
JewrÐa Mètrou: Ask seic 5

'Askhsh 5.1 (KN:�) An f : [0, 1] → R eÐnai Borel metr simh sun�rthsh,
eÐnai al jeia ìti up�rqei akoloujÐa suneq¸n sunart sewn (fn) ¸ste fn(x) →
f(x) λ-sqedìn gia k�je x ∈ [0, 1]? (bl. kai 'Ask. 4.7)

'Askhsh 5.2 (KN:�) OrÐzoume f : [0, 1] → R ¸ste f(x) = 0 gia k�je x
sto sÔnolo Cantor C kai f(x) = k gia k�je x se k�je di�sthma m kouc 3−k

tou Cc. DeÐxte ìti h f eÐnai metr simh kai upologÐste to
∫

fdλ.

'Askhsh 5.3 (KN:6-1) An (X,S, µ) eÐnai q¸roc mètrou kai f : X →
[0,∞] ¸ste

∫
fdµ < ∞, tìte gia k�je a ∈ (0,∞] isqÔei µ([f ≥ a]) < ∞.

'Askhsh 5.4 (KN:6-10) 'Estw f ∈ L1(X,S, µ). Tìte gia k�je ε > 0
up�rqei δ > 0 ¸ste an A ∈ S kai µ(A) < δ na isqÔei

∫
A

fdµ < ε.

'Askhsh 5.5 (KN:6-15) 'Estw fn, f ∈ L1(X,S, µ) (n = 1, 2, . . .). Apo-
deÐxte ìti

∫
|fn− f |dµ → 0 an kai mìnon an

∫
A

fndµ →
∫

A
fdµ omoiìmorfa wc

proc A ∈ S. (!)

'Askhsh 5.6 (KN:6-18) An ank ∈ R kai
∑

n(
∑

k |ank|) < ∞ deÐxte ìti oi
seirèc

∑
k ank,

∑
n ank sugklÐnoun kai ìti

∑
n(

∑
k ank) =

∑
k(

∑
n ank) ∈ R.

'Askhsh 5.7 (KN:6-19) Exet�ste an limn

∫
fndλ =

∫
limn fndλ stic pa-

rak�tw peript¸seic:

(i) fn = χ[0,n] (ii) fn = 1
n
χ[n,∞) (iii) fn = 1

n
χ[0,n]

(iv) fn = nχ[ 1
n

, 2
n

] (vi) fn = nχ[0, 1
n

].

Ti parathreÐte sqetik� me ta Jewr mata monìtonhc sÔgklishc, kuriarqhmènhc
sÔgklishc kai to L mma Fatou?

'Askhsh 5.8 (KN:�) (i) An f(t) = x−1/2 (x > 0), exet�ste an f ∈
L1([0, 1], λ) kai an f ∈ L1(R, λ).

(ii) An fn(t) =
n sin x

1 + n2
√

x
(x ∈ [0, 1]), deÐxte ìti limn

∫ 1

0
fn(t)dt = 0.

'Askhsh 5.9 (KN:�) An f : R → R eÐnai Riemann oloklhr¸simh se k�je
fragmèno di�sthma tou R, orÐzoume∫ +∞

−∞
f(t)dt ≡ lim

a→−∞

(
lim

b→+∞

∫ b

a

f(t)dt

)
.

DeÐxte ìti an f ≥ 0, to olokl rwma autì up�rqei an kai mìnon an f ∈
L1(R, λ). Ti mporoÔme na poÔme qwrÐc thn upìjesh f ≥ 0?

'Askhsh 5.10 (KN:�) An f : (0, b] → R eÐnai Riemann oloklhr¸simh
sto [a, b] gia k�je a > 0, pìte up�rqei to∫ b

0

f(t)dt ≡ lim
a→0

∫ b

a

f(t)dt ?


