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1. (2 mon.) (a) Na brejoÔn, an up�rqoun, ta max, min, sup kai inf tou sunìlou

A =
{

1 +
1√
n

: n = 1, 2, . . .

}
∪ [3, 4).

Aitiolog ste thn ap�nths  sac.

(b) 'Estw B èna mh kenì kai �nw fragmèno uposÔnolo tou R. An sup(B) /∈ B, deÐxte ìti up�rqei
gnhsÐwc aÔxousa akoloujÐa (xn) stoiqeÐwn tou B ¸ste xn → sup(B).

2. (1.5 mon.) UpologÐste, an up�rqoun, ta ìria twn parak�tw akolouji¸n:

αn =
n3

4n
, βn =

2n + 3n

5n + 2n
, γn = n

√
14 + 24 + · · ·+ n4.

3. (1.5 mon.) 'Estw (an) akoloujÐa pragmatik¸n arijm¸n. Exet�ste an oi parak�tw prot�seic
eÐnai alhjeÐc   yeudeÐc (aitiolog ste thn ap�nths  sac):

(i) An an → +∞ tìte h (an) den eÐnai �nw fragmènh.

(ii) An an → +∞ tìte h (an) eÐnai k�tw fragmènh.

(iii) An an → +∞ tìte h (an) eÐnai aÔxousa.

4. (1.5 mon.) (a) 'Estw f : R → R kai x0 ∈ R. ApodeÐxte pl rwc ìti: an h f eÐnai asuneq c
sto x0 tìte up�rqei akoloujÐa (xn) sto R ¸ste xn → x0 all� f(xn) 6→ f(x0).
(b) Exet�ste an up�rqei suneq c sun�rthsh g : R → R me g

(
1
n

)
= 2n gia k�je n ∈ N.

5. (1 mon.) 'Estw f : [−1, 1] → R suneq c sun�rthsh me thn akìloujh idiìthta: gia k�je
x ∈ [−1, 1],

[f(x)]2 + x2 = 1.

DeÐxte ìti isqÔei akrib¸c èna apì ta ex c: {f(x) =
√

1− x2 gia k�je x ∈ [−1, 1]}   {f(x) =
−
√

1− x2 gia k�je x ∈ [−1, 1]}.

6. (1 mon.) 'Estw f : [0,+∞) → R suneq c sun�rthsh me lim
x→+∞

f(x) = b ∈ R. DeÐxte ìti h f

eÐnai fragmènh sun�rthsh.

7. (1.5 mon.) 'Estw f : R → R h sun�rthsh pou orÐzetai wc ex c: f(x) =
{

x2hm 1
x2 , an x 6= 0

0 , an x = 0 .

(a) DeÐxte ìti h f eÐnai paragwgÐsimh sto R kai breÐte thn f ′(x), x ∈ R.
(b) DeÐxte ìti, gia k�je ε > 0, h f ′ den eÐnai fragmènh sun�rthsh sto (−ε, ε).
(g) Exet�ste an h f ′ eÐnai suneq c sto R.

8. (2 mon.) (a) 'Estw b > a > 0 kai f : [a, b] → R suneq c sun�rthsh, paragwgÐsimh sto (a, b).
An

f(a)
a

=
f(b)

b
,

deÐxte ìti up�rqei y ∈ (a, b) ¸ste f(y) = yf ′(y).
(b) 'Estw f : (0,+∞) → R paragwgÐsimh sun�rthsh. Upojètoume ìti: gia k�je x > 10 isqÔei

f ′(x) ≥ 1√
x

.

DeÐxte ìti
lim

x→+∞
f(x) = +∞.

Kal  EpituqÐa!



SÔntomec upodeÐxeic

1 (a) Gia k�je n ∈ N isqÔei 1 < 1 + 1√
n
≤ 2 < 4. EpÐshc, an x ∈ [3, 4) tìte 1 < 3 ≤ x < 4. 'Ara,

o 1 eÐnai k�tw fr�gma tou A kai o 4 eÐnai �nw fr�gma tou A.
DeÐqnoume ìti 4 = supA: gia k�je ε > 0 up�rqei x ∈ R ¸ste max{3, 4−ε} < x < 4. Dhlad ,

up�rqei x ∈ A ¸ste 4− ε < x. To sumpèrasma èpetai apì ton ε-qarakthrismì tou supremum.
Gia na deÐxoume ìti 1 = inf A parathroÔme ìti gia k�je ε > 0 up�rqei n ∈ N ¸ste 1

n < ε2,
opìte 1 + 1√

n
< 1 + ε. AfoÔ 1 + 1√

n
∈ A, to sumpèrasma èpetai apì ton ε-qarakthrismì tou

infimum.
Tèloc, oi 1 kai 4 den an koun sto A, �ra to A den èqei el�qisto oÔte mègisto stoiqeÐo.

(b) Jètoume b = supB. Up�rqei b1 ∈ B pou ikanopoieÐ thn b − 1 < b1 ≤ b. 'Omwc, b1 6= b (diìti
b /∈ A), �ra b− 1 < b1 < b.

Ac upojèsoume ìti èqoume breÐ b1, . . . , bm ∈ A pou ikanopoioÔn ta ex c:

1. b1 < b2 < · · · < bm < b.

2. Gia k�je k = 1, . . . ,m isqÔei b− 1
k < bk < b.

Tìte, o sm = max{b− 1
m+1 , bm} eÐnai mikrìteroc apì ton b. MporoÔme loipìn na broÔme bm+1 ∈ B

pou ikanopoieÐ thn sm < bm+1 < b (exhg ste giatÐ). 'Ara, bm < bm+1 kai b− 1
m+1 < bm+1 < b.

Epagwgik�, orÐzetai gnhsÐwc aÔxousa akoloujÐa (bn) stoiqeÐwn tou A pou ikanopoioÔn thn
b− 1

n < bn < b. Apì to krit rio twn isosugklinous¸n akolouji¸n, bn → b.

2. Gia thn αn efarmìzoume to krit rio tou lìgou: èqoume

αn+1

αn
=

(n + 1)34n

n34n+1
=

1
4

(
1 +

1
n

)3

→ 1
4
· 13 =

1
4

< 1,

�ra αn → 0. Gia thn βn gr�foume

βn =
2n + 3n

5n + 2n
=

(
2
5

)n +
(

3
5

)n

1 + 2n
5n

→ 0 + 0
1 + 0

= 0,

diìti
(

2
5

)n → 0,
(

3
5

)n → 0 (eÐnai thc morf c an me 0 < a < 1) kai 2n
5n → 0 (elègxte to p.q. me to

krit rio tou lìgou). Gia thn γn parathroÔme ìti 1 < 14 + 24 + · · ·+ n4 < n · n4 = n5, opìte

1 < γn <
n
√

n5 = ( n
√

n)5.

AfoÔ n
√

n → 1, to krit rio parembol c deÐqnei ìti γn → 1.

3. (i) Swstì: an h (an)  tan �nw fragmènh, ja up rqe M > 0 ¸ste an ≤ M gia k�je n.
'Omwc, afoÔ an → +∞, gi� autì to M ja up rqe n0 ¸ste an > M gia k�je n ≥ n0, dhlad 
M < an ≤ M gia n ≥ n0 (�topo).

(ii) Swstì: afoÔ an → +∞, up�rqei n0 ∈ N ¸ste an > 10 gia k�je n ≥ n0. Tìte, o b =
min{10, a1, . . . , an0} eÐnai k�tw fr�gma gia thn (an).
(iii) L�joc: an jèsoume a2k = 2k kai a2k−1 = k3 tìte an → +∞ all� h (an) den eÐnai aÔxousa.
Gia par�deigma a7 = 64 kai a8 = 8.

4. (a) Upojètoume ìti h f den eÐnai suneq c sto x0. Tìte, up�rqei ε > 0 me thn ex c idiìthta: gia
k�je δ > 0 up�rqei x ∈ R to opoÐo ikanopoieÐ thn |x−x0| < δ all� |f(x)−f(x0)| ≥ ε. Epilègontac
δ = 1, 1

2 , . . . , 1
n , . . ., gia k�je n ∈ N brÐskoume xn ∈ R me |xn−x0| < 1/n kai |f(xn)− f(x0)| ≥ ε.

Apì to krit rio parembol c, xn → x0. Apì thn �llh pleur�, afoÔ |f(xn)− f(x0)| ≥ ε gia k�je
n ∈ N, èqoume f(xn) 6→ f(x0).
(b) Den up�rqei tètoia sun�rthsh. Ja eÐqame g(1/n) → g(0) apì thn arq  thc metafor�c sto
shmeÐo x0 = 0. 'Omwc, g(1/n) = 2n → +∞.

5. 'Eqoume [f(x)]2 = 1− x2, �ra gia k�je x ∈ (−1, 1) isqÔei akrib¸c mÐa apì tic f(x) =
√

1− x2

  f(x) = −
√

1− x2 (parathr ste ìti f(−1) = f(1) = 0).
Upojètoume ìti up�rqoun x1, x2 ∈ (−1, 1) ¸ste f(x1) =

√
1− x2 > 0 kai f(x2) = −

√
1− x2 <

0. AfoÔ h f eÐnai suneq c, ja up�rqei y an�mesa sta x1, x2 ¸ste f(y) = 0. 'Omwc tìte 1−y2 = 0,
dhlad  y = 1   y = −1, to opoÐo eÐnai �topo (exhg ste). 'Ara, {f(x) =

√
1− x2 gia k�je



x ∈ (−1, 1)}   {f(x) = −
√

1− x2 gia k�je x ∈ (−1, 1)} kai èpetai to zhtoÔmeno diìti sta �kra
isqÔoun kai oi dÔo.

6. AfoÔ lim
x→+∞

f(x) = b, up�rqei M > 0 ¸ste: gia k�je x > M , |f(x) − b| < 1. Dhlad , gia

k�je x > M èqoume
|f(x)| ≤ |b|+ |f(x)− b| < 1 + |b|.

H f eÐnai suneq c, �ra eÐnai fragmènh sto [0,M ]. Up�rqei D > 0 ¸ste |f(x)| ≤ D gia k�je
x ∈ [0,M ]. Tìte, |f(x)| ≤ max{D, 1 + |b|} gia k�je x ≥ 0. Dhlad , h f eÐnai fragmènh.

7. (a) Gia x 6= 0 eÐnai f ′(x) = 2x sin 1
x2 − 2

x cos 1
x2 . DeÐxte ìti f ′(0) = 0 qrhsimopoi¸ntac ton

orismì thc parag¸gou.

(b) Parathr ste ìti

f ′
(

1√
2πn + π

)
= 2

√
2πn + π → +∞

kai ìti, gia k�je ε > 0, ìloi telik� oi ìroi thc xn = 1√
2πn+π

brÐskontai sto (−ε, ε). 'Ara, h f ′

den mporeÐ na eÐnai fragmènh sto (−ε, ε).
(g) Gia thn akoloujÐa (xn) tou (b) èqoume f ′(xn) 6→ f ′(0). 'Ara, h f ′ den eÐnai suneq c sto 0.

8. (a) Efarmìste to je¸rhma Rolle gia th sun�rthsh g(x) = f(x)
x . Apì thn upìjesh eÐnai

g(a) = g(b) kai h g orÐzetai kal� sto [a, b] diìti 0 /∈ [a, b]. Up�rqei y ∈ (a, b) ¸ste

g′(y) =
yf ′(y)− f(y)

y2
= 0

kai èpetai ìti f(y) = yf ′(y).
(b) Mia idèa eÐnai na qrhsimopoi sete to je¸rhma mèshc tim c sto [10, x]: gia k�je x > 10 up�rqei
yx ∈ (10, x) ¸ste

f(x) = f(10)+f ′(yx)(x−10) ≥ f(10)+
1
√

yx
(x−10) ≥ f(10)+

1√
x

(x−10) = f(10)+
√

x− 10√
x

.

AfoÔ

lim
x→+∞

(√
x + f(10)− 10√

x

)
= +∞,

èpetai ìti lim
x→+∞

f(x) = +∞.


