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[MepLeyoueva

Ewoayoyuka = Tlopadeiypora
Tpaupkol yhpou m O Xdpog twv Teleatwv
X®POoL Ue ECOTEPLKO YLVOUEVO Katnyopieg teheotmv
= Xmpot Hilbert m Teheotég QuoloroyLkol,
m OpOokavovikég Baoetg. avtoovCVYELG, unitary
Ioouopgropol m OgTIKOL TENEOTEG
m H m\pwon. O ydpog L? m Tetpoyovikn pilo - TToiwkn
B SUveyelg YPOUUKEGS AVOTTOPAOTOON
wop@ec. Oempnua Riesz = TlpoPolég
DparyUEVOL TELEOTEG B Svuroyelg teheotig
m [popkol TeleoTeg Ko daopotikn Oempio
TVaKEG OUUTTAY DV TEAEOTMV
m Ppoyuevol TENEOTEG m [Sotipég-1drodiaviopoto

m O ovluyng teleotg m To ®aopatikd Osdpnua



Teheoteg

Tovat 1L av Omepertmp?

Eloodog «Matpo Kovti»

Apym g vrEpBeong (superposition principle).

Av otV €10080 1y avtioToyel €5080G vy Ko 0TIV €L00S0 Uy
avtiotoLyel €5080G vy kKo A aplBuog, TOTe YLoL TV L6080 Uy + AU,
avapévouue €080 vy + Av,.

Tpaupt. x0pog i Cpopuikn ometk.




Tovat 1L av Omepertmp?

Hapadevypa 1. T: f i aqy f+asf +asf”: Stagpopikds teheotig
(€ oL a; elval «KAMEG» OUVOAPTNOELS).
ITo¥ opiLetal; Ztov xdpo Cy ().

Mapaderyna 2.
1 Ty

T:|: | +=a,l ([z;] € €, ]a; ;] € M, (C))

xT

n n



, , 27
Hapdderyna 3. T : f = T f dmov (T f)(z) = 5= j(; g(x—y)f(y)dy:
OAOKANPWTLIKOG TEAEGTNG (E8() g «KaA)» GUVAPTNOY, 27T-TTEPLOSIKY)).
Mapatipnon: Av £, (z) = e® Bpiokw

Tf,=9n)f, (neZ)

omov g(n) (uyadikot) aptbuotl.
Anhodn, og tpog v owkoyévewa { f,, : n € Z}, 0 T duaywvorow Onke!

0
T~ 0 §o) o
0

H owovyévewa { f,, : n € Z} eivan ypopuuka aveEaptn. Fotl; Nott
glvar 0pBoKavoviKT). Apa, glval BAom Tov Ydhpov Tov Topayel. O
YDPOG OUTOG SEV ELVOL TTANPNG, ELVAL OULMG TTVKVOG 0TOVG Y MPOVG TTOV
evoLapEpouy otV Avaivon...



TCpopkol ympot

K etvaw o ocopo R 1 C.

OpLopog

"Bva X % () Méyeton K-ypaupukdg xdhpog av eivar podiacuévo ue 80
npa&eig+: X x X — X kau - : Kx X — X dote
() ABuwparto g poobeong: V z,y,z € X,
@ x+y=y+z.
rz+(y+2)=(x+y)+=2
@ 30c X doreVre X,0+x=ux.
Ve e X 3 (—z) € X dote z+ (—z) =0.
(1) A&wpata tov molamhaotaowov: V z,y € X kou A, p € K,
AMpz) = (Ap)z.
lx = x.
ANz +y) = Az +My.
A+ p)x = A+ pe.



[Moapodetypato Fpopmukov Xopwv

eTo C.

e Avn € N, o C" mov amoteheiton amd OLeG TIG 1-0OEG ULYOOLKMV
apLoumv,

7= (@(1),2(2), .., (n)
e TPaEelg Katd ouvteToypev). Ipagpovpe Kol popa To. OTOL EL,
tov C™ wg draviouata-otnieg (column vectors).

(1o oVpBoro T oNUOLVEL «aVAOTPOPOCH (transpose)).



[Mopoadetypato Fpopmknv Xopwv 1T

e O ywpog
Coo =Coo(N):={z=(2z(n)):z(n) € Crw.In, e Npez(n)=0Vn>n,}

e TPAEELG KATA GUVTETOYUEVT).
'Eotw e,, = (9,,(n)) 6mov §,,(n) =1 édtavn =m ku d,,(n) =0
arung. H (amelpn) owkoyévewa {e,,, : m € N} eivar ypouuka

aveEQPTITN KO TAPAYEL TOV C(o: KAOE T = z(n)) € ¢ YPOPETAL

Ny

(LOVaBLKA) MG Ypakog ouvdvaopos & =y, x(m)e,,.

m=1
Anrhodn n {e,, : m € N} etvon (ahyeBpikn 1 Hamel) Béaon tov ¢g-
[apatnpolue OTL 0 ¢y ELVOL 0 XDPOG OAMV TWV CUVAPTNOEWV
x : N — C twv omolwv o gopéag suppz := {n € N: z(n) # 0} elvan
TENEPAOUEVO GVVOLO (TepLeyetan oto {1,2,...,n,}).



[Mopoadetypato Fpopukov Xopwv IIT

o Av A # () kaw KA eivar 1o 60voro OLwV TOV GUVOPTIOEDV
f:A— K, tote 1o KA vivetow ypapukdg xdhpog ov opioovpe
TPOGOE0T Kot TOMATAOOLAOUO KATO OUELO:

av f,g € K4 kaw X € K, opilovue f+ g, Af € KA 0étovrag

(f+9)@)=ft)+gt) , AHE)=Aft) , teA

o Mopdderyno: Av A = [n] x [m] (edd [n] := {1,...,n}) 161e KA eivar
0 xopog twv M, (K) twv n X m mvikwv pe cuvteheotég amo 1o K.



[Mopoadetypato Fpopmknv Xopwv IV

e O ydpog [0, 1] twv Riemann-0AoKANPOOLU®Y OUVAPTNOEDY
f:[0,1] — C.

Kabe ovvapmon f : [0,1] — C ypagetow povadikd f = u+ iv 6mov
ult) = L(F(6) + FD), vlt) = = (f(t) — F(0)) (raipvooy
npoynotikes Tueg). H f Aéyeton (Riemann)-olhokAnpdotun 0Ty oL u
Ko v glvon Riemann-ohokAnpmoiueg, Kot tote oplLovue

/ F(t)dt = / w(t)dt +i / o(t)dt,

0 R[0, 1] elvon ypaup. xmpog (TpaEelg KoTd onuelo) Adym g
YPOULKOTHTOG TOU OAOKANPMUATOG,

e O yopog £? = £?(N) amoteheiton amd dheg TG akohovBieg uy.
apOudv (= ovvapmoelg  : N — C) mov elvar TeTparymvikd
aOpoiowueg, dMA. - |z(n)|? < oo. Eivaw ypau. xwpog (pdEeig
Katd ovvteToyuevn). Dot



TCpopkol ympot

Av E ypoauukog yopog kaw x € E, A C E, hépe 0T 10 T avikeL oTnv
ypapukn 6Mkn tov A (ypagoupe = € span(A)) 1 ot etvar ypauukog
OVVOVAOIOG OTOLYELWY TOV A, av vrtdpyouv (Temep. Thnog)

XTqyeeey Ty, € AL A, ... A, € KooTe

xr = Alxl +)\2$2 ++>\n$n

Ta SLOVOOUOTA Yy s ..., Yyy, MEYOVTOL YPOULLKCL EEQPTIUEV OV KAITOLO
ATTO CUTA ELVOL YPORULKOG CLVOVAOUOG TV vitolotrtmv. Ioodhvaua,
av 1o 0 ebvar 1) TETPLUIEVOC YPaIKOS GUVOVIOUAC TOVG, S\ o
VILAPYOVY [y, ... iy, € K, Oyt Ohat 0, dhote

pay1 + toYa + -+ Yy = 0.
Elvau ypapupikd aveEapTnTo. o 8ev LITapyouV TETOL [iy, dNAad o

>\1y1+"-+)\mym=6 = MN=..=A,=0



TCpopkol ympot

‘Eva un kevd M C E MEYETOL YPOUULKG EEAPTNUEVO OV TTEPLEYEL
KOTTOUTL Yy 5 - 5 Yy, TTOV ELVOL YLK eEapTnUEVE. IoodUVapa, av
VITAPYEL KATTOL0 € M Tov €ivoL YPOUIKOG 0UVOVAOUOG OTOLYELMY
tov M\{x}, dnh. aviker ot ypapkn Onkn tov M\ {z}.

To M eivou ypo ik aveEGpTNTo av Y10, KAOE TETEPAOUEVO GVUVOLO
{z1,...,x, } otoyelwv Tov M woyveL 1 ouveroymyn

A1$1+"'+)\nwn:6 —

‘Evag F' C E Aéyetou (ypauukog) vioympog tov E av span(F') C F,
dmhadn av
z,ye Fxow Ne K = x4+ AyeF.



TPOUULKES OTTELKOVLOELG

OpLouog

'‘Botw E, F (mpayuotikol 1 wyadikot) Ypouukol (:5LovuouaTikol)
xdpot. Mia aterkovion T : E — F A&yetan YpaiuKkn ov

Ve,ye E,VAeK: T(x+Ay) =T (z) + AT (y).

Muat YPOUULKY) OTTELKOVLOT] AEYETAL (YPOUULKOG) LOOUOPPLOUOG ALV ETTL
mhgov etvan 1-1 Kow el

Avo ypapukol xopor B, F' AEyovTaL LoOLop@oL av VITapyEL
toopoppropndg T : B — F.



Xhpot He ECMTEPLKO YLVOUEVO

OpLoudg

'‘Eotow FE évog K-ypoauukog ywpog (K = R 1 C). 'Eva eonteptkod
ywouevo (inner product 1 scalar product) 6tov E €ivol Pl 0etkovion

(w)y:ExE =K

TETOLO, VOTE

(i) (z,y) = (y,)
(151) (z,z)>0
(v) (z,2)=0 <= =0

Yo K00e x, 21,24,y € E ko A € K.

apa. (1) (w,y; + Aya) = (z,91) +5‘<xay2>'



Xhpot He ECMTEPLKO YLVOUEVO

[Mpotaon (Avicotnto Cauchy-Schwarz)

Av F elvar yoog e e6wTEQUKS PLviugvo,
(a) yia kdbe x,y € E 1oyvet

ez, )| < (z,z)Y2(y,y) /2.

(b) lootnTo toxver av kKow udvov av ta x,y eivar YoouuKd
eEapTnuéva.

IMpotoon

Av E elvar y00¢ e e6OTEQLKO PLVOUEVO, 1) ATTELKOVLGT)
I-| : E = R* émov ||z| = (x,2)'/? eivar véoua otov E.



X®poL pe E0mTEPLKO YLvouevo: TTapatnpnoetg

(a0) Mio. aetkovion
() ExE — K

7oV LKavortotel TG 1ot teg (i), (ii) Ko (iii) Tov opLopuol Tov
E0MTEPLKOV YLVOUEVOU AEYETOL NIU—ECMTEPLKO YLVOUEVO.

"Eva NUL—£00TEPLKO YLVOUEVO LKAVOTTOLEL TV OguehmON aviooT T
Cauchy-Schwarz (01 0pwg kou 1o (b) g MpodTtaong).

(B) Apketol ouyypagelg (LOLALTEPO 08 TLYYPAUUOTO LaONUATIKNG
PLOLKNG 1 GAAWYV EQAPUOYDV) OPLLOVV TO ECMTEPLKO YLVOUEVO DOTE
VaL ELVAL YPOUIKO MG TTPOG TNV SeVTEPT UETABANTY KOL OVILYPOULLKO

g TPog TV TPdT. 'ET0L, 0plLovy 10 e0mTePLKo Yivouevo otov C™ mg
n

eEhc: (z,y) = > w(k)y(k).

(v) "Evag xMpog e E0MTEPLKO YLVOUEVO OITTOKOAELTOL KOUULA (POPAL KOl
ywpog mtpo-Hilbert (pre-Hilbert space).



TpOULULKOL YMPOL UE VOPUQL

Noppa og vav ypop. xdpo X etvon o ametcovion |- : X — R,
wote yio kabe x,y, € X kaw A € K,

[z] =0 av ko pdvo av x =0,
[Az] = Al wa
|z +yll < 2] + [yl (vprywvuch avicdmra).

OpLouodg

Av | - || etvou wa voppo otov X, t0te to Cetvyog (X, | - ||) Méyeran
YWPOG [LE VOPUAL.

Houvvapmond: X x X — Rue d(z,y)=|z—y|, z,y€ X eivan
UETPLKT] (1] LETPLKT] TTOV ETAYETOL 0TOV X a0 T vopua Tov). Otav o
uetp. xopog (X, d) eivar wnpng, o (X, | - ||) Aéyeton ydpog Banach.



TpOULULKOL YMPOL UE VOPUQL

Av (X, |- ]) etvow xdpog ue vopua kav z,,, x € X, tote x,, —
onuaivel ||z, —z| — 0.

[Mopatnpnon okl ovyva 0TIG EQAPUOYES, 1) VOPUO. (1) 1] LETPLKN)
TPOOSLOPLLETAL OTTO TNV GVYKMON TTOU UELETAUE.

[ Tapaderypa, 1 o0YKAON 0g TPOG T VOPIO. supremum oTov
C([a,b]) (deg Mo KGT®) EKPPATEL TNV OLOLOUOPPT) GVYKALOT LLOG
axohovBilag (f,,) OuVEXMV OUVAPTNOEWYV:

If,—fll, —0 < f,— f opowduopga oto [a,b].



XmPoL Ue ECMTEPLKO YLVOUEVO

Enouévog kabe (E, (-, -)) yivetar petpukog ympog (E, d) pe

1/2
d(w,y) = |e—yl = (e —y,e—y)"* 2y E
OTOV OTTOLO OL YPOUWKEG TPAEELG

+:(E,d)x(E,d) = (E,d): (x,y) > x+y
(K| ) x (Ed) — (E,d): (A z) = Az

elvar ovveyelg. Emtlong n ametkovion
(E7d> X <E7d) - ([K7||) : (Ilf,y) - <.'L',y>

glval OVVENG.



Xhpot He ECMTEPLKO YLVOUEVO

(o) (Kavovag Hogailnioyoduuov)

e xdfe v,y € B, |z +y|* + |z —y|* = 2]+ 2[y[*.

(B) (lIvBaydoeto Oswonua,)

avx,y € E kou (z,y) =0, t6te |z +y|?> = |=|? + |y|*




OpLoudg

Ao oToLyEL X, Y EVOG Ypov E 1e e0mTePLKO YIvouevo Aéyovtol
kabeta (ovuporka x L y) otav (z,y) = 0.

Mo owkoyévera {e; : i € I} C E Aéyetow opBokavovikn (orthonormal)
av (e;,e;) =0, Yo k4Be 0,5 € I.

OpBokavovikn = ypouukd aveEaptn). [pog v aviiotpogn):
[potaon (Awadikaoio Gram-Schmidt)

Av {z,, : n € N} elvaw e yooyyurd aveEdotntn akorovlia o’ évav
x00 (E,(.,.)) ue eowtegukd pivduevo, téte vrdoyet wa
opOokavowkn akodovlia {e,, : n € N} otov E dote, ya kdOe
k€N, vawyve e, :n=1,2,...k] =[x, :n=1,2,...k].

Ka0e vtoywpog F' C F memepaoievng dtiotaong XL to ahyeppLkn
Baon {eq,...,e, } mov elvar opBokavovikn. Kabe = € F ypageton

n
uovadikd  x = Y (x,eg)e;. (yoT)

'ue [A] 1) span A 0a ovpBoriouue ™V ypauukrh 0fxm evog A C E.



To minoteotepo duavuopa (BErtotn pooeyyion) ()

Anupo

Eotw FE ywboog ue eowteokd yuvduevo, f € E kaw F mereoacuévng
duagotaocns vaoywoog tov E.

() Yrdoye éva kouw povadikd sidvvoua S(f) € F mov elvou
TAnotéctego oto f.

(B) EmumAéov to f— S(f) elvau kdOeto otov F kaw avriotoopa, av
g€ Fka f—g L F, téte g = S(f).

Tty amodel&n:  ~



To minoteotepo duavuopa (BErtotn pooeyyion) ()

Anpuo

Eotw {e}, : k € N} opBokavovikn oukoyevewa o’ évav ywoo (E,(.,.))
UE ECWTEQLKO PLVOUEVO.
Tote, yua kabe f € E eyovue

(@) 1P =1 =S (DI + D1 (fren) * ¥neN
k=1

omov S, (f) = i (f,er) ex.

k=1

(B) (Aviwornza Bessel) |fI* =3 [(f,ex)? ¥neN.
k=1



To minoteotepo duavuopa (BErtotn pooeyyion) ()

Anuuo (ovveyel)

Av F, =span{ey,...,e, } tote, yia kale f € E,

(v) f=5.(/) L F,

kaw 7o S, (f) ewvou to povadikd dudvvoua g € F, mov etvar kabeto
otov F,,.

(0) dist(f, E,) = f =S (Hl,
onhadn |f =gl = | f = S,.(F) Vg € F, ue wornra av-v g = 5, (f).



To Anoteotepo diavuopa (ATOSelEn (y), (8))

n

(v) Kd&be g € F ypagetarg = (g, €)€;.
k=1

Topa: (f—g) L F <~ <f—;,ek):0Vk:€[n] =
<g,6k>:<f,8k>Vk€[N] ~ g:l;1<f7ek>ek:’s(f)'
(®) Zmv (o) pore f—g o Beontov f,ue g € F.



To Anoteotepo diavuopa (Bertiotn pootyyron) (1)

Avadiatvoon:

Anuuo

Eotw E ywoog ue eomteokd yuvduevo, f € E ka F wereoacuévng
diaotaons vadywoeos tov E.

(o) Yrdoyer éva kaw povadiké sidvvoua S(f) € F mov elvau
TAnoléctego oo f.

(B) EmumAéov to f—S(f) elvau kdOeto otov F kaw aviiotoopa, av

g€ Frar f—g L F, téte g= S(f).

o Av {ej,e,,...,e,} elvar kamowa opBokavovikn Baon tov F, to S(f)
n
dtvetaw amd tov Tomo S(f) = D (f,ex) e

e H asmetcovion

K" = RV Xi= (A Az, ) ”f ZAkek

&xeL ok endooto oto onueio A = ((f, 1), (fres), ..., (f,e,)) € K.



[MopotnpnoeLg

[Mopatnpnon

Eotw E ywoog ue eowt. yuv. kaw {eq, e,, ...} oofokavovkn

akolovOia.
n z n
$—Z<I,6k>€k :”CU”Q—ZK.’L‘,@]CHz VeeE,neN. (1)
k=1 k=1

Suvvenwe, av F, = span{ey,...,e,}

2
e :Aew}—uxuz—zux,eknz.
k=1 k=1

dist(z, F,)? —inf{




Xmwpot Hilbert

OpLopog

"Evag xopog (E, (-,+)) ue eomtepikod yivouevo Aéyeton yhpog Hilbert
av eLvoL TTANPNG WG TTPOG TNV UETPLKT TTOV OPLEEL TO ECMTEPLKO
YLVOUEVO.



Xmwpot Hilbert

Mopadetynata (a) O xdpog K™, epodlaopévog e to ouvnOLouévo

eowteptko ywouevo (x,y) = > z(k)y(k), elvon BERoua ydpog

k=1
Hilbert. Eivou emtiong mnpng wg wpog v vopua |||, ahhé dev eivou
ypog Hilbert wg pog autnv (YLl 8V LKAVOTTOLELTOL O KAVOVOG TOV
TAPCUAANAOYPAUUOV), LOLOVOTL OL SUO VOPUES ELVOL LOOSVUVALLES.
(b) Kabe ydpog (E, (-,-)) ue eontepukd yivopevo kou dim E < 0o
elvar yopog Hilbert.

(c) O ywpog 2, e 10 GUVNOLOUEVO ECWTEPLKS YLVOLEVO

(x,y)y = > x(k)y(k), elvan ydpog Hilbert, kaw 0 xHpog ¢, Twv
k=1
AKOLOVOLDV UE TETEPUOUEVO POPEQ ELVOL TTUKVOG VTG MPOG TOL.

Entopévog 0 x0pog (¢, [-[,) eivar xdpog pe eswteptio yivopevo
aAlG Oy Hilbert, eqpooov dev eivon Thnpng.

(d) O ywpog C([a,b]) dev eivon Tpng wg Tpog ™V vopua | -[,, mov
0pLLEL TO ECWTEPLKO YIVOUEVO.



Xmwpot Hilbert

Oshpnua (Inoeotepo dravvoua (TIT))

Eotw E ywoog ue eawteoukd prvduevo, F =+ ) kuptod kau thnpeg
vroovvoro tov E. Av x € E\F, 1éte vadoyet uovadikd y, € F
TANGLEGTEQO TPOG TO T, OnAadn TéTOLo WoTE

2=y, | = d(z,F) := inf{|z — | : = € F}.

[Mpotaon (Kabeto Siavvoua)

Eotw E yboog ue eowtegukd yivduevo, F tinpng ypouukog
oy wpog tov E. Av x € E\F, 10 TANc1é0T£00 OGS TO T GTOLYELO
Y, € F elvar to uovadwkd y € F térowo wore t —y L F.

OpLouog

To povadikod avtd atolyelo y,, tov F ovopdovue (0pO1) poBolt) Tov
x otov F, kou 10 ovuporttovue Pp(z) ) P(F)x.



Xmwpot Hilbert

Oshpnua (YTroapEn kabétov SLoaviouaTog)

Av H eivau yoog Hilbert kouw M elvar yvijoLog kAetoTdg vmoxwoos
tov H téte vmdoyer z € H, z #+ 0 dote z L M.

H mAnpomnta dev pmopel va woparergOst:

[Mopaderypo

Ztov (cgg, (v +)) VITAPYEL YVHOLOG KAELOTOG VITOYwpog M, mote
M+ ={0}.



OpBoywvieg SLaoTAoELG

Av A glvan un kevo vroovvoho tov H, 0gtw
At ={re E:(r,y) =0vaxddey € A}.

0 At elvon mévta KAEL0TOG YPOIKOg viTtdywpog Tov H.

Oshpnua (Opboymvia dtaomao)
Av M eivar kAetoTdg vIO)WEOS EVES Yoov Hilbert H, téte
MeM*+=H.

Anhadn
Yy € H ypdopetar povadikd y = 1y, +1y, omov y,, € M, y, € M.

’ 2 2 2
Mubayopewo:  |ly|” = llya "+ v |° Yye H.



OpBoywvieg SLaoTAoELG

[Mopropa (OpON tpoBoi)

Eotw M kieiotds vwdywoog evdg ywoov Hilbert H. H ameikévion

Py:H—=H:y—=yy
elvar YooK Kot Guveyng.

Ot n Py elvar Kahét 0pLopEVI Kot YPOUULKT ETTETAL (WG YVOOTOV)
amd g oyéoeig M + M+ = H xaw M N M+ = {0}. H ouvéyera mg
P, mpoxvmter ar’ 1o [Tubayopeto Osdpnua

2 2 2
lyndl™ + My 1™ = Tyl
apa [Pa ()l = lyarll <yl

OTOTE, OV Y,, — Y EXOVUE
1Ps (y) — Prg (W)l = 1Pos (y, — DI < lly,, —yl — 0.



OpBoywvieg SLaoTAoELG

[Mapatnpnon - Aoknon Otav H givow yopog Hilbert:
At ={0} « span(A) mukvog otov H.

Toodvvapa "Evag ypopuikog vioywpog E evog ywpov Hilbert H giva
nuKkvog (dense) otov H av koL povov av 1o uovo duavvopo tov H mrov
elvar KaOeto otov F givan to 0.



'Eotw H ywpog pe eowteptko yivopevo, A C H un kevo.

At xherotdg vt wpog Tov H kaw AN A+ C {0}.

Av H Hilbert: A+ ={0} <= spanA=H.

AC (AN

ACB= B+ CA™.

AJ_ — AJ_J_J_‘

Av H Hilbert kau E KheLoTOG YPAUUL. VITOYMPOG, TOTE
E=FE*t

Av H Hilbert kaw E, F' kherotol ypopp. voywpol ue £ 1 F, tote
E + F xhewotoc.



OpbBokavovikeg Baoeig

Yrevhouon 'Eva vtootvoho X evog K-ypauukol ympov V etva
yoouuLkd aveEdQTnTo av KOOE TETEPAOUEVO VITOOVVOLO
{z1,...,x,,} CT X elvou ypapukd aveEaptmro, av dnhadi oyvel n

ouveraymyn (Aq, Ag, ..., A,) € K"\{0} = > Az, #0.
k=1

‘Eva ypopuka oveEaptnto X eivan (adyefoukn) fdon tov V av
ypaukn tov Bnkn span(X) wovtan pe V, dnhadn av kabe v € V
n

ELVOL YPOULKOG OUVOVOIOUOG U = Y A\, X, oTolyelov x;, € X.

=
Il
—

OpLouog

"Eotw E y®pog e e0mTeplkod Yivouevo. Mo olkoyeveLo

{e,; : i € I'} C E Aéyeton opBokavovikn faon tov E av

(i) elvan 0opBOKOVOVLKT) KO

(i) H ypopukn 6MKn g elvan Tukvog vtoymwpog tov F, Snh.
span{e; :i € [} = E.



OpbBokavovikeg Baoeig

IMoapatnpnon Ze arelpodiaotatovg ywpovg Hilbert, wo opBokavovikn faomn
dev glvar akyePpukr Baom.
IMopadsiypoto
'Eoto e, = (J,,(n)) 6mov d,,,(n) =1 6tav n = m ko d,,(n) =0
amdg. H otkoyévea {e,, : m € N} eivaw opBokavoviki) otov £2. Eivar
alyeBpLkn BAon Tov ¢y, apa Kat 0pBoKavovLKT BAcT (TOv cgq).

H (5100 otkoyévera dev etvan alyePpukn péon tov £2, yuati
span{e,,, : m € N} # 2. Emeidn) o vdywpog span{e,, } = cqg eivou
mukvog otov 2, m {e,, } elvan opOokavoviki Béon tou £2.

Ztov yopo (C([—m,7]), (-,-)) n owoyévewa { f,,, : m € Z} 6mov
fon(t) = €™ = cos(mt) +isin(mt) elvouw opBokavoviki. O
YPOUULKOG XMDPOG TTOV TAPAYEL ELVAL O YDPOG TWV TPLYWVOUETPLKDV
TOMOVUROY, ouvertmg 1 { £, } dev eivar alyeBpikn Bdon Tov
(C([=m,m]), {-,+)). Bivaw khaokd Oedpnua omv Avaivon Fourier ot
ka0 f € (C([—m,7]) mpooeyyiletou wg wpog ) vopua ||-[|,, amd
TPLYOVOUETPLKA TTOAVMVUUQL. Zuvertidg M { f,, } elvon opBokavovikn

[3(107] Tov <C<[_7T)7T]>’ <'v >)



OpBokavovikég Baoeig

[Mapatnpnon

Eotw C = {e, : i € I} ogBokavoviki) otkoyévela o’ évav yoo
Hilbert H. H C elvau o.x. fdon tov H av ka uévov av eivau
UEPLOTIKT), av OnAads) dev wegLéyetal ae Kavéva 0QH0KaAVOVIKO
vroovvodo tov H (ektds amd tnv C), toodbvaua av to uévo
orowyeio Tov H mov elvau kdOeto atnv C elvar to .

IMpotoon
KdOe Staywoloyog * yioog E ue ecwteoukd pivousvo €xst i
aotBunowun oobokavovkr Pdon (kaw avtictoopa,).

Mdiota, av F' C E mukvog vtoywpos, Wropm va Bpm opBokovovikn
Baon tov E uéoa otov F (y. E = C([0,1]) ko F' = molvdvupa).

ZAN\. mepiéyel évo TUKVO Voo hvolo TTov elval apLOuNoLo.



OpbBokavovikeg Baoeig

Aoxknon

'Eotw E yhpog ue eontepikd ywvouevo, {x,, : n € N} opBokavovik
axolovbia otov E kaw x € E. Tote
o

|z|? = Zl |(z,2,,)]* av koL udvov av = € span{z,, : n € N}.
n=

Madhioto -
Jol? =Y (@, 2,) [* = dist(x, K)?
n=1

omov K = span{z,, : n € N}.



OpBokavovikég Baoeig

Osmpnua

Eotw {x,, : n € N} opbokavovikr) Baon o’ évav ydoo E ue
eowTeQLKO yrviuevo. Torte, yia kdbe x € F,
[e¢]

(i)x =Y (x,z,)z, (oVykhon ws moog T véoua tov E).

n=1

(ii) |z|? = Z |(z,2,,)|? (IoétnTa Parseval).

n=1

[Topiopa

Av {z,, : n € N} elvar ogQokavoviki) Bdon o’ évav ydgo ue
eowTeQLKO Yivouevo E, via kdbe x,y € E éyovue

o0 o0

<$,y>zz<l’,l’ my >

n=1 n=1




Opboxavovikeg Baoelg ywpwv Hilbert

Oempnua (XopakTnpLopor opfoKavoviKov focemv)

Eotw H ywoog Hilbert kauw £ = {e, : k € N} ogBokavowviko
vrwoovvolo tov H.

Ta akoiovOa eivor tGodvvauo,
spané = H
Av fe Hxa f L E tote f=0

Naxkabe f € H, av S, (f) := Zn: (f,ep) e Tote
k=1
limy [[f =Sy (g =0(*

o
Nakae f € H, |f]? = Y. | (f,ex) |? (toornTa Parseval).
k=1

(*) (Omh. f = kZ (fsex) ep: ovykhon om ||+ | )
=1

AmodelEn oto onbasis.pdf



IoopopgLouol

AelEaue:

Eotw {x, : n € N} opOokavovikr) faon o’ évav ydoo E ue
eowTeQLKS Yvduevo. Tote, yia ke © € E, |x|? = ZZO NCERIES

Apan amerovion (E,[-[) = (¢%]-],) : z = (@, 2,)),, eivon (ypauy.)
LOOLETPLKY) euiTevon. H elkdva Tg eivan mukv) otov £2.

Oempnua

Kd0Oe amepodidotarog diaywoloyog  ywoog Hilbert H sivau
LOOUETOLKA, LGO100QOG e ToV (2.
Axoipéoteoa, av emréEovue wa opbokavovikn fdon {z, } tov H, n
QTELKOVLON)

U:H»»0%: x> ((z,2,)),

ameicoviGer tov H ( } § el 02
VOOUUKG KaL) LOOUETQLKG €Tl Tov £,

Tevikotepa, Loyvel Ot kaOe ympog Hilbert elval LOOUETPLKA LGOUOPEPOG LUE TOV
£2(T) yio korédnho otvoho I, (Amod. mapoheinetat.)



O dviKkog evog ywpou Hilbert

Anpuo

Eotw E yboog ue eawteoikd yivduevo. Av x € E, ovoudGovue f,

TNV ATELKOVION
fo: E—=K:y—(y,z).

H f, elvaw yoouuxn ko cuvexng.

IMoapaderyuo
Zrov E = ¢y, M YPOUULKT Hop@r
FrE—=K:(2(1),2(2),..) = Y ~x(n)

n

dev etvaw g wopeng f = f, ue T € ¢y-

Oempnua (Riesz)

Eotw H ywoog Hilbert. I kaOe yoouuikn koaw cvveyxn f+ H — K
vrdoyet wovadiké © € H wote f = f,, dniadn

fly) = {y,x) ypaxdbe ye H.



H mAnpwon

Av (B, (-,-)) elvaw yoog ue eo6wte0LKd prvduevo, vrdoyet xdoog
Hilbert (H, (-,-)) ko yoouukt) kou toouetokn eupvrevon ¢ : B — H
UE TTVKVI] ELKOVA.

0 H elvar «ovotaotikd uovadikde», ue tnv évvowa éteav (K, (-,-))
elvau yoog Hilbert kou ) : E — K ypouuky) LOOUETPLOL Ue TUKV)
elkéva, téte vrdgyet yoouukn woouetola T axd tov H enl tov K
wote T'(¢(x)) = (x) yra kdbe x € E.
O ydoog Hilbert (H , (-,-)) Aéyetaw n winowan tov (E,(-,-)).
10) _
Er—— ¢(E) — H=¢(E)
Y
id T
A

Er— W(E) — K = (E)



O L*([a,b]), 0 L*(R)

Xwplg Métpo Oewpw tov E = (C([a,b]),(-,-)) 6mov

(f.9) /f

Ovopatm L2 ([a b]) ™mv TApwon tov E.

Oewp tov F = (C,(R), ()
(6mou f € C(R) onpaiver f : R — C ovveyig xaw vdpyer Ky C R
ovpmayég wote f(t) =006tavt & Kp).
ok (f.9)= [ f(tigDi
K

1
Ovopdtm L2(R) mv mpmon tov F.

TLaL TG OVAYKEG TOU TTPOTTTUYLOKOU nadnuatog, ovtol Bo elvor ot
optopol Tov ympwv Hilbert L2([a,b]) xou L2 (R).

Evnuepwtikd mopatibevial oTLg EOpeves duo dLapaveleg o
(loodUvapor) opLopol e ypnon Oswplag MeTpov.



0 £2(p),0 L*(p)

Me METpo (méxpov aporovt) 'Botm (X, S, ) xdpog uétpov (m.y. (R, B,m)).

OpLouodg
0 ywpog £2(X, 8, 1) = £2 (1) amotedeitol amd OAeG TIG CUVOPTOELG
f: X —=>RU{xoo} (1 f: X — C) mov elvon peTpnouueg Ko

ucavomowotv [ | f|2dp < +oo.
X

1/2
0 apupie ( / rdeu) conohiceTan |l
X

Okt N = {f € £2(u) : | ], =0},

Av f,9 € L%(pn), éyo f = g p-oy. mavioy <= f—g€ N.
Eniong, o V givau ypouukdg vrdywpog tov L2

O¢tw || f+ Ny == | f],,. Eivaw kadré opiopévn vopiio 6tov ydpo
mhixo L2 (1) == £%(n) /N

"Emeton 6w o L2 (1) amoteheiton ammd Tig kAAoELG looduvapiog
ovvapTioewy Tov £2 (1) modulo 10Tt f4-0Y,. TTAVTO.



O L*([a,b]), 0 L*(R)

@empnua (Riesz—Fisher) O L2 (1) elvar mpng (dpa eivar ympog
Hilbert ot n ||-[|., wpoépyeton amd to ecwrt. yivouevo

U+Ng+wvzéfwammwy

Oempnuo (opLopa m.y. tov O. Luzin) O C([a,b]) eivar Tukvog otov
1([a,b], B,m) wg mpog 1 voppa | | PePecons

0 C.(R) eivon wukvog otov L2 (R, B,m) og mpog m voppa | -[.,.



Xmwpot Hilbert

Tpia Tpdyuata:

(1) TrapEn TANOLEGTEPOV SLOVIOIOTOG, Gpa. Kat KAOETOU
SLoavHoPaTOG 08 KAELOTO VITOYWPO.

(2) Zuveyelg YPOUKES LOPPES ELVOL TAL ECMTEPLKCL YLVOUEVO.

(3) TrapEn opbokavovikng paong {z., : v € I'}.
(Apa Loopopgioudg ue £2(T))

Suppohiopd: £2[n] = (C", |-]5).

'Omotog evolagépeton yio tov £2(T) (yio tuyov I) ag dei to apyeio
nonsep.pdf.



Cpoptkol TEAEOTEG KL TTLVOKEG

OpLouodg

Av E. F givay ypapukol yopot, ovopatovue £(F, F') 10 6tvoro Ohwv
TV Yok astetkovioewv T : E — F. Otav E = F, ypagovue
L(E) aviiywa L(EE).




IMivakeg kou Teheoteg

e Kabe A = [a;;] € M,,,,,(K) opiCet pua povaduxn ypayiukn
ametkovion Ty : K™ — K™ ugow molamhaotaoiol mvakmy, og eEng

& Z}il ay€;
[aij] :
gm Z] 1 njg
e Av (E,(-,)),(F,(-,-)) elvow y®poL Ue ECOTEPLKO YLVOUEVO
TETEPAOUEVNG DLAOTAONG, KAOE ETLLOYT 0POOKAVOVIKMDV BAOEMY
{e1,...,e,,} ov Exou{fi,..., f,} Tou F opilelL .oopopgiopot
ViE— K™ W:F — K", onote o nivaxag A = [a,;;] € M,,,,,(K)
0pLLEL ULaL YPOUULKT) OITELKOVLOT)
~ v T wt
Ty:E—=K" =K' — F.
IMoapatnpovue OTL

a;, = <TAek,fi> ,i=1,..n,k

I
3



IMivakeg kou Teheoteg

e AvtioTtpoga, kKa0e ypouukn ametkovion T : E — F opilel évav
n x m nivoka Ay = [a;;,] oo mv oxéon a;, = (Tey, f;)-

O ypapukog ywpog L(E, F)

Me ypaup. TPAEeLg Kot onuelo, dnA.
(T+AS)(z)=T(x)+AS(x) (z€E)
10 oVvoho L (E, F') yivetan ypopukog ympog.

T+AS




ITivaxeg ko Teheoteg

H amewcovion M, (K) — L(E,F): A Ty elvan 1-1, e,
VPOUUKT).

IMpoToon

Av emAéEw opBokavowkés Bdoeis {ey, ... e, } Tov E ka
{f1,.-s [} tov F, n axeucéwon T — (Tey,, f;) elvaw yoauurds
1oouoopLouds ard tov yweo L(E, F) exl tov yoau. ydoov M, (K).
Otav n = m, ameikovilel T 6UVOeoT TEAEGTMDV GTO YLVOUEVO
TUVAKWV (1) yeWKOTEQQ OTAV 00LeTAUL 1) GVVOELT)).

S0vBeon ~> YLvOUEVO TIVAKWV: AV emtiong Evag xmpog G éxel

T S
opBokavovikn Baon {gy,...,gi }, kou E— F — G elvow YpouUWKES 1e
T~ [a;;] € M,,,, xaw S~ [b;;] € M,,,;. 1618
ST := SoT ~s[c;;] € My, 6mov ¢;; = a;,.b,;.

(s



ITivaxeg ko Teheoteg

Av A€ M,,,, opiovpe A* € M,,,, tov A* = [b;;] 6mov b;; = ay,.
©¢tovue A* = [a;;]. Tote <TA*y,x> = <y,TA:E> yLo ka0

yeF xe k.

SUVETMOGC:

[Mopatinpnon

Av (Hy, (), (Hy, (-,-)) elvau ydoou ue eowteoixd yivduevo
memepaouévnes owaotaong, ko T+ Hy — H, évag tedectiig, 10Te
vrdoyet évag uovadikog tedectne 1™ : Hy — H| mov ikavomotel tn
oyéon



ITivaxeg ko Teheoteg

[MopaTnpnon

Av (Hy,(-,")),(Hsy,(:,-)) elvauw yoot ue eowtegikd yivouevo
memeoaouévng dwaotaong, kaw T : Hy — H, évag teAeotig, tote
vradoyxel évag uovadikog tedeotne 1™ : Hy — H mov tkavomoiel T
oxéon

<T*IL‘2,£L‘1>

o <:L'2,T:c1)H2 nakdbe x, € Hy, xy € H,y.

[8¢a g amodelEng: Emhéyovue opBokavovikeg faoelg ko Oempovpue
tov mivaka A := Ap. Av B elvar 0 mivakag B = A*, 0 teheotg

T* := T weavomoiel v oxéon (T*2q,2,) = (x4, Tz, ) yiat k6Oe

r, € H,x, € H,.

Idwotnreg: AvT,S € £L(Hy,Hy),R € £(Hy,Hs) xou A € C, éxovue

(T+\S)* =T*+\S*, (RT)*=T*R*, T =T.



DPAYUEVOL TELEOTEC

'Eotw (E, || g) xauv (F, || z) xdpot ue vopuo.
Iaopathonon. Ko ypoumuk cuvapton (ektog o v 0) dev
eLVOL PPOYUEVT LE TN GuVION EVvola og OOV TO YMPO.

OpLouog

Mia yoauurij amewcdvion T' = (E, ||| ) — (F, |-[ ) Aévetar
PPAYUEVN 1) Pparyuévog Tedeotng (bounded operator) av

(elvor gpaypévog oty ball( E), dnh.)
|T] := sup{|Tz|p: z € E, ||z <1} < +oo.
B(E,F): 0 xhpog TOV @PoyUEVOV TERECTOV.

... Loodvvopa, av vrapyer M dhote yio kae x € E vo. woybel
|7z < M| g

PR Ny ,
Tz —Ta'||, = |T(x—2")|, < [|T|]z—2"|

Av T ypopukn,
PPAYUEVY] <= OUVEYNG <= OUOLOUOPPO OVVEYNC.



DPAYUEVOL TELEOTEC

H emouevn [Mpdraom eivan Baotkd epyaielo:

Ipotaon

Eotw (B, ||.| g) xdoos ue véoua, (F,|.| r) xdoos Banach,
D C FE rvkvdg vmdywog kat

T:D—F

VOQUULKT] QTTELKOVLOT).
Av i T elvou cvveyng, TOte (KL uovo tote) O€xeTouw GV Ve
ETEKTAOT)

T:E—F ongaT|,=T.

H exéxraon T elva povadict) (av vadoyer) ka | T| = |T].



[Mopaderyuo

D=c,, Cl? F=/(>
Ava = (a(n)) ue xabe a(n) € K, opltw

T:e,+—a(n)e, neN

KO ETTEKTELVQ YPOUULKCL:

Enexteivetan o T : 02 — 02 av-v 1 (a(n)) eivan gpayuévn, ko

|7l = supla(n)].
n

Mdhota av 1 (a(n)) dev etvan ppaypévn, vdpyer y = (y(n)) € £2
wote (a(n)y(n)) ¢ 2.



S Y MPOVG TETEPACUEVNG OLAOTAONG

AV (E,(-,)),(F,{(-,)) elvow xpot ue eomTePLKo yivouevo Kow o F
£yeL emEPAOoUEV dtaotaot), kabe ypouwkn arxekovion T : E — F
glvaL OLVENG.

[pdypatt, emhéyoviog opbokavovikn faon {ey,...,e,, } Tov E
Bplokouvue

1/2
ITz] . < <Z||T€k||F) |z, VzeE.

‘Ouwg, av o E &yxel melpn SLAoToo), VTP ouV GOVVEYELS YPOUULKES
amewkovioelg T : E — F, akoua ki ov dim F' = 1.



O ovluyng tereotng

Oempnua

Av H,, H, elvar 6vo ywoor Hilbert kaw T : H; — H, évag gpoayuévos
TeAeoTIG, TOTE VIAQ)EL Evag wovadikog teAeotne T : Hy — H, mov
LKAVOTTOLEL TT) GYEOT

(T*y,x) 4 (y,Tm>H2 ya kdbe x € Hy,y € H,.

L pr—
oT*: H, — H, ovoudGetou o cvivync (adjoint) tov T'. Elvou
poayuévog tereotnc kou | T = | T

[Tpogtdomoinon O ouZuyng evog un QPoyUEVOL TEAEOTN deV opLieTal
LE TOV S0 TPOTO.



O ovluyng tereotng

[potaon

Harewxéwon T — T* : B(H,,H,) — B(H,, H,) éxet tg e€rjg
toLéTnTES: -

(@) elvaw avryoouux, dnradny (T + AS)* =T* + \S™.

p) T ="1T.

@) [T = |T].

(6) Av H, 5 H, N H; poayuévor tedeotés, (TS)* = S*T™.
(&) [T = |T*.

Ewwotepa (av Hy = Hy, = H),
nT — T%: B(H) — B(H) eivon wo. evéMEn (involution) srov
LKavoTToLeL TNV Aeyouevn wwotnta C, dnh. v (e).



dpayuevol tereoteg: Mapadetypoto

[Mopaderypata mwov exovue N0 CUVAVTNOEL:

e H mpoPoln oe evav voywpo: Iopwopa 21.

HMoapadevyna: f— Sy(f): Anupo 11.

e Evag LoopopgLopog pe tov £2: @swpnuo. 28.
Mopaderypa: O petaoynuatiowog Fourier

L*([=m,7]) = 42(2) : f = (f (1)) ez



dpayuevol tereoteg: Mapadetypoto

e Av (E,(-,)), (F,{(-,-)) €lvow y®poL Ue ECMTEPLKO YLVOUEVO
TETEPAOUEVNG dLAoTOONG, KAOE Ypouuwkn ometkovion T : E — F
elvan ovveyne. Av emhéEm opBokavovikég Baoels {eq, ... e,, } Tou E
KoL { f1,..es [, } TOU F', 0pileton €vag n X m smivoKog

(@] € My, (K) a6 m oxéon

a;. = (Tey, f),i=1,..n,k=1,..m.

Avtiotpoga, ka4Oe [a;;] € M,,,,,(K) opier jua povadun asetkdvion
T : E — F 7tov IKOVOTOLEL TV O)E0T) 0UTH).

o T'evikdtepa, kd0e ppaypévog teheotng T : £2 — £2 opilel évav
oo X oo mivaxa [(T'ey, e;)], omov {e,, : n € N} n ouvnBiopévn
opBokavoviki Béon Tov £2. Aev LoybelL SUwG TO AVTLoTPOQO.
IMopaderyua;



dpayuevol tereoteg: Mapadetypoto

o Alorymviol teheotég Av a = (a,,), a,, € K etvar tuxovoa akorovbia,
n amewkdvion (z(n)) — (a,x(n)) otéhvel Tov £2 otov £2 av-v

(a,) € £ ko toTE 0pileL ppayuévo tekeot D, ue vopua

1D, = llal . Exovue (D,ey,e;) = a;d;; (draydviog mivakag).

O ovZuyng tov teheot D, elvaw o Dy, dmov b = a* (Anhadn

b(n) = a(n) yia kK4Oe n).

e Teheoteg Hilbert-Schmidt Mio tkovi) (GAAG Oy arvaryKaio) ouvOnkn
hoTE €vag 00 X 00 Tivakag [a;] va opilel ppayuévo Teleot
T : 0?2 — (2 wote a;, = (Tey,e;) Yo x6Oe i,k € N eivaun
Z Z la;|? < oo (o0ykpive pe Toug darymvioug). ‘Eyxovue
=1 k=1
(Tx)(i) = (Tx,e;) = Y aga(k) naxade x € (2,
%



dpayuevol tereoteg: Mapadetypoto

e OLoxhnpwtikot teheoté otov L2([a,b]). Av k € C([a,b] x [a,b]),
opilovue

(T2 f)(a /kxy iy, feC(ab).

Opiter ypapuxo tereot Ty« (C([a, b)), |-[,) = (C([a; b)), [,)

’ 2
pparypévo, pe |T¢ " < [f [k(x,y)[*dwdy.
Apa emexteiveton oe Ty, : L2([a,b]) — L?([a,b]).



dpayuevol tereoteg: Mapadetypoto

e To\hamhaoiaotikol Tekeotég otov L ([a,b]). Av f € C([a,b)),
optovue

Mg : C([a,b]) = C(la,b]) : g = fg
(arte ompto yvépevo). Exens | fgl, < |71 Lol o M
enexteivetal o M : L?([a,b]) — L*([a,b]) pe | M| <[ fIl
(uahoTa, LoOTTA).
(AMng: ue uétpo) Mape f € L (u) ko dpLoe
M : L*(p) — L*(p) : g — fg. Eivan xahé oplopévog ka
HMfH <|fl,, (wémra yia o-nemepaocuévo p).
O ovguyng tov teheot) M eivan o teheoting M, 6mov g = f*. Anhadi
M} = M.



dpayuevol tereoteg: Mapadetypoto

e Teheotég petatomong (shift operators) otov
CZ)={z:7—K: > |xk)|* <o}
k=—o00

Uz =(...,2(—2),z(—1),2(0),z(1),...)
Ve=(..,2(0),z(1),2(2),2(3),...)

dmradn (Uzx)(n) =z(n—1) ka (Vz)(n) =x(n+1) yia xabe n € Z.
Hpogavag U,V : £2(Z) — £2(Z), ypouyuxol, .oopetpieg Ko e, SIOTL
UV=VU=LomLU'=V.

O ovZuyng tov U eivaro V. Apa UU* = U*U = 1.



dpayuevol tereoteg: Mapadetypoto

e Teheotég petatdmong (o) Ztov £2(Z) (ahmg):

Ue, :=¢€,,, (uetatomon deEcr)

ko Ve, :=e, 1 (uetatomon apotepd) (n € ”Z)

Enektelve YpouuKa 6Tov g (Z), mtopotnpm Ot eivat
||, -1oopetpies, dpo emexteivovian o wopetpieg £2(Z) — £%(Z).
Agtyvovue o (Ve, ,e,.) = (e,,Ue,,) yia kabe n,m € Z, dpa

V =U"* (ywi;).

o (B) Zwov (*(Z,):
Se, :=e,,, (netatomon de€id) (n € Z,)
ko Te,, := { eny OTOvn 21 (UETOTOMLON CPLOTEPCL)
" 0 otavn =0
Emektelve Ypouka otov cog(Z,, ), mapotnpo ot elvat
I-ll,-ovoTorég (dmh. [ Sz, < |z, yio ke x € coo(Z.)), Gpa
emekTelvovTon oe ovotohég (2(Z.) — (3(Z.,)). Aetyvor T = S*.
(Mdhoto o S etvan woopetpla. O S*3)



dpayuevol tereoteg: Mapadetypoto

SUUTEPOOUAL

Stov%(Z): Ue, =e€,,; (uetatémon SeEid)

U*e, =e (petatomon apotepd) (n € Z)

n—1

Stov(3(Z,): Se, =e€,,; (netatdmon de€ud) (n€Z.)

e otovn >1 , ,
S*e, = { 0"—1 Stov - 0 (UeTaTOMLON APLOTEPQ)

e (v) Ztov L%(R) (translation operators):

'Eotwt € R. Av f € C.(R), opilw f, : s = f,(s) = f(s—t). Tote
fi € C.(R) xaun amerkdvion

At : (Cc([R)auug) - CC(|R>7H”2) : f — ft

glva (YPOUULKT)) LOOUETPLO ETTL (YLOTL;). ApOL ETTEKTELVETOL OF
vpauukt wopetpia L2 (R) — L2(R), emi.



Mn ®paryuevol teheotes: ‘Eva mapaderyua

Stov yopo C1([0,1]) Tov ouveymg Tapaywyioywy ovvaptioewy *

opilovpe Df = f’. Eivol ypouuKy) otetkovion, Kahd OPpLOUEVT] OTOV
mukvd vedywpo CL([0,1]) tov L2([0,1]), arhé dev emexreiveton oe
ppayuévo teheoty L2([0,1]) — L2([0,1]), yioti dev eivon ovveyng wg
nipog ™) vopua tov L2([0,1]): dev vdpyel otabepd M < 0o dote
|Dfll, < M| £], v xé0e f € CH([0,1]).

AN T f 1 [0, 1] — C mov éxovv mapdywyo f/(x), Va € [0, 1] (ota dxpo. ot
mhevpikég) kauvm f7 1 [0, 1] = C eivou ouveyng oto [0, 1].



O Xwpog twv Teheotmv
OpLoudg

Av (E, |- ), (F,] - ) etvou ympor ue vopua, ovoudtovue B(E, F') to
0UVOAO OMWV TV PPAYUEVDV YPOUULKDY OTTELKOVIOEWDY

T:(E,|-1)— F]-])-
Otav E = F, ypagovue B(E) aviiywa B(E, E).
Me ypapp. TPaEelg Kot onuelo, Sn.
(T+AS):x—=Tx+\Sx) (xek)
10 oUvoho B(E, F') yivetar ypauukog ympog.
YrevOvwon: [T :=sup{||Tz|p: x € E,||z|p < 1} < 4o0.

IMpotoon

H amewcdwon T — ||T| elvauw végua otov ywoo B(E, F).
Av erti whéov o F elvau wanong, o B(E, F) eivau ydoog Banach.



O Xwpog twv Teheotmv

Otav E = F, 0 B(E) yivetar (un petabetikn, av dim E > 1) dvyefpoa
wg mpog ) oOvieon: (T'S)(z) =T(S(z)) (z € E). > M&ora
ITS|<[TT1S]-

OpLoudg

O (tormoloyikog) dutkog (dual) E* evog ympov (e VOPUOL ELVAL O XMPOG
OLOV TV CUVEYDV YPOUUUKOV wopeav [ : B — K, dnhadn o
B(E,K). Eivan wavra xmpog Banach.

Av H eivaw yodpog Hilbert ko yia ke x € H opioovue
fo: H—=K:y (y,x), n aneovion

H—-H":x—f,
elvo avrypopukn wopetpio. To Oempnua Riesz héel OTL glvol el Tov
H*.

SoM. dakTuhog ko ypout. xwpog pe A(T'S) = (AT)S = T(AS),
T,SeB(E), €K




Sesquilinear popeg

OpLopog

Mo amewkovion ¢ = Hy x H, — C héyetau sesquilinear popgn av €xyet
TG LOLOTNTEG

(1) elvan YpauKn wg Tpog TV TPMTY HeTafANTY), dnhadn yio kabe
y € Hy n amewcovion © — ¢(z,y) : H; — C eivon ypopukn.

(1) elvouw avIrypaukn wg Tpog Ty delTtepn uetafinti, Siadn yio
Kabe x € Hy m amewovion y — ¢(x,y) : Hy — C elvon ypauuxn.
Mo sesquilinear Lopen AEYETAL PPOYUEVT, AV ETLTTAEOV EXEL TV
oo

Gy supf 6(2,9)] : |2, < 1 Iyllg, < 1} = ] < +o0.

Mopadevyna ¢(z,y) = (T'x,y) omov T € B(H,, H,).
Manota |7 = |||, dnradn

|71 = sup{[{Tz,y)| : |l r, <1, [yller, <1}



H vopuo teheo)

AvT € B(H,,H,),

7] = sup{| Tzl : x € Hy, ||, <1}
— sup{| (T'z,y), | & € ball(H, ),y € ball(H,)}

Avdim H, = m, dim H, = n pe OK Baoeig {eq,...,€,, } KoL
{f17"'afn} Ko aij = <Te]7fz> éXOUMS

T :sup{ S a3 <13 < 1}
g =1 il




Sesquilinear popeg

Toavtotto TolkdTog (polarization) Av ¢ : H x H — C sesquilinear
Ko @(x) = @(x,2) 1 avILoToLY1 TETPAYMVLKY HoP@),

( )_A<ﬂc+y) A<x—y)+m<x+iy> .A<x—iy>
Py =95 P\ Wl Lp 5 :

IMpotaon

Eotw H wyadikog ywoog Hilbert. Mio sesquilinear uooe1 o elvar
poayuévny avv n @ elvar poayuévn oty urdia tov H. Mdlota

sup{|(a)| : @ € ball(H)} < o] <2sup{|@(a)|: & € ball(H)}.

av o(x,z) € R yua kdOe © € H, téte ® 1oyveL n 1oétnra

lioll = sup{| ()| : & € ball(H)}.

5... oML OyL eV yéveL



Sesquilinear LOPPEG KoL TELEOTES

‘Eotw H wyadikos ywoog Hilbert. Mia yoouuuxs ametkovion
T:H — H elvaw poayuévn av kot uévov av

sup{|[(Tz,x)| : x € H,|z| <1} < +o0.
Tote

sup{|(Tz,x)| : x € ball(H)} < |T|| < 2sup{|[(Tx,z)| : « € ball(H)}.

Eriong, avT,S € B(H), téte T = S av kaw uévov av
(Tz,x) = (Sx,z) yia kdOe x € H.

[MopLopa.

Eotw H wyadkos ywoeog Hilbert kow T': H — H @oayuévn yoouuuxs
amewcovion. AvT =T, 1dte

|T| = sup{|(Tx,z)|: x € ball(H)}.



Sesquilinear popeg

Oempnua

Eotw H,, H, yawoot Hilbert. KaOe poayuévn sesquilinear uooqpn
¢ Hy x Hy — C ooier évav povadikd poayuévo tedeotn
T € B(H,,H,) and myv oxéon

d(z,y) = (Tz,y) raxkdle x € Hy,y € H,.

"Enteton to

Oempnuo

Av H,, H, elvaw 600 ywoor Hilbert kou T : Hy — H, évag poayuévos
TEAEGTIIG, TOTE VITAQ)EL Evag uovadikdg teeotng 1™ « Hy — H, mov
LKAVOTTOLEL TT) GYETT

(T:L‘,y)H2 = (ac,T*y)H1 yakdle x € Hy,y e H,.
O T* elvau poayuévog ko | T = |-

Anod. H ¢(y,x) := (y,Tw),, eivow sesquilinear kar gporypévn.
2



Katnyopleg teheotadv

OpLoudg

‘Eotw H,, H, yopou Hilbert.

(i) 'Evag T € B(H;) Aéyeton guotoroyikodg (normal) ov T*T = TT*.
(0 TG OUVOPTNOELS)

(ii) 'Bvag T € B(H;) Aéyeton avtoovluyng (self-adjoint) av T = T™.
(00 TIG TPOYUOTIKEG OUVOPTNOELS)

(iii) 'Evag T' € B(H,, H,) Méyeton opBopovadiatog (unitary) ov

T = Iy v TT* = Iy . (cav TG ouvapthoes wov | f(¢)| = 1)

[Mopadetyuota:

O (unilateral) shift S otov £2(Z_,) dev elvou puotohoyikdc.
Kdabe M eivar guotohoyikog,

‘Evag M elvou avtoovfuyng av-v f(t) € R yio ke t.

O uetaoynuatioudg Fourier F: L2([0,27]) — £2(Z) eivan
opBopovadiaiog.



Katnyopleg teheotadv

IMpotoon
Eorw T € B(H), dmov H wyadikde ywoog Hilbert. O'T elvou
puotoroykds av kaw uévov av |Tx|| = |T*z| yia kdbe x € H.

IMpotaon

Eotw T € B(H), émov H wyadikds ywoog Hilbert. O T elvou
avtooviuyng av kaw uévov av (T'z,z) € R yia kdbe x € H.

Ipagw B, (H)={T € B(H), T =T"}.

IMpotoon
Eotw T € B(H), émov H wyadikds ywoog Hilbert. Av o T elvou

avToouiuyng, ToTE
|7 = sup{[{Tz,)| : v € H, ||| <1}.



Katnyopleg teheotadv

[Mpodtaon

Eorw T € B(H,, H,), émov H; wyadukol ywoow Hilbert. Téte

(i) O T elvau woouetolo av kaw uévov av I™T = Iy , wwodvvaua av
kau uévov av (Tx, Ty) = (x,y) pua kdOe x,y € H.

(ii) O T' elvaw 0pBouovadialog av kat UGvov av eival LGOUETOLR Ko
el

[Mopadelyuoto.

AvH, =H, = H pe dim H < oo, ka0e woopetpia etvor Befaiwg em.
Stov (2,0 St e, — €, etvar oopetplo, OxL entl apov e & S(£2)
(oo Egvodoyelo Hilbert wavta Bpiokovue O£om, akOua KL av o8 KaOe
€,, VILAPYEL EVOLKOG).



Avtoovluyelg Kot O£TIKoL TELEOTEG

Kdabe A € B(H) ypapeTtar Lovadikd oTnv Hopen

A=A +iA,, omovA,=A; (k=12).

OpLouog

(i) "Evog avtoovfuyng teheomg T € B(H) Méyeton Oetikog (1 Betikd
NULOPLOUEVOG) (positive 1 positive semidefinite) av (T'x,z) > 0 yio kGO
ze M.

To oivodo Twv Oetikdv teheotdv cuuforitovue B, (H).

(i) AvT,S € B, (H), opitovue T > S av (T'x,x) > (Sz,z) yia kaOe
zx € H,avonadnT —S € B, (H).

Hapatnpnon: Ze wyadikots ywpovg, ke T' € B(H ) pe (Tx,z) >0
yio kG00e T € H glvor autopndtog OeTikog,



O Kwvog ToV OETIKMV TELEGTOV

O (B,(H),||) elvar R-xwpog Banach. 0 B, (H) C B,,(H) eivan

e xwvog: A>0,t >0 =tA>0.

o kupt0g: A,B>0,A€[0,1] == AXA+(1-A)B>0

e yvinowog: A >0k —A>0 = A=0.

o tapayel ov By, (H) (full cone): VI € B, 3A,B>0:T =A—B.

o |-||-xrewoToC.



H dwatakn > otov B, (H)

Mze dhha Aoy
H duata&n > otov B, (H) elvow cuufLpaoti ne Ty ypauuKn tov
dour), dradn (av A, B, S, T € B), kaw A\, i1 € R)

A>B,S>T=A+S>B+T
Koo A>pu>0=A\A>uB.

Agv givon oumg aanbera 6t ov A > 0 kow B > 0 tote AB > 0.
Entong, av T,, > 0 xau |7, — T'| — 0, tote 0 T' elvon Hetikog.

Av A= A*1tote —|A|I <A<|A|I
apa A= (A+|A|I)—|A|I (drogopd dvo OetikdV)



T TopEN TETPAYOVIKNG PLLAC

IMpotoon

T k60 Oetikd tereot) A € B(H) vrdoyel uovadikds Oetikds
redeotiic X € B(H) wore X? = A. O tedeotiic avtds Aéyetau
tetoaywwiin) olia tov A kaw cvufoAilerar A2,

0 A2 ueratiOstau ue kGOe tedeoti) mov uetatiOetou ue Tov A.

AmodelEn: IapaleuteTol

IopLopa.

Av A, B € B(H) elvau Ostirol tereatés, tote 0 AB eilvau Oetikdg av
kat uévovav AB = BA.



TToALKY) VOITOPOOTO0T TEAEOTN

OpLoudg

'‘Botw T' € B(H,, Hy). H povadikn Betikn tetpaymvikn pia tov
Betkol teheot) T*T € B(H, ) ovpforieton |T.

OpLopog

'Evag teheotg V € B(H,, H,) héyetou pepikn woopetpla (partial
isometry) av o meplopiopdg mg V otov vdywpo M = (ker V) eivou
woouetpia. O vtoywpog M éyeTon apyLkog MPOG Kal 0 Vo mPOg
V(M) (o omolog elvar KLeL0TOG - YLortl;) MEyeTol TeMKOg yhpog g V.



TToALKY) VOITOPOOTO0T TEAEOTN

K&0e un undevikog uyodikog aptuog z €xeL LovodIKN ToAkn
|z > 0 ko Ju| = 1.

. delEovue OTL évag avbalpetog TeheoTng ot Evav ydpo Hilbert
SEYETAL PLOL «TTOMKT] OLVOTTAPAOTOON .

[Mpotaon (Frolkn avamapaotaot): polar decomposition)

Eotw T € B(H,, H,) avlaipetog tedeotns. Yadoyel wa ueoukn
woouetola V ue agyukd yioo |T|(H,) C Hy kou telkd yoo
T(H,) C H, dote

T =VIT)|.

,T\/

[6¢0 g amodelEng Mapanpeig Ot HTa:H = ||T|z| ywo x66e z € Hy,
omote pmopelg va opioeig Vy) : |T'|x — T'x kou va enektelvelg: ~



TToALKT) OVOTTOLPAOTAON

H1—>Im ) — H,

N

Im(|7))

|

H,



TToALKY) QVOITaPOOTOON

H, —>Im ) > Im(T) — H,

Nt

Im(|T))
J Vi
Im(|T7)

J

H,

[Mpotaon

Eotw T € B(H,, H,) avOalpetog tedeotis. Yadoyet uovadikdg
unitary teheotig Vy : Im(|T'|) — Im(T") wote T = V4| T)|.




TToALKY) QVOITaPOOTOON

T .
H —Im(T) » Im(T) — Hy
Vi
V

T Vo
Im(|T7)

Im(|7T)

H,

Ipotaon

Eotw T € B(H,, H,) avOaipetog tedeotns. Yadoyet wa uegukn
woouetola V € B(H,, H,) ue agyxd ywoo |T|(H,) C Hy ko tedikd
xtoo T(H,) C Hy dote T =V|T.



ITpoBoieg
Hopatypnon Av P: H — H ypoyyuxi pe P = P2,
imP={r€H:x=Px}, kerP=im(I—P)
H=imP+kerP, imPnNkerP ={0}.
'Eotw M khelotog voywpog ympov Hilbert H.
H=M&M': z=x,+x,.

H opO1 mtpopoin et tov M: Py, : H — H :x — xy,
elval ypappuki kat tawtodvvoun (dni. P? = Py e [P < 1.

[Mpotaom

Eotw H ywoog Hilbert kow P : H — H yoouuks) katw tavtodvvaun
ameikéwon (0ni. P? = P). Ta exdusva slvaw teodvvaua:

(a) Ymdoyet kAewoTog vaoywoos M tov H wote P = Py.

(B) (ker P)L(im P).

™ P <1



ITpoBoieg

IMpotaon

Eotw H ywoog Hilbert kauw P € B(H) tavtodvvauog un undevikog
redeotns. Ta akdrlovOa elvar tGodvvaua:

(1) O P elvar 1 0001 mwooPfoirr exi tov im P.
(i) O P eivar avtocvivyng, udhiota eivar Oetikdg.

(iii) O P elvaw puotoroykdg.

Evag poayuévog teeatng elvar 0901 woofoln
av Kat Lovov av eivat TavTodUVauog Kot avtoouiuyng.



ITpoBoieg

Xpnowueg Mopatnpnoelg

() Av P € B(H), téte: P opO) mpoPor) <= P = P* = P2,
(B)Av P = P? tote x € im P < z = Pz ko

x€kerP <= z €im(l —P).

(v) Av P opbn tpoBohn, tote (Px,x) = ||P1'H2 yio ka0e x € H ko
Py=y < [Py| =]yl

[poétaon (H amewkovion P — im P duotnpet ) dtdta€n)

Av P, Q elvar 000ég mooPfolés, ta akérovOa eivar tcodvvaua:
(@) P<Q  (B) |Pz| <|Qz| yardbe x € H
(y) imP Cim@ (6) QP =P (e) PQ=P.



ITpoBoieg

Ipotaon

Av M, N elvar kAewotol vdywoor evig ywoov Hilbert H xou
P=P(M),Q = P(N) elvaw ot avriotoiyes moofolés, tdte

(i) O tedeotiic R = PQ elvaw mooforn av ko uévov av PQ = QP,
av-v P(N)C N, av-v Q(M)C M. Téte R=P(MNN).

(i) MIN <= PQ=0<= QP =0« P|y=0< Q| =0.
(iii) O tedeatns S = P+ Q elvaw moofoAn av kaw uévovav M 1L N.
Téte S=P(M+N).

(iv) O tedeotnic D = P — Q elvaw mooforn av kow uévovav M D N.
Téte D= P(MNN™ ).

IMpoToon
Av P=P(M) ke Q= P(N), éwov M, N kietotol vadywoot evog
xoov Hilbert H ko L = M N N, tdte:

O mpoforés P kar Q uetatiBevrar av ko uévov av ot vrdywoot
MNL* kow NN L' elvaw kdOetou.



Eva [Hapaderypa

Eotw 0 € (0,7/2) xau ¢ = cosf, s =sinf. Av opioovpe

10 c? cs
P= [0 O] Q= [cs 82:|
Ou P xou () ewvo opBeg poPoreg, oL voywpot im P xou im ) exovv
teTpLuevn toun aiha dev ewvar kabetor. To yivopevo PQ dev ewvau
TTPOPOA).
Av (0,,) ewvan undevikn axorovbia oto (0,7/2) opllm Tovg TeheoTeg

C,S € B(£?) amo g oyeoeg
Ce,, = (cosb,)e,,, Se, = (sinf,)e,, n € N. Tote oL teheoteg

I0 c? CS
Pi= [o o] @:= [05 52]

gLvalL Koo oplopeveg opOeg mpoBoieg otov xwpo £2 @ £2, oL vroywpot
im P xou im @ eyovv TeTpLuev Touw), oumg (oL Lovov Sev eLval
KaBetol alha) To aBpolopa Toug eV ELVAL KAELOTOG VITOYWPOG.



Eva IMopaderypo

Edw H, @ H, eivai 0 xhpog Ohwv Tmv LevyapLdv [ﬂ OOV

x € Hy,y € Hy pe npa&eilg Katd OUVIETAYUEVT] KOL EOWTEPLKO

YLVOUEVO
<[§] ’ m> = (@), Y0y, -



ITpoBoieg

Av M, N givon kAgtotol vtoympotr tov H, 0 M NN givon o
weyoAiTePog KAELoTOG VItdympog Tov H mov mepieyeton Kaw otov M
Kot otov V.

O M + N elvan 0 (uKpOTePOG KAELOTOG VTTOY P0G TOU H 710V TTEPLEYEL
ko tov M kow tov N.

Svuforopot: PVEQ = PMVN)=P(M+N)
PANQ = PMAN)=P(MNN).



ITpoBoieg

IMpotoon

Av (Q;) elvar pOivovoa [abEovea] akorovOia moofoldv, TéTe
ovykAiver katd onuelo T otnv meoPori; Q = P(M), dwov M elvau 1)
tour] [n kAewoti] yoouyukn Onkn e évwong] twvim @, (i € N).

Ipotaon

Eotw (P,) akolovbio moofordv ¢’ évav ywoo Hilbert H.

(i) Av ou P, elvaw avd 6vo kdOeteg, ToTe 1) 0e1od. ), P, w ovykiiver
v kde v € H, kaw ), P,x = P(M)x, dmov M eivau n kdetori]
voouukn 0nkn tnge évwons twvim P, (n € N).

I kdOe x € Hwoyvey, | P,x||* = || P(M)z|?.

(i) Av Y- | P,z|* < |z|* yua k0 x € H, 167¢ 01 P,, elvau avé 6vo
K&Oeteg (emouévwg toyvel o ovuméoaoua tov (i).

o1 duwg o vopua teheot), av {Q; } daeipn



ITpoBoieg

EvalLOoKTIKY] TTPOoEYYLON:

IMpotaon

Eotw (P,) akorovbia moofoldv o’ évav yioo Hilbert H. Ta
axdiovBa elvar toodvvaua, yia kabe m € N:

m m
(1) > P, <I, wodvvauc ||> . P,|| < 1.

n=1 n=1
(1) O A{Py,..., P, } elvaw avd 8o kdOeteg.

m
(131) HQ,, := > P, elvau wooPoli.

n=1

m
(iv) 3 |P.z|” < |zl ya kdbe = € H.
n=1
O ovvOnKes autés alnBsvovy yia kabe m € N av, kot uévov av, yLa

xdOe x € H n oewod ), P,z ovyriivet oo P(M)z, dmwov M elveu n
kAgLoT) pooyyurn Onkn tne évwong twvim P, (n € N) ko
>, Py ]? = | P(M)z].




ITpoBoieg

[opLopo

Av { M, } elvaur kdOeTor avd 5o kAewotol vadywoor evdg yboov
Hilbert kot NV M, 0 tukQdTEQ0S KAELOTOS UTOYWQOS TOV TEQLEYEL KAOE
M, tte kGOe Siavvoua x € VM, yodpetal Katd Lovadlké Tomo
¢ GUYKAIVOVGE GEQE T =Y

el =32, I .

7 ’
1 Zp, OOV KAOE T, € M, Ko



Teheoteg [emepaouevng TaEng

OpLouodg

Mua ypopukn osetkovion T : E — F peta&l $0o ypoukov xdpov
E, F )\éyetou taEng n (n € N) av o vrtoywpog T'(E) = im T €xeu
dwaotaon n. Fpagovue rank(7") = n. Av ov E, F' eivan ydpot pe
vopua, ovuporitovue pe F (E, F') 10 00VORO TV QPOyLEVOY
ypouukmv ametkovioewv T : E — F mov €40y Temepaouévn) Taen
(finite rank), dSnhodm

F(E,F)={T € B(E,F) :rank(T) < +o0}.

Ewdwotepa, ypagovue F (E) = F (E,E).



Teheoteg [emepaouevng TaEng

Av H, K sivou yopot Hilbert, v € K kawu € H oplfovue Tov TeheoT)
vu*: H—- K

amd tov tomo  vut(x) = (r,u)v  (x € H).

O teheotng vu* elvon @poyuévos, kau |[ou*| = [Ju]| - |ul.
Kabe T € F(H, K) mpwg taEng (rank(7T') = 1) eivon ovtng g
HOPPG (e u, v ) pNdEVIKE).
Kabe T' € F(H, K) ypagetar
n

T=>) wvup u,€HuvcK
k=1

omov {v,, : k=1,...,n} o.x. Bdon tov im7".



Teheoteg [emepaouevng TaEng

Kabe T € F(H, K) «Zew peta&l ydpwv memepaopuevng duaotaong
(tov (kerT)* =imT* ko T(E) = imT):

Qc mpog Tig dwaomboeig H = (ker T)* @ ker T ko

K=imT® ({imT)* o T yplgpetar

_Tll 0
r=[3 )

Tomoroywkn wiotnta: Av A € F(H, K), tote 1o A(ball(H)) etvan
(oyeTka) ovumayeg otov K.



Svumayetg Teheoteg K (E, F)

OpLoudg

'‘Botw E, F ympor Banach. Mua ypopuik ametkovion

T : E — F Aéyetar ovumaymg (compact) av aetkoviCeL TV KAELoT)
wovadwaia péha By = {z € E : |z < 1} tov E ot éva || - |-oyetixd
ovpTaryég vIToatvoho Tov F (av dnhady to T'(By) eivor cvpmayée
vrroovvoro tov F). Fpagovue T' € X (E, F).

KdaBe ouprmaymg teheotng elvan ppayrévog, yatt av to ovvoro 1'(By)
ELVOLL OUUTTAYES, ELVOL BEROALOL PPOYUEVO.
O @POYIEVOL TENEOTEG TTETEPUOUEVNG TAENG ELVALL CUUITAYELG.

Mopaderypo

Ava = (a,) € ¢y, o teheotiig D, = diag(a,,) € B(£?) eivow
OVUITOYMG.



Tvumoyetg Teheoteg

[Mopatpnon. To 6UVOAO TUDOV EVOG PPAYUEVOU TEAEOTY] (ELVAL
YPOUU. XDPOG, OALE) SEV VOl TAVTO KAELOTO
(mpdy: Aoknon!)
To 0VVOLO TYUDV EVOG PPAYUEVO TELEOTY| TTETEPUOUEVNG TAENG ELVOL
KAELOTO (YLaTL;).
IMapaTnpnon.

F(E,F) C X(E,F) C B(E,F).

avou E xau F elvon 0epodidotatot, §ev 1oy 0ouv oL LoOTNTEG.

[Mopadetynato O ToVTOTIKOG TEAEOTNG 1 1) TTPOPOAT OE EVAV YDPO
ameLpNg SLAOTOONG OEV ELVOIL CUIITOYNG,

0 D, € B({?) émov a,, = * elvon ovpmayhg ahhd éxer dmetpn TéEn.



YTrevOiuon: XapoKTnpLopol Cupumayois HETP. HPOY

Oempnuo

Eotw (X, p) uetoukds ywoos kaw K C X. Ta akdrovOa elvou
teodvvaua:
To K eivau ovumayés (6nh. o (K, pl i) elvaw ovumayng xdoog).
KdBe dmeipo vwoovvoro A tov K éyel tovAdyiotov éva onuelo

oveoWMEVonS 6To K.

To K elvaw akolovbiakd ocvumayés (OnA. kdOe axolovbio oto
K éyer vmakolovOio wov cuykiiver uéoa oto K).

O (K, p| k) elvaw ohrd poayuévog (6nh. yua ke € > 00 K
KaAUmTeTouw awd wemepaouévo xtAnbog urxdies axtivag € > 0)
Ko TANONG.

HNopatipnon e ahpn petp. xopo X, éva A C X elvon oxetixd
OVUTTOYES (OMA. A GUUTAYEG) AV-V ELVOL OMKL PPAYUEVO.



Tvumoyetg Teheoteg

Oewpnuo

Eotw E, F yboot Banach, T : E — F yoouukn axeicéviorn. Ta
axdrovOa elvar tGodVvaua:

(i) O T elvou ovumayng.

(ii) o k&Oe poayuévo vrootvvoro A C E, to W elval cvuTayEg.
(iii) [ k&Oe poayuévn axodovOia {x, } tov E, n akodovOia {Tx,}
éxet || - |-ovyrAlvovea vrakolovOia.

(iv) To cbvoro T (Bp) eivaw olkd poayuévo.



Tvumoyetg Teheoteg

[Mapathpnon: O F(E, F) eivat ypaukog ydpoc.
Anupo

Av E| F elvau yoot Banach, o X (E, F) elvou yoouuxds xoog: Av
T,Se X(E,F)kauX€C, téte T+ S € X(E,F).

[Mopatnpnon: Twvouevo gpayuevov teleotn A ue memepaouevng
10ENg X € F(E, F) 1) memep. t1aEng X ue gppayuevo B etvar
TETEPAOUEVNG TAENG:

=
|w
=
| |
&S|
B
=

Anupo
Av M, E F, N elvou ywoot Banach,

BeB(M,E), X e X(E,F) kaw A€ B(F,N)
= XBeX(M,F) kau AXeX(E,N)



Tvumoyetg Teheoteg

[apatnpnon: O voywpog F (E, F) dev elvar KLewoTog 0TOV
B(E, F) (o0& amelpodLiotatovs ympoug).

IMpotaon

Av E| F elvau yoot Banach, o X (E, F) elvaw kAeotds vadywoog
70V ydoov Banach B(E, F), doa ydoog Banach.

[Mopatpnon: Apa, av |A, — A — 0 kouw xaBe A, eivon ovumoyng,
101e 0 A egivan ovptoyng. ‘Oumg: To Katd onuelo 0pto akorovdiag
OVUTTAYMV TELEOTOV (KOO, KL TTETEPAOUEVNG TAENG) eV elvan
TAVTO CLUTTAYNG.

Mapatnpnon: Ewdwotepa to K (E) elvon (auglahevpo) KAELOTO
WWehdeg g ahyeBpoag Banach B(E).



XapoKTnpropol Zuuay®v TeleoTmv

Oempnua

Av H elvau yoog Hilbert kaw T € B(H ), ta axdlovOa elvau
Lteodvvaua:

(i) O'T elvau cvumayng.

(ii) ' kGOe opOokavovikt] axorovbia {x,,} Tov H, oyver
(Tz,,x,)— 0.

(iti) Yrdoyet wa axorovOio {F, } axd poayuévovs tedeotés
memegaouévng tdéng dote [T —F, | — 0.

IMopLouc. (Aoknon)

Eotw H,K ydoou Hilbert kaw A € B(H, K). O A elvau ovumayng av
Kkaw uévov av yia kdle € > 0 vadoyet B € F (H,K) ko

C € B(H,K) dgote |C| < e ke A= B+ C. Adue St «o A elvau
ULKQT] OLOTAQa)T) EVOG TEAEGTT) TETEQUOUEVNG TAENS.

[Mopatnpnon Aev woyber oe Ghovg Tovg yhpovg Banach
(Per Enflo, Acta Math., 130 (1973).



XapoKTnpropol Zuuay®v TeleoTmv

[Mpotaon

Eotw H, K ywoou Hilbert. Av n yoouuxt) ameudvon A: H — K
elvau cvumayng, Téte oL vdywoor im A kou (ker A)* elvau
Swaywolouot.

IMpoTaon

Av H, K elvau yaoou Hilbert ko T' € B(H , K) tdte

TeX(H,K) < T*T € X(H) < T* € X (K, H).

IMpotaon

Eorw H, K ydoou Hilbert kow T € B(H,K). O T elvou cvumayns av
Kkauw uévov av yua kdOe oplokavoviki] akorovbia (x,,) tov H, 1
axorovbio (Tx, ) ovykdiver wg moog v | - || k-



OlokAnpwtikol Teheoteg

Mopaderyna: Kabe ohokAnpwtikodg teleotng eivol ovptoyng: Eotm
k€ C(la,b] x [a,b]). O teheomg Ay, € B(L?[a,b]) ue

(Aef)(a /my Dy, feC(ab)

elvaL CLUTTAYNG.

H 1d¢a g amddeiEng. TpooeyyiLovue v k amd ypouu.
OUVOVOOUOVG YOPUKTNPLOTIKMV GUVOPTIOEMV 0pOOYWVIMV, OL OTTOLEG
0pLLOVV OLOKANPOTIKOVG TELEOTEG TTETEPAOUEVNG TAENG.

(Agg kaw 10 apyelo intops.pdf)



Ztoyog: To Paouatiko Oempnua

Oeopnua Av H eivar ywoog Hilbert, kd0e cuumayng kou
guotoroyikds tedeotnc A € B(H) Siaywvomowelton 6tov vadywoo
(ker A)*.

Yrdoyovv Snradn a(n) € C kaw ooBokavowkn faon {x,, :n € N}
tov (ker A)* dote Ax, = a(n)x, ya kdOe n € N,

(Trevopuon. O (ker A)* eivan droxwpiowog, agov o A etvor
ovumayhc.)

Ioodvvaua, av U : (ker A)* — % efvau o unitary telectiig mov

wavomowel U(z,) = e, ya ke n € N, tére UAU ' = D
(émov D, = diag(a(n)) o Staydwog tedeotiis).

a



ISotueg kou Idodraviouota

OpLoudg

'‘Eotw F ypopuukog xwpog, A : E— E ypauukn aserkovion. ‘Evog
(uyadiog) apbuog A Aéyetan tdotiun (eigenvalue) Tg A av vidpyel
un undeviko x € E dote Ax = Ax. To x héyeton 18L0dLavuouo.
(eigenvector) g A KoL TO GVUVOLO

M, :={zx € E: Az =z} =ker(A—\I)

(JT0V ELVAL TTPOPAVDG YPOUILKOG YDPOG) ELVAL O LOLOYWPOG
(eigenspace) g A mov avtiotoriel otV oty A. To 00voro TV
oty g A ovufohitovue o, (A).



ISotueg kou Idodraviouota

[Mopoatnpnoes:

(i) Kabe 1d1oympog My g A etvon avarholwtog amtd v A, dnhadn
A(M,) € M, xon Alpy, = M|y, -

Mdéota o My, givar avorholmTog Kot atd KGO Ypoukn
amelkovion B mov uetatifetar ue tnv A.

(i) Av 0 E givou xmpog ue vopuo. kot 1 A givar ovveyng, Kade
WO wpog M, elvan Khewotog vrtdympog Tov E, yrott

My = (A=)~ '({0}).

(iii) Av o E etvar (un undevikog) uyadikog ympog Ko

dim E = n < +00, k40e ypopukn arxeikovion A : E — E éyel
WOLoTIES,

Avtd puotka dev aAnOelel TAVTO 08 TPAYUATIKOUG YPOUWUKOUG
Y MPOVG.

Te ATELPOSLAOTATOVG UYOdLKOUG X DPOUGS;



ALOry®VOTTONOLUOL TEAEOTEG

'‘BEotw H duaywplowog ydpog Hilbert. ‘Evag teheotg A € B(H)
Léyeton drarymvortomoipog (diagonalizable) av vrapyel puo
opBokavovikn Baon {x,, } tov H xau o akorovdia a = (a(n))
wyodikav aplbudv wote Az, = a(n)z,, ywo kabe n € N.

Tote a = (a(n)) @poryuévn kon

A=U"'D,U: A<D,

omov U : H — 02 : x,, — e,, eivon unitary. Apo,

dLAYWVOTONOLOG = (PUOLOAOYLKOG.



ALOry®VOTTONOLUOL TEAEOTEG

IMpoToon

Eotw H Swaywoloyog ydoog Hilbert, A € B(H). O A elvau
SLayVOTOLNGLUOS OV Ko UOVOV v oL LOLOX QoL TOov glval avd 000
K&Oetor ko wopdyovv tov H.

To cvoro Up<A> TOV LOLOTIUMDV EVOG OLOYDVOTTOLTIGYUOU TEAEGT)
elvau (memeoaouévo 1) aglQunowo. Av {\,, : n € N} elvou o
aolBunon tov ap(A) kot P, elvar n moofoln etov idiéywoo M, mwov
avuotolyel oTnv idtotun A, tote pa kdbe x € H

Az = Z A, PLx

(6ov to dbBootcua GuyKAlveL (av elvar ATELQO) (G TOOG TT VOQUOL

Tov H).



"Eva Topaderyuo

"Eotw g ouveyng ouvapmon, 2m-meprodikn, H = L2(]0,27]),
T:H— H: f—Tf omov

1 21
@) =5 [ sle=v) sy
TJo
(ohoxAnpwtikdg Teheog). Tlapathpnon: Av f, (x) = e Bpiokw
Tf,=gn)f, (ne’).

ANhad, 0g Tpog v owkoyévewa { f,, : n € Z}, 0 T duaywvorow Onke!

H owcoyévewa { f,, : n € Z} eivon opBoxavoviki) Béon tov L2 ([0, 27]).



To (mini) ®acuatiké Oempnua

Oempnua

KdOe puororoyikds tedeotng T oe évav (uyadkd) ywoo Hilbert H
dtaoTaons n < 00 elval SLayWvoToLnoyog, SnAadn vdoyet
ooOokavowkn) Bdon {e,, : k=1,...,n} rov H raw a(k) € C dote
Te, =age, (k=1,...,n).

leodvvaua, o T elvor ogBouovadiaic 16odVvauog (unitarily
equivalent) ue évav dwaywwvio teleotr], Oniadn vrdoyet
ooBouovadiaiog tedeotiic U : H — 1%([n]) dote o UTU ! va elvou
Saywviog.

ANupo

Eotw T € B(H) puooroyikds tedeotis. Avx € H elvou
Woddvvoua tov T ue ot N, téte T x = Az

Emetat 0Tl 0L LOLOYWEOL EVOS PUALOAOYLKOV TEAEOTT (Vv VITAQ)OUV)
OV avdyouv, Ko eival Kadbetol uetaEv tovg.



Anupa
Eotw A € B(H) kaw M C H kheiotds A-avarlolwtog vadywoog.

Eotw B € B(M) o megrooiouds B := A,y Tote, B* = A*|y av ko
uoévov av o M eivar kau A*-avariolwtog.

[Mopaderypo

AvU : (2(Z) — (%(Z) eivou 0 TeLeoTG TNG AUPITAEVPNG HETATOTLONG
Ue,, =€, .1 Yo xabe n € Z), 0o vroywpog M =span{e, :n >0}
elvaw U-avalrolwtog, alhd o meproptopdg S := Ul ,, dev tkavorotel
S* =U*| 1, kabwg Seg =0 eveo U'ey =e_.



ISoTeg otvumaywv Teheotdv

AvAe X (H)kau A= A, téte vrdgyer A € 0, (A) ue |\ = | Al

[Mopaderypo
Av A € K (H) 7o 0 dev elvou wévro rotyu: .y, D, dmov a = (1).

Apa, vtapyer x € H mov ueytotomowel tov A, dnh. | Az| = | A]|]|=]|.
Mahota to 2 givon Wodidvuoua tov A pe ot |A| 1 —||A].



ISoTeg otvumaywv Teheotdv

IMpoToon

Eotw A€ X (H).

(i) KdBe 1616xwoog tov A mov avtiotolyel o€ un undevikn tototuun)
EyeL memegaouévn didoTaot).

(ii) To ovvoro ap(A) TOV LOLOTIWDV TOV 1) e(VaL TETEQAGUEVO, 1]
amoterel undevikn axoiovdia.

IMoapatnpnon H amoddeil&n elvan mo aueon otav o A eivar
(PUOLOAOYLKOG,



To Poopotikd OeMPNUOL VL0 CUUTTOYELG TEAEOTEG

Oewpmnuot

Av H eivau yoog Hilbert, kG0e cuumayns gpuetoropikos TeAeatng
A € B(H) dtaywvomoeiran 6tov vadywgo (ker A)*L.

Yrdoyovv Snradij a(n) € C kaw ogBokavovikr) Baon {x,, : n € N}
tov (ker A)* dote Az, = a(n)z,, yia kdbe n € N.

(Trevopuon. O (ker A)*L eivou draxwployog, agov o A etvou
oupTayng.)

Ioodvvaua, av U : (ker A)* — (2 efvau o unitary telectiig mov
wavomowel U(z,) = e, ya kdbe n € N, tére UAU ' = D
(6ov D, = diag(a(n)) o Staydwog tedectiis).

a



To Poopotikd OeMPNUOL VL0 CUUTTOYELG TEAEOTEG

Yrevoouon: Eotw {M,, : n € N} kabetol avd do khetotol

Vo wpot £vog ywpov Hilbert H kow M := @,, M,, 10 €v00 tovg
aBporopa, dSMA. 0 WKPOTEPOG KAELOTOG VTTOYMPOG TOV TEPLEYEL KALOE
M,

Av P, = P(M,,), n tpoBorn P = P(M) otov M wxavomotel
Pz =P,z xa |Pz|’ =S| P,z|” yo x60e z € H.

Enouévag av ka0e M, €xer iua opBokavovikh) Baon {e; ,, 13 € I,,},m
U, {€in i€ 1,} eivar opbokavovikn éon Tov M.

Anupo

Av{P, : n € N} elvau kdOeteg ava Vo moofolrés o’ évav yioo
Hilbert H kau (X,,) elvau undewikn axorovOia aoilbudv, n oeiod
x

> A, P, ovykAiver wg woog ™y véoua tov B(H).

n=1



To Poopotikd OeMPNUOL VL0 CUUTTOYELG TEAEOTEG

Oshpnua (Paopatikd Bempnua: Tpitn popen)

Evag tedeotiic A o’ évav ydoo Hilbert H elvau puotodoyikdg ko
CUUTTAYNG AV KOL WOVOV UV VITAQYEL ULa (TETEQAOUEVT 1) ATTELOT)
oobokavovkn akorovOia (x,,) tdtodtavvoudtwv tov A, ue
avtlotolyeg totués (a(n)) dote

li =
N1~r>noo 0 )

A— Za(n)P[:I;n]

n=1

(émov Plx,,| n mooforij otov (wovodidotato) vadywoo wov
magdyet to x,,). Téte 1 akolovOia (a(n)), av elvouw dreon, elva
UNOEVIKT).

(i) < A~,D,®0
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