
JewrÐa Mètrou

Exet�seic 24 IanouarÐou 2002

1. (a) An A eÐnai �peirh σ-�lgebra s�èna sÔnolo X apodeÐxte ìti up�rqei sun�rthsh
φ : P(N) → A pou eÐnai 1-1.

(b) ApodeÐxte ìti k�je Borel uposÔnolo tou Rk eÐnai Lebesgue metr simo.

(g) ApodeÐxte ìti up�rqei A ⊆ R pou eÐnai Gδ kai puknì sto R me λ(A) = 0. MporeÐ to A
na eÐnai arijm simo?

2. (a) Diatup¸ste kai apodeÐxte to je¸rhma Steinhaus.

(b) 'Estw {Cn}∞n=0 h akoloujÐa twn uposunìlwn tou [0, 1] me thn opoÐa kataskeu�zetai to
sÔnolo Cantor, C =

⋂∞
n=0 Cn.

(i) An x ∈ [0, 1], apodeÐxte ìti gia k�je n up�rqoun yn, zn ∈ Cn ¸ste x = yn − zn.

(ii) ApodeÐxte ìti C − C = [0, 1]. [Upìdeixh: QrhsimopoieÐste to (i)]

3. An (X,A, µ) q¸roc mètrou pijanìthtac, A1, A2, . . . , A2n metr sima sÔnola ¸ste µ(Ak) >
1
2
gia k�je k. ApodeÐxte ìti up�rqoun deÐktec k1, k2, . . . , kn diaforetikoÐ an� dÔo ¸ste⋂n

i=1 Aki
6= ∅. [Upìdeixh: Exet�ste to olokl rwma thc sun�rthshc f =

∑2n
k=1 χAk

.]

4. (a) 'Estw (X,A, µ) q¸roc mètrou kai (An) akoloujÐa metrhsÐmwn sunìlwn. ApodeÐxte:

(i) µ(lim inf An) ≤ lim inf µ(An),

(ii) an µ(X) < ∞, tìte lim sup µ(An) ≤ µ(lim sup An).

(b) 'Estw (X,A, µ) q¸roc mètrou pijanìthtac, fn, f : X → R metr simec sunart seic ¸ste
fn → f kat� shmeÐo. Gia k�je ε > 0 jètoume An,ε = {x ∈ X : |fn(x)− f(x)| ≥ ε}.

(i) ApodeÐxte ìti lim supn An,ε = ∅.
(ii) ApodeÐxte to je¸rhma kuriarqhmènhc sÔgklishc tou Lebesgue gia q¸rouc mètrou

pijanìthtac, qrhsimopoi¸ntac ta prohgoÔmena.

5. (a) 'Estw f : [0, 1] → R h sun�rthsh

f(x) =

{
n an x = 1

n
1
2

alli¸c
.

ApodeÐxte ìti h f eÐnai Lebesgue oloklhr¸simh kai upologÐste to olokl rwm� thc. EÐnai h
f Riemann oloklhr¸simh?

(b) (i) D¸ste par�deigma q¸rou mètrou (X,A, µ) kai akoloujÐac (fn) metr simwn su-
nart sewn fn : X → R pou na sugklÐnei se mia metr simh sun�rthsh f kat� shmeÐo µ-sqedìn
pantoÔ, all� na mhn sugklÐnei sthn f wc proc thn ‖.‖1.

(ii) D¸ste par�deigma q¸rou mètrou (X,A, µ) kai akoloujÐac (gn) metr simwn sunar-
t sewn gn : X → R pou na sugklÐnei se mia metr simh sun�rthsh g wc proc thn ‖.‖1, all�
na mhn sugklÐnei sthn g kat� shmeÐo µ-sqedìn pantoÔ.

(iii) ApodeÐxte ìti an (X,A, µ) q¸roc mètrou kai (hn) akoloujÐa metr simwn sunart se-
wn hn : X → R sugklÐnei wc proc thn ‖.‖1 (arkeÐ m�lista na eÐnai basik  wc proc thn ‖.‖1),
tìte èqei upakoloujÐa pou sugklÐnei kat� shmeÐo µ-sqedìn pantoÔ.

Na grafoÔn tèssera jèmata.
Kal  epituqÐa!


