèc mègistou ìgkou tou K eÐnai h Bn
2 . To u ∈ Rn lègetai

shmeÐo epaf c twn K kai Bn
2 an ‖u‖2 = ‖u‖K = 1, dhlad  an x ∈ bd(K) ∩ bd(Bn

2 ). H
{pl rhc èkdosh} tou jewr matoc tou John perigr�fei thn katanom  twn shmeÐwn epaf c
p�nw sth monadiaÐa sfaÐra Sn−1.

Je¸rhma 7.6.1. 'Estw K summetrikì kurtì s¸ma ston Rn. An h Bn
2 eÐnai to elleiyoei-

dèc mègistou ìgkou tou K, tìte up�rqoun λ1, . . . , λm > 0 kai shmeÐa epaf c u1, . . . , um

twn K kai Bn
2 ¸ste

(7.6.1) x =
m∑

j=1

λj〈x, uj〉uj

gia k�je x ∈ Rn.

Parathr seic. To Je¸rhma 7.6.1 lèei ìti h tautotik  apeikìnish I tou Rn anaparÐstatai
sth morf 

(7.6.2) I =
m∑

j=1

λjuj ⊗ uj ,

ìpou uj ⊗ uj eÐnai h probol  sthn dieÔjunsh tou uj : (uj ⊗ uj)(x) = 〈x, uj〉uj .
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Apì thn (7.6.1) èpetai ìti, gia k�je x ∈ Rn,

(7.6.3) ‖x‖22 = 〈x, x〉 =
m∑

j=1

λj〈x, uj〉2.

EpÐshc, paÐrnontac x = ei, i = 1, . . . , n, ìpou {e1, . . . , en} h sun jhc orjokanonik  b�sh
tou Rn, èqoume

n∑
i=1

‖ei‖22 =
n∑

i=1

m∑
j=1

λj〈ei, uj〉2 =
m∑

j=1

λj

n∑
i=1

〈ei, uj〉2

=
m∑

j=1

λj‖uj‖22 =
m∑

j=1

λj .

Dhlad ,

(7.6.4)
m∑

j=1

λj = n.

Apìdeixh tou Jewr matoc. Apì thn (7.6.4), an up�rqei h zhtoÔmenh anapar�stash ja
prèpei na isqÔei

∑
(λj/n) = 1. Autì loipìn pou qrei�zetai na deÐxoume eÐnai ìti o I/n

gr�fetai san kurtìc sunduasmìc probol¸n thc morf c u⊗ u, ìpou u shmeÐo epaf c twn
K kai Bn

2 . OrÐzoume

(7.6.5) T = {u⊗ u : ‖u‖2 = ‖u‖K = 1},

kai ja deÐxoume ìti I/n ∈ conv(T ). Parathr ste ìti to conv(T ) eÐnai kleistì uposÔnolo

tou Rn2
kai ìti T 6= ∅: an h Bn

2 den akoumpoÔse to sÔnoro tou K, ja mporoÔsame na
broÔme r > 1 ¸ste rBn

2 ⊆ K, opìte h Bn
2 den ja  tan to elleiyoeidèc mègistou ìgkou

tou K.

'Estw ìti I/n /∈ conv(T ). Apì diaqwristikì je¸rhma, mporÔme na broÔme φ ∈ Rn2

kai r ∈ R ¸ste

(7.6.6) 〈φ, I/n〉 < r ≤ 〈φ,A〉

gia k�je A ∈ conv(T ). Eidikìtera, gia k�je shmeÐo epaf c u twn K kai Bn
2 èqoume

(7.6.7) 〈φ, I/n〉 < r ≤ 〈φ, u⊗ u〉.

Oi pÐnakec I/n kai u⊗u eÐnai summetrikoÐ, opìte paÐrnontac ton ψ = (φ+φ∗)/2 antÐ tou
φ èqoume ìti o ψ eÐnai summetrikìc kai exakoloujeÐ na ikanopoieÐ thn

(7.6.8) 〈ψ, I/n〉 < r ≤ 〈ψ, u⊗ u〉
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gia k�je u ⊗ u ∈ T . 'Estw β = tr(ψ)/n. AfoÔ tr(I/n) = 1 kai tr(u ⊗ u) =
∑
u2

i = 1,
blèpoume ìti

〈ψ − βI, I/n〉 = 〈ψ, I/n〉 − β

= 0 < r − β

≤ 〈ψ − βI, u⊗ u〉

gia k�je u⊗ u ∈ T . PaÐrnontac B = ψ − βI kai s = r − β, èqoume:

L mma 7.6.2. An I/n /∈ conv(T ), tìte up�rqoun s > 0 kai B summetrikìc me tr(B) = 0
me thn idiìthta

(7.6.9) 〈B, u⊗ u〉 ≥ s

gia k�je u⊗ u ∈ T . 2

Gia δ > 0 arket� mikrì, jewroÔme to elleiyoeidèc

(7.6.10) Eδ = {x ∈ Rn : 〈(I + δB)x, x〉 ≤ 1}.

[Parathr ste ìti an M = max{|〈Bx, y〉| : ‖x‖2 = ‖y‖2 = 1} kai 0 < δ < 1/M , tìte o
I + δB eÐnai summetrikìc kai jetik� orismènoc, �ra èqei summetrik  jetik  tetragwnik 
rÐza Sδ. AfoÔ Eδ = S−1

δ (Bn
2 ), to Eδ eÐnai elleiyoeidèc.]

Orismìc 7.6.3 (aktinik  sun�rthsh). Gia k�je θ ∈ Sn−1 jètoume

(7.6.11) ρK(θ) = max{t > 0 : tθ ∈ K}.

H ρK : Sn−1 → R+ lègetai aktinik  sun�rthsh tou K: {metr�ei} thn apìstash tou
sunìrou tou K apì to 0 sth dieÔjunsh tou θ. AfoÔ ρK(θ)θ ∈ bd(K), èqoume

(7.6.12) ρK(θ) · ‖θ‖K = 1.

Ja deÐxoume ìti Eδ ⊆ K an to δ eÐnai mikrì, deÐqnontac ìti ρEδ
(v) ≤ ρK(v) gia k�je

v ∈ Sn−1:

1h PerÐptwsh: 'Estw U to sÔnolo twn shmeÐwn epaf c twn K kai Bn
2 . An u ∈ U kai

v ∈ Sn−1 me ‖u− v‖2 < s/2M , tìte apì to L mma 7.6.2,

(7.6.13) 〈(I + δB)u, u〉 ≥ 1 + δs,

en¸

|〈v + δBv, v〉 − 〈u+ δBu, u〉| = δ|〈Bv, v〉 − 〈Bu, u〉|
≤ δ|〈Bv, v − u〉|+ δ|〈Bu, u− v〉|
≤ 2Mδ‖u− v‖2 < δs.
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'Ara, an h apìstash tou v ∈ Sn−1 apì to U eÐnai mikrìterh apì s/2M , tìte

(7.6.14) 〈(I + δB)v, v〉 > 1 + δs− δs = 1,

dhlad  v /∈ Eδ. 'Omwc, v ∈ Bn
2 ⊆ K gia k�je v ∈ Sn−1. 'Ara, se aut  thn perÐptwsh

èqoume

(7.6.15) ρEδ
(v) < 1 ≤ ρK(v).

2h PerÐptwsh: 'Estw V to sÔnolo twn v ∈ Sn−1 gia ta opoÐa d(v, U) ≥ s/2M . Tìte, to
V eÐnai sumpagèc kai r = max{‖v‖K : v ∈ V } < 1. Jètoume λ = min{〈Bv, v〉 : v ∈ V }.
An 0 < δ < (1− r2)/|λ|, tìte

(7.6.16) 〈(I + δB)(v/‖v‖K), v/‖v‖K〉 =
1 + δ〈Bv, v〉

‖v‖2K
≥ 1 + δλ

r2
> 1,

dhlad  v/‖v‖K /∈ Eδ. Autì shmaÐnei ìti ρEδ
(v) ≤ 1

‖v‖K
= ρK(v).

Sundu�zontac ta parap�nw katal goume sto ex c:

L mma 7.6.4. Up�rqei δ0 > 0 tètoio ¸ste Eδ ⊆ K gia k�je 0 < δ < δ0. 2

MporoÔme t¸ra na katal xoume se �topo: PaÐrnoume δ > 0 arket� mikrì ¸ste o
I + δB na eÐnai jetik� orismènoc kai to elleiyoeidèc Eδ na perièqetai sto K. AfoÔ h Bn

2

eÐnai to elleiyoeidèc mègistou ìgkou tou K, èqoume |Eδ| ≤ |Bn
2 |. 'Omwc,

(7.6.17) |Eδ| = |S−1
δ (Bn

2 )| = |Bn
2 |/
√

det(I + δB).

'Ara, det(I+δB) ≥ 1. Apì thn �llh pleur�, h anisìthta arijmhtikoÔ-gewmetrikoÔ mèsou
mac dÐnei

(7.6.18) [det(I + δB)]1/n ≤ tr(I + δB)
n

= 1 + δ
tr(B)
n

= 1,

afoÔ tr(B) = 0. Gia na isqÔoun ta parap�nw, prèpei na èqoume isìthta sthn anisìthta
arijmhtikoÔ-gewmetrikoÔ mèsou. Tìte ìmwc, ìlec oi idiotimèc tou I+δB eÐnai Ðsec, dhlad 
I+δB = µI. 'Epetai ìti o B eÐnai pollapl�sio tou tautotikoÔ pÐnaka, kai afoÔ tr(B) = 0
paÐrnoume B = 0.

Autì eÐnai �topo, giatÐ apì to L mma 7.6.2 èqoume 〈Bu, u〉 ≥ s > 0, u ∈ U . Sunep¸c,
I/n ∈ conv(T ) kai h apìdeixh eÐnai pl rhc. 2

MporoÔme t¸ra na d¸soume mia deÔterh apìdeixh gia to je¸rhma tou John:

Prìtash 7.6.5. An Bn
2 eÐnai to elleiyoeidèc mègistou ìgkou tou K, tìte K ⊆

√
nBn

2 .
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Apìdeixh: JewroÔme thn anapar�stash thc tautotik c apeikìnishc

(7.6.19) x =
m∑

j=1

λj〈x, uj〉uj

tou Jewr matoc 7.6.1. AfoÔ uj ∈ Sn−1, èqoume

(7.6.20) 1 = 〈uj , uj〉 ≤ ‖uj‖K‖uj‖K◦ = ‖uj‖K◦ gia k�je j = 1, . . . ,m.

Apì thn �llh pleur�, se k�je uj ta K kai Bn
2 èqoun to Ðdio efaptìmeno uperepÐpedo

me k�jeto di�nusma to uj (gia th mp�la, to efaptìmeno uperepÐpedo se k�je shmeÐo
u ∈ Sn−1 èqei k�jeto di�nusma to u). Epomènwc, gia k�je x ∈ K èqoume 〈x, uj〉 ≤ 1, kai
lìgw summetrÐac tou K,

(7.6.21) |〈x, uj〉| ≤ 1 gia k�je x ∈ K.

Dhlad ,

(7.6.22) ‖uj‖K = ‖uj‖K◦ = ‖uj‖2 = 1

gia k�je j = 1, . . . ,m.

'Estw t¸ra x ∈ K. Apì tic (7.6.3), (7.6.4) kai (7.6.21) paÐrnoume

(7.6.23) ‖x‖22 =
m∑

j=1

λj〈x, uj〉2 ≤
m∑

j=1

λj = n.

Dhlad , ‖x‖2 ≤
√
n. Ara, Bn

2 ⊆ K ⊆
√
nBn

2 . 2

Parat rhsh 7.6.6. An h Bn
2 eÐnai to elleiyoeidèc mègistou ìgkou tou K, tìte h Bn

2

eÐnai to elleiyoeidèc el�qistou ìgkou tou K◦. EpÐshc, h (7.6.22) deÐqnei ìti k�je shmeÐo
epaf c twn K kai Bn

2 eÐnai shmeÐo epaf c twn K◦ kai Bn
2 . 'Ara, all�zontac touc rìlouc

twn K kai K◦, blèpoume ìti h anapar�stash thc tautotik c apeikìnishc mèsw shmeÐwn
epaf c exasfalÐzetai kai sthn perÐptwsh tou elleiyoeidoÔc el�qistou ìgkou.

7.7 L mmata Dvoretzky-Rogers

Se aut  thn Par�grafo upojètoume ìti to summetrikì kurtì s¸ma K èqei san elleiyoei-
dèc mègistou   el�qistou ìgkou thn EukleÐdeia monadiaÐa mp�la Bn

2 . Sthn §7.6 apodeÐxame
to je¸rhma tou John gia thn anapar�stash thc tautotik c apeikìnishc: up�rqoun shmeÐa
epaf c u1, . . . , um twn K kai Bn

2 , kai jetikoÐ pragmatikoÐ arijmoÐ λ1, . . . , λm ¸ste

(7.7.1) I =
m∑

j=1

λjuj ⊗ uj .
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Sunèpeiec thc (7.7.1) eÐnai oi ex c: gia k�je x ∈ Rn,

(7.7.2) ‖x‖22 =
m∑

j=1

λj〈x, uj〉2

kai

(7.7.3)
m∑

j=1

λj = n.

Qrhsimopoi¸ntac thn (7.7.1) mporoÔme na deÐxoume ìti up�rqoun poll� shmeÐa epaf c
an�mesa sto K kai sthn Bn

2 .

Prìtash 7.7.1. An h Bn
2 eÐnai to elleiyoeidèc el�qistou   mègistou ìgkou tou K, tìte

gia k�je grammikì metasqhmatismì T tou Rn up�rqei shmeÐo epaf c twn K kai Bn
2 me

thn idiìthta:

(7.7.4) 〈u, Tu〉 ≥ trT
n
.

Apìdeixh. Apì thn (7.7.1) èqoume

(7.7.5) trT = 〈T, I〉 =
m∑

j=1

λj〈T, uj ⊗ uj〉.

PaÐrnontac upìyin kai thn
∑
λj = n, sumperaÐnoume ìti up�rqei j ≤ m me thn idiìthta

(7.7.6) 〈uj , Tuj〉 = 〈T, uj ⊗ uj〉 ≥
trT
n
.

To sumpèrasma prokÔptei an p�roume u = uj . 2

Oi Dvoretzky kai Rogers èdeixan akrib  apotelèsmata gi� thn katanom  twn shmeÐwn
epaf c tou K me thn Bn

2 . Ola touc ekfr�zoun me ton èna   ton �llo trìpo thn arq  ìti
up�rqoun pollèc kai {arket� orjog¸niec} dieujÔnseic stic opoÐec oi dÔo nìrmec ‖ · ‖K

kai ‖ · ‖2 sugkrÐnontai kal�.

Prìtash 7.7.2. An Bn
2 eÐnai to elleiyoeidèc mègistou ìgkou tou K, up�rqei orjokanon-

ik  akoloujÐa y1, . . . , yn ston Rn me thn idiìthta

(7.7.7)
(
n− i+ 1

n

)1/2

≤ ‖yi‖K ≤ ‖yi‖2 = 1

gia k�je i = 1, . . . , n.
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Apìdeixh. OrÐzoume ta yi epagwgik�. San y1 mporoÔme na p�roume opoiod pote shmeÐo
epaf c twn K kai Bn

2 . Ac upojèsoume ìti èqoun epilegeÐ ta y1, . . . , yi−1. Jètoume
Fi = span{y1, . . . , yi−1}. Tìte, tr(PF⊥i

) = n− i+ 1, kai apì thn Prìtash 7.7.1 up�rqei
shmeÐo epaf c ui ¸ste

(7.7.8) ‖PF⊥i
ui‖22 = 〈ui, PF⊥i

ui〉 ≥
n− i+ 1

n
.

Apì to Pujagìreio je¸rhma èpetai ìti

(7.7.9) ‖PFi
ui‖K ≤ ‖PFi

ui‖2 ≤
√

(i− 1)/n.

OrÐzoume yi = PF⊥i
ui/‖PF⊥i

ui‖2. Tìte,

(7.7.10) 1 = ‖yi‖2 ≥ ‖yi‖K ≥ |〈ui, yi〉| = ‖PF⊥i
ui‖2

kai to sumpèrasma prokÔptei apì thn (7.7.8). 2

Pìrisma 7.7.3. Upojètoume ìti h Bn
2 eÐnai to elleiyoeidèc mègistou ìgkou tou K. An

k = [n/2] + 1, mporoÔme na broÔme orjokanonik� dianÔsmata y1, . . . , yk ¸ste

(7.7.11)
1
2
≤ ‖yj‖ ≤ 1

gia k�je j = 1, . . . , k. 2

To epìmeno l mma {tÔpou Dvoretzky-Rogers} apodeÐqjhke apì touc Szarek kai Talagrand
(1988).

Prìtash 7.7.4. Upojètoume ìti h Bn
2 eÐnai to elleiyoeidèc el�qistou ìgkou tou K. Gia

k�je k ≤ n, mporoÔme na broÔme shmeÐa epaf c y1, . . . , yk twn K kai Bn
2 , me thn ex c

idiìthta: An j ∈ {1, . . . , k} kai Fj = span{yi : i 6= j}, tìte

(7.7.12) |PF⊥j
(yj)| ≥

√
n− k + 1

n

gia k�je j = 1, . . . , k.

Apìdeixh. 'Estw k ≤ n. Up�rqoun shmeÐa epaf c u1, . . . , um twn K kai Bn
2 , kai

λ1, . . . , λm > 0 ¸ste

(7.7.13) I =
m∑

j=1

λjuj ⊗ uj .

Apì ìlec tic k-�dec pou mporoÔme na epilèxoume mèsa apì to {u1, . . . , um}, epilègoume
ekeÐna ta y1 = ui1 , . . . , yk = uik

gia ta opoÐa megistopoieÐtai o k-di�statoc ìgkoc
|conv{±ui1 , . . . ,±uik

}|. An jèsoume Fj = span{yi : i 6= j}, tìte

(7.7.14) ‖PF⊥j
(yj)‖2 ≥ ‖PF⊥j

(ui)‖2 gia k�je j = 1, . . . , k kai i = 1, . . . ,m.
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'Omwc, apì thn Prìtash 7.7.1, up�rqei i ≤ m ¸ste

(7.7.15) ‖PF⊥j
(ui)‖22 = 〈ui, PF⊥j

(ui)〉 ≥
tr(PF⊥j

)

n
=
n− k + 1

n
.

'Ara,

(7.7.16) ‖PF⊥j
(yj)‖2 = max

i≤m
‖PF⊥j

(ui)‖2 ≥
√
n− k + 1

n

gia k�je j = 1, . . . , k. 2

7.8 Ask seic
1. 'Estw 2 ≤ q ≤ ∞. DeÐxte ìti gia k�je x ∈ Rn isqÔoun oi anisìthtec

‖x‖q ≤ ‖x‖2 ≤ n
1
2−

1
q ‖x‖q.

2. 'Estw 2 ≤ q ≤ ∞. Qrhsimopoi¸ntac ton tautotikì telest  deÐxte ìti

d(`n
2 , `n

q ) ≤ n
1
2−

1
q .

3. DeÐxte ìti: an y1, . . . , ym ∈ `n
2 tìte

m∑
j=1

‖yj‖22 = Aveε=±1

∥∥∥∥∥
m∑

j=1

εjyj

∥∥∥∥∥
2

2

,

ìpou me Ave sumbolÐzoume to mèso ìro wc proc ìlec tic dunatèc epilogèc pros mwn εj = ±1.

4. 'Estw 2 ≤ q ≤ ∞ kai èstw T : `n
q → `n

2 isomorfismìc, me ‖T : `n
q → `n

2 ‖ = 1.

(a) DeÐxte ìti
n∑

j=1

‖Tej‖22 ≤ n2/q,

kai sumper�nate ìti ‖Tej‖2 ≤ n
1
q
− 1

2 gia k�poion j ≤ n.

(b) DeÐxte ìti

‖T−1 : `n
2 → `n

q ‖ ≥ n
1
2−

1
q .

5. 'Estw 2 ≤ q ≤ ∞. DeÐxte ìti

d(`n
2 , `n

q ) = n
1
2−

1
q .
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6. Qrhsimopoi¸ntac thn pollaplasiastik  trigwnik  anisìthta gia thn d kai thn prohgoÔmenh
�skhsh, deÐxte ìti: an 2 ≤ p < q ≤ +∞ tìte

d(`n
p , `n

q ) ≥ n
1
p
− 1

q .

Qrhsimopoi¸ntac ton tautotikì telest  deÐxte ìti

d(`n
p , `n

q ) = n
1
p
− 1

q .

7. 'Estw 1 ≤ p < q ≤ 2. Qrhsimopoi¸ntac thn d(X∗, Y ∗) = d(X, Y ) deÐxte ìti

d(`n
p , `n

q ) = n
1
p
− 1

q .

8. Oi pÐnakec Walsh eÐnai orjog¸nioi 2k×2k pÐnakec, pou orÐzontai epagwgik� wc ex c: Jètoume
W0 = [1], kai

Wk =

[
Wk−1 Wk−1

Wk−1 −Wk−1

]
, k ≥ 1.

DeÐxte ìti o 1

2k/2 Wk eÐnai orjog¸nioc pÐnakac me thn idiìthta: ìlec tou oi suntetagmènec èqoun

apìluth tim  1

2k/2 .

9. 'Estw n = 2k kai èstw T : Rn → Rn o telest c pou antistoiqeÐ ston 1

2k/2 Wk.

(a) Parathr ste ìti
‖T−1 : `n

2 → `n
2 ‖ = 1

kai sumper�nate ìti
‖T−1 : `n

∞ → `n
1 ‖ ≤ n.

(b) Parathr ste ìti ‖Tej‖∞ = 1/
√

n gia k�je j = 1, . . . , n kai sumper�nate ìti

‖T : `n
1 → `n

∞‖ =
1√
n

.

(g) DeÐxte ìti d(`n
1 , `n

∞) ≤
√

n.

10*. DeÐxte ìti up�rqei stajer� c > 0 ¸ste d(`n
1 , `n

∞) ≤ c
√

n gia k�je n ∈ N.

11. 'Estw T : `n
1 → `n

∞ isomorfismìc, o opoÐoc ikanopoieÐ thn

1

d
Bn
∞ ⊆ T (Bn

1 ) ⊆ Bn
∞,

ìpou Bn
∞, Bn

1 oi monadiaÐec mp�lec twn `n
∞, `n

1 antÐstoiqa.

(a) An xj = T (ej), j = 1, . . . , n, deÐxte ìti

|T (Bn
1 )| = 2n

n!
|det X|,



7.8 Ask seis · 171

ìpou X o pÐnakac me st lec ta x1, . . . , xn. [Upìdeixh: ArkeÐ na deÐxete ìti |Bn
1 | = 2n/n!.]

(b) Qrhsimopoi¸ntac to gegonìc ìti x1, . . . , xn ∈ Bn
∞ kai thn anisìthta tou Hadamard, deÐxte

ìti |det X| ≤ nn/2.

(g) DeÐxte ìti d ≥ c1
√

n, ìpou c1 > 0 stajer� anex�rthth apì ton T kai apì to n.

(d) DeÐxte ìti d(`n
1 , `n

∞) ≥ c1
√

n, ìpou c1 > 0 h stajer� sto (g).

12*. 'Estw K summetrikì kurtì s¸ma ston Rn to opoÐo perièqei thn Bn
2 . Upojètoume ìti

up�rqoun λ1, . . . , λm > 0 kai shmeÐa epaf c u1, . . . , um twn K kai Bn
2 ¸ste

x =

m∑
j=1

λj〈x, uj〉uj

gia k�je x ∈ Rn. DeÐxte ìti h Bn
2 eÐnai to elleiyoeidèc mègistou ìgkou tou K.

13. DÐnontai x1, . . . , xm ∈ Rn (ìqi anagkastik� diakekrimèna) ¸ste

I =

m∑
j=1

xj ⊗ xj .

(a) DeÐxte ìti
∑m

j=1 ‖xj‖22 = n.

(b) DeÐxte ìti, gia k�je epilog  pragmatik¸n arijm¸n a1, . . . , am,∥∥∥∥∥
m∑

j=1

ajxj

∥∥∥∥∥
2

≤

(
m∑

j=1

a2
j

)1/2

.

14*. 'Estw K summetrikì kurtì s¸ma ston Rn. Upojètoume ìti h Bn
2 eÐnai to elleiyoeidèc

mègistou ìgkou tou K. DeÐxte ìti up�rqei parallhlepÐpedo P ¸ste K ⊆ P kai

|P | ≤ 2n nn/2

√
n!

.

15. 'Estw v1, . . . , vm ∈ Rn. Upojètoume ìti to summetrikì kurtì polÔedro

K = {y ∈ Rn : |〈y, vj〉| ≤ 1 gia k�je j = 1, . . . , m}

ikanopoieÐ thn Bn
2 ⊆ K ⊆ αBn

2 gia k�poion α > 1. DeÐxte ìti m ≥ exp(n/(2α2)).

16. 'Estw X = (Rn, ‖·‖) kai èstw ε ∈ (0, 1). DeÐxte ìti up�rqoun N ≤
(
1 + 2

ε

)n
kai T : X → `n

∞
me thn idiìthta

(1− ε)‖x‖ ≤ ‖T (x)‖`n
∞ ≤ (1 + ε)‖x‖

gia k�je x ∈ X.





Kef�laio 8

To je¸rhma tou Dvoretzky

8.1 Eisagwg 
AfethrÐa gia to je¸rhma tou Dvoretzky eÐnai to ex c L mma twn Dvoretzky kai Rogers
(1950).

Prìtash 8.1.1. Upojètoume ìti h Bn
2 eÐnai to elleiyoeidèc mègistou ìgkou tou sum-

metrikoÔ kurtoÔ s¸matoc K. Up�rqoun k '
√
n kai y1, . . . , yk orjokanonik� dianÔsmata

ston Rn ¸ste, gia k�je a1, . . . , ak ∈ Rn,

(8.1.1)
1√
3

max
1≤i≤k

|ai| ≤

∥∥∥∥∥
k∑

i=1

aiyi

∥∥∥∥∥ ≤
(

k∑
i=1

a2
i

)1/2

. 2

Me aform  autì to apotèlesma, o Grothendieck èjese to er¸thma an eÐnai dunatì

na antikatast soume to maxi≤k |ai| me to
(∑

i≤k a
2
i

)1/2

sthn parap�nw Prìtash, kai

tautìqrona na èqoume k = k(n) → ∞ kaj¸c to n → ∞. IsodÔnama, an up�rqei k-
di�statoc upìqwroc F tou Rn (me to k na {megal¸nei} me to n) ¸ste

(8.1.2) Bn
2 ∩ F ⊆ K ∩ F ⊆ cBn

2 ∩ F,

ìpou c > 0 apìluth stajer�. O Dvoretzky (1960) èdwse katafatik  ap�nthsh sto
er¸thma.

Je¸rhma 8.1.2 (Dvoretzky). 'Estw ε > 0 kai k fusikìc arijmìc. Up�rqei N =
N(k, ε) me thn ex c idiìthta: An X eÐnai q¸roc me nìrma di�stashc n ≥ N , mporoÔme
na broÔme k-di�stato upìqwro F tou X me d(F, `k2) ≤ 1 + ε.

Se gewmetrik  gl¸sa, to Je¸rhma tou Dvoretzky mac lèei ìti: gia k�je k ∈ N,
k�je summetrikì kurtì s¸ma arket� meg�lhc di�stashc èqei kentrikèc tomèc di�stashc k
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pou eÐnai sqedìn elleiyoeid . H akrib c ex�rthsh tou N(k, ε) apì ta k kai ε melet jhke
susthmatik�, kai to je¸rhma tou Dvoretzky p re polÔ pio sugkekrimènh posotik  morf .

Je¸rhma 8.1.3. 'Estw X ènac n-di�statoc q¸roc me nìrma kai èstw ε > 0. Up�rqoun
akèraioc k ≥ cε2(log 1/ε)−1 log n kai k-di�statoc upìqwroc F tou X o opoÐoc ikanopoieÐ
thn d(F, `k2) ≤ 1 + ε.

Dhlad , to Je¸rhma 8.1.2 isqÔei me N(k, ε) = exp(cε−2| log ε|k).H arqik  apìdeixh
tou Dvoretzky èdine thn ektÐmhsh N(k, ε) = exp(cε−2k2 log k). H (bèltisth wc proc n)
ektÐmhsh tou Jewr matoc 8.1.3 apodeÐqthke apì ton Milman (1971).

Skopìc autoÔ tou KefalaÐou eÐnai na perigr�yei thn apìdeixh tou Jewr matoc 8.1.3.
'Ena apì ta basikìtera stoiqeÐa thc apìdeixhc eÐnai to legìmeno fainìmeno thc sugkèn-
trwshc tou mètrou sthn Sn−1, to opoÐo ja suzht soume sthn epìmenh par�grafo.

8.2 Isoperimetrik  anisìthta sth sfaÐra
JewroÔme th monadiaÐa sfaÐra Sn−1 ston Rn efodiasmènh me th gewdaisiak  metrik  ρ:
h apìstash ρ(x, y) dÔo shmeÐwn x, y ∈ Sn−1 eÐnai h kurt  gwnÐa xoy sto epÐpedo pou
orÐzetai apì thn arq  twn axìnwn o kai ta x, y. H Sn−1 gÐnetai q¸roc pijanìthtac me
to monadikì analloÐwto wc proc strofèc mètro σ: gia k�je Borel sÔnolo A ⊆ Sn−1

jètoume

(8.2.1) σ(A) :=
|Ã|
|Bn

2 |
,

ìpou Bn
2 eÐnai h monadiaÐa EukleÐdeia mp�la kai

(8.2.2) Ã := {sx : x ∈ A kai 0 ≤ s ≤ 1}.

Ja qreiastoÔme ton {tÔpo olokl rwshc se polikèc suntetagmènec}:

L mma 8.2.1 (olokl rwsh se polikèc suntetagmènec). An f : Rn → R eÐnai mia
oloklhr¸simh sun�rthsh, tìte

(8.2.3)
∫

Rn

f(x) dx = nωn

∫
Sn−1

∫ ∞

0

f(rθ)rn−1 dr dσ(θ).

EÐnai eÔkolo na deÐ kaneÐc ìti an ρ(x, y) = θ tìte

(8.2.4) ‖x− y‖2 = 2 sin
θ

2
,

sunep¸c h gewdaisiak  kai h EukleÐdeia apìstash twn x, y ∈ Sn−1 sugkrÐnontai mèsw
thc

(8.2.5)
2
π
ρ(x, y) ≤ ‖x− y‖2 ≤ ρ(x, y).
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'Estw t > 0. H t-perioq  enìc Borel uposunìlou A thc Sn−1 eÐnai to sÔnolo

(8.2.6) At = {x ∈ Sn−1 : ρ(x,A) ≤ t}.

To isoperimetrikì prìblhma sth sfaÐra diatup¸netai wc ex c:

DÐnontai α ∈ (0, 1) kai t > 0. An�mesa se ìla ta Borel uposÔnola A thc s-
faÐrac gia ta opoÐa σ(A) = α, na brejoÔn ekeÐna gia ta opoÐa elaqistopoieÐtai
h epif�neia σ(At) thc t-perioq c tou A.

H ap�nthsh dÐnetai apì to akìloujo je¸rhma:

Isoperimetrik  anisìthta sth sfaÐra. 'Estw α ∈ (0, 1) kai

(8.2.7) B(x, r) = {y ∈ Sn−1 : ρ(x, y) ≤ r}

mia mp�la sthn Sn−1 me aktÐna r > 0 pou epilègetai ¸ste σ(B(x, r)) = α. Tìte, gia
k�je A ⊆ Sn−1 me σ(A) = α kai gia k�je t > 0 èqoume

(8.2.8) σ(At) ≥ σ
(
B(x, r)t

)
= σ

(
B(x, r + t)

)
.

Dhlad , gia opoiod pote dosmèno mètro α kai opoiod pote t > 0 oi mp�lec mètrou α
dÐnoun th lÔsh tou isoperimetrikoÔ probl matoc.

H apìdeixh thc isoperimetrik c anisìthtac gÐnetai me sfairik  summetrikopoÐhsh kai
epagwg  wc proc th di�stash. Ac jewr soume thn eidik  perÐptwsh α = 1/2. An
σ(A) = 1/2 kai t > 0, tìte mporoÔme na ektim soume to mègejoc tou At qrhsimopoi¸ntac
thn isoperimetrik  anisìthta:

(8.2.9) σ(At) ≥ σ
(
B
(
x,
π

2
+ t
))

gia k�je t > 0 kai x ∈ Sn−1. Ektim¸ntac apì k�tw to dexiì mèloc thc (8.2.9) odhgoÔ-
maste sthn akìloujh anisìthta.

Je¸rhma 8.2.2. 'Estw A ⊆ Sn+1 me σ(A) = 1/2 kai èstw t > 0. Tìte,

(8.2.10) σ(At) ≥ 1−
√
π/8 exp(−t2n/2).

Parat rhsh. Autì pou èqei shmasÐa se sqèsh me thn ektÐmhsh sthn (8.2.10) eÐnai ìti,
ìso mikrì t > 0 ki an dialèxoume, h akoloujÐa exp(−t2n/2) teÐnei sto 0 kaj¸c to n→∞
kai m�lista me polÔ taqÔ rujmì (ekjetik� wc proc n). Epomènwc, to posostì thc sfaÐrac
pou mènei èxw apì thn t-perioq  opoioud pote uposunìlou A thc Sn+1 me σ(A) = 1/2
eÐnai {sqedìn mhdenikì} an h di�stash n eÐnai arket� meg�lh.

H apìdeixh tou Jewr matoc 8.2.2 basÐzetai polÔ isqur� sth sfairik  isoperimetrik 
anisìthta. Gia tic perissìterec ìmwc efarmogèc pou èqoume sto noÔ mac eÐnai arket  mia
anisìthta san thn (8.2.10) kai ìqi h akrib c lÔsh tou isoperimetrikoÔ probl matoc. Ja
d¸soume mia apl  apìdeixh thc (8.2.10) qwrÐc na per�soume mèsa apì thn isoperimetrik 
anisìthta, qrhsimopoi¸ntac thn anisìthta Brunn-Minkowski.
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L mma 8.2.3. JewroÔme to omoiìmorfo mètro pijanìthtac µ sthn EukleÐdeia monadiaÐa
mp�la Bn

2 . Dhlad , µ(A) = |A|/|Bn
2 | gia k�je Borel A ⊆ Bn

2 . An A,C ⊆ Bn
2 sumpag ,

kai

(8.2.11) d(A,C) := min{‖a− c‖2 : a ∈ A, c ∈ C} = ρ > 0,

tìte

(8.2.12) min{µ(A), µ(C)} ≤ exp(−ρ2n/8).

Apìdeixh. JewroÔme to sÔnolo A+C
2 . Apì thn anisìthta Brunn–Minkowski paÐrnoume∣∣A+C

2

∣∣ ≥ min{|A|, |C|}. Sunep¸c,

(8.2.13) µ

(
A+ C

2

)
≥ min{µ(A), µ(C)}.

Apì thn �llh pleur�, an a ∈ A kai c ∈ C, o kanìnac tou parallhlogr�mmou dÐnei

(8.2.14) ‖a+ c‖22 = 2‖a‖22 + 2‖c‖22 − ‖a− c‖22 ≤ 4− ρ2,

epomènwc

(8.2.15)
A+ C

2
⊆
√

1− ρ2

4
Bn

2 .

Sundu�zontac tic (8.2.13) kai (8.2.15) blèpoume ìti

(8.2.16) min
{
µ(A), µ(C)

}
≤
(

1− ρ2

4

)n/2

≤ exp(−ρ2n/8). 2

Apìdeixh tou Jewr matoc 8.2.2. 'Estw A ⊆ Sn−1 me σ(A) = 1/2 kai èstw t > 0. Jètoume
C = Sn−1 \At kai jewroÔme ta uposÔnola

(8.2.17) A1 = {ρa : a ∈ A, 1
2
≤ ρ ≤ 1} kai C1 = {ρa : a ∈ C, 1

2
≤ ρ ≤ 1}

thc Bn
2 . EÔkola elègqoume ìti

(8.2.18) d(A1, C1) ≥ sin
t

2
≥ t

π
.

Apì to L mma 8.2.3 sumperaÐnoume ìti

(8.2.19) |C1| ≤ exp(−d2n/8)|Bn
2 | ≤ exp

(
−t2n/(8π2)

)
|Bn

2 |.
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'Omwc, apì ton orismì tou σ èqoume |Bn
2 |σ(C) = |C̃| kai |C1| = (1 − 2−n)|C̃|. Sundu�-

zontac me thn (8.2.19) blèpoume ìti

(8.2.20) σ(Ac
t) = σ(C) ≤ 1

1− 2−n
exp

(
−t2n/(8π2)

)
.

Dhlad ,

(8.2.21) σ(At) ≥ 1− c1 exp(−c2t2n)

ìpou c1 = 2 kai c2 = 1/(8π2). H (8.2.21) eÐnai entel¸c an�logh me thn anisìthta tou
Jewr matoc 8.2.1 an exairèsoume tic akribeÐc timèc twn stajer¸n c1 kai c2. 2

Orismìc 8.2.4 (mètro sunèqeiac). 'Estw f : Sn−1 → R suneq c. OrÐzoume ωf :
(0,+∞) → R+ (to mètro sunèqeiac thc f) me

(8.2.22) ωf (t) = max{|f(x)− f(y)| : ρ(x, y) ≤ t, x, y ∈ Sn−1}.

Orismìc 8.2.5 (mèsoc Lévy). 'Estw f : Sn−1 → R suneq c. Up�rqei monadikìc
arijmìc Lf ∈ R me thn idiìthta

(8.2.23) σ ({x : f(x) ≤ Lf}) ≥
1
2

kai σ ({x : f(x) ≥ Lf}) ≥
1
2
.

O Lf onom�zetai mèsoc Lévy thc f .

To epìmeno L mma deÐqnei ìti an to mètro sunèqeiac thc f : Sn−1 → R èqei {omal 
sumperifor�} kai an h di�stash n eÐnai arket� meg�lh, tìte oi timèc thc f sugken-
tr¸nontai isqur� (me thn ènnoia tou mètrou) gÔrw apì ton mèso Lévy thc f .

L mma 8.2.6. Gia k�je suneq  sun�rthsh f : Sn−1 → R kai gia k�je ε > 0,

(8.2.24) σ
(
x ∈ Sn−1 : |f(x)− Lf | ≥ ωf (ε)

)
≤ 2c1 exp(−c2ε2n).

Apìdeixh. OrÐzoume Af = {x : f(x) = Lf}. JewroÔme epÐshc ta sÔnola

(8.2.25) A−f = {x : f(x) ≤ Lf} kai A+
f = {x : f(x) ≥ Lf}.

Apì ton orismì tou mèsou Lévy Lf kai apì to Je¸rhma 8.2.2, gia k�je ε > 0 èqoume

(8.2.26) σ
(
(A±f )ε

)
≥ 1− c1e

−c2ε2n.

Qrhsimopoi¸ntac th sunèqeia thc f elègqoume (�skhsh) ìti

(8.2.27) (Af )ε = (A+
f )ε ∩ (A−f )ε.
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'Ara,

(8.2.28) σ ((Af )ε) ≥ 1− 2c1e−c2ε2n.

AfoÔ |f(x)− Lf | ≤ ωf (ε) sto (Af )ε, èpetai to sumpèrasma. 2

An upojèsoume ìti h f : Sn−1 → R eÐnai Lipschitz suneq c me stajer� b, dhlad 
|f(x) − f(y)| ≤ b|x − y| gia k�je x, y ∈ Sn−1, tìte ωf (ε) ≤ bε. Apì to L mma 8.2.6
paÐrnoume to ex c.

Prìtash 8.2.7. 'Estw f : Sn−1 → R Lipschitz suneq c me stajer� b. Tìte,

(8.2.29) σ
(
x ∈ Sn−1 : |f(x)− Lf | ≥ bε

)
≤ 2c1 exp(−c2ε2n)

gia k�je ε > 0. 2

8.3 To je¸rhma tou Dvoretzky

'Estw X = (Rn, ‖ · ‖) q¸roc me nìrma di�stashc n. H ‖ · ‖ eÐnai isodÔnamh me thn
EukleÐdeia nìrma ‖ · ‖2, dhlad  up�rqoun a, b > 0 ¸ste

(8.3.1)
1
a
‖x‖2 ≤ ‖x‖ ≤ b‖x‖2

gia k�je x ∈ Rn. Sth sunèqeia ja upojètoume ìti oi a, b eÐnai oi mikrìteroi jetikoÐ
arijmoÐ gia touc opoÐouc isqÔei h (8.3.1).

H sun�rthsh r : Sn−1 → R me r(x) = ‖x‖, eÐnai Lipschitz suneq c me stajer� b.
Gr�foume Lr gia ton mèso Lévy thc r.

L mma 8.3.1. 'Estw ε > 0. Up�rqei n0(ε) ∈ N ¸ste gia k�je n ≥ n0 na isqÔei to ex c:
an m ≤ exp(c2ε2n/2) kai y1, . . . , ym ∈ Sn−1, tìte up�rqei U ∈ O(n) ¸ste, gia k�je
i = 1, . . . ,m,

(8.3.2) Lr − bε ≤ ‖Uyi‖ ≤ Lr + bε.

Apìdeixh. Ja qrhsimopoi soume to gegonìc ìti up�rqei fusiologikì mètro pijanìthtac
ν sthn O(n) to opoÐo èqei thn ex c idiìthta: an x0 ∈ Sn−1 kai A ⊂ Sn−1, tìte

(8.3.3) σ(A) = ν{U ∈ O(n) : Ux0 ∈ A}.

OrÐzoume to sÔnolo

(8.3.4) A = {x ∈ Sn−1 : Lr − bε ≤ ‖x‖ ≤ Lr + bε}.

Apì thn Prìtash 8.2.7 èqoume

(8.3.5) σ(A) ≥ 1− 2c1e−c2ε2n.
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Gia k�je i = 1, . . . ,m jètoume

(8.3.6) Bi = {U ∈ O(n) : Lr − bε ≤ ‖Uyi‖ ≤ Lr + bε}.

Oi (8.3.3) kai (8.3.5) deÐqnoun ìti

(8.3.7) ν(Bi) > 1− 2c1e−c2ε2n.

AfoÔ m ≤ exp(c2ε2n/2), to B =
⋂
Bi èqei mètro

(8.3.8) ν(B) ≥ 1−
∑

ν(Bc
i ) ≥ 1− 2c1 exp(−c2ε2n/2).

An to n eÐnai arket� meg�lo, èqoume ν(B) > 0 dhlad  B 6= ∅. Tìte, an U ∈ B paÐrnoume

(8.3.9) Lr − bε ≤ ‖Uyi‖ ≤ Lr + bε

gia k�je i = 1, . . . ,m. 2

L mma 8.3.2 (δ-dÐktuo). 'Estw δ ∈ (0, 1). Up�rqei N ⊂ Sk−1 me tic ex c idiìthtec:

(i) Gia k�je y ∈ Sk−1 up�rqei x ∈ N ¸ste ‖x− y‖2 < δ.

(ii) |N | ≤
(
1 + 2

δ

)k
.

Apìdeixh. 'Estw N = {x1, . . . , xm} èna uposÔnolo thc Sk−1 tou opoÐou ta shmeÐa èqoun
an� dÔo apìstash megalÔterh   Ðsh tou δ kai èqei ton mègisto dunatì plhj�rijmo. Tètoio
uposÔnolo up�rqei lìgw thc sump�geiac thc Sk−1.

Tìte, to N ikanopoieÐ to (i): an ìqi, up�rqei y ∈ Sk−1 ¸ste ‖xi − y‖2 ≥ δ gia k�je
i ∈ {1, . . . ,m}. 'Omwc tìte, to N ′ = {x1, . . . , xm, y} eÐnai èna sÔnolo tou opoÐou ta
stoiqeÐa an koun sthn Sk−1 kai oi apost�seic touc an� dÔo eÐnai megalÔterec   Ðsec tou
δ. Autì eÐnai �topo afoÔ to N ′ èqei perissìtera stoiqeÐa apì to N .

Gia to (ii) jewroÔme ta sÔnola xi + δ
2B

k
2 , i ≤ m. Aut� èqoun an� dÔo xèna eswterik�,

kai

(8.3.10) xi +
δ

2
Bk

2 ⊂ Bk
2 +

δ

2
Bk

2

gia k�je i = 1, . . . ,m. Sunep¸c,

(8.3.11)

∣∣∣∣∣
m⋃

i=1

(
xi +

δ

2
Bk

2

)∣∣∣∣∣ ≤
∣∣∣∣(1 +

δ

2

)
Bk

2

∣∣∣∣ .
'Epetai ìti

(8.3.12)
m∑

i=1

∣∣∣∣δ2Bk
2

∣∣∣∣ ≤ (1 +
δ

2

)k

|Bk
2 |,
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dhlad ,

(8.3.13) m

(
δ

2

)k

|Bk
2 | ≤

(
1 +

δ

2

)k

|Bk
2 |.

'Ara, m ≤ (1 + 2
δ )k. 2

Qrhsimopoi¸ntac ta parap�nw deÐqnoume to ex c.

Prìtash 8.3.3. 'Estw δ, ε ∈ (0, 1). An (1 + 2/δ)k ≤ exp(c2ε2n/2), tìte up�rqei k-
di�statoc upìqwroc F tou Rn kai up�rqei δ-dÐktuo N thc SF : Sn−1 ∩F me thn idiìthta

(8.3.14) Lr − bε ≤ ‖x‖ ≤ Lr + bε

gia k�je x ∈ N .

Apìdeixh. StajeropoioÔme upìqwro F0 tou Rn me di�stash dim(F0) = k. Apì to L mma
8.3.2, up�rqei δ-dÐktuo {y1, . . . , ym} thc monadiaÐac sfaÐrac SF0 tou F0, mem ≤ (1+2/δ)k.

AfoÔ (1 + 2/δ)k ≤ exp(c2ε2n/2), to L mma 8.3.1 deÐqnei ìti up�rqei U ∈ O(n) me thn
ex c idiìthta: gia k�je i ≤ m,

(8.3.15) Lr − bε ≤ ‖Uyi‖ ≤ Lr + bε.

Jètoume F := U(F0) kai xi := Uyi (i = 1, . . . ,m). AfoÔ o U eÐnai orjog¸nioc metasqh-
matismìc, to {x1, . . . , xm} eÐnai δ-dÐktuo thc SF , gia to opoÐo isqÔei

(8.3.16) Lr − bε ≤ ‖xi‖ ≤ Lr − bε.

Autì apodeiknÔei thn Prìtash. 2

Qrhsimopoi¸ntac t¸ra to gegonìc ìti h ‖·‖ eÐnai nìrma, ja per�soume apì to δ-dÐktuo
N thc SF se olìklhrh thn SF .

Prìtash 8.3.4. 'Estw F ènac k-di�statoc upìqwroc tou (Rn, ‖·‖) gia ton opoÐo up�rqei
δ-dÐktuo N thc SF me thn idiìthta

(8.3.17) Lr − bε ≤ ‖x‖ ≤ Lr + bε

gia k�je x ∈ N . Tìte, gia k�je y ∈ SF èqoume

(8.3.18)
1− 2δ
1− δ

Lr −
bε

1− δ
≤ ‖y‖ ≤ Lr + bε

1− δ
.

Apìdeixh. 'Estw y ∈ SF . Up�rqei x0 ∈ N ¸ste ‖y − x0‖2 = δ1 < δ. Tìte, y−x0
δ1

∈ SF ,
�ra up�rqei x1 ∈ N ¸ste

(8.3.19)
∥∥∥∥y − x0

δ1
− x1

∥∥∥∥
2

= δ2 < δ.
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Tìte,

(8.3.20) ‖y − x0 − δ1x1‖2 = δ1δ2 < δ2.

SuneqÐzontac epagwgik�, brÐskoume x0, . . . , xn ∈ N ¸ste

(8.3.21)

∥∥∥∥∥∥y −
n∑

i=0

 i∏
j=0

δj

xi

∥∥∥∥∥∥
2

≤ δn+1,

ìpou δ0 = 1. AfoÔ δ < 1,

(8.3.22) y =
∞∑

i=0

 i∏
j=0

δj

xi.

'Omwc,
∏i

j=0 δj ≤ δi, �ra

‖y‖ =

∥∥∥∥∥∥
∞∑

i=0

 i∏
j=0

δj

xi

∥∥∥∥∥∥ ≤
∞∑

i=0

δi‖xi‖ ≤ (Lr + bε)
∞∑

i=0

δi

=
Lr + bε

1− δ
.

EpÐshc,

‖y‖ ≥ ‖x0‖ −

∥∥∥∥∥∥
∞∑

i=1

 i∏
j=0

δj

xi

∥∥∥∥∥∥ ≥ Lr − bε− δ

1− δ
(Lr + bε)

=
1− 2δ
1− δ

Lr −
bε

1− δ
.

'Ara,

(8.3.23)
1− 2δ
1− δ

Lr −
bε

1− δ
≤ ‖y‖ ≤ Lr + bε

1− δ

gia k�je y ∈ SF . 2

Epilègontac kat�llhla ta δ, ε, paÐrnoume mia pr¸th ektÐmhsh gia th di�stash twn
sqedìn EukleÐdeiwn upoq¸rwn tou X = (Rn, ‖ · ‖).

Je¸rhma 8.3.5. 'Estw X = (Rn, ‖ · ‖) q¸roc me nìrma r(x) = ‖x‖ pou ikanopoieÐ thn
‖x‖ ≤ b|x| gia k�je x ∈ Rn, kai èstw ε ∈ (0, 1). An

(8.3.24) k ≤ kX(ε) := c3ε
2[log−1(1/ε)]n

(
Lr

b

)2

,
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ìpou c3 > 0 kat�llhlh apìluth stajer�, tìte up�rqei upìqwroc F tou Rn me dimF = k
¸ste: gia k�je x ∈ SF ,

(8.3.25) (1 + ε)−1Lr ≤ ‖x‖ ≤ Lr(1 + ε).

Apìdeixh. Apì thn Prìtash 8.3.4, an ζ, δ ∈ (0, 1) kai o k ∈ N ikanopoieÐ thn (1+2/δ)k ≤
exp(c2ζ2n/2), tìte gia ton tuqaÐo k-di�stato upìqwro F tou Rn kai gia k�je x ∈ SF

èqoume

(8.3.26)
1− 2δ
1− δ

Lr −
bζ

1− δ
≤ ‖x‖ ≤ Lr + bζ

1− δ
.

Gia thn (8.3.25) arkeÐ na epilèxoume ta δ, ζ ∈ (0, 1) ètsi ¸ste

(8.3.27)
Lr + bζ

1− δ
≤ Lr(1 + ε)

kai

(8.3.28)
Lr

1 + ε
≤ 1− 2δ

1− δ
Lr −

bζ

1− δ
.

An epilèxoume ζ = Lrδ
b kai δ = ε

3 , parathroÔme ìti oi dÔo anisìthtec epalhjeÔontai.
Mènei na prosdiorÐsoume thn el�qisth tim  tou k h opoÐa ikanopoieÐ thn

(8.3.29)
(

1 +
6
ε

)k

≤ exp

(
c2
18
ε2n

(
Lr

b

)2
)
.

Zht�me

(8.3.30) k log
6
ε
≤ c′2ε

2n

(
Lr

b

)2

,

opìte arkeÐ na ikanopoieÐtai h k ≤ kX(ε). 2

To Je¸rhma 8.3.5 mac lèei ìti h di�stash twn sqedìn EukleÐdeiwn upoq¸rwn tou X =
(Rn, ‖ · ‖) exart�tai apo thn t�xh thc posìthtac Lr

b . JewroÔme th mèsh tim  thc r(x) =
‖x‖

(8.3.31) M =
∫

Sn−1
‖x‖ dσ(x).

Tìte, oi Lr kai M sugkrÐnontai an to ginìmeno ab den eÐnai {polÔ meg�lo}.

L mma 8.3.6. Upojètoume ìti h r(x) = ‖x‖ ikanopoieÐ thn 1
a |x| ≤ ‖x‖ ≤ b|x| gia k�je

x ∈ Rn, kai ìti ab ≤
√
n. Tìte,

(8.3.32)
1
2
≤ M

Lr
≤ c,

ìpou c > 0 apìluth stajer�.
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Apìdeixh. QwrÐc periorismì thc genikìthtac mporoÔme na upojèsoume ìti ‖x‖2 ≤ ‖x‖ ≤
b‖x‖2, ìpou b ≤

√
n. Apì thn Prìtash 8.2.7, gia k�je ε > 0 èqoume

(8.3.33) σ{x : |r(x)− Lr| ≥ bε} ≤ 2c1 exp(−c2ε2n).

Gr�foume

(8.3.34) |M − Lr| ≤
∫

Sn−1
|r(x)− Lr| dσ(x) =

∫ ∞

0

σ{x : |r(x)− Lr| ≥ t}dt.

Jètoume bε = t. Qrhsimopoi¸ntac thn b ≤
√
n, paÐrnoume

(8.3.35) |M − Lr| ≤
∫ ∞

0

2c1 exp(−c2t2)dt = c4.

Sunep¸c,

(8.3.36)
∣∣∣∣MLr

− 1
∣∣∣∣ ≤ c4

Lr
.

'Omwc, an x ∈ Sn−1 tìte ‖x‖ ≥ ‖x‖2 ≥ 1. 'Ara, Lr ≥ 1. 'Epetai ìti

(8.3.37)
M

Lr
≤ c = 1 + c4.

Gia thn antÐstrofh anisìthta, parathroÔme ìti

(8.3.38) M =
∫

Sn−1
‖x‖ dσ(x) ≥

∫
{x: ‖x‖≥Lr}

‖x‖ dσ(x) ≥ 1
2
Lr.

'Ara, M/Lr ≥ 1/2. 2

L mma 8.3.7. Gia k�je 1 ≤ m ≤ n isqÔei

(8.3.39)
∫

Sn−1
max
j≤m

|xj | dσ(x) ≥ c5

(
logm
n

)1/2

,

ìpou c5 > 0 apìluth stajer�.

Apìdeixh. JewroÔme to mètro tou Gauss γn ston Rn me puknìthta thn (2π)−n/2 exp(−‖x‖22/2).
Oloklhr¸nontac se polikèc suntetagmènec blèpoume ìti∫

Rm

max
j≤m

|tj |dγm(t) =
∫

Rn

max
j≤m

|tj |dγn(t)

= λn

∫
Sn−1

max
j≤m

|xj |σ(dx),
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ìpou λn '
√
n. 'Omwc,

γm

(
t : max

j≤m
|tj | < s

)
= (2π)−m/2

∫ s

−s

· · ·
∫ s

−s

exp

−1
2

m∑
j=1

t2j

 dt1 · · · dtm

=
(

1√
2π

∫ s

−s

e−t2/2dt

)m

≤ (1− ce−s2/2)m.

'Ara, an epilèxoume s ' c1
√

logm, katal goume sthn

(8.3.40) γm

(
t : max

j≤m
|tj | ≥ c1

√
logm

)
≥ 1

2
.

Tìte, ∫
Sn−1

max
j≤m

|xj |σ(dx) ' 1√
n

∫
Rm

max
j≤m

|tj |dγm(t)

≥ c1
√

logm√
n

γm

(
t : max

j≤m
|tj | ≥ c1

√
logm

)
≥ c1

2

(
logm
n

)1/2

.

MporoÔme t¸ra na deÐxoume to je¸rhma tou Dvoretzky. To je¸rhma pou akoloujeÐ eÐnai
isodÔnamo me to Je¸rhma 8.1.3 (arkeÐ na jumhjeÐte ton orismì thc apìstashc Banach-
Mazur).

Je¸rhma 8.3.8. 'Estw X = (Rn, ‖ · ‖) q¸roc me nìrma, di�stashc n, ¸ste h Bn
2 na

eÐnai to elleiyoeidèc mègistou ìgkou thc BX . Gia k�je ε > 0 up�rqei upìqwroc F tou X
di�stashc k ≥ cε2[log−1(1/ε)] log n, me thn idiìthta: gia k�je x ∈ SF ,

(8.3.41) (1 + ε)−1Lr ≤ ‖x‖ ≤ Lr(1 + ε).

Apìdeixh. Apì to je¸rhma tou John, èqoume

(8.3.42)
1√
n
‖x‖2 ≤ ‖x‖ ≤ ‖x‖2

gia k�je x ∈ Rn. Tìte, to L mma 8.3.6 deÐqnei ìti

(8.3.43)
1
2
≤ M

Lr
≤ c,

ìpouM =
∫

Sn−1 ‖x‖ dσ(x). Apì to l mma Dvoretzky-Rogers (Pìrisma 7.7.3) up�rqei mia

orjokanonik  b�sh {x1, . . . , xn}, me ‖xi‖ ≥ 1
2 gia i = 1, 2, . . . , [n

2 ].
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JewroÔme tic sunart seic Rademacher ri : [0, 1] → {−1, 1} me

(8.3.44) ri(t) = sign sin(π2it).

Tìte, o telest c Tt : `n2 → `n2 me

(8.3.45) Tt

(
n∑

i=1

aixi

)
=

n∑
i=1

ri(t)aixi

eÐnai isometrÐa (gia ìlec, ektìc apì peperasmènec, tic timèc tou t ∈ [0, 1]. To σ eÐnai
analloÐwto wc proc tic isometrÐec, �ra

(8.3.46) M =
∫

Sn−1
‖

n∑
i=1

aixi‖ dσ(a) =
∫

Sn−1

∫ 1

0

‖
n∑

i=1

ri(t)aixi‖dt dσ(a).

Isqurismìc. Gia k�je j = 1, . . . n,

(8.3.47)
∫ 1

0

∥∥∥∥∥
n∑

i=1

ri(t)yi

∥∥∥∥∥ dt ≥ ‖yj‖.

Apìdeixh tou IsqurismoÔ. Gia n = 1 to zhtoÔmeno eÐnai profanèc, opìte upojètoume ìti

(8.3.48)
∫ 1

0

∥∥∥∥∥
n−1∑
i=1

ri(t)yi

∥∥∥∥∥ dt ≥ ‖yj‖

gia k�je j = 1, . . . , n− 1. Apì thn trigwnik  anisìthta, gia k�je t ∈ [0, 1] èqoume

(8.3.49) 2

∥∥∥∥∥
n−1∑
i=1

ri(t)yi

∥∥∥∥∥ ≤
∥∥∥∥∥

n−1∑
i=1

ri(t)yi + yn

∥∥∥∥∥+

∥∥∥∥∥
n−1∑
i=1

ri(t)yi − yn

∥∥∥∥∥ ,
opìte, oloklhr¸nontac paÐrnoume

(8.3.50)
∫ 1

0

∥∥∥∥∥
n−1∑
i=1

ri(t)yi

∥∥∥∥∥ dt ≤
∫ 1

0

∥∥∥∥∥
n∑

i=1

ri(t)yi

∥∥∥∥∥ dt.
Qrhsimopoi¸ntac thn epagwgik  upìjesh èqoume

(8.3.51)
∫ 1

0

∥∥∥∥∥
n∑

i=1

ri(t)yi

∥∥∥∥∥ dt ≥ ‖yj‖

gia k�je j = 1, . . . , n − 1, kai h apìdeixh tou isqurismoÔ oloklhr¸netai me kuklik 
enallag  twn yj . 2
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PaÐrnontac yi = aixi, èqoume

(8.3.52)
∫ 1

0

∥∥∥∥∥
n∑

i=1

ri(t)aixi

∥∥∥∥∥ dt ≥ max
1≤i≤n

‖aixi‖.

Epistrèfontac sthn (8.3.46) paÐrnoume

(8.3.53) M ≥
∫

Sn−1
max

1≤i≤n
‖aixi‖ dσ(a) ≥

∫
Sn−1

max
1≤i≤[ n

2 ]
‖aixi‖ dσ(a).

T¸ra, efarmìzontac to l mma Dvoretzky-Rogers èqoume

(8.3.54) M ≥ 1
2

∫
Sn−1

max
1≤i≤[ n

2 ]
|ai| dσ(a),

kai apì to L mma 8.3.7 èpetai ìti

(8.3.55) M ≥ c

√
log [n

2 ]
n

≥ c′
√

log n
n

.

AfoÔ Lr ≥ cM , apì to Je¸rhma 8.3.5 sumperaÐnoume ìti, an

k = [kX(ε)] =

[
c3ε

2[log−1(1/ε)]n
(
Lr

b

)2
]

≥ c′3ε
2[log−1(1/ε)]n

(
M

b

)2

≥ c′′3ε
2[log−1(1/ε)] log n,

tìte up�rqei upìqwroc F tou Rn me dimF = k ¸ste: gia k�je x ∈ SF ,

(8.3.56) (1 + ε)−1Lr ≤ ‖x‖ ≤ Lr(1 + ε).

Autì oloklhr¸nei thn apìdeixh. 2

Apìdeixh tou Jewr matoc 8.1.3. 'Estw X = (Rn, ‖ · ‖) n-di�statoc q¸roc me nìrma kai
èstw ε ∈ (0, 1). Epilègoume δ = ε/4, opìte (1 + δ)2 ≤ 1 + ε.

Up�rqei T ∈ GL(n) ¸ste to elleiyoeidèc mègistou ìgkou tou T (BX) na eÐnai h Bn
2 .

OrÐzoume r(x) = ‖x‖T (BX) kai jewroÔme ton mèso Lr thc r. Apì to Je¸rhma 8.3.8,
up�rqoun k ≥ c(δ) log n = c(ε) log n kai k-di�statoc upìqwroc F tou Rn ¸ste

(8.3.57)
Lr

(1 + δ)
(Bn

2 ∩ F ) ⊆ T (BX) ∩ F ⊂ (1 + δ)Lr (Bn
2 ∩ F ) .

An orÐsoume F1 = T−1(F ), èqoume d(F1, `
k
2) ≤ (1 + δ)2 ≤ 1 + ε. 2

H gewmetrik  diatÔpwsh tou Jewr matoc 8.1.3 eÐnai h ex c: Gia k�je summetrikì
kurtì s¸ma K ston Rn kai gia k�je ε > 0, up�rqoun k ≥ cε2 log n, upìqwroc F tou Rn

di�stashc k, kai elleiyoeidèc E ston F ¸ste

(8.3.58) E ⊂ K ∩ F ⊂ (1 + ε)E.
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8.4 Ask seic
1. 'Estw g1, . . . , gn anex�rthtec tupikèc kanonikèc tuqaÐec metablhtèc se ènan q¸ro pijanìthtac
Ω kai èstw {e1, . . . , en} orjokanonik  b�sh tou Rn.

(a) 'Estw X = (Rn, ‖ · ‖). DeÐxte ìti

‖G‖q :=

(∫
Ω

∥∥∥∥∥
n∑

i=1

gi(ω)ei

∥∥∥∥∥
q

dω

)1/q

= cn,qMq(X)

ìpou

Mq(X) =

(∫
Sn−1

‖x‖qdσ(x)

)1/q

,

kai upologÐste tic stajerèc cn,1 kai cn,2.

(b) DeÐxte ìti, an 1 ≤ k ≤ n,∫
Ω

∥∥∥∥∥
k∑

i=1

gi(ω)ei

∥∥∥∥∥ dω ≤
∫

Ω

∥∥∥∥∥
n∑

i=1

gi(ω)ei

∥∥∥∥∥ dω.

(g) DeÐxte ìti, an Y eÐnai ènac k-di�statoc upìqwroc tou X, tìte

M1(Y ) ≤ c
√

n/kM1(X),

ìpou c > 0 apìluth stajer�.

2. 'Estw f : Sn−1 → R Lipschitz suneq c sun�rthsh me stajer� 1 kai èstw L o mèsoc Lévy
thc f .

(a) DeÐxte ìti, gia k�je t > 0,

(σ ⊗ σ){(x, y) ∈ Sn−1 × Sn−1 : |f(x)− f(y)| ≥ t}) ≤ 2σ({x ∈ Sn−1 : |f(x)− L| ≥ t/2})
≤ c1 exp(−c2t

2n).

(b) 'Estw E(f) =
∫

Sn−1 f(x) dσ(x). DeÐxte ìti, gia k�je a ∈ R,∫
Sn−1

exp(a2|f(x)− E(f)|2) dσ(x) ≤
∫

Sn−1

∫
Sn−1

exp(a2(f(x)− f(y))2) dσ(x) dσ(y).

(g) DeÐxte ìti∫
Sn−1

∫
Sn−1

exp(a2(f(x)− f(y))2) dσ(x) dσ(y) ≤ ca2

∫ ∞

0

tea2t2−ct2ndt,

kai, epilègontac a '
√

n, deÐxte ìti∫
Sn−1

∫
Sn−1

exp(a2(f(x)− f(y))2) dσ(x) dσ(y) ≤ c2,

ìpou c1, c2 > 0 apìlutec stajerèc.
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(d) DeÐxte ìti, gia k�je t > 0,

σ({x : |f(x)− E(f)| ≥ t}) ≤ c3 exp(−c4t
2n),

ìpou c3, c4 > 0 apìlutec stajerèc.

3. 'Estw X = (Rn, ‖ · ‖). SumbolÐzoume me b th mikrìterh jetik  stajer� gia thn opoÐa h
anisìthta ‖x‖ ≤ b‖x‖2 isqÔei gia k�je x ∈ Rn. DeÐxte ìti

max

{
M1, c1

b
√

q
√

n

}
≤ Mq ≤ max

{
2M1, c2

b
√

q
√

n

}
gia k�je q ∈ [1, n], ìpou c1, c2 eÐnai apìlutec jetikèc stajerèc.

(a) Upìdeixh gia thn dexi� anisìthta. H sun�rthsh ‖ · ‖ : Sn−1 → R eÐnai Lipschitz suneq c me
stajer� b. Apì th sfairik  isoperimetrik  anisìthta èpetai ìti

σ
(
x ∈ Sn−1 :

∣∣∣ ‖x‖ −M1

∣∣∣ > t
)
≤ 2 exp(−ct2n/b2)

gia k�je t > 0. Apì thn trigwnik  anisìthta ston Lq(Sn−1),

Mq −M1 ≤ ‖‖x‖ −M1 ‖q.

(b) Upìdeixh gia thn arister  anisìthta. Up�rqei z ∈ Sn−1 ¸ste BX ⊆ {y : |〈y, z〉| ≤ 1/b}.
Sunep¸c,

{x ∈ Sn−1 : ‖x‖ ≥ t} ⊇ Ct := {x ∈ Sn−1 : |〈x, z〉| ≥ t/b}
gia k�je t > 0. Qrhsimopoi ste thn

Mq =

(
q

∫ ∞

0

tq−1σ({x : ‖x‖ ≥ t}) dt

)1/q

≥
(

q

∫ ∞

0

tq−1σ(Ct) dt

)1/q

.

4. 'Estw x1, . . . , xt ∈ Sn−1. DeÐxte ìti up�rqei y ∈ Sn−1 ¸ste

t∑
i=1

|〈y, xi〉 ≥ t.

Upìdeixh. Jewr ste ìla ta dianÔsmata thc morf c z(ε) =
∑t

i=1 εixi ìpou εi = ±1, kai epilèxte
èna me th megalÔterh dunat  EukleÐdeia nìrma.

5. 'Estw X = (Rn, ‖·‖). 'Estw t(X) o mikrìteroc fusikìc t gia ton opoÐo up�rqoun U1, . . . , Ut ∈
O(n) ¸ste

(∗) 1

2
M‖x‖2 ≤

1

t

t∑
i=1

‖Ui(x)‖ ≤ 2M‖x‖2

gia k�je x ∈ Rn. DeÐxte ìti

t(X) ≥ 1

4
(b/M)2,
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ìpou b h mikrìterh jetik  stajer� gia thn opoÐa h anisìthta ‖x‖ ≤ b‖x‖2 isqÔei gia k�je
x ∈ Rn.

Upìdeixh. Upojèste ìti h (∗) isqÔei gia k�poiouc U1, . . . , Ut ∈ O(n). Jewr ste x0 ∈ Sn−1 me
‖x0‖ = b kai qrhsimopoi ste thn 'Askhsh 4 gia ta xi = U−1

i (x0).

6. 'Estw X = (Rn, ‖ · ‖1) kai Y = (Rn, ‖ · ‖2). Upojètoume ìti v(BX) ≤ nα kai v(BY ∗) ≤ nβ

gia k�poiouc α, β ≥ 1, ìpou v(P ) eÐnai to pl joc twn koruf¸n enìc polutìpou P . DeÐxte ìti

d(X, Y ) ≤ c
√

α + β
√

n log n.

Upìdeixh. MporeÐte na upojèsete ìti

1√
n

Bn
2 ⊆ BX ⊆ Bn

2 ⊆ BY ⊆
√

nBn
2 .

Parathr ste ìti, gia k�je U ∈ O(n), isqÔoun oi ‖U−1 : Y → X‖ ≤ n kai

‖U : X → Y ‖ = sup
x∈BX

‖U(x)‖Y = max
x∈ext(BX )

max
y∗∈ext(BY ∗ )

|〈U(x), y∗〉|,

ìpou ext(P ) eÐnai to sÔnolo twn koruf¸n tou polutìpou P . Gia stajer� x, y∗ kai ε > 0
ektim ste to

ν({U ∈ O(n) : |〈U(x), y∗〉| ≥ ε}).

7. 'Estw 1 ≤ k ≤ n kai èstw fk : Sn−1 → R h sun�rthsh

fk(x) =
√

x2
1 + · · ·+ x2

k.

Dhlad , fk(x) = ‖Pk(x)‖2, ìpou Pk h orjog¸nia probol  ston span{e1, . . . , ek}.
(a) DeÐxte ìti o mèsoc Lévy med(fk) ikanopoieÐ thn

med(fk) ≥ 1

2

√
k

n

an k ≥ C log n, ìpou C > 0 (arket� meg�lh) apìluth stajer�.

(b) 'Estw u ∈ Sn−1. DeÐxte ìti, gia k�je t ∈ (0, 1),

νn,k({F ∈ Gn,k : | ‖PF (u)‖2 −med(fk) | ≥ t ·med(fk)}) ≤ c1 exp(−c2t
2k).

(g) 'Estw x1, . . . , xn ∈ Rn. DeÐxte ìti up�rqoun k ≤ c log n (ìpou c > 0 apìluth stajer�) kai
F ∈ Gn,k ¸ste

1

2
med(fk)‖xi − xj‖2 ≤ ‖PF (xi)− PF (xj)‖2 ≤ 2med(fk)‖xi − xj‖2

gia k�je i, j = 1, . . . , n.

8. 'Estw P èna summetrikì polÔtopo ston Rn kai èstw X = (Rn, ‖ · ‖P ). Gr�foume f(P ) gia
to pl joc twn (n− 1)-di�statwn edr¸n tou kai v(P ) gia to pl joc twn koruf¸n tou.
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(a) DeÐxte ìti k(X) ≤ log f(P ) kai k(X∗) ≤ log v(P ).

(b) DeÐxte ìti log f(P ) · log v(P ) ≥ cn, ìpou c > 0 apìluth stajer�.

9. 'Estw K èna summetrikì kurtì s¸ma ston Rn. Upojètoume ìti h Bn
2 eÐnai to elleiyoeidèc

mègistou ìgkou tou K kai ìti (|K|/|Bn
2 |)1/n = A.

(a) DeÐxte ìti ∫
O(n)

∫
Sn−1

1

‖Uθ‖n‖θ‖n
σ(dθ)ν(dU) = A2n.

(b) Gia k�je U ∈ O(n) kai θ ∈ Sn−1 jètoume NU (θ) = ‖Uθ‖+‖θ‖
2

. DeÐxte ìti up�rqei U ∈ O(n)
¸ste ∫

Sn−1

1

[NU (θ)]2n
σ(dθ) ≤ A2n

kai sumper�nate ìti NU (θ) ≥ c
A2 gia k�je θ ∈ Sn−1.

(g) An o U ikanopoieÐ to (b), deÐxte ìti

Bn
2 ⊆ K ∩ U(K) ⊆ 8A2Bn

2 .


