
4 Metr simec sunart seic

Sumbolismìc: an f : X → R kai b ∈ R, gr�foume

[f ≤ b] ≡ {x ∈ X : f(x) ≤ b} = f−1([−∞, b])

Orismìc 4.1 An (X,A) metr simoc q¸roc, mia sun�rthsh f : X → R
lègetai A-metr simh an gia k�je b ∈ R isqÔei [f ≤ b] ∈ A.

An (X,A, µ) eÐnai q¸roc mètrou, mia sun�rthsh f : X → R lègetai
µ-metr simh an eÐnai Aµ-metr simh1.

Eidikìtera, mia sun�rthsh f : R → R lègetai Lebesgue metr simh an
eÐnai Mλ∗-metr simh.

An X metrikìc q¸roc, mia sun�rthsh f : X → R lègetai Borel me-
tr simh   apl¸c Borel an gia k�je b ∈ R to [f ≤ b] eÐnai Borel ston
X.

Prìtash 4.1 An (X,A) metr simoc q¸roc kai f : X → R, ta akìlouja
eÐnai isodÔnama:

(a) f metr simh
(b) gia k�je b ∈ R, [f < b] = f−1([−∞, b)) ∈ A
(g) gia k�je b ∈ R, [b ≤ f ] = f−1([b,∞]) ∈ A
(d) gia k�je b ∈ R, [b < f ] = f−1((b,∞]) ∈ A

Parathr seic 4.2
(a) An X metrikìc q¸roc kai f : X → R suneq c tìte h f eÐnai Borel.
(b) An f : R → R aÔxousa tìte eÐnai Borel.
(g) 'Ena sÔnolo A ⊆ X an kei sthn A an kai mìnon an h qarakthristik 

tou sun�rthsh χA eÐnai metr simh.
(d) An mia sun�rthsh eÐnai Borel metr simh tìte eÐnai Lebesgue metr si-

mh. To antÐstrofo den isqÔei: par�deigma h χA ìpou A ∈Mλ∗ \ B.

Orismìc 4.2 An (X,A) metr simoc q¸roc kai C ⊆ X, mia f : C → R
lègetai metr simh an gia k�je b ∈ R isqÔei [f ≤ b] ∈ Ac ìpou
Ac = {A ∩ C : A ∈ A}.

Prìtash 4.3 'Estw (X,A) metr simoc q¸roc. An f : X → R eÐnai metr -
simh tìte gia k�je C ⊆ X h f |C eÐnai metr simh.

1dhl. an gia k�je b ∈ R up�rqoun E,F ∈ A me E ⊆ [f ≤ b] ⊆ F kai µ(F \ E) = 0.
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Prìtash 4.4 'Estw (X,A) metr simoc q¸roc, Cn ∈ A me ∪nCn = X. Mia
sun�rthsh f : X → R eÐnai metr simh an kai mìnon an ìlec oi f |Cn eÐnai
metr simec.

Prìtash 4.5 'Estw X metrikìc q¸roc kai Y ⊆ X. Tìte
(i) B(X)Y = B(Y ).
(ii) An h f : X → R eÐnai Borel tìte kai h f |Y eÐnai Borel.

Prìtash 4.6 'Estw (X,A) metr simoc q¸roc kai f : X → R. Ta akìlouja
eÐnai isodÔnama:

(a) f metr simh
(b) gia k�je G ⊆ R anoiktì, to f−1(G) an kei sthn A
(g) gia k�je F ⊆ R kleistì, to f−1(F ) an kei sthn A
(d) gia k�je B ⊆ R Borel, to f−1(B) an kei sthn A.

Prìtash 4.7 'Estw (X,A) metr simoc q¸roc kai f, g : X → R metr simec.
Tìte

[f < g] ∈ A [f ≤ g] ∈ A [f = g] ∈ A

Prìtash 4.8 An (fn) eÐnai akoloujÐa metr simwn sunart sewn kai oi f, g
orÐzontai apì tic sqèseic f(x) = supn fn(x) kai g(x) = infn fn(x) gia k�je
x ∈ X tìte oi f kai g eÐnai metr simec.

Apìdeixh (i) Gia k�je a ∈ R, an f(x) > a tìte up�rqei n ¸ste fn(x) > a
kai antÐstrofa, dhlad 

{x ∈ X : f(x) > a} ⊆ {x ∈ X : ∃n : fn(x) > a} =
⋃
n

{x ∈ X : fn(x) > a}

⊆ {x ∈ X : f(x) > a}

�ra isqÔei h isìthta

{x ∈ X : f(x) > a} =
⋃
n

{x ∈ X : fn(x) > a}

kai sunep¸c h f eÐnai metr simh.
(ii) OmoÐwc gia k�je a ∈ R isqÔei h isìthta

{x ∈ X : g(x) < a} =
⋃
n

{x ∈ X : fn(x) < a},

sunep¸c h g eÐnai metr simh.
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Orismìc 4.3 An : X → R, jètoume

(f ∨ g)(x) = max{f(x), g(x)} (x ∈ X)

(f ∧ g)(x) = min{f(x), g(x)} (x ∈ X).

Pìrisma 4.9 'Estw (X,A) metr simoc q¸roc kai f, g : X → R metr simec.
Tìte oi sunart seic

f ∨ g, f ∧ g, f+ = f ∨ 0, f− = (−f) ∨ 0

eÐnai metr simec.

UpenjÔmish: 'Anw kai k�tw ìria 'Estw (an) akoloujÐa me an ∈ R gia
k�je n. Gia k�je n ∈ N, jètoume bn = sup{ak : k ≥ n} ∈ R.

ParathroÔme ìti (i) bn ≥ an gia k�je n.
(ii) H (bn) eÐnai fjÐnousa.

Epomènwc to ìrio limn bn up�rqei kai isoÔtai me to inf{bn : n ∈ N}.

Orismìc 4.4 To �nw ìrio (limes superior) thc (an) eÐnai to ìrio thc (bn):

lim sup
n

an = limnan = lim
n
bn = lim

n
(sup{ak : k ≥ n}) ∈ R.

An�loga, to k�tw ìrio (limes inferior) thc (an) eÐnai:

lim inf
n

an = limnan = lim
n

(inf{ak : k ≥ n}) ∈ R.

Prìtash 4.10 (a) infn an ≤ lim inf an ≤ lim sup an ≤ supn an.
(b) H akoloujÐa (an) èqei ìrio (sto R) an kai mìnon an lim infn an =
lim supn an, kai tìte limn an = lim supn an.

Prìtash 4.11 An (fn) eÐnai akoloujÐa metr simwn sunart sewn X → R,
tìte oi sunart seic lim supn fn kai lim infn fn eÐnai metr simec.
[Jètoume lim sup fn = lim gn ìpou gn = supm≥n fm].

Prìtash 4.12 An (fn) eÐnai akoloujÐa metr simwn sunart sewn X → R
kai an to ìrio f(x) = limn fn(x) up�rqei (sto R) gia k�je x ∈ X tìte h f
eÐnai metr simh.

3



Orismìc 4.5 Mia sun�rthsh s : X → R lègetai apl  an to sÔnolo s(X)
eÐnai peperasmèno.
Mia apl  sun�rthsh gr�fetai se kanonik  morf : An s(X) = {a1, a2, . . . , an}
kai Ai = s−1({ai}) tìte h {A1, . . . An} eÐnai diamèrish tou X kai

s =
n∑

k=1

akχAk
.

Parathr seic 4.13 'Estw (X,A) metr simoc q¸roc.
(i) Mia apl  sun�rthsh s : X → R se kanonik  morf  s =

∑
k ckχEk

eÐnai
metr simh an kai mìnon an Ek ∈ A gia k�je k = 1, . . . , n.
(ii) Epomènwc an oi s, t : X → R eÐnai aplèc metr simec, to Ðdio isqÔei kai
gia tic

s+ t, s · t, s ∨ t, s ∧ t, s+, s−, |s| = s+ + s−.

[Apìdeixh: 'Askhsh.]

Je¸rhma 4.14 'Estw f : X → [0,+∞] mia sun�rthsh. Tìte up�rqei aÔ-
xousa akoloujÐa (sn) apl¸n me sn(X) ⊆ [0,+∞) gia k�je n tètoia ¸ste

sn(x) ↗ f(x) gia k�je x ∈ X.

An h f eÐnai fragmènh, mporoÔme na dialèxoume tic sn ¸ste sn → f omoiì-
morfa sto X.

H idèa thc apìdeixhc: Gia k�je n ∈ N jètw

Fn = {x ∈ X : f(x) ≥ n}

QwrÐzw to [0, n) se n · 2n diast mata [0, 1
2n ), [ 1

2n ,
2
2n ), . . . , [n2n−1

2n , n2n

2n ) kai je-
wr¸ tic antÐstrofec eikìnec mèsw thc f :

En,i =

{
x ∈ X :

i− 1

2n
≤ f(x) <

i

2n

}
, i = 1, 2, . . . , n2n.

OrÐzw

sn =
n2n∑
i=1

i− 1

2n
χEn,i

+ nχFn . �
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Prìtash 4.15 Gia k�je metr simh sun�rthsh f : X → [0,+∞] up�rqei
akoloujÐa (sn) apl¸n metrhsÐmwn sunart sewn ¸ste 0 ≤ sn(x) ≤ sn+1(x) ≤
f(x) kai sn(x) → f(x) gia k�je x ∈ X. An h f eÐnai fragmènh, mporoÔme na
dialèxoume tic sn ¸ste sn → f omoiìmorfa sto X.

Je¸rhma 4.16 Mia sun�rthsh f :→ R eÐnai metr simh an kai mìnon an eÐnai
to ìrio miac akoloujÐac2 (pragmatik¸n) metr simwn apl¸n sunart sewn.

Sumpèrasma H kl�sh twn metrhsÐmwn sunart sewn perièqei tic qarakth-
ristikèc sunart seic χA, A ∈ A kai eÐnai kleist  wc proc tic algebrikèc
pr�xeic:

f, g metr simec ⇒ f + g, f · g, f ∨ g, f ∧ g, |f |, f+, f− metr simec

kaj¸c kai ta kat� shmeÐo ìria akolouji¸n

fn (n ∈ N) metr simec ⇒ sup
n
fn, inf

n
fn, lim

n
fn metr simec

(an to teleutaÐo ìrio up�rqei).

H idi�zousa sun�rthsh tou Lebesgue Ja orÐsoume mia sun�rthsh φ :
[0, 1] → [0, 1] aÔxousa, suneq  kai epÐ, pou eÐnai topik� stajer  sto sumpl -
rwma Cc = [0, 1] \ C tou sunìlou Cantor C.

Kataskeu  H φ ja orisjeÐ pr¸ta sto Cc. Sto pr¸to st�dio apì to C0 =
[0, 1] afairoÔme to {mesaÐo trÐto} anoiktì di�sthma: C0 \ C1 = (1

3
, 2

3
). Sto

di�sthma autì orÐzoume thn φ na eÐnai stajer� Ðsh me 1
2
.

φ(t) =
1

2
, t ∈ I1

1 =

(
1

3
,
2

3

)
.

Sto deÔtero st�dio afairoÔme apì kajèna apì ta dÔo diast mata tou C1

to {mesaÐo trÐto} di�sthma: to sÔnolo C1 \ C2 = I2
1 ∪ I2

2 , eÐnai ènwsh dÔo
xènwn anoikt¸n diasthm�twn pl�touc 1

9
to kajèna: I2

1 = (1
9
, 2

9
), I2

2 = (7
9
, 8

9
).

Jètoume

φ(t) =

{
1
4
, t ∈ I2

1
3
4
, t ∈ I2

2

Sto n-ostì st�dio, afairoÔme apì kajèna apì ta diast mata tou Cn−1 to
{mesaÐo trÐto} di�sthma: to sÔnolo Cn−1\Cn eÐnai ènwsh 2n−1 xènwn anoikt¸n

2ìqi kat�an�gkhn monìtonhc
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diasthm�twn. Ta arijmoÔme In
1 , I

n
2 , . . . , I

n
2n−1 apì ta arister� proc ta dexi�,

dhlad  an t ∈ In
k−1 kai s ∈ In

k tìte t < s. Jètoume

φ(t) =
2i− 1

2n
ìtan t ∈ In

i ,

dhlad 

φ(t) =


1
2n , t ∈ In

1
3
2n , t ∈ In

2
...

1− 1
2n , t ∈ In

2n−1

'Etsi orÐzetai h φ sto anoiktì sÔnolo Cc.
Gia na orÐsoume thn φ sto [0, 1], jètoume φ(0) = 0 kai gia k�je t ∈ C\{0},

φ(t) = sup{φ(s) : s ∈ Cc, s < t}.

Isqurismìc 1: H φ eÐnai aÔxousa. DiakrÐnoume tèsseric peript¸seic:

(a) s1, s2 ∈ Cc, s1 < s2 ⇒ φ(s1) ≤ φ(s2).

Autì eÐnai fanerì apì ton orismì thc φ sto Cc: diìti up�rqoun n ∈ N kai
j, k = 1, . . . , 2n−1 ¸ste s1 ∈ In

j kai s2 ∈ In
k , �ra φ(s1) = 2j−1

2n kai φ(s2) = 2k−1
2n .

All� j ≤ k afoÔ s1 < s2, �ra φ(s1) ≤ φ(s2).

(b) t1, t2 ∈ C, t1 < t2 ⇒ φ(t1) ≤ φ(t2)

diìti {φ(s) : s ∈ Cc, s < t1} ⊆ {φ(s) : s ∈ Cc, s < t2}, �ra
sup{φ(s) : s ∈ Cc, s < t1} ≤ sup{φ(s) : s ∈ Cc, s < t2}.

(c) t1 ∈ C, s2 ∈ Cc, t1 < s2 ⇒ φ(t1) ≤ φ(s2)

diìti gia k�je s ∈ Cc me s < t1 èqoume s < s2 �ra φ(s) ≤ φ(s2) apì to (a),
�ra φ(t1) = sup{φ(s) : s ∈ Cc, s < t1} ≤ φ(s2).

(d) s1 ∈ Cc, t2 ∈ C, s1 < t2 ⇒ φ(s1) ≤ φ(t2)

diìti s1 ∈ {s ∈ Cc : s < t2} �ra φ(t2) = sup{φ(s) : s ∈ Cc, s < t2} ≥ φ(s1).

Parat rhsh To sÔnolo φ(Cc) = {2i−1
2n : i = 1, . . . 2n, n ∈ N} perièqei ìlouc

touc duadikoÔc rhtoÔc, �ra eÐnai puknì sto [0, 1].

Isqurismìc 2: H φ eÐnai suneq c:
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'Estw ìti h φ eÐnai asuneq c se k�poio x ∈ (0, 1). Epeid  h φ eÐnai aÔxou-
sa, ta pleurik� ìria up�rqoun, kai afoÔ eÐnai asuneq c, eÐnai diaforetik�:
φ(x−) < φ(x+). Dhlad  to anoiktì di�sthma (φ(x−), φ(x+)) den eÐnai kenì,
kai den mporeÐ na perièqei kammi� tim  thc φ, ektìc pijan¸c apì thn tim  φ(x).
Epomènwc up�rqei k�poio anoiktì mh kenì sÔnolo pou den tèmnei to φ([0, 1]),
pr�gma pou èrqetai se antÐjesh me thn Parat rhsh.

Me ton Ðdio trìpo apodeiknÔetai ìti h φ eÐnai suneq c sta shmeÐa 0 kai 1.

Isqurismìc 3: H φ eÐnai epÐ:
Autì eÐnai t¸ra �meso apì to Je¸rhma Endi�meshc Tim c, afoÔ h φ eÐnai

suneq c sto [0, 1] kai paÐrnei thc timèc 0 (ex orismoÔ) kai 1 (diìti φ(1) =
sup{2i−1

2n : i = 1, . . . 2n, n ∈ N} = 1).

H dexi� antÐstrofh thc φ: OrÐzoume thn sun�rthsh

ψ : [0, 1] → [0, 1]

ψ(s) = inf{t ∈ [0, 1] : φ(t) = s} = inf φ−1({s}).
ParathroÔme ìti afoÔ h φ eÐnai epÐ, gia k�je s ∈ [0, 1] to sÔnolo φ−1({s}) ⊆
[0, 1] den eÐnai kenì, �ra ψ(s) ∈ [0, 1]. EpÐshc afoÔ h φ eÐnai suneq c, to
φ−1({s}) eÐnai kleistì uposÔnolo tou [0, 1], �ra sumpagèc, kai sunep¸c to
infimum tou eÐnai minimum. AfoÔ loipìn ψ(s) ∈ {t ∈ [0, 1] : φ(t) = s},
èpetai ìti

φ(ψ(s)) = s gia k�je s ∈ [0, 1].

Isqurismìc 4: H ψ eÐnai gnhsÐwc aÔxousa, �ra 1-1:
Ja deÐxw ìti

s1 < s2 =⇒ ψ(s1) < ψ(s2).

Pr�gmati an ψ(s1) ≥ ψ(s2), tìte, afoÔ h φ eÐnai aÔxousa, èqoume φ(ψ((s1)) ≥
φ(ψ(s2)) dhlad  s1 ≥ s2.

Isqurismìc 5: ψ([0, 1]) ⊆ C.
Pr�gmati, an upojèsoume ìti up�rqei s ∈ [0, 1] ¸ste ψ(s) ∈ Cc, tìte

to ψ(s) ja perièqetai se k�poio anoiktì di�sthma In
i . Epeid  to In

i eÐnai
anoiktì, perièqei k�poio t < ψ(s). Omwc, h φ eÐnai stajer  sto In

i , opìte
φ(t) = φ(ψ(s)) = s. All� apì ton orismì tou, to ψ(s) eÐnai to mikrìtero apì
ìla ta t pou ikanopoioÔn φ(t) = s, �topo.

Prìtash 4.17 Up�rqoun Lebesgue metr sima sÔnola pou den eÐnai Borel
metr sima: An to A ⊆ [0, 1] den eÐnai Lebesgue metr simo, tìte to sÔnolo
B = ψ(A) eÐnai Lebesgue metr simo, all� den eÐnai Borel metr simo.
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