
4 Sunart seic

An X, Y eÐnai dÔo mh ken� sÔnola, mia sun�rthsh apì to X sto Y eÐnai mia
antistoÐqish, pou antistoiqÐzei se k�je stoiqeÐo tou X, èna kai mona-
dikì stoiqeÐo tou Y . Den up�rqei kanènac periorismìc sthn antistoÐqish
aut . ArkeÐ k�je stoiqeÐo tou X na èqei mÐa kai monadik  {eikìna} sto Y .

Dhlad  sun�rthsh eÐnai èna sÔnolo f apì diatetagmèna zeÔgh1 (x, y) me
pr¸to stoiqeÐo x ∈ X kai deÔtero stoiqeÐo y ∈ Y , pou ikanopoieÐ tic ex c
dÔo proüpojèseic:

(a) Gia k�je x ∈ X up�rqei y ∈ Y ¸ste (x, y) ∈ f kai
(b) Autì to y eÐnai monadikì, dhlad  an (x, y1) ∈ f kai (x, y2) ∈ f
tìte y1 = y2.

An x ∈ X, to monadikì y ∈ Y gia to opoÐo isqÔei (x, y) ∈ f sumbolÐzoume
f(x) kai gr�foume sun jwc f : X → Y gia na dhl¸soume ìti h f eÐnai mia
sun�rthsh apì to X sto Y .

An f : X → Y eÐnai mia sun�rthsh, to X onom�zetai pedÐo orismoÔ kai
to Y pedÐo tim¸n thc f . Sthn pragmatikìthta mia sun�rthsh apoteleÐtai
apì trÐa antikeÐmena: (i) to pedÐo orismoÔ X (apì ìpou {xekin�ei} h sun�r-
thsh), (ii) to pedÐo tim¸n Y (ìpou {katal gei}) kai (iii) thn {antistoÐqish}
enìc kai monadikoÔ shmeÐou f(x) tou Y se k�je shmeÐo x tou X.

SÔnolo tim¸n   eikìna thc f eÐnai to sÔnolo

f(X) = {y ∈ Y : up�rqei x ∈ X ¸ste f(x) = y} ≡ {f(x) : x ∈ X} ⊆ Y.

H sun�rthsh f lègetai epÐ an f(X) = Y , dhlad  an gia k�je y ∈ Y
up�rqei k�poio (endeqomènwc poll�) x ∈ X ¸ste f(x) = y.

H sun�rthsh f lègetai 1-1 an k�je y ∈ f(X) eÐnai h eikìna monadikoÔ
x ∈ X, dhlad  an gia k�je x1, x2 ∈ X me x1 6= x2 èqoume f(x1) 6= f(x2),  
isodÔnama, an apì tic sqèseic (x1, y) ∈ f kai (x2, y) ∈ f èpetai ìti x1 = x2.

An f : X → Y kai g : W → Z eÐnai sunart seic, kai an f(X) ⊆ W , tìte
h sÔnjesh g ◦ f : X → Z orÐzetai wc ex c

X
f−→ f(X) ⊆ W

g−→ Z
x −→ f(x) −→ g(f(x))

1dhlad  èna uposÔnolo tou kartesianoÔ ginomènou X × Y
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dhlad 
(g ◦ f)(x) = g(f(x)) (x ∈ X).

An X eÐnai tuqaÐo sÔnolo, h tautotik  sun�rthsh idX : X → X orÐzetai
wc ex c: idX(x) = x, x ∈ X.

Prìtash 4.1 'Estw f : X → Y mia sun�rthsh. Tìte
Up�rqei g : Y → X ¸ste g ◦ f = idX an kai mìnon an h f eÐnai 1-1.

Apìdeixh An up�rqei tètoia sun�rthsh g, tìte anagkastik� h f ja eÐnai
1-1. Pragmatik�, an x1, x2 ∈ X kai f(x1) = f(x2), tìte g(f(x1)) = g(f(x2))
�ra

x1 = g(f(x1)) = g(f(x2)) = x2.

AntÐstrofa, an h f eÐnai 1-1 tìte mpor¸ na orÐsw mia kat�llhlh g: Sthn
eikìna f(X), orÐzw thn g wc ex c: 'Estw y ∈ f(X). Tìte up�rqei x ∈ X
¸ste f(x) = y, kai den up�rqei �llo stoiqeÐo tou X me aut n thn idiìthta.
OrÐzw loipìn g(y) = x. Sto sÔnolo Y \f(X), orÐzw thn g aujaÐreta: epilègw
tuqaÐo xo ∈ X kai gia k�je y ∈ Y \f(X) jètw g(y) = xo. Apì thn kataskeu 
eÐnai fanerì ìti g ◦ f = IdX . 2

Gia par�deigma an f : R+ → R : x → x2 mpor¸ na orÐsw g : R → R+ apì

ton tÔpo g(y) =

{ √
y an y ≥ 0

16 an y < 0
(bebaÐwc h epilog  tou 16 eÐnai aujaÐreth).

'Eqw tìte gia k�je x ∈ R+, g(f(x)) = g(x2) =
√

x2 = x, afoÔ x ≥ 0.
Parat rhse ìmwc ìti h g den ikanopoieÐ th sqèsh f ◦ g = idR. Pr�gmati,

an y < 0 tìte f(g(y)) = f(16) = 256 6= y.
EpÐshc, den up�rqei mìnon mÐa, all� pollèc sunart seic g pou ikanopoioÔn

th sqèsh g ◦ f = idR+ .
Autì sumbaÐnei epeid  h f den eÐnai epÐ.

'Estw f : X → Y mÐa sun�rthsh. 'Opwc eÐnai gnwstì, up�rqei mÐa sun�r-
thsh g : Y → X pou ikanopoieÐ kai tic dÔo sqèseic f ◦g = idY kai g ◦f = idX

an kai mìnon an h f eÐnai 1-1 kai epÐ. H sun�rthsh aut , ìtan up�rqei, eÐnai
monadik . Onom�zetai h antÐstrofh thc f kai sumbolÐzetai f−1.

Kataqrhstik� ja qrhsimopoioÔme to sÔmbolo f−1 ìtan h f eÐnai 1-1, gia
thn antÐstrofh thc sun�rthshc f : X → f(X):

Orismìc 4.1 An h f eÐnai 1-1, tìte h antÐstrofh sun�rthsh f−1

orÐzetai sto sÔnolo tim¸n f(X) wc ex c:

f−1 : f(X) → X : f(x) → x
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Dhlad  gia k�je y ∈ f(X), h tim  f−1(y) eÐnai o monadikìc arijmìc x ∈ X
pou ikanopoieÐ th sqèsh f(x) = y.

Prìtash 4.2 An h f : X → Y eÐnai 1-1, tìte orÐzetai h f−1 : f(X) → X
kai

(i) (f−1 ◦ f)(x) = x gia k�je x ∈ X (dhlad  f−1 ◦ f = idX) kai
(ii) (f ◦ f−1)(y) = y gia k�je y ∈ f(X) (dhlad  f ◦ f−1 = idf(X)).

'Estw f : X → Y mia sun�rthsh.
Se k�je A ⊆ X antistoiqoÔme thn eikìna tou A sto Y , pou eÐnai to

sÔnolo

f(A) ≡ {y ∈ Y : up�rqei x ∈ A ¸ste f(x) = y} ≡ {f(x) ∈ Y : x ∈ A}.

Se k�je B ⊆ Y antistoiqoÔme thn antÐstrofh eikìna tou B sto X,
pou eÐnai to sÔnolo

f−1(B) ≡ {x ∈ X : f(x) ∈ B}

(ShmeÐwse ìti to f−1(B) eÐnai èna uposÔnolo tou X, den eÐnai en gènei h eikìna
tou B mèsw k�poiac sun�rthshc2.)

Prìtash 4.3 'Estw f : X → Y mia sun�rthsh.

(i) An A1 ⊆ A2 ⊆ X tìte f(A1) ⊆ f(A2).

(ii) An A1, A2 eÐnai uposÔnola tou X tìte f(A1 ∪ A2) = f(A1) ∪ f(A2).

(iii) An A1, A2 eÐnai uposÔnola tou X tìte f(A1 ∩ A2) ⊆ f(A1) ∩ f(A2).
Isìthta isqÔei ìtan h f eÐnai 1-1, all� ìqi en gènei.

(iv) An B1 ⊆ B2 ⊆ Y tìte f−1(B1) ⊆ f−1(B2).

(v) An B1, B2 eÐnai uposÔnola tou Y tìte f−1(B1∪B2) = f−1(B1)∪f−1(B2).

(vi) An B1, B2 eÐnai uposÔnola tou Y tìte f−1(B1∩B2) = f−1(B1)∩f−1(B2).

(vii) An B ⊆ Y tìte f−1(Y \B) = X \ f−1(B).

2An bèbaia h f eÐnai 1-1 kai B ⊆ f(X), tìte to f−1(B) eÐnai h eikìna tou B mèsw thc
sun�rthshc f−1
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(viii) An A ⊆ X tìte A ⊆ f−1(f(A)). Isìthta isqÔei ìtan h f eÐnai 1-1, all�
ìqi en gènei.

(ix) An B ⊆ Y tìte f(f−1(B)) ⊆ B. Isìthta isqÔei ìtan h f eÐnai epÐ, all�
ìqi en gènei.

ParadeÐgmata 4.4 Gia to (iii), p�re p.q. f : R → R me f(x) = x2 kai A1 =
[−1, 0], A2 = [0, 2].
Gia to (viii), p�re A = [−1

2 , 1] opìte f(A) = [0, 1] kai f−1(f(A)) = [−1, 1] 6= A.
Gia to (ix), an B = [−4, 1] tìte f−1(B) = [−1, 1] �ra f(f−1(B)) = [0, 1] 6= B.

Orismìc 4.2 An f : X → R kai g : X → R eÐnai sunart seic tìte orÐzoume
tic sunart seic

• f + g : X → R ìpou (f + g)(x) = f(x) + g(x) gia k�je x ∈ X.

• f · g : X → R ìpou (f · g)(x) = f(x) · g(x) gia k�je x ∈ X.

• Eidikìtera an λ ∈ R orÐzoume thn sun�rthsh λf : X → R apì th sqèsh
(λf)(x) = λf(x) gia k�je x ∈ X.

• An g(x) 6= 0 gia k�je x ∈ X orÐzoume thn
f

g
: X → R apì th sqèsh(

f

g

)
(x) =

f(x)

g(x)
gia k�je x ∈ X.

• An c ∈ R, h stajer  sun�rthsh c : X → R orÐzetai apì th sqèsh
c(x) = c gia k�je x ∈ X.

• Eidikìtera h mhdenik  sun�rthsh 0 : X → R orÐzetai apì th
sqèsh 0(x) = 0 gia k�je x ∈ X.

An f : X → R kai g : X → R eÐnai dÔo sunart seic, ja lème ìti

f ≤ g an f(x) ≤ g(x) gia k�je x ∈ X.

ParathroÔme ìti h sqèsh aut  eÐnai sqèsh merik c (kai ìqi olik c) di�taxhc.
Dhlad  mporeÐ na mhn isqÔei oÔte h f ≤ g oÔte h g ≤ f . Gia par�deigma an
f, g : R → R me f(x) = x kai g(x) = x3 èqoume f(1

2
) ≥ g(1

2
) en¸ f(2) ≤ g(2).

Orismìc 4.3 'Estw X ⊆ R kai f : X → R mia sun�rthsh.
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(i) H f lègetai aÔxousa an: x, y ∈ X, x < y ⇒ f(x) ≤ f(y).

(ii) H f lègetai gnhsÐwc aÔxousa an: x, y ∈ X, x < y ⇒ f(x) < f(y).

(iii) H f lègetai fjÐnousa an: x, y ∈ X, x < y ⇒ f(x) ≥ f(y).

(iv) H f lègetai gnhsÐwc fjÐnousa an: x, y ∈ X, x < y ⇒ f(x) > f(y).

(v) H f lègetai monìtonh an eÐnai aÔxousa   fjÐnousa.

(vi) H f lègetai gnhsÐwc monìtonh an eÐnai gnhsÐwc aÔxousa   gnhsÐwc
fjÐnousa.

(vii) H f lègetai �nw fragmènh an to f(X) eÐnai �nw fragmèno sÔnolo,
an dhlad  up�rqei M ∈ R ¸ste gia k�je x ∈ X na isqÔei f(x) ≤ M .

(viii) H f lègetai k�tw fragmènh an to f(X) eÐnai k�tw fragmèno sÔnolo,
an dhlad  up�rqei L ∈ R ¸ste gia k�je x ∈ X na isqÔei f(x) ≥ L.

(ix) H f lègetai fragmènh an eÐnai �nw kai k�tw fragmènh, isodÔnama an
up�rqei K ∈ R ¸ste gia k�je x ∈ X na isqÔei |f(x)| ≤ K.

Prìtash 4.5 'Estw X ⊆ R kai f : X → R gnhsÐwc monìtonh sun�rthsh.
Tìte
(i) H antÐstrofh sun�rthsh f−1 : f(X) → R up�rqei.
(ii) H f−1 eÐnai gnhsÐwc aÔxousa an kai mìnon an h f eÐnai gnhsÐwc aÔxousa.
(iii) f−1 eÐnai gnhsÐwc fjÐnousa an kai mìnon an h f eÐnai gnhsÐwc fjÐnousa.

4.1 Ekjetikèc Sunart seic

'Estw a > 0. Stìqoc aut c thc paragr�fou eÐnai na orÐsoume kat�llhla, gia
k�je x ∈ R, ènan pragmatikì arijmì ax ¸ste na exakoloujoÔn na isqÔoun oi
idiìthtec twn dun�mewn pou gnwrÐzoume ìtan o x eÐnai akèraioc.

(1) 'Estw x ∈ N. Gia x = 0, jètoume ax = 1. Gia x > 0, jètoume
ax = a · a . . . a (x forèc). ParathroÔme ìti an+m = anam ìtan n, m ∈ N.

(2) 'Estw x ∈ Z, x < 0. Jètoume tìte ax =
1

a−x
kai parathroÔme ìti h

sqèsh an+m = anam exakoloujeÐ na isqÔei ìtan n, m ∈ Z.
(3) 'Estw x = 1

n
ìpou n ∈ N, n ≥ 1. Tìte jètoume3 ax = n

√
a.

3Xèroume ìti gia k�je jetikì arijmì a up�rqei monadikìc jetikìc arijmìc b me thn
idiìthta bn = a; gr�foume b = n

√
a.
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(4) An x =
m

n
, ìpou m ∈ Z kai n ∈ N, n 6= 0 eÐnai tuq¸n rhtìc, jètoume

ax = ( n
√

a)m.
ParathroÔme ed¸ ìti

An
m

n
=

m1

n1

, tìte ( n
√

a)m = ( n1
√

a)m1

(Apìdeixh: 'Askhsh). 'Etsi o orismìc tou ax exart�tai mìnon apì ton rhtì x
ki ìqi apì ton trìpo graf c tou wc kl�smatoc.

EpÐshc parathroÔme ìti h sqèsh an+m = anam isqÔei kai gia rhtoÔc ekjè-
tec:

An p, q ∈ Q, tìte ap+q = apaq. (1)

(Apìdeixh: 'Askhsh).
'Eqoume t¸ra orÐsei mia apeikìnish

fa : Q → Q : q → aq

h opoÐa (lìgw thc (1)) ikanopoieÐ th sqèsh

An p, q ∈ Q, tìte fa(p + q) = fa(p)fa(q). (2)

To prìblhma t¸ra eÐnai na epekteÐnoume th sun�rthsh aut  apì to Q sto
R, na orÐsoume dhlad  mia apeikìnish

ga : R → R

tètoia ¸ste
ga(q) = aq ìtan o q eÐnai rhtìc.

Ja epitÔqoume thn epèktash aut  axiopoi¸ntac thn puknìthta tou Q sto R.
Ac parathr soume ìti h perÐptwsh 0 < a < 1 an�getai sthn perÐptwsh

a > 1, efìson aq =
1

bq
ìpou b = 1/a. EpÐshc, an a = 1 tìte aq = 1 gia

k�je q ∈ Q, opìte orÐzoume ga(x) = 1 gia k�je x ∈ R. ArkeÐ loipìn na
periorisjoÔme sthn perÐptwsh a > 1.

Parat rhsh 4.6 An a > 1, sun�rthsh fa eÐnai gnhsÐwc aÔxousa.
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Apìdeixh Efìson a > 1, gia k�je jetikì rhtì r èqoume 4 fa(r) = ar > 1.
Sunep¸c an p, q eÐnai rhtoÐ kai p > q tìte jètontac r = p − q > 0 kai
qrhsimopoi¸ntac thn sqèsh (2) èqoume

fa(p) = fa(r + q) = fa(r)fa(q) > fa(q). 2

H epijumht  epèktash ja sthriqjeÐ sto epìmeno L mma, pou apoteleÐ
genÐkeush thc gnwst c Prìtashc lim

n
a1/n = 1. StajeropoioÔme sto ex c

ènan pragmatikì arijmì a > 1.

L mma 4.7 An (qn) eÐnai akoloujÐa rht¸n me qn → 0, tìte to ìrio lim
n

aqn

up�rqei kai isoÔtai me 1.

Apìdeixh Epeid  −|qn| ≤ qn ≤ |qn| kai h fa eÐnai aÔxousa, èqoume

1

a|qn|
= a−|qn| ≤ aqn ≤ a|qn|

sunep¸c arkeÐ na deÐxoume ìti a|qn| → 1.

An qn 6= 0 kai |qn| < 1 tìte
1

|qn|
> 1 opìte to akèraio mèroc mn =

[
1

|qn|

]
eÐnai ènac fusikìc arijmìc diaforetikìc apì to 0:

0 < mn ≤
1

|qn|
< mn + 1 �ra 0 <

1

mn + 1
< |qn| ≤

1

mn

. (3)

'Eqoume loipìn, afoÔ h fa eÐnai aÔxousa,

1 ≤ a|qn| ≤ a
1

mn (4)

opìte, jètontac dn = a
1

mn − 1 ≥ 0 brÐskoume

a = (1 + dn)mn ≥ 1 + mndn > mndn

�ra (diwnumikì an�ptugma   anisìthta Bernoulli)

0 ≤ dn

a
<

1

mn

.

4An q = m/n > 0 tìte a > 1 ⇒ am > 1 ⇒ (am)1/n > 1 (diìti an (am)1/n ≤ 1 tìte ja
eÐqame am ≤ 1).
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'Estw t¸ra ε > 0 kai ε < 1. AfoÔ qn → 0, up�rqei no ¸ste gia k�je n ≥ n0

na isqÔei |qn| < ε
2
. Tìte, an men qn = 0 èqoume aqn = 1 �ra dn

a
= 0 < ε, en¸

an qn 6= 0 tìte apì thn (3) (afoÔ |qn| < ε < 1) èqoume
1

mn + 1
<

ε

2
�ra 5

dn

a
<

1

mn

< ε.

DeÐxame loipìn ìti
dn

a
→ 0, opìte a

1
mn → 1 �ra a|qn| → 1 apì thn (4).

Prìtash 4.8 'Estw x ∈ R. An (pn) kai (p′
n) eÐnai akoloujÐec rht¸n pou

sugklÐnoun kai oi dÔo sto x, tìte
(i) oi akoloujÐec (apn) kai (ap′

n) sugklÐnoun kai
(ii) lim

n
apn = lim

n
ap′

n .

Apìdeixh EÐnai gnwstì ìti up�rqei aÔxousa akoloujÐa (rn) apì rhtoÔc ¸ste
rn → x.

Efìson h fa eÐnai aÔxousa, h akoloujÐa (arn) eÐnai aÔxousa.
IsqurÐzomai ìti eÐnai �nw fragmènh. Pr�gmati, an p�roume ènan opoiond -

pote rhtì q ≥ x, tìte rn ≤ q �ra arn ≤ aq gia k�je n.
'Epetai loipìn ìti h akoloujÐa (arn) sugklÐnei se k�poion pragmatikì arij-

mì, èstw θ.
Ja deÐxw ìti gia k�je akoloujÐa (pn) rht¸n pou sugklÐnei sto x, h ako-

loujÐa (apn) sugklÐnei, kai m�lista sto Ðdio θ.
Pr�gmati, jètw qn = pn−rn kai parathr¸ ìti h (qn) sugklÐnei sto x−x =

0. Epomènwc apì to prohgoÔmeno L mma èpetai ìti h (aqn) sugklÐnei sto 1.
Qrhsimpoi¸ntac t¸ra thn (1) èqoume

apn = apn−rnarn → 1θ = θ. 2

5mn + 1 > 1
|qn| > 2

ε �ra mn > 2−ε
ε > 1

ε
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