
1 Algebrikèc idiìthtec tou R

R : To sÔnolo twn pragmatik¸n arijm¸n

UposÔnola tou R

• N = {0, 1, 2, . . .} : oi fusikoÐ arijmoÐ, N∗ = {1, 2, . . .} = N \ {0}.

• Z = N ∪ (−N) oi akèraioi arijmoÐ.

• Q = {m
n

: m, n ∈ Z, n 6= 0} = {m
n

: m ∈ Z, n ∈ N∗} : oi rhtoÐ arijmoÐ.

Oi idiìthtec twn pr�xewn kai thc di�taxhc:1

(Π1) ∃0 : a + 0 = a ∀a ∈ R (Π5) ∃1 6= 0 : a.1 = a ∀a ∈ R
(Π2) ∀a ∃(−a) : a + (−a) = 0 (Π6) ∀a 6= 0 ∃a−1 : a.a−1 = 1

(Π3) ∀a, b, c : a + (b + c) = (a + b) + c (Π7) ∀a, b, c : a.(b.c) = (a.b).c
(Π4) ∀a, b : a + b = b + a (Π8) ∀a, b : a.b = b.a

(Π9) ∀a, b, c : a.(b + c) = a.b + a.c

(Π10) ∀a, b, c : (a > b) kai (b > c) ⇒ a > c
(Π11) ∀a, b :   a = b   a > b   a < b

(Π12) ∀a, b, c : a > b ⇒ a + c > b + c
(Π13) ∀a, b, c : (a > b) kai (c > 0) ⇒ a.c > b.c

H sqèsh a ≤ b shmaÐnei:   a < b   a = b: eÐnai h �rnhsh thc a > b.

'Askhsh 1.1 'Estw a ∈ Z.
O a eÐnai �rtioc ⇐⇒ o a2 eÐnai �rtioc.

'Askhsh 1.2 Den up�rqei rhtìc2 arijmìc q ¸ste q2 = 2.

1UpenjumÐzoume touc sumbolismoÔc: ∀: gia k�je, ∃: up�rqei
2Ja doÔme argìtera ìti up�rqei pragmatikìc arijmìc x ¸ste x2 = 2. Proc to parìn

parathroÔme ìti h Ôparxh tètoiou x den mporeÐ na apodeiqjeÐ qrhsimopoi¸ntac mìnon tic
idiìthtec P1 - P13.
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Parathr seic 1.3 (i) Prìsjesh anisot twn kat� mèlh:

∀a, b, c, d ∈ R : an a > b kai c > d tìte a + c > b + d

(gia thn apìdeixh, qrhsimopoÐhse thn (P12) kai thn (P10)). BebaÐwc den
mporoÔme genik� na afairoÔme anisìthtec kat� mèlh: p.q. 3 > 2 kai 5 > 1
all� 3− 5 ≯ 2− 1.

(ii) Den mporoÔme en gènei na pollaplasi�zoume anisìthtec kat� mèlh: p.q.
3 > −2 kai −1 > −2 all� 3(−1) ≯ (−2)(−2). 'Omwc

∀a, b, c, d ∈ R : an a > b > 0 kai c > d > 0 tìte ac > bd.

Pr�gmati, apì thn a > b afoÔ c > 0 lìgw thc (P13) èqoume ac > bc kai apì
thn c > d afoÔ b > 0 èqoume bc > bd gia ton Ðdio lìgo. Sunep¸c ac > bc kai
bc > bd �ra ac > bd apì thn (P10).

(iii) 'Estw a, b ∈ R \ {0} omìshmoi.

An a > b tìte
1

a
<

1

b
.

Pr�gmati, epeid  ab > 0 èqoume kai 1
ab

> 0 (giatÐ?) kai sunep¸c apì thn a > b
lìgw thc (P13) èqoume a

ab
> b

ab
dhlad  1

b
> 1

a
.

To sumpèrasma den isqÔei p�nta an oi a kai b eÐnai eterìshmoi. P.q. 3 > −2
all� 1

3
≮ 1

−2
.

Ask seic 1.4 (i) 'Estw a, b, x, y ∈ R me b > 0, y > 0. An a
b

< x
y
tìte (a)

ay < bx kai (b) a
b

< a+x
b+y

< x
y
.

(ii) 'Estw a ∈ R, a > 0 me a2 > 2. Jètoume b = a
2
+ 1

a
. Tìte b < a kai b2 > 2.

LÔsh thc (ii) Apì th sqèsh a2 > 2, afoÔ a > 0 prokÔptei (pollaplasi�-
zontac me 1

2a
) ìti a

2
> 1

a
kai sunep¸c

b =
a

2
+

1

a
<

a

2
+

a

2
= a.

EpÐshc
b2 − 2 =

(
a

2
+

1

a

)2

− 2

=
a2

4
+ 1 +

1

a2
− 2 =

a2

4
− 1 +

1

a2

=

(
a

2
− 1

a

)2

> 0
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(diìti an a
2
− 1

a
= 0 ja eÐqame a2 = 2).

(iii) To sÔnolo
X = {x > 0 : x2 > 2}

den èqei el�qisto stoiqeÐo.

LÔsh thc (iii) An dojeÐ èna opoiod pote a ∈ X mporoÔme na broÔme (gnh-
sÐwc) mikrìtero stoiqeÐo tou X, p.q. to b = a

2
+ 1

a
, ìpwc èpetai apì thn (ii).

Sunep¸c to X den èqei el�qisto stoiqeÐo.

(iv) To sÔnolo
Y = {x ∈ Q+ : x2 ≥ 2}

den èqei el�qisto stoiqeÐo.

(v) An a, b ∈ R tìte a2+b2

2
≥

(
a+b
2

)2
. Pìte isqÔei isìthta?

(vi) An a, b ∈ R kai ab > 0 tìte a
b

+ b
a
≥ 2.

(vii) An c > 0 kai n = 1, 2, . . . tìte c2n + c2n−1 + . . .+ c2 + c+1 ≥ (2n+1)cn.

LÔsh thc (vii) Jètontac b = 1 sthn (vi) èqoume a + 1
a
≥ 2 gia k�je a > 0,

opìte jètontac diadoqik� a = c, met� a = c2, . . . , a = cn èqoume

c +
1

c
≥ 2, c2 +

1

c2
≥ 2, . . . , cn +

1

cn
≥ 2 .

Prosjètontac kat� mèlh prokÔptei

cn + cn−1 + . . . + c +
1

c
+

1

c2
+ . . . +

1

cn
≥ 2n

�ra

cn + cn−1 + . . . + c + 1 +
1

c
+

1

c2
+ . . . +

1

cn
≥ 2n + 1

kai pollaplasi�zontac ta dÔo mèlh me ton jetikì arijmì cn prokÔptei h zh-
toÔmenh.

'Askhsh 1.5 (i) Den up�rqei el�qistoc jetikìc arijmìc: An 0 ≤ a kai, gia
k�je ε > 0, isqÔei a < ε, tìte a = 0.

(ii) An a ≤ b + ε gia k�je ε > 0 tìte a ≤ b.

(iii) An a < b + ε gia k�je ε > 0 eÐnai al jeia ìti a < b? ìti a ≤ b?
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LÔsh (i) An a > 0 den mporeÐ na isqÔei h sqèsh a ≤ ε gia ìla ta jetik�
ε > 0: paradeÐgmatoc q�rin gia ε = a

2
den isqÔei.

(ii) An den isqÔei to sumpèrasma, an dhlad  a > b, tìte h sqèsh a ≤ b + ε
den mporeÐ na alhjeÔei gia k�je ε > 0: p.q. gia ε = a−b

2
den isqÔei3.

(iii) Sto pr¸to er¸thma h ap�nthsh eÐnai arnhtik : mporeÐ na èqoume a = b.
Sto deÔtero er¸thma h ap�nthsh eÐnai jetik  apì thn prohgoÔmenh �skhsh.

Orismìc 1.1 An a ∈ R, jètoume

|a| =


a an a ≥ 0

−a an a < 0

Parat rhsh 1.6 Gia k�je a ∈ R kai b ≥ 0

|a| ≤ b ⇐⇒ − b ≤ a ≤ b dhl. −b ≤ a kai a ≤ b

|a| ≥ b ⇐⇒ a ≤ −b   b ≤ a

Parat rhsh 1.7 Gia k�je a, b ∈ R

|a + b| ≤ |a|+ |b| (trigwnik  anisìthta)

| |a| − |b| | ≤ |a− b|
| |a| − |b| | ≤ |a + b|

Apìdeixh (i) Oi −|a| ≤ a ≤ |a| kai −|b| ≤ b ≤ |b| dÐnoun −|a|−|b| ≤ a+b ≤
|a| + |b| �ra −(|a| + |b|) ≤ a + b ≤ |a| + |b| �ra |a + b| ≤ |a| + |b| (apì thn
prohgoÔmenh Parat rhsh).

(ii) 'Estw c = |a| − |b|. Epeid  a = (a − b) + b apì thn trigwnik  anisìthta
èqw

|a| = |(a− b) + b| ≤ |a− b|+ |b|,
�ra c = |a|− |b| ≤ |a− b|. OmoÐwc b = (b−a)+a �ra |b| ≤ |b−a|+ |a|, opìte

−c = −(|a| − |b|) = |b| − |a| ≤ |b− a| = |a− b|.

DeÐxame ìti c ≤ |a− b| kai −c ≤ |a− b|, �ra |c| ≤ |a− b|.
(iii) Sthn (ii) b�le −b sth jèsh tou b.

3giatÐ a− (b + ε) = a−b
2 > 0 dhlad  a > b + ε.
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'Askhsh 1.8

|a + b|
1 + |a + b|

≤ |a|+ |b|
1 + |a|+ |b|

≤ |a|
1 + |a|

+
|b|

1 + |b|

LÔsh H pr¸th anisìthta prokÔptei wc ex c

|a + b| ≤ |a|+ |b|
⇓ (prosjètw |a + b|(|a|+ |b|))

|a + b|+ |a + b|(|a|+ |b|) ≤ (|a|+ |b|) + (|a|+ |b|)|a + b|
⇓

|a + b|(1 + |a|+ |b|) ≤ (|a|+ |b|)(1 + |a + b|)
⇓

|a + b|
1 + |a + b|

≤ |a|+ |b|
1 + |a|+ |b|

.

Gia th deÔterh anisìthta, jètontac x = |a| kai y = |b|, èqw

x + y

1 + x + y
=

x

1 + x + y
+

y

1 + x + y

≤ x

1 + x
+

y

1 + y

afoÔ x ≥ 0 kai y ≥ 0.

UpenjÔmish:

Je¸rhma 1.9 (Majhmatik  epagwg ) 'Estw ìti se k�je fusikì arij-
mì n antistoiqeÐ mÐa prìtash P (n) pou afor� ton n.
Upojètoume ìti ikanopoioÔntai oi ex c dÔo proôpojèseic:

(i) H P (0) alhjeÔei,

KAI

(ii) gia k�je fusikì arijmì m, an h P (m) alhjeÔei
tìte h P (m + 1) alhjeÔei.

Tìte h P (n) alhjeÔei gia k�je fusikì arijmì n.
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Par�deigma Na deiqjeÐ ìti gia k�je n ∈ N èqoume

0 + 1 + 2 + 3 + . . . + n =
n(n + 1)

2

Apìdeixh 'Estw P (n) h prìtash

0 + 1 + 2 + 3 + . . . + n =
n(n + 1)

2
.

Prèpei na deÐxoume ìti h P (n) alhjeÔei gia k�je n ∈ N.
H prìtash P (0) eÐnai h 0 = 0: alhj c.

Isqurismìc: Gia k�je k ∈ N isqÔei h sunepagwg  P (k) ⇒ P (k + 1).
Pr�gmati:

an 1 + 2 + 3 + . . . + k =
k(k + 1)

2
tìte

1 + 2 + 3 + . . . + k + (k + 1) =
k(k + 1)

2
+ (k + 1) =

(k + 2)(k + 1)

2

pou eÐnai h P (k + 1).

MÐa �llh morf  thc majhmatik c epagwg c eÐnai h akìloujh:

Je¸rhma 1.10 (DeÔterh morf  thc epagwg c) 'Estw ìti se k�je
fusikì arijmì n antistoiqeÐ mÐa prìtash P (n), pou afor� ton n.
Upojètoume ìti ikanopoioÔntai oi ex c dÔo proôpojèseic:

(i) H P (0) alhjeÔei,

KAI

(ii) gia k�je fusikì arijmì m,
an alhjeÔoun oi P (0), P (1), . . . , P (m), tìte h P (m + 1) alhjeÔei.

Tìte h P (n) alhjeÔei gia k�je fusikì arijmì n.

Par�deigma K�je fusikìc arijmìc n ≥ 1 gr�fetai wc ginìmeno pr¸twn
paragìntwn.4

4JumÐzoume ìti pr¸toc lègetai ènac p ∈ N, p ≥ 1 an diaireÐtai mìnon apì ton eautì tou
kai to 1.
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Apìdeixh H Prìtash {O n + 1 eÐnai ginìmeno pr¸twn} eÐnai alhj c gia
n = 0: o arijmìc 1 eÐnai pr¸toc.

Gia na qrhsimopoi soume to Je¸rhma 1.10, prèpei na deÐxoume, gia k�je
m ∈ N, m ≥ 1, ìti an oi arijmoÐ 1, 2, . . . ,m gr�fontai wc ginìmena pr¸twn
paragìntwn, tìte o arijmìc m+1 gr�fetai wc ginìmeno pr¸twn paragìntwn.

Kai pr�gmati: An men o m + 1 eÐnai pr¸toc, tìte bebaÐwc eÐnai ginìmeno
pr¸twn paragìntwn. An den eÐnai pr¸toc, tìte èqei diairètec, opìte gr�fetai
m + 1 = k · l ìpou oi fusikoÐ k, l eÐnai kai oi dÔo mikrìteroi apì ton m + 1,
epomènwc an koun sto sÔnolo {1, 2, . . . , n}. Apì thn epagwgik  upìjesh, oi
k kai l gr�fontai wc ginìmena pr¸twn paragìntwn, sunep¸c to Ðdio isqÔei kai
gia to ginìmenì touc, ton m + 1.

Suqn� sunant�me prot�seic pou alhjeÔoun gia k�je fusikì arijmì megalÔ-
tero apì k�poion no ∈ N, ìqi ìmwc endeqomènwc gia touc prohgoÔmenouc.
MporeÐ kaneÐc tìte na qrhsimopoi sei to ex c eÔkolo Pìrisma tou Jewr ma-
toc 1.9:

Pìrisma 1.11 'Estw ìti se k�je fusikì arijmì n antistoiqeÐ mÐa prìtash
P (n) kai èstw no ∈ N. Upojètoume ìti ikanopoioÔntai oi ex c dÔo proôpojè-
seic:

(i) H P (no) isqÔei.

kai

(ii) Gia k�je n ∈ N, n ≥ no, an h P (n) isqÔei, tìte isqÔei h P (n + 1).

Tìte h P (n) isqÔei gia k�je fusikì arijmì n ≥ no.

Par�deigma 1.12 H anisìthta 2n ≥ n2 isqÔei gia k�je n ≥ 4, ìqi ìmwc
gia n = 3.

Apìdeixh Ed¸ P (n) eÐnai h prìtash 2n ≥ n2. H P (3) den alhjeÔei, afoÔ
23 < 32.

H P (4) : 24 ≥ 42 eÐnai alhj c.

Mènei na apodeÐxoume gia k�je n ≥ 4 thn sunepagwg  P (n) ⇒ P (n + 1),
dhlad 

2n ≥ n2 ⇒ 2n+1 ≥ (n + 1)2.
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Pr�gmati, an 2n ≥ n2 tìte

2n+1 − (n + 1)2 = 2.2n − (n2 + 2n + 1) ≥ 2.n2 − (n2 + 2n + 1)

= n2 − 2n− 1 = (n− 1)2 − 2 ≥ 0

efìson n ≥ 4.

To diwnumikì an�ptugma

(a + b)0 = 1
a + b = a + b

(a + b)2 = a2 + 2ab + b2

(a + b)3 = a3 + 3a2b + 3ab2 + b3

(a + b)4 = a4 + 4a3b + 6a2b2 + 4ab3 + b4

(a + b)5 = a5 + 5a4b + 10a3b2 + 10a2b3 + 5ab4 + b5

(a + b)6 = a6 + 6a5b + 15a4b2 + 20a3b3 + 15a2b4 + 6ab5 + b6

Oi suntelestèc sqhmatÐzoun to legìmeno �trÐgwno tou Pascal�:

1
1 1

1 2 1
1 3 3 1

1 4 6 4 1
1 5 10 10 5 1

1 6 15 20 15 6 1

K�je suntelest c eÐnai to �jroisma twn dÔo suntelest¸n pou brÐskontai
akrib¸c apì p�nw tou. Aut  h parat rhsh eÐnai h idèa gia thn epagwgik 
apìdeixh pou akoloujeÐ.

Ja qreiasjoÔn oi
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SumbolismoÐ 0! = 1, n! = 1 · 2 · . . . · n (n ∈ N)

(dhl. n! = n(n− 1)!)(
n

k

)
=

n!

k!(n− k)!
=

n(n− 1) . . . (n− k + 1)

k!
(k, n ∈ N, k ≤ n)

n∑
k=0

ak = a0 + a1 + . . . + an (n ∈ N).

ParathroÔme ìti to �jroisma a0 + a1 + . . . + an mporeÐ epÐshc na grafteÐ

n∑
m=0

am =
n+1∑
j=1

aj−1.

H isìthta twn dÔo aut¸n parast�sewn mporeÐ na prokÔyei kai me thn {allag 
metablht c} j = m + 1.

Prìtash 1.13 (Diwnumikì an�ptugma) An a, b ∈ R kai n ∈ N,
n ≥ 1, tìte

(a + b)n =
n∑

k=0

(
n

k

)
an−kbk (: P (n)).

ShmeÐwsh: Gia n ≥ 2 èqoume

(a + b)n =an + nan−1b +
n(n− 1)

2!
an−2b2 +

n(n− 1)(n− 2)

3!
an−3b3 + . . .

+
n(n− 1)

2!
a2bn−2 + nabn−1 + bn.

H apìdeixh gÐnetai me epagwg :

Gia n = 1 h P (1) eÐnai h a + b = a + b pou profan¸c alhjeÔei.

Ja deÐxoume, gia k�je n ∈ N, n ≥ 1, thn sunepagwg  P (n) ⇒ P (n + 1):

An

(a + b)n =
n∑

k=0

(
n

k

)
an−kbk
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tìte

(a + b)n+1 = (a + b)
n∑

k=0

(
n

k

)
an−kbk = a

n∑
k=0

(
n

k

)
an−kbk + b

n∑
k=0

(
n

k

)
an−kbk

=
n∑

k=0

(
n

k

)
an+1−kbk +

n∑
m=0

(
n

m

)
an−mbm+1

= an+1

(k=0)
+

n∑
k=1

(
n

k

)
an+1−kbk +

n−1∑
m=0

(
n

m

)
an−mbm+1 + bn+1

(m=n)

= an+1 +
n∑

k=1

(
n

k

)
an+1−kbk +

n∑
k=1

(
n

k − 1

)
an−(k−1)bk

(k=m+1)

+ bn+1

= an+1 +
n∑

k=1

[(
n

k

)
+

(
n

k − 1

)]
an+1−kbk + bn+1.

All�(
n

k

)
+

(
n

k − 1

)
=

n!

k!(n− k)!
+

n!

(k − 1)!(n− k + 1)!

=
n!

k(k − 1)!(n− k)!
+

n!

(k − 1)!(n− k + 1)(n− k)!

=
n!(n− k + 1)

k(k − 1)!(n− k)!(n− k + 1)
+

n!k

k(k − 1)!(n− k + 1)(n− k)!

=
n!(n− k + 1 + k)

k!(n− k + 1)!
=

(n + 1)!

k!(n + 1− k)!
=

(
n + 1

k

)
�ra

(a+ b)n+1 = an+1 +
n∑

k=1

(
n + 1

k

)
an+1−kbk + bn+1 =

n+1∑
k=0

(
n + 1

k

)
an+1−kbk. 2
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Prìtash 1.14 (Anisìthta Bernoulli) An x > −1,

(1 + x)n ≥ 1 + nx gia k�je n ∈ N.

Apìdeixh H anisìthta gia n = 0 eÐnai profan c: 1 = 1.

DeÐqnoume to epagwgikì b ma:

An (1+x)n ≥ 1+nx tìte (1+x)(1+x)n ≥ (1+x)(1+nx) (efìson 1+x > 0)
�ra

(1 + x)n+1 = (1 + x)(1 + x)n ≥ (1 + x)(1 + nx)

= 1 + (n + 1)x + nx2 ≥ 1 + (n + 1)x. 2

Parat rhsh Gia x ≥ 0 h anisìthta Bernoulli eÐnai �mesh sunèpeia tou
diwnumikoÔ anaptÔgmatoc, afoÔ ìloi oi prosjetèoi tou eÐnai mh arnhtikoÐ.

Prìtash 1.15 An n ∈ N, n ≥ 1 kai oi b1, . . . bn eÐnai jetikoÐ arijmoÐ me
ginìmeno b1b2 . . . bn = 1, tìte b1 + b2 + . . . + bn ≥ n.

Apìdeixh Me epagwg  sto pl joc n twn arijm¸n pou emfanÐzontai. Gia
n = 1 h anisìthta eÐnai tetrimènh: 1 ≥ 1.

Upojètoume loipìn ìti gia k�je m-ada jetik¸n arijm¸n d1, . . . dm me ginìmeno
d1d2 . . . dm = 1 isqÔei h anisìthta

d1 + d2 + . . . + dm ≥ m

kai jèloume na deÐxoume ìti an dojoÔn m + 1 jetikoÐ arijmoÐ b1, . . . bm+1 me
ginìmeno b1b2 . . . bm+1 = 1 tìte ja isqÔei h

b1 + b2 + . . . + bm+1 ≥ m + 1 .

ParathroÔme ìti, an b1 = b2 = . . . = bm+1, h anisìthta isqÔei profan¸c. An
ìqi, diat�ssontac touc arijmoÔc b1, . . . , bm+1 kat� aÔxousa seir� megèjouc
(pr�gma pou den all�zei to �jroism� touc), parathroÔme ìti anagkastik�
b1 < 1 < bm+1 (alli¸c to ginìmeno ìlwn touc den ja  tan 1).

An jewr sw thn m-ada jetik¸n arijm¸n

b1 · bm+1 , b2, . . . , bm
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pou èqoun ginìmeno 1, apì thn epagwgik  upìjesh ja èqw

b1 · bm+1 + b2 + . . . + bm ≥ m . (1)

'Omwc apì tic sqèseic b1 < 1 < bm+1 èpetai ìti (bm+1− 1)(1− b1) > 0 dhlad 
b1 + bm+1 > bm+1 · b1 + 1 kai sunep¸c

b1 + bm+1 + b2 + . . . + bm > b1 · bm+1 + 1 + b2 + . . . + bm

(1)

≥ m + 1 .

O gewmetrikìc mèsoc miac n-�dac a1, . . . , an jetik¸n arijm¸n eÐnai o mo-
nadikìc jetikìc arijmìc γ pou ikanopoieÐ γn = a1a2 . . . an. O arijmìc autìc
sumbolÐzetai γ = n

√
a1.a2 . . . an. Thn Ôparxh kai monadikìtht� tou ja apodeÐ-

xoume se epìmeno Kef�laio.

Prìtash 1.16 (Anisìthta arijmhtikoÔ-gewmetrikoÔ mèsou)
An n ∈ N, n ≥ 1 kai oi a1, . . . , an eÐnai jetikoÐ arijmoÐ, tìte

a1 + a2 + . . . + an

n
≥ n
√

a1.a2 . . . an . (2)

Apìdeixh An jèsw

bk =
ak

n
√

a1.a2 . . . an

(k = 1, 2, . . . , n), parathr¸ ìti oi bk eÐnai jetikoÐ arijmoÐ me ginìmeno
a1

n
√

a1.a2 . . . an

. . .
an

n
√

a1.a2 . . . an

=
a1a2 . . . an

( n
√

a1.a2 . . . an)n
= 1.

'Ara apì thn prohgoÔmenh Prìtash ja èqoume

b1 + b2 + . . . + bn ≥ n , (3)

isodÔnama
a1 + a2 + . . . + an

n
√

a1.a2 . . . an

≥ n

pou eÐnai isodÔnamh me thn apodeiktèa. 2

Parat rhsh 1.17 'Opwc  dh parathr same, an oi arijmoÐ a1, . . . an eÐnai
ìloi Ðsoi, tìte h anisìthta (2) eÐnai sthn pragmatikìthta isìthta. An den eÐnai
ìloi Ðsoi, tìte ìpwc prokÔptei apì thn apìdeixh, h anisìthta eÐnai gn sia (diìti
b1 + bm+1 > bm+1.b1 + 1). Sunep¸c:

Sthn anisìthta arijmhtikoÔ-gewmetrikoÔ mèsou isqÔei isìthta an kai mìnon
an a1 = a2 = . . . = an.
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