
Apeirostikìc Logismìc I (2009�10)

PragmatikoÐ ArijmoÐ � Ask seic

Erwt seic katanìhshc

Exet�ste an oi parak�tw prot�seic eÐnai alhjeÐc   yeudeÐc (aitiolog ste pl rwc thn ap�nths 
sac).

1. 'Estw A mh kenì, �nw fragmèno uposÔnolo tou R. Gia k�je x ∈ A èqoume x ≤ supA.

2. 'Estw A mh kenì, �nw fragmèno uposÔnolo tou R. O x ∈ R eÐnai �nw fr�gma tou A an kai
mìno an supA ≤ x.

3. An to A eÐnai mh kenì kai �nw fragmèno uposÔnolo tou R tìte supA ∈ A.

4. An A eÐnai èna mh kenì kai �nw fragmèno uposÔnolo tou Z tìte supA ∈ A.

5. An a = supA kai ε > 0, tìte up�rqei x ∈ A me a− ε < x ≤ a.

6. An a = supA kai ε > 0, tìte up�rqei x ∈ A me a− ε < x < a.

7. An to A eÐnai mh kenì kai supA− inf A = 1 tìte up�rqoun x, y ∈ A ¸ste x− y = 1.

8. Gia k�je x, y ∈ R me x < y up�rqoun �peiroi to pl joc r ∈ Q pou ikanopoioÔn thn x < r < y.

Ask seic � Om�da A'

1. DeÐxte ìti ta parak�tw isqÔoun sto R:
(a) An x < y + ε gia k�je ε > 0, tìte x ≤ y.

(b) An x ≤ y + ε gia k�je ε > 0, tìte x ≤ y.

(g) An |x− y| ≤ ε gia k�je ε > 0, tìte x = y.

(d) An a < x < b kai a < y < b, tìte |x− y| < b− a.

2. (a) An |a− b| < ε, tìte up�rqei x ¸ste

|a− x| < ε

2
kai |b− x| < ε

2
.

(b) IsqÔei to antÐstrofo?

(g) 'Estw ìti a < b < a + ε. BreÐte ìlouc touc x ∈ R pou ikanopoioÔn tic |a − x| < ε
2 kai

|b− x| < ε
2 .

3. Na deiqjeÐ me epagwg  ìti o arijmìc n5 − n eÐnai pollapl�sio tou 5 gia k�je n ∈ N.

4. Exet�ste gia poiec timèc tou fusikoÔ arijmoÔ n isqÔoun oi parak�tw anisìthtec:
(i) 2n > n3, (ii) 2n > n2, (iii) 2n > n, (iv) n! > 2n, (v) 2n−1 ≤ n2.

5. 'Estw a, b ∈ R kai n ∈ N. DeÐxte ìti

an − bn = (a− b)
n−1∑
k=0

akbn−1−k.

An 0 < a < b, deÐxte ìti

nan−1 ≤ bn − an

b− a
≤ nbn−1.

6. 'Estw a ∈ R. DeÐxte ìti:

(a) An a > 1, tìte an > a gia k�je fusikì arijmì n ≥ 2.
(b) An a > 1 kai m,n ∈ N, tìte am < an an kai mìno an m < n.

(g) An 0 < a < 1, tìte an < a gia k�je fusikì arijmì n ≥ 2.
(d) An 0 < a < 1 kai m,n ∈ N, tìte am < an an kai mìno an m > n.



7. 'Estw a ∈ R kai èstw n ∈ N. DeÐxte ìti:

(a) An a ≥ −1, tìte (1 + a)n ≥ 1 + na.

(b) An 0 < a < 1/n, tìte (1 + a)n < 1/(1− na).
(g) An 0 ≤ a ≤ 1, tìte

1− na ≤ (1− a)n ≤ 1
1 + na

.

8. 'Estw a ∈ R. DeÐxte ìti:

(a) An −1 < a < 0, tìte (1 + a)n ≤ 1 + na + n(n−1)
2 a2 gia k�je n ∈ N.

(b) An a > 0, tìte (1 + a)n ≥ 1 + na + n(n−1)
2 a2 gia k�je n ∈ N.

9. DeÐxte ìti gia k�je n ∈ N isqÔoun oi anisìthtec(
1 +

1
n

)n

<

(
1 +

1
n + 1

)n+1

kai

(
1 +

1
n

)n+1

>

(
1 +

1
n + 1

)n+2

.

10. (a) DeÐxte thn anisìthta Cauchy-Schwarz: an a1, . . . , an kai b1, . . . , bn eÐnai pragmatikoÐ
arijmoÐ, tìte (

n∑
k=1

akbk

)2

≤

(
n∑

k=1

a2
k

)(
n∑

k=1

b2
k

)
.

(b) DeÐxte thn anisìthta tou Minkowski: an a1, . . . , an kai b1, . . . , bn eÐnai pragmatikoÐ arijmoÐ,
tìte (

n∑
k=1

(ak + bk)2
)1/2

≤

(
n∑

k=1

a2
k

)1/2

+

(
n∑

k=1

b2
k

)1/2

.

11. (Tautìthta tou Lagrange) An a1, . . . , an ∈ R kai b1, . . . , bn ∈ R, tìte(
n∑

k=1

a2
k

)(
n∑

k=1

b2
k

)
−

(
n∑

k=1

akbk

)2

=
1
2

n∑
k,j=1

(akbj − ajbk)2.

Qrhsimopoi¸ntac thn tautìthta tou Lagrange deÐxte thn anisìthta Cauchy-Schwarz.

12. (Anisìthta arijmhtikoÔ-gewmetrikoÔ mèsou) An x1, . . . , xn > 0, tìte

x1x2 · · ·xn ≤
(

x1 + · · ·+ xn

n

)n

.

Isìthta isqÔei an kai mìno an x1 = x2 = · · · = xn.

EpÐshc, an x1, x2, . . . , xn > 0, tìte

x1x2 · · ·xn ≥

(
n

1
x1

+ · · ·+ 1
xn

)n

.

13. DeÐxte ìti k�je mh kenì k�tw fragmèno uposÔnolo A tou R èqei mègisto k�tw fr�gma.

14. 'Estw A mh kenì uposÔnolo tou R kai èstw a0 ∈ A me thn idiìthta: gia k�je a ∈ A, a ≤ a0.
DeÐxte ìti a0 = sup A. Me �lla lìgia, an to A èqei mègisto stoiqeÐo, tìte autì eÐnai to supremum
tou A.

15. 'Estw A,B dÔo mh ken� kai fragmèna uposÔnola tou R. An supA = inf B, deÐxte ìti gia
k�je ε > 0 up�rqoun a ∈ A kai b ∈ B ¸ste b− a < ε.

16. 'Estw A mh kenì fragmèno uposÔnolo tou R me inf A = sup A. Ti sumperaÐnete gia to A?

17. (a) 'Estw a, b ∈ R me a < b. BreÐte to supremum kai to infimum tou sunìlou (a, b) ∩ Q =
{x ∈ Q : a < x < b}. Aitiolog ste pl rwc thn ap�nthsh sac.



(b) Gia k�je x ∈ R orÐzoume Ax = {q ∈ Q : q < x}. DeÐxte ìti

x = y ⇐⇒ Ax = Ay.

18. 'Estw A,B mh ken� fragmèna uposÔnola tou R me A ⊆ B. DeÐxte ìti

inf B ≤ inf A ≤ supA ≤ supB.

19. 'Estw A,B mh ken�, fragmèna uposÔnola tou R. DeÐxte ìti to A ∪B eÐnai fragmèno kai

sup(A ∪B) = max{supA, supB}, inf(A ∪B) = min{inf A, inf B}.

MporoÔme na poÔme k�ti an�logo gia to sup(A ∩B)   to inf(A ∩B)?

20. 'Estw A,B mh ken� uposÔnola tou R. DeÐxte ìti supA ≤ inf B an kai mìno an gia k�je
a ∈ A kai gia k�je b ∈ B isqÔei a ≤ b.

21. 'Estw A,B mh ken�, �nw fragmèna uposÔnola tou R me thn ex c idiìthta: gia k�je a ∈ A
up�rqei b ∈ B ¸ste

a ≤ b.

DeÐxte ìti supA ≤ supB.

22. Na brejoÔn, an up�rqoun, ta max, min, sup kai inf twn parak�tw sunìlwn:

(a) A = {x > 0 : 0 < x2 − 1 ≤ 2}, B = {x ∈ Q : x ≥ 0, 0 < x2 − 1 ≤ 2}, C = {0, 1
2 , 1

3 , 1
4 , . . .}.

(b) D = {x ∈ R : x < 0, x2+x−1 < 0}, E = { 1
n +(−1)n : n ∈ N}, F = {x ∈ Q : (x−1)(x+

√
2) <

0}.
(g) G = {5 + 6

n : n ∈ N} ∪ {7− 8n : n ∈ N}.

23. BreÐte to supremum kai to infimum twn sunìlwn

A =
{

1 + (−1)n +
(−1)n+1

n
: n ∈ N

}
, B =

{
1
2n

+
1

3m
: n, m ∈ N

}
.

24. DeÐxte ìti to sÔnolo

A =
{

(−1)nm

n + m
: m,n = 1, 2, . . .

}
eÐnai fragmèno kai breÐte ta supA kai inf A. Exet�ste an to A èqei mègisto   el�qisto stoiqeÐo.

Ask seic � Om�da B'

25. DeÐxte ìti oi arijmoÐ
√

2 +
√

3 kai
√

2 +
√

3 +
√

5 eÐnai �rrhtoi.

26. DeÐxte ìti an o fusikìc arijmìc n den eÐnai tetr�gwno k�poiou fusikoÔ arijmoÔ, tìte o
√

n
eÐnai �rrhtoc.

27. 'Estw A,B mh ken� uposÔnola tou R. Upojètoume ìti:
(a) gia k�je a ∈ A kai gia k�je b ∈ B isqÔei a ≤ b, kai
(b) gia k�je ε > 0 up�rqoun a ∈ A kai b ∈ B ¸ste b− a < ε.

DeÐxte ìti supA = inf B.

28. 'Estw A,B mh ken�, �nw fragmèna uposÔnola tou R. DeÐxte ìti supA ≤ supB an kai mìno
an gia k�je a ∈ A kai gia k�je ε > 0 up�rqei b ∈ B ¸ste a− ε < b.

29. 'Estw A,B mh ken� uposÔnola tou R pou ikanopoioÔn ta ex c:
(a) gia k�je a ∈ A kai gia k�je b ∈ B isqÔei a < b.
(b) A ∪B = R.

DeÐxte ìti up�rqei γ ∈ R tètoioc ¸ste eÐte A = (−∞, γ) kai B = [γ, +∞)   A = (−∞, γ] kai
B = (γ, +∞).



30. 'Estw A ⊂ (0,+∞). Upojètoume ìti inf A = 0 kai ìti to A den eÐnai �nw fragmèno. Na
brejoÔn, an up�rqoun, ta max, min, sup kai inf tou sunìlou

B =
{

x

x + 1
: x ∈ A

}
.

31. 'Estw x ∈ R. DeÐxte ìti: gia k�je n ∈ N up�rqei akèraioc kn ∈ Z ¸ste
∣∣∣x− kn√

n

∣∣∣ < 1√
n
.

32. 'Estw x ∈ R. DeÐxte ìti: gia k�je N ≥ 2 up�rqoun akèraioi m kai n, me 0 < n ≤ N , ¸ste
|nx−m| < 1

N .

33. 'Estw a1, . . . , an > 0. DeÐxte ìti

(a1 + a2 + · · ·+ an)
(

1
a1

+
1
a2

+ · · ·+ 1
an

)
≥ n2.

34. An a > 0, b > 0 kai a + b = 1, tìte

2

[(
a +

1
a

)2

+
(

b +
1
b

)2
]
≥ 25.

35. (a) An a1, . . . , an > 0, deÐxte ìti

(1 + a1) · · · (1 + an) ≥ 1 + a1 + · · ·+ an.

(b) An 0 < a1, . . . , an < 1, tìte

1− (a1 + · · ·+ an) ≤ (1− a1) · · · (1− an)
≤ 1− (a1 + · · ·+ an) + (a1a2 + a1a3 + · · ·+ an−1an).

36*. An a1 ≥ a2 ≥ · · · ≥ an > 0 kai b1 ≥ b2 ≥ · · · ≥ bn > 0, tìte

a1bn + a2bn−1 + · · ·+ anb1

n
≤ a1 + · · ·+ an

n
· b1 + · · ·+ bn

n

≤ a1b1 + · · ·+ anbn

n
.

37*. 'Estw a1, . . . , an jetikoÐ pragmatikoÐ arijmoÐ. DeÐxte ìti up�rqei 1 ≤ m ≤ n − 1 me thn
idiìthta ∣∣∣∣ m∑

k=1

ak −
n∑

k=m+1

ak

∣∣∣∣ ≤ max{a1, . . . , an}.

Upìdeixh: Jewr ste touc arijmoÔc

bm =
m∑

k=1

ak −
n∑

k=m+1

ak, m = 1, . . . , n− 1

kai

b0 = −
n∑

k=1

ak , bn =
n∑

k=1

ak.

DeÐxte ìti dÔo diadoqikoÐ apì autoÔc eÐnai eterìshmoi.

38. 'Estw A,B mh ken�, fragmèna uposÔnola tou R. OrÐzoume A + B = {a + b : a ∈ A, b ∈ B}.
DeÐxte ìti

sup(A + B) = supA + supB, inf(A + B) = inf A + inf B.

39. 'Estw A,B mh ken�, fragmèna sÔnola jetik¸n pragmatik¸n arijm¸n. OrÐzoume A ·B = {ab :
a ∈ A, b ∈ B}. DeÐxte ìti

sup(A ·B) = supA · supB, inf(A ·B) = inf A · inf B.

40. 'Estw A mh kenì, fragmèno uposÔnolo tou R. An t ∈ R, orÐzoume tA = {ta : a ∈ A}. DeÐxte
ìti

(a) an t ≥ 0 tìte sup(tA) = t supA kai inf(tA) = t inf A.
(b) an t < 0 tìte sup(tA) = t inf A kai inf(tA) = t supA.


