
Oi Trigwnometrikè sunart seiJa jewr soume gnwstè ti trigwnometrikè sunart sei, ìpw autè or�zon-tai me th bo jeia tou trigwnometrikoÔ kÔklou kai ti basikè algebrikè touidiìthte.
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Upenjum�zoume ti analutikè tou idiìthte:1. Oi sin kai cos e�nai suneqe� sto 0.Apìdeixh H anisìthta | sinx| ≤ |x|, pou isqÔei ìtan |x| < π
2
, de�qneiìti to ìrio limx→0 sin x up�rqei kai e�nai 0, �ra h sin e�nai suneq  sto

0. H sqèsh cos x = 1 − 2 sin2 x
2
de�qnei ìti limx→0 cos x = 1, �ra h cose�nai suneq  sto 0.2. Oi sin kai cos e�nai suneqe� pantoÔ sto R.Apìdeixh lim

h→0
sin(x + h) = sin x lim

h→0
cos h + cos x lim

h→0
sin h = sin x.

lim
h→0

cos(x + h) = cos x lim
h→0

cos h − sin x lim
h→0

sin h = cos x.3. Isqurismì: lim
x→0

sin x

x
= 1.Apìdeixh Apì ton trigwnometrikì kÔklo xèroume ìti
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�ra, afoÔ h sin e�nai peritt  kai h cos �rtia,
0 < |x| <

π

2
⇒ 1 <

x

sin x
<

1

cos xopìte (afoÔ limx→0 cos x = 1)
lim
x→0
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sin x
= 1 ⇒ lim

x→0

sin x

x
= 1.4. sin′(x) = cos(x), cos′(x) = − sin(x), tan′(x) = 1

cos2 x
, cot′(x) = −1

sin2 x
.Apìdeixh Apì tou gnwstoÔ tÔpou sin a − sin b = 2 sin a−b
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− sin xìpou qrhsimopoi same to ìrio (3) kai thn sunèqeia twn sin kai cos.Ep�sh,
d

dx

(

sin x

cos x

)

=
(sin x)′ cos x − sin x(cos x)′

cos2 x
=

cos2 x + sin2 x

cos2 x
=

1

cos2 x
,

d

dx
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=
(cos x)′ sin x − cos x(sin x)′

sin2 x
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− sin2 x − cos2 x

sin2 x
=

−1

sin2 x
.Sunèqeia kai par�gwgoth ekjetik  sun�rthshUpenjÔmish: 'Eqoume de�xei ìti, an x ∈ R kai (pn), (p′n) e�nai dÔo opoiesd -pote akolouj�e rht¸n pou sugkl�noun sto x, oi akolouj�e (epn) kai (ep′

n)sugkl�noun sto �dio ìrio, to opo�o onom�zoume exp(x)   ex.2



Orismì 0.1 H ekjetik  sun�rthsh exp : R → R+ or�zetai w ex :An x ∈ R,
exp(x) = lim

n
epnìpou (pn) e�nai opoiad pote akolouj�a rht¸n pou sugkl�nei sto x.Gr�foume suqn� ex ant� gia exp(x).'Eqoume de�xei ìti h ekjetik  sun�rthsh e�nai gnhs�w aÔxousa.L mma 0.1 An s ∈ (0, 1) e�nai rhtì, tìte

1 + s ≤ es ≤
1

1 − s
.Apìdeixh MporoÔme na gr�youme s = p/q, ìpou p < q fusiko� arijmo�.Gnwr�zoume ìti e >

(

1 + 1
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)q, opìte qrhsimopoi¸nta thn anisìthta Bernoulliblèpoume ìti
es >

((

1 +
1

q

)q)p/q

=
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1 +
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≥ 1 +
p

q
= 1 + s.De�qnoume t¸ra ìti es ≤ 1

1−s
: Gia k�je k ∈ N, efìson 1

kq
< 1

kp
, qrhsimo-poi¸nta th gnwst  sqèsh

n ∈ N, 0 ≤ a <
1

n
⇒ (1 + a)n <

1

1 − name a = 1
kq

kai n = kp blèpoume ìti
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<
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1 − p/qgia k�je k ∈ N, �ra
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.1Aitiolìghsh: h akolouj�a an = (1 + 1

n
)n sugkl�nei sto e. 'Ara gia k�je ε > 0 up�rkei
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∣ < ε. Sunep¸ gia k�je k ≥ no/q èqoume
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Prìtash 0.2 H sun�rthsh exp e�nai pantoÔ paragwg�simhkai exp′(x) = exp(x) gia k�je x ∈ R.Apìdeixh 'Estw s ∈ (0, 1). Jewr¸nta akolouj�a (sn) sto (0, 1) ∩ Q me
sn → s, èqoume 1 + s = lim

n
(1 + sn) kai 1

1−s
= lim

n

1
1−sn

. Ep�sh ìmw, apìton orismì th sun�rthsh exp èqoume es = lim
n

esn . Epomènw apì to L mmasumpera�noume ìti
1 + s ≤ es ≤

1

1 − s
gia k�je s ∈ (0, 1). (2)IsodÔnama, mporoÔme na gr�youme

1 ≤
es − 1

s
≤

1

1 − s
, (3)kai pa�rnonta ìrio kaj¸ s → 0+ pa�rnoume

lim
s→0+

es − 1

s
= 1.Gia to ìrio kaj¸ s → 0− ergazìmaste w ex : An −1 < s < 0 jètoume

u = −s kai èqoume apì thn (3), afou 0 < e−u < 1,
e−u < e−u eu − 1

u
< e−u 1

1 − u
<

1

1 − u
. (4)All� 0 < eu < 1

1−u
apì thn (2) �ra e−u > 1 − u opìte apì thn (4) èqoume

1 − u < e−u <
1 − e−u

u
<

1

1 − udhlad 
1 + s <

es − 1

s
<

1

1 + sopìte lim
s→0−

es − 1

s
= 0.Telik� de�xame ìti to ìrio lim

s→0

es − 1

s
up�rqei kai e�nai 0.'Estw t¸ra x ∈ R: èqoume

ex+s − ex

s
=

exes − ex

s
= ex es − 1

s
→ ex · 1 = exkaj¸ s → 0, �ra h exp e�nai paragwg�simh sto x kai (exp)′(x) = exp(x). 2Pìrisma 0.3 H ekjetik  sun�rthsh e�nai suneq .Parat rhsh Den e�nai dÔskolo na d¸sei kane� mia anex�rthth apìdeixhgia thn sunèqeia th exp. 4


