
Apeirostikìc Logismìc I (2009�10)

Epanalhptikèc Ask seic

(I) 24-11-09 kai 26-11-09

1. Na brejoÔn, an up�rqoun, ta max, min, sup kai inf twn parak�tw sunìlwn:

A =
{

(−1)n n

n + 1
: n ∈ N

}
B =

{
1
n

+ (−1)n : n = 1, 2, 3, . . .

}
.

2. Na brejoÔn, an up�rqoun, ta max, min, sup kai inf twn parak�tw sunìlwn:

A =
{√

n− [
√

n] : n ∈ N
}

B =
∞⋃

n=1

[
1

3n + 1
,

1
3n

]
C =

{m

n
: m,n ∈ N,m < 2n

}
D =

{
m

|m|+ n
: m ∈ Z, n ∈ N

}
.

3. 'Estw A mh kenì, �nw fragmèno uposÔnolo tou R kai èstw x ∈ R. DeÐxte ìti:

(a) supA ≤ x an kai mìno an a ≤ x gia k�je a ∈ A.

(b) x ≤ supA an kai mìno an gia k�je t < x up�rqei a ∈ A ¸ste t < a.

4. 'Estw A ⊂ (0,+∞). Upojètoume ìti inf A = 0 kai ìti to A den eÐnai �nw fragmèno. Na
brejoÔn, an up�rqoun, ta max, min, sup kai inf tou sunìlou

B =
{

x

x + 1
: x ∈ A

}
.

5. 'Estw A,B mh ken� uposÔnola tou R. Upojètoume ìti:
(a) gia k�je a ∈ A kai gia k�je b ∈ B isqÔei a ≤ b, kai
(b) gia k�je ε > 0 up�rqoun a ∈ A kai b ∈ B ¸ste b− a < ε.

DeÐxte ìti supA = inf B.

6. 'Estw A,B mh ken�, �nw fragmèna uposÔnola tou R. DeÐxte ìti supA ≤ supB an kai mìno
an gia k�je a ∈ A kai gia k�je ε > 0 up�rqei b ∈ B ¸ste a− ε < b.

7. 'Estw x ∈ R. DeÐxte ìti: gia k�je n ∈ N up�rqei akèraioc kn ∈ Z ¸ste
∣∣∣x− kn√

n

∣∣∣ < 1√
n
.

8. 'Estw x ∈ R. DeÐxte ìti: gia k�je N ≥ 2 up�rqoun akèraioi m kai n, me 0 < n ≤ N , ¸ste
|nx−m| < 1

N .

9. DeÐxte ìti oi arijmoÐ
√

2 +
√

3 kai
√

2 +
√

3 +
√

5 eÐnai �rrhtoi.

10. DeÐxte ìti an o fusikìc arijmìc n den eÐnai tetr�gwno k�poiou fusikoÔ arijmoÔ, tìte o
√

n
eÐnai �rrhtoc.



(II) 1-12-09 kai 3-12-09

11. Gia kajemi� apì tic parak�tw akoloujÐec exet�ste an sugklÐnei, kai an nai, breÐte to ìrio
thc:

αn =
10n

n!
, βn =

nn

n!
, γn =

(n!)35n

(3n)!
, δn =

n8

5n
.

εn = ( n
√

n− 1)n , ζn = n
√

12 + 22 + · · ·+ n2 , ηn = n
√

3n + 4n + 7n.

θn = n

√
3 +

1
n

, κn =
sin n

n
, λn =

sin(n3)√
n

.

µn =
1√
n

cos
(
n2
)
, νn =

2n2 − 7n + 6
8n2 + 5n + 4

, ξn =
3n · n!

nn
.

ρn =
√

n +
√

n −
√

n , σn =
3n + (−1)nn

3n − n
, τn = n2

(√
1 +

1
n
−
√

1 +
1

n + 1

)
.

12. UpologÐste ta ìria twn parak�tw akolouji¸n:

an =
(

1 +
1

n− 1

)n−1

, bn =
(

1 +
2
n

)n

, cn =
(

1− 1
n

)n

kai

dn =
(

1− 1
n2

)n

, en =
(

1 +
2
3n

)n

.

13. OrÐzoume mia akoloujÐa (αn) me α1 = 0 kai αn+1 = 3α2
n+1

2αn+2 , n = 1, 2, 3, . . . . DeÐxte ìti:

(a) H (αn) eÐnai aÔxousa.
(b) αn → 1.

14. JewroÔme thn akoloujÐa (αn) pou orÐzetai apì tic α1 = 3 kai αn+1 = 2αn+3
5 , n = 1, 2, . . ..

DeÐxte ìti h (αn) sugklÐnei kai upologÐste to ìrio thc.

15. 'Estw 0 < a1 < b1. OrÐzoume anadromik� dÔo akoloujÐec jètontac

an+1 =
√

anbn kai bn+1 =
an + bn

2
.

(a) DeÐxte ìti h (an) eÐnai aÔxousa kai h (bn) fjÐnousa.
(b) DeÐxte ìti oi (an), (bn) sugklÐnoun kai èqoun to Ðdio ìrio.

16. 'Estw (an) akoloujÐa pragmatik¸n arijm¸n me thn idiìthta: gia k�je k ∈ N to sÔnolo
Ak = {n ∈ N : |an| ≤ k} eÐnai peperasmèno. DeÐxte ìti lim

n→∞
1

an
= 0.

17. 'Estw (an) aÔxousa akoloujÐa me thn idiìthta

bn :=
a1 + · · ·+ an

n
→ a.

DeÐxte ìti an → a.

18. (a) DeÐxte ìti: an an > 0 kai lim
n→∞

an+1
an

= a, tìte lim
n→∞

n
√

an = a.



(b) ProsdiorÐste ta ìria twn akolouji¸n:

αn =
[
(2n)!
(n!)2

]1/n

βn =
1
n

[(n + 1)(n + 2) · · · (n + n)]1/n

γn =

[
2
1

(
3
2

)2(4
3

)3

· · ·
(

n + 1
n

)n
]1/n

19. D¸ste par�deigma dÔo akolouji¸n (xn), (yn) me jetikoÔc ìrouc, oi opoÐec ikanopoioÔn ta
ex c:

(a) xn → +∞ kai yn → +∞.
(b) H akoloujÐa xn

yn
eÐnai fragmènh all� den sugklÐnei se k�poion pragmatikì arijmì.

20. 'Estw (an), (bn) dÔo akoloujÐec pragmatik¸n arijm¸n me bn 6= 0 gia k�je n ∈ N kai
lim

n→∞
an

bn
= 1.

(a) An, epiplèon, h (bn) eÐnai fragmènh, deÐxte ìti lim
n→∞

(an − bn) = 0.

(b) D¸ste par�deigma akolouji¸n gia tic opoÐec lim
n→∞

an

bn
= 1 all� den isqÔei lim

n→∞
(an− bn) = 0.

(III) 8-12-09 kai 10-12-09

21. 'Estw f : (0, 1) → R suneq c sun�rthsh me thn ex c idiìthta: f(x) = x2 gia k�je rhtì

x ∈ (0, 1). Na brejeÐ to f
(√

2
2

)
. Aitiolog ste pl rwc thn ap�nths  sac.

22. 'Estw f : R → R me f(x) =
{

x an x rhtìc
−x an x �rrhtoc

. DeÐxte ìti lim
x→0

f(x) = 0 kai ìti an

x0 6= 0 tìte den up�rqei to lim
x→x0

f(x).

23. Exet�ste an eÐnai suneqeÐc oi akìloujec sunart seic:

(a) f : R → R me f(x) =
{

sin x
x an x 6= 0
0 an x = 0

(b) fk : [−1, 0] → R me fk(x) =
{

xk sin 1
x an x 6= 0

0 an x = 0 (k = 0, 1, 2, . . .)

(g) f : R → R me f(x) =
{

1
x sin 1

x2 an x 6= 0
0 an x = 0

24. 'Estw X ⊂ R, f, g : X → R dÔo sunart seic kai èstw x0 ∈ R èna shmeÐo suss¸reushc tou
X. Upojètoume ìti Ôp�rqei δ > 0 ¸ste h f na eÐnai fragmènh sto (x0 − δ, x0 + δ) ∩ X kai ìti
lim

x→x0
g(x) = 0. DeÐxte ìti lim

x→x0
f(x)g(x) = 0.

25. 'Estw f : R → R periodik  sun�rthsh me perÐodo T > 0. Upojètoume ìti up�rqei to
lim

x→+∞
f(x) = b ∈ R. DeÐxte ìti h f eÐnai stajer .

26. 'Estw f : R → R suneq c sun�rthsh me f( m
2n ) = 0 gia k�je m ∈ Z kai n ∈ N. DeÐxte ìti

f(x) = 0 gia k�je x ∈ R.

27. 'Estw f : [a, b] → R suneq c sun�rthsh. OrÐzoume A = {x ∈ [a, b] : f(x) = 0}. An A 6= ∅,
deÐxte ìti supA ∈ A kai inf A ∈ A.

28. 'Estw a ∈ [0, π]. OrÐzoume akoloujÐa me a1 = a kai an+1 = sin(an). DeÐxte ìti an → 0.



29. (a) 'Estw f : (a,+∞) → R. An lim
n→∞

f (a + tn) = L gia k�je gnhsÐwc fjÐnousa akoloujÐa

(tn) me tn → 0, tìte lim
x→a+

f(x) = L.

(b) Swstì   l�joc? 'Estw f : (a,+∞) → R. An lim
n→∞

f
(
a + 1

n

)
= L tìte lim

x→a+
f(x) = L.

30. 'Estw f : [a, b] → R gnhsÐwc aÔxousa sun�rthsh. Upojètoume ìti h f eÐnai suneq c se
k�poio x0 ∈ (a, b). DeÐxte ìti to f(x0) eÐnai shmeÐo suss¸reushc tou f([a, b]).

(IV) 15-12-09 kai 17-12-09

31. 'Estw f : [a, b] → R suneq c sun�rthsh me f(x) > 0 gia k�je x ∈ [a, b]. DeÐxte ìti up�rqei
ξ > 0 ¸ste f(x) ≥ ξ gia k�je x ∈ [a, b].
IsqÔei to sumpèrasma an antikatast soume to di�sthma [a, b] me to di�sthma (a, b]?

32. 'Estw α, β, γ > 0 kai λ < µ < ν. DeÐxte ìti h exÐswsh

α

x− λ
+

β

x− µ
+

γ

x− ν
= 0

èqei toul�qiston mÐa rÐza se kajèna apì ta diast mata (λ, µ) kai (µ, ν).

33. 'Estw P (x) = amxm + · · · + a1x + a0 polu¸numo me thn idiìthta a0am < 0. DeÐxte ìti h
exÐswsh P (x) = 0 èqei jetik  pragmatik  rÐza.

34. Upojètoume ìti h f : [a,+∞) → R eÐnai suneq c kai ìti

lim
x→+∞

f(x) = +∞.

DeÐxte ìti h f paÐrnei el�qisth tim , dhlad  ìti up�rqei x0 ∈ [a,+∞) me f(x) ≥ f(x0) gia k�je
x ∈ [a,+∞).

35. 'Estw f : R → R suneq c sun�rthsh me lim
x→−∞

f(x) = −∞ kai lim
x→+∞

f(x) = +∞. DeÐxte

ìti f(R) = R.

36. 'Estw f : (α, β) → R sun�rthsh gnhsÐwc aÔxousa kai suneq c. DeÐxte ìti

f((α, β)) = ( lim
x→α+

f(x), lim
x→β−

f(x)).

37. 'Estw f : [0, 1] → R suneq c sun�rthsh. Upojètoume ìti up�rqoun xn ∈ [0, 1] ¸ste
f(xn) → 0. Tìte, up�rqei x0 ∈ [0, 1] ¸ste f(x0) = 0.

38. 'Estw f : [0,+∞) → R suneq c sun�rthsh. Upojètoume ìti up�rqoun a < b kai akoloujÐec
(xn), (yn) sto [0,+∞) me xn → +∞, yn → +∞ kai f(xn) → a, f(yn) → b. DeÐxte ìti: gia k�je
c ∈ (a, b) up�rqei akoloujÐa (zn) sto [0,+∞) me zn → +∞ kai f(zn) → c.

39. 'Estw f : R → R suneq c sun�rthsh me thn idiìthta |f(x)−f(y)| ≥ |x−y| gia k�je x, y ∈ R.
DeÐxte ìti h f eÐnai epÐ.

40. 'Estw f, g : [0, 1] → [0, 1] suneqeÐc sunart seic. Upojètoume ìti h f eÐnai aÔxousa kai
g ◦ f = f ◦ g. DeÐxte ìti oi f kai g èqoun koinì stajerì shmeÐo: up�rqei y ∈ [0, 1] ¸ste f(y) = y
kai g(y) = y.



(V) 12-1-10 kai 14-1-10

41. 'Estw f : [0,∞) → R me f(x) =
√

x. Qrhsimopoi¸ntac ton orismì thc parag¸gou, apodeÐxte
pl rwc ìti h f eÐnai paragwgÐsimh sto shmeÐo x0 = 1.

42. D¸ste par�deigma sun�rthshc h opoÐa eÐnai paragwgÐsimh mìno sto shmeÐo x0 = 1.

43. 'Estw f : R → R h sun�rthsh pou orÐzetai wc ex c: f(x) =
{

2x3 + x2hm 1
x , an x 6= 0

α , an x = 0 .

(a) BreÐte thn tim  tou α gia thn opoÐa h f eÐnai suneq c sto 0.
(b) Gi� aut  thn tim  tou α, breÐte thn f ′(x) gia x = 0 kai gia x 6= 0.
(g) Gia thn Ðdia tim  tou α, exet�ste an h f ′ eÐnai suneq c sto R.

44. OrÐzoume f : R → R me f(0) = 0 kai f(x) = x
2 + x2hm

(
1
x

)
an x 6= 0.

(a) DeÐxte ìti h f eÐnai paragwgÐsimh sto R kai exet�ste an h sun�rthsh f ′ : R → R eÐnai
suneq c.

(b) DeÐxte ìti, gia k�je ε > 0, h f den eÐnai monìtonh sto (−ε, ε).

45. DeÐxte ìti h sun�rthsh f : R → R me f(x) =

 x2 an x ∈ Q

0 an x /∈ Q
eÐnai paragwgÐsimh sto

shmeÐo 0. DeÐxte ìti h f eÐnai asuneq c se k�je y 6= 0. EÐnai suneq c sto shmeÐo 0?

46. (a) 'Estw f, g : R → R kai èstw x0 ∈ R. Upojètoume ìti: f(x0) = 0, h f eÐnai paragwgÐsimh
sto x0 kai h g eÐnai suneq c sto x0. DeÐxte ìti h sun�rthsh ginìmeno f · g eÐnai paragwgÐsimh
sto x0.

(b) Exet�ste an eÐnai paragwgÐsimh h sun�rthsh f : R → R me f(x) = |x| sinx.

47. 'Estw g : R → R fragmènh sun�rthsh. JewroÔme th sun�rthsh f : R → R me f(x) =
(x− 1)2g(x). DeÐxte ìti:

(a) h f eÐnai suneq c sto shmeÐo 1.
(b) h f eÐnai paragwgÐsimh sto shmeÐo 1.
(g) h f ′′(1) mporeÐ na mhn up�rqei (d¸ste par�deigma).

48. 'Estw f : R → R h sun�rthsh pou orÐzetai wc ex c: f(x) =
{

x2hm 1
x , an x 6= 0

0 , an x = 0 .

(a) DeÐxte ìti h f eÐnai paragwgÐsimh se k�je x ∈ R kai exet�ste an h f ′ eÐnai suneq c.

(b) DeÐxte ìti: gia k�je ε > 0 up�rqei ξ ∈ (0, ε) ¸ste f ′(ξ) = 0.

49. 'Estw f : R → R h sun�rthsh pou orÐzetai wc ex c: f(x) =
{

e−1/x , an x > 0
0 , an x ≤ 0

.

Exet�ste an h f eÐnai paragwgÐsimh sto R. An nai, exet�ste an h f ′ eÐnai suneq c.

50. 'Estw g : [a, b] → R suneq c sun�rthsh me g(a) = g(b) = 0. Upojètoume ìti h g eÐnai dÔo
forèc paragwgÐsimh sto (a, b) kai g′′(x) 6= 0 gia k�je x ∈ (a, b). DeÐxte ìti g(t) 6= 0 gia k�je
t ∈ (a, b).


