M onpeiwon yia tic TpoBoiéc og yweouc Hilbert

Av M eivan! xheiotdc unbywpoc evéc ydpou Hilbert H, éyoupe deller (Yedpnua 1.5.6) 6t H =
M & M+, dnhadh xdde x € H ypdpetor xotd povadixd te6mo © = Ty + Ty 6mou Ty € M xou
Ty € ML, Eretoun 61 1 (xohd oplopévn) amexévion Py : H — H @ — pp sbvon ypouuoed, xou
AMyetou 1 (0p97) meoBolf eni Tou M. And to ITudaydeeto Oetpnua tpoxinter ot ||zar| < ||z,
onéte 1 Py ebvon ouveyc, wdhota || Pyl = 1, av M # {0}. Ané ty oyéon (I — Pa)z = xn @oiveto
6t n I — Py eivon ) (0pd) mpoPold ent tou ML, dpa |1 — Pyl < 1.

Enlong, To s ebvan to mAinoiéotepo npog 1o = onueio Tou M. Ipdyuatt, xdde onueio y € M wavornotet
(I — Py)y = 0, ondte ||z — Pyl = ||[(I — Pu)(z —y)| < ||z —yl|. Hedyuott howndv n Py eivon 1
amewoévion mou oplodnxe e tnv Ilpdtaon 1.5.1.

Ebvor gavepd and tov oploud 6Tl 10 cUvoro Twwey im Py tng Par etvon o M xou 6L o muprvag ker Py
etvor 0o ML

IIpotaocn 1 Eoww H ydpos Hilbert ki P : H — H ypapjukn kai tavtoddvaun areucévion (6nA.
P2 = P). Ta endueva etvar 10od0vaja:

(a) Ymdpxe kAeiwotds vndywpos M tov H dote P = Pyy.
(B) (ker P) L (im P).

() Pl <1

An6deEn (o) = (B) Hpogavée, apol im Py = M xow ker Py = M.
(B) = (v) Kdde x € H ypdyeton x = Pz + (I — P)z. Opwg Pr € im P xu (I — P)x € ker P,
oLVETWC elvon xddeta amd Ty unddeon. And to ITudaydpeto Oedpnua €youue hoinoy
2] = 1Pz + [I(I = P)a||* > || P||?
dnhadh || Pzl < ||z||, npdyua mou onuaiver 6t ||P|| < 1.
(v) = (o) B¢ M = im P xou woyvpilopu 6Tt P = Py. Tlpénel hoimdv va Seilw 6t (ker P)t = M.

Eotw z € (ker P)L. Eneidh (I — P)z € ker P, éyouye L (I — P)z. Enopévec, and to Mudaydpeio
Vewenua,
lz[* + [( = P)z|* = | — (I = P)z||* = ||Pz|* < |||

agol || P|| < 1. Aci€ope 61 (I — P)z =0, dpo z = Pr € M. Enopévec (ker P)t C M.

Av Bev woylel 1obtnTa, LTdEyel pn undevind y € M xddeto otov (ker P)L. Anhodt y € (ker P)1+ =
ker P (o ker P eivon xhetotéc undywpog, apol P ouveyhc). Eyouue howmdv y € ker PNim P = {0}
evey umodéoope 6Tl y # 0. Apa howrdy (ker P)L = M.

H endpevn Ipdtaon yapoxtnellet tic mpoBoiéc o évav yoeo Hilbert oe oyéon e Tic Sidpopes xotn-
Yopleg TeEAec TV ToL €youpe opioel. O yopaxTNEIOUOS TOU YENOWIOTOLETOL o GUY VA TEOXVTTEL Ano
my () <= (e):
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Evag gpayuévos tekeotng eivar opOn mpopodn) av kar puévov av
elval TavtodUrajios kair avtoovluyng.

ITpotaon 2 Eoww H ydpos Hilbert ki P € B(H) tavtodtvauos un pundevikis tedeotns. Ta
axdélovla elvar 1w0o0Vvaua:

(a¢) O P elvar n opOrj mpoforrj eni tov im P.

(6) O P elvar Oetikds.

(¢) O P eivar avroouluyris.

() O P elvar puaiodoyikds.
ATnodely (o) = (8) Av z € H, éyouvpe (I — P)z € ker P xau Pz € im P, dpa (Pz, (I — P)z) =0,
onhadt| (Pz,z) = (Pz, Pz), enouévwe (Pz,z) > 0. Agol 1o z elvon tuyaio, dellope 61t P > 0.

Ou ovvenaywyée (8) = (g) = (&) eivar tpogavelc: xdde Yetxde tereothc ebvon autoouluyhc xou
xade autoouluyhg Elvor QUOLONOYIXOG.

Méver v devydet 7

() = (o) Av o P eivar puotohoyixdc, tote yia xde x € H wylel |Pz|| = ||P*z| (Hpdtoon 2.4.5).
Apa ker P = ker(P*). Av hownév = € ker P xou y = Pz € im P, t6t¢

(xz,y) = (x, Pz) = (P*z,z) = 0.

Ernopévac (ker P)L(im P). Ané tny nponyoluevn npdtaot, auté deiyver 6t n P eivan 1 0p07 tpoBoin
eni tovim P. O

HopathAenon 3 H anaixévion M — Py = P(M) elvar Aowmdv i augipovoonipavtn avtiotoryia
Heta&l Tov oUVYOA0U TV KAEIOTWY UToXwpwY €vos xwpou Hilbert kai tov ouvdlov

P(H)={P € B(H): P> = P* = P}
twv (0pldv) TpoBoldy, ue avtiotpopn tny P — im P. Eilvai pavepd du
P({0}) =0, P(H) =1 xa P(M*)=1—P(M).
IMapatrenon 4 A&ila va aropovaoouue dvo xproues 1i6tntes kdle opOng mpopoAns P:
(¢) Ta kdde x € H wydea n (Px,z) = || Pz|.
(B) Av |[Pyll = llyl| wove Py = y.
Mpdryport, yio to (o) €yovue (Px,z) = (PPz,x) = (Pxz, P*z) = (Px, Pzx) .
I o (B), ool 1o Py xou (I — P)y elvon xddeta, and to [Tudorydpeio Oedpnua éxouue
lyl* = I1Pyll* + (1 — Pyyll*.

bea, 1 ursdeon || Py|? = lyll? Siver [|(1 — P)y|l® = 0 dpa (I — P)y = 0 it Py = .



