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1. (a) Na brejoÔn, an up�rqoun, ta max, min, sup kai inf tou sunìlou

A =
{

1 + (−1)n+1 +
(−1)n

n
: n = 1, 2, . . .

}
.

Aitiolog ste tic apant seic sac.

(b) 'Estw B mh kenì, �nw fragmèno uposÔnolo tou R. DeÐxte ìti up�rqei akoloujÐa (xn)
stoiqeÐwn tou B ¸ste xn → supB.

(g) 'Estw f : [a, b] → R suneq c sun�rthsh. Upojètoume ìti to sÔnolo

B = {x ∈ [a, b] : f(x) = 0}

eÐnai mh kenì. DeÐxte ìti supB ∈ B.
(1+1+1m)

2. (a) UpologÐste ta ìria twn parak�tw akolouji¸n:

αn =
√

n +
√

n−
√

n−
√

n, βn =
6n

n!
, γn =

nsun(n!)
n2 + 1

.

(b) OrÐzoume mia akoloujÐa (an) me a1 = 3
2 kai

an+1 =
√

3an − 2, n = 1, 2, . . . .

ApodeÐxte ìti sugklÐnei kai breÐte to ìriì thc.
(2+1m)

3. Exet�ste an oi parak�tw prot�seic eÐnai alhjeÐc   yeudeÐc. Aitiolog ste pl rwc thn
ap�nths  sac.

(a) 'Estw (an) akoloujÐa pragmatik¸n arijm¸n kai èstw a ∈ R. An gia k�je ε > 0
up�rqoun �peiroi ìroi thc (an) sto (a− ε, a + ε), tìte an → a.

(b) 'Estw (bn) akoloujÐa pragmatik¸n arijm¸n me bn → +∞. Tìte, h (bn) eÐnai k�tw
fragmènh.

(g) 'Estw (γn) akoloujÐa jetik¸n pragmatik¸n arijm¸n me γn → 0. Tìte, γn
n → 0.

(d) 'Estw (δn) akoloujÐa jetik¸n pragmatik¸n arijm¸n me δn → 1. Tìte, δn
n → 1.

(3m)

4. (a) Qrhsimopoi¸ntac ton ε − δ orismì thc sunèqeiac, deÐxte ìti h sun�rthsh f :
[0,+∞) → R me f(x) =

√
1 + x eÐnai suneq c sto shmeÐo x0 = 1.

(b) ApodeÐxte pl rwc ìti h sun�rthsh f : N → R me f(x) = 1
x2−2

eÐnai suneq c.

(g) 'Estw f : R → R me f(x) = 1 an x ∈
{

1
n : n = 1, 2, . . .

}
kai f(x) = 0 alli¸c.

Exet�ste an h f eÐnai suneq c sto shmeÐo x0 = 0.
(1+1+1m)

5. 'Estw (an) akoloujÐa pragmatik¸n arijm¸n kai èstw a, x ∈ R. Upojètoume ìti an → a
kai ìti o x eÐnai shmeÐo suss¸reushc tou sunìlou

A = {an : n ∈ N}.

DeÐxte ìti x = a.
(1m)

Kal  epituqÐa!



UpodeÐxeic

1. (a) Gr�yte to A sth morf 

A =
{

1
2k

: k ∈ N
}
∪

{
2− 1

2k − 1
: k ∈ N

}
.

Gia k�je a ∈ A isqÔei 0 < a < 2. An y > 0 tìte up�rqei k ∈ N ¸ste 1
2k < y. An y < 2 tìte

up�rqei k ∈ N ¸ste 2− 1
2k−1 > y. Apì ta parap�nw èpetai ìti inf A = 0 kai supA = 2 (exhg ste

giatÐ). DeÐxte ìti to A den èqei mègisto oÔte el�qisto stoiqeÐo.

(b) Gia k�je n ∈ N, o supB − 1
n den eÐnai �nw fr�gma tou B, �ra up�rqei xn ∈ B ¸ste

supB − 1
n < xn ≤ supB. H akoloujÐa (xn) èqei ìrouc stoiqeÐa tou B kai apì to krit rio

parembol c sugklÐnei sto supB.

(g) AfoÔ B ⊆ [a, b], isqÔei supB ∈ [a, b] (exhg ste giatÐ). Apì to er¸thma (b) up�rqei akoloujÐa
(xn) sto B ¸ste xn → supB. 'Eqoume f(xn) = 0 gia k�je n ∈ N diìti xn ∈ B. H f eÐnai suneq c
sto supB, �ra f(supB) = lim

n→∞
f(xn) = 0. Sunep¸c, supB ∈ B.

2. (a) Gia thn (αn) gr�foume

αn =
√

n +
√

n−
√

n−
√

n =
n +

√
n− n +

√
n√

n +
√

n +
√

n−
√

n

=
2
√

n√
n +

√
n +

√
n−

√
n

=
2√

1 + 1√
n

+
√

1− 1√
n

→ 2
1 + 1

= 1.

Gia thn (βn) efarmìzoume to krit rio tou lìgou:

βn+1

βn
=

6n+1n!
6n(n + 1)!

=
6

n + 1
→ 0 < 1,

�ra βn → 0.
Gia thn (γn) parathroÔme ìti

|γn| =
n |sun(n!)|

n2 + 1
≤ n

n2 + 1
kai n

n2+1 → 0, �ra γn → 0.
(b) DeÐxte epagwgik� ìti h (an) eÐnai aÔxousa kai �nw fragmènh apì ton 2. 'Epetai ìti sugklÐnei
se k�poion x ∈ R. O x ikanopoieÐ thn exÐswsh x =

√
3x− 2, �ra x = 1   x = 2. AfoÔ

x ≥ a1 = 3
2 > 1, sumperaÐnoume ìti x = 2.

3. (a) L�joc. H akoloujÐa an = (−1)n den sugklÐnei ston a = 1. 'Omwc, gia k�je ε > 0 sto
(1− ε, 1 + ε) perièqontai �peiroi ìroi thc (ìloi oi ìroi a2k, k ∈ N).
(b) Swstì. AfoÔ bn → +∞, up�rqei m ∈ N ¸ste bn > 10 gia k�je n > m. Tìte, o s =
min{10, a1, . . . , am} eÐnai k�tw fr�gma thc (bn) (exhg ste giatÐ).
(g) Swstì. 'Eqoume n

√
γn

n = γn → 0 < 1. Apì to krit rio thc rÐzac, γn
n → 0.

(d) L�joc. An δn = 1 + 1
n , tìte δn → 1 all� δn

n =
(
1 + 1

n

)n → e > 1.

4. (a) 'Estw ε > 0. Epilègoume 0 < δ < min{ε, 1}. An |x− 1| < δ tìte x ∈ (0,∞) kai

|f(x)− f(1)| = |
√

1 + x−
√

2| = |x− 1|
√

1 + x +
√

2
< |x− 1| < δ < ε.

'Ara, h f eÐnai suneq c sto x0 = 1.
(b) K�je m ∈ N eÐnai memonwmèno shmeÐo tou N: isqÔei

(
m− 1

2 ,m + 1
2

)
∩ N = {m}. 'Ara k�je

f : N → R eÐnai suneq c se k�je m ∈ N (jumhjeÐte thn apìdeixh apì th jewrÐa).

(g) H akoloujÐa xn = 1
n → 0 all� f(xn) = f

(
1
n

)
= 1 → 1 6= 0 = f(0). Apì thn arq  thc

metafor�c èpetai ìti h f eÐnai asuneq c sto x0 = 0.



5. Upojètoume ìti a 6= x. Tìte, up�rqei ε > 0 ¸ste (a − ε, a + ε) ∩ (x − ε, x + ε) = ∅. AfoÔ
an → a, up�rqei m ∈ N ¸ste an ∈ (a− ε, a + ε) gia k�je n > m.

An loipìn an ∈ (x−ε, x+ε) tìte n ≤ m. Dhlad , o an eÐnai k�poioc apì touc a1, . . . , am. Autì
shmaÐnei ìti sto (x− ε, x+ ε) perièqontai peperasmènoi ìroi thc akoloujÐac, dhlad  peperasmèna
stoiqeÐa tou A. Autì eÐnai �topo afoÔ o x eÐnai shmeÐo suss¸reushc tou A.


