
Apeirostikìc Logismìc I (2009�10)

Sunèqeia kai ìria sunart sewn � Ask seic

A. Erwt seic katanìhshc

Exet�ste an oi parak�tw prot�seic eÐnai alhjeÐc   yeudeÐc (aitiolog ste pl rwc thn ap�nths 
sac).

1. An h f : R → R eÐnai suneq c sto x0 kai f(x0) = 1, tìte up�rqei δ > 0 ¸ste: gia k�je
x ∈ (x0 − δ, x0 + δ) isqÔei f(x) > 4

5 .

2. H f : N → R me f(x) = 1
x eÐnai suneq c.

3. H sun�rthsh f : R → R pou orÐzetai apì tic: f(x) = 0 an x ∈ N kai f(x) = 1 an x /∈ N, eÐnai
suneq c sto x0 an kai mìno an x0 /∈ N.

4. Up�rqei f : R → R pou eÐnai asuneq c sta shmeÐa 0, 1, 1
2 , . . . , 1

n , . . . kai suneq c se ìla ta
�lla shmeÐa.

5. Up�rqei f : R → R pou eÐnai asuneq c sta shmeÐa 1, 1
2 , . . . , 1

n , . . . kai suneq c se ìla ta �lla
shmeÐa.

6. Up�rqei sun�rthsh f : R → R pou eÐnai suneq c sto 0 kai asuneq c se ìla ta �lla shmeÐa.

7. An h f : R → R eÐnai suneq c se k�je �rrhto x, tìte eÐnai suneq c se k�je x.

8. An h f eÐnai suneq c sto (a, b) kai f(q) = 0 gia k�je rhtì q ∈ (a, b), tìte f(x) = 0 gia k�je
x ∈ (a, b).

9. An f
(

1
n

)
= (−1)n gia k�je n ∈ N, tìte h f eÐnai asuneq c sto shmeÐo 0.

10. An h f : R → R eÐnai suneq c kai f(0) = −f(1) tìte up�rqei x0 ∈ [0, 1] ¸ste f(x0) = 0.

11. An h f : (a, b) → R eÐnai suneq c, tìte h f paÐrnei mègisth kai el�qisth tim  sto (a, b).

12. An h f eÐnai suneq c sto [a, b] tìte h f eÐnai fragmènh sto [a, b].

13. An lim
x→0

g(x) = 0 tìte lim
x→0

g(x) sin 1
x = 0.

Ask seic: sunèqeia sunart sewn � Om�da A'

1. 'Estw f : X → R kai èstw x0 ∈ X. An h f eÐnai suneq c sto x0 kai f(x0) 6= 0, deÐxte ìti:

(a) an f(x0) > 0, up�rqei δ > 0 ¸ste: an |x− x0| < δ kai x ∈ X tìte f(x) > f(x0)
2 > 0.

(b) an f(x0) < 0, up�rqei δ > 0 ¸ste: an |x− x0| < δ kai x ∈ X tìte f(x) < f(x0)
2 < 0.

2. 'Estw f : X → R sun�rthsh. Upojètoume ìti up�rqei M ≥ 0 ¸ste |f(x)−f(y)| ≤ M · |x−y|,
gia k�je x ∈ X kai y ∈ X. DeÐxte ìti h f eÐnai suneq c.

3. 'Estw f : R → R sun�rthsh me |f(x)| ≤ |x| gia k�je x ∈ R.

(a) DeÐxte ìti h f eÐnai suneq c sto 0.

(b) D¸ste par�deigma miac tètoiac f pou na eÐnai asuneq c se k�je x 6= 0.

4. 'Estw f : R → R kai g : R → R suneq c sun�rthsh me g(0) = 0 kai |f(x)| ≤ |g(x)| gia k�je
x ∈ R. DeÐxte ìti h f eÐnai suneq c sto 0.

5. 'Estw f : R → R suneq c sun�rthsh kai èstw a1 ∈ R. OrÐzoume an+1 = f(an) gia n = 1, 2, . . ..
An an → a ∈ R tìte f(a) = a.

6. DeÐxte ìti h sun�rthsh f : R → R me f(x) =

 x an x ∈ Q

x3 an x /∈ Q
eÐnai suneq c mìno sta

shmeÐa −1, 0, 1.

7. 'Estw f, g : R → R suneqeÐc sunart seic. DeÐxte ìti:
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(a) An f(x) = 0 gia k�je x ∈ Q, tìte f(y) = 0 gia k�je y ∈ R.

(b) An f(x) = g(x) gia k�je x ∈ Q, tìte f(y) = g(y) gia k�je y ∈ R.

(g) An f(x) ≤ g(x) gia k�je x ∈ Q, tìte f(y) ≤ g(y) gia k�je y ∈ R.

8. 'Estw f : [a, b] → [a, b] suneq c sun�rthsh. Na deiqjeÐ ìti up�rqei x ∈ [a, b] me f(x) = x.

9. 'Estw f : [a, b] → R suneq c sun�rthsh me thn ex c idiìthta: gia k�je x ∈ [a, b] isqÔei
|f(x)| = 1. DeÐxte ìti h f eÐnai stajer .

10. 'Estw f, g : [a, b] → R suneqeÐc sunart seic pou ikanopoioÔn thn f2(x) = g2(x) gia k�je
x ∈ [a, b]. Upojètoume epÐshc ìti f(x) 6= 0 gia k�je x ∈ [a, b]. DeÐxte ìti g ≡ f   g ≡ −f sto
[a, b].

11. 'Estw f : [0, 1] → R suneq c sun�rthsh me thn idiìthta f(x) ∈ Q gia k�je x ∈ [0, 1]. DeÐxte
ìti h f eÐnai stajer  sun�rthsh.

12. 'Estw f : (0, 1) → R suneq c sun�rthsh me thn ex c idiìthta: f(x) = x2 gia k�je rhtì

x ∈ (0, 1). Na brejeÐ to f
(√

2
2

)
. Aitiolog ste pl rwc thn ap�nths  sac.

13. 'Estw f : [0, 2] → R suneq c sun�rthsh me f(0) = f(2). DeÐxte ìti up�rqei x ∈ [0, 1] me
f(x + 1) = f(x).

14. Upojètoume ìti h f eÐnai suneq c sto [0, 1] kai f(0) = f(1). 'Estw n ∈ N. DeÐxte ìti up�rqei
x ∈

[
0, 1− 1

n

]
¸ste f(x) = f

(
x + 1

n

)
.

15. 'Estw f : [a, b] → R suneq c sun�rthsh kai x1, x2 ∈ [a, b]. DeÐxte ìti gia k�je t ∈ [0, 1]
up�rqei yt ∈ [a, b] ¸ste

f(yt) = tf(x1) + (1− t)f(x2).

16. 'Estw f : [a, b] → R suneq c sun�rthsh, kai x1, x2, . . . , xn ∈ [a, b]. DeÐxte ìti up�rqei
y ∈ [a, b] ¸ste

f(y) =
f(x1) + f(x2) + · · ·+ f(xn)

n
.

17. 'Estw f : [a, b] → R suneq c sun�rthsh me f(x) > 0 gia k�je x ∈ [a, b]. DeÐxte ìti up�rqei
ξ > 0 ¸ste f(x) ≥ ξ gia k�je x ∈ [a, b].
IsqÔei to sumpèrasma an antikatast soume to di�sthma [a, b] me to di�sthma (a, b];

18. 'Estw f, g : [a, b] → R suneqeÐc sunart seic pou ikanopoioÔn thn f(x) > g(x) gia k�je
x ∈ [a, b]. DeÐxte ìti up�rqei ρ > 0 ¸ste f(x) > g(x) + ρ gia k�je x ∈ [a, b].

19. 'Estw f : [a, b] → R suneq c se k�je shmeÐo tou [a, b]. Upojètoume ìti gia k�je x ∈ [a, b]
up�rqei y ∈ [a, b] ¸ste |f(y)| ≤ 1

2 |f(x)|. DeÐxte ìti up�rqei x0 ∈ [a, b] ¸ste f(x0) = 0.

20. 'Estw f, g : [a, b] → R suneqeÐc sunart seic me f(x) < g(x) gia k�je x ∈ [a, b]. DeÐxte ìti
max(f) < max(g).

21. 'Estw f, g : [a, b] → [c, d] suneqeÐc kai epÐ sunart seic. DeÐxte ìti up�rqei ξ ∈ [a, b] ¸ste
f(ξ) = g(ξ).

22. 'Estw α, β, γ > 0 kai λ < µ < ν. DeÐxte ìti h exÐswsh

α

x− λ
+

β

x− µ
+

γ

x− ν
= 0

èqei toul�qiston mÐa rÐza se kajèna apì ta diast mata (λ, µ) kai (µ, ν).

Ask seic: ìria sunart sewn � Om�da A'

23. Qrhsimopoi¸ntac ton orismì tou orÐou, deÐxte ìti

lim
x→0

√
1 + x−

√
1− x

x
= 1 kai lim

x→+∞

√
x

(√
x + a−

√
x
)

=
a

2
, a ∈ R.

24. Exet�ste an up�rqoun ta parak�tw ìria kai, an nai, upologÐste ta.
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(a) lim
x→2

x3−8
x−2 , (b) lim

x→x0
[x], (g) lim

x→x0
(x− [x]).

25. 'Estw f : R → R me f(x) =
{

x an x rhtìc
−x an x �rrhtoc

. DeÐxte ìti lim
x→0

f(x) = 0 kai ìti an

x0 6= 0 tìte den up�rqei to lim
x→x0

f(x).

26. Exet�ste an eÐnai suneqeÐc oi akìloujec sunart seic:

(a) f : R → R me f(x) =
{

sin x
x an x 6= 0
0 an x = 0

(b) fk : [−1, 0] → R me fk(x) =
{

xk sin 1
x an x 6= 0

0 an x = 0 (k = 0, 1, 2, . . .)

(g) f : R → R me f(x) =
{

1
x sin 1

x2 an x 6= 0
0 an x = 0

27. DeÐxte ìti an a, b > 0 tìte

lim
x→0+

x

a

[
b

x

]
=

b

a
kai lim

x→0+

b

x

[x

a

]
= 0.

Ti gÐnetai ìtan x → 0−?

28. 'Estw f : R → R me f(x) = 1 an x ∈
{

1
n : n ∈ N

}
kai 0 alli¸c. Exet�ste an up�rqei to

lim
x→0

f(x).

29. 'Estw f, g : R → R dÔo sunart seic. Upojètoume ìti up�rqoun ta lim
x→x0

f(x), lim
x→x0

g(x).

(a) DeÐxte ìti an f(x) ≤ g(x) gia k�je x ∈ R, tìte lim
x→x0

f(x) ≤ lim
x→x0

g(x).

(b) D¸ste èna par�deigma ìpou f(x) < g(x) gia k�je x ∈ R en¸ lim
x→x0

f(x) = lim
x→x0

g(x).

30. 'Estw X ⊂ R, f, g : X → R dÔo sunart seic kai èstw x0 ∈ R èna shmeÐo suss¸reushc tou
X. Upojètoume ìti Ôp�rqei δ > 0 ¸ste h f na eÐnai fragmènh sto (x0 − δ, x0 + δ) ∩ X kai ìti
lim

x→x0
g(x) = 0. DeÐxte ìti lim

x→x0
f(x)g(x) = 0.

31. 'Estw f : R → R periodik  sun�rthsh me perÐodo T > 0. Upojètoume ìti up�rqei to
lim

x→+∞
f(x) = b ∈ R. DeÐxte ìti h f eÐnai stajer .

32. 'Estw P (x) = amxm + · · · + a1x + a0 polu¸numo me thn idiìthta a0am < 0. DeÐxte ìti h
exÐswsh P (x) = 0 èqei jetik  pragmatik  rÐza.

33. 'Estw f : R → R suneq c kai fjÐnousa sun�rthsh. DeÐxte ìti h f èqei monadikì stajerì
shmeÐo: up�rqei akrib¸c ènac pragmatikìc arijmìc x0 gia ton opoÐo

f(x0) = x0.

34. 'Estw f : R → R suneq c sun�rthsh me f(x) > 0 gia k�je x ∈ R kai

lim
x→−∞

f(x) = lim
x→+∞

f(x) = 0.

DeÐxte ìti h f paÐrnei mègisth tim : up�rqei y ∈ R ¸ste f(y) ≥ f(x) gia k�je x ∈ R.

35. (a) 'Estw g : [0,+∞) → R suneq c sun�rthsh. An g(x) 6= 0 gia k�je x ≥ 0 deÐxte ìti h g
diathreÐ prìshmo:   g(x) > 0 gia k�je x ≥ 0   g(x) < 0 gia k�je x ≥ 0.
(b) 'Estw f : [0,+∞) → [0,+∞) suneq c sun�rthsh. An f(x) 6= x gia k�je x ≥ 0, deÐxte ìti
lim

x→+∞
f(x) = +∞.
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36. Upojètoume ìti h f : [a,+∞) → R eÐnai suneq c kai ìti

lim
x→+∞

f(x) = +∞.

DeÐxte ìti h f paÐrnei el�qisth tim , dhlad  ìti up�rqei x0 ∈ [a,+∞) me f(x) ≥ f(x0) gia k�je
x ∈ [a,+∞).

37. 'Estw f : R → R suneq c sun�rthsh. An lim
x→−∞

f(x) = α kai lim
x→+∞

f(x) = α, tìte h f

paÐrnei mègisth   el�qisth tim .

38. 'Estw f : R → R suneq c sun�rthsh me lim
x→−∞

f(x) = −∞ kai lim
x→+∞

f(x) = +∞. DeÐxte

ìti f(R) = R.

39. 'Estw f : (α, β) → R sun�rthsh gnhsÐwc aÔxousa kai suneq c. DeÐxte ìti

f((α, β)) = ( lim
x→α+

f(x), lim
x→β−

f(x)).

Ask seic: sunèqeia kai ìria sunart sewn � Om�da B'

40. An α ∈ R, h sun�rthsh f : R → R me f(x) = αx profan¸c ikanopoieÐ thn f(x + y) =
f(x) + f(y) gia k�je x, y ∈ R.

AntÐstrofa, deÐxte ìti an f : R → R eÐnai mia suneq c sun�rthsh me f(1) = α, h opoÐa
ikanopoieÐ thn f(x + y) = f(x) + f(y) gia k�je x, y ∈ R, tìte:

(a) f(n) = nα gia k�je n ∈ N.

(b) f( 1
m ) = α

m gia k�je m = 1, 2, . . ..

(g) f(x) = αx gia k�je x ∈ R.

41. Melet ste wc proc th sunèqeia th sun�rthsh f : [0, 1] → R me

f(x) =


0 , x /∈ Q   x = 0

1
q , x = p

q , p, q ∈ N, MKD(p, q) = 1.

42. 'Estw f : R → R. Upojètoume ìti h f eÐnai suneq c sto 0 kai ìti f(x/2) = f(x) gia k�je
x ∈ R. DeÐxte ìti h f eÐnai stajer .

43. 'Estw f : R → R suneq c sun�rthsh me f( m
2n ) = 0 gia k�je m ∈ Z kai n ∈ N. DeÐxte ìti

f(x) = 0 gia k�je x ∈ R.

44. 'Estw f : R → R suneq c sun�rthsh me thn idiìthta f(x) = f
(
x + 1

n

)
gia k�je x ∈ R kai

k�je n ∈ N. DeÐxte ìti h f eÐnai stajer .

45. 'Estw f : [a, b] → R suneq c sun�rthsh. OrÐzoume A = {x ∈ [a, b] : f(x) = 0}. An A 6= ∅,
deÐxte ìti supA ∈ A kai inf A ∈ A.

46. 'Estw a ∈ [0, π]. OrÐzoume akoloujÐa me a1 = a kai an+1 = sin(an). DeÐxte ìti an → 0.

47. 'Estw f : [0, 1] → R suneq c sun�rthsh. Upojètoume ìti up�rqoun xn ∈ [0, 1] ¸ste
f(xn) → 0. Tìte, up�rqei x0 ∈ [0, 1] ¸ste f(x0) = 0.

48. 'Estw f : R → R suneq c periodik  sun�rthsh me perÐodo T > 0: dhlad , f(x + T ) = f(x)
gia k�je x ∈ R. DeÐxte ìti up�rqei x ∈ R ¸ste f(x) = f(x +

√
2).

49. 'Estw f : [0,+∞) → R suneq c sun�rthsh. Upojètoume ìti up�rqoun a < b kai akoloujÐec
(xn), (yn) sto [0,+∞) me xn → +∞, yn → +∞ kai f(xn) → a, f(yn) → b. DeÐxte ìti: gia k�je
c ∈ (a, b) up�rqei akoloujÐa (zn) sto [0,+∞) me zn → +∞ kai f(zn) → c.

50. 'Estw f : (a, b) → R kai x0 ∈ (a, b). DeÐxte ìti h f eÐnai suneq c sto x0 an kai mìno an gia
k�je monìtonh akoloujÐa (xn) shmeÐwn tou (a, b) me xn → x0 isqÔei f(xn) → f(x0).
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51. (a) 'Estw f : (a,+∞) → R. An lim
n→∞

f (a + tn) = L gia k�je gnhsÐwc fjÐnousa akoloujÐa

(tn) me tn → 0, tìte lim
x→a+

f(x) = L.

(b) Swstì   l�joc? 'Estw f : (a,+∞) → R. An lim
n→∞

f
(
a + 1

n

)
= L tìte lim

x→a+
f(x) = L.

52. 'Estw f : [a, b] → R gnhsÐwc aÔxousa sun�rthsh. Upojètoume ìti h f eÐnai suneq c se
k�poio x0 ∈ (a, b). DeÐxte ìti to f(x0) eÐnai shmeÐo suss¸reushc tou f([a, b]).

53. 'Estw f : R → R suneq c sun�rthsh me thn idiìthta |f(x)−f(y)| ≥ |x−y| gia k�je x, y ∈ R.
DeÐxte ìti h f eÐnai epÐ.

54. 'Estw f, g : [0, 1] → [0, 1] suneqeÐc sunart seic. Upojètoume ìti h f eÐnai aÔxousa kai
g ◦ f = f ◦ g. DeÐxte ìti oi f kai g èqoun koinì stajerì shmeÐo: up�rqei y ∈ [0, 1] ¸ste f(y) = y
kai g(y) = y. [Upìdeixh: Xèroume ìti up�rqei x1 ∈ [0, 1] me g(x1) = x1. An isqÔei kai h
f(x1) = x1, èqoume telei¸sei. An ìqi, jewr ste thn akoloujÐa xn+1 = f(xn), deÐxte ìti eÐnai
monìtonh kai ìti ìloi oi ìroi thc eÐnai stajer� shmeÐa thc g. To ìriì thc ja eÐnai koinì stajerì
shmeÐo twn f kai g (giatÐ?).]

55. 'Estw f : [a, b] → R me thn ex c idiìthta: gia k�je x0 ∈ [a, b] up�rqei to lim
x→x0

f(x). Tìte, h

f eÐnai fragmènh.

Gia tic epìmenec dÔo ask seic dÐnoume ton ex c orismì: 'Estw f : X → R. Lème ìti h f èqei
topikì mègisto (antÐstoiqa, topikì el�qisto) sto x0 ∈ X an up�rqei δ > 0 ¸ste gia k�je
x ∈ X ∩ (x0 − δ, x0 + δ) isqÔei h anisìthta f(x) ≤ f(x0) (antÐstoiqa, f(x0) ≤ f(x)).

56. 'Estw f : [a, b] → R suneq c. Upojètoume ìti h f den èqei topikì mègisto   el�qisto se
kanèna shmeÐo tou (a, b). DeÐxte ìti h f eÐnai monìtonh sto (a, b).

57. 'Estw f : [a, b] → R suneq c sun�rthsh. An h f èqei topikì mègisto se dÔo diaforetik�
shmeÐa x1, x2 tou [a, b], tìte up�rqei x3 an�mesa sta x1, x2 sto opoÐo h f èqei topikì el�qisto.
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