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'Askhsh 1 DeÐxte ìti, an A = (aij) eÐnai ènac n× n pÐnakac migadik¸n arijm¸n, h par�stash

〈x, y〉A =
n∑

i=1

n∑
j=1

aijxj ȳi

orÐzei eswterikì ginìmeno ston Cn an kai mìnon an aij = āji gia k�je i, j kai oi idiotimèc tou pÐnaka A eÐnai
gn sia jetikèc.

'Askhsh 2 'Estw E grammikìc q¸roc kai 〈〈., .〉〉 : E × E → K apeikìnish me tic idiìthtec tou eswterikoÔ
ginìmenou ektìc thc (ii).

(a) ApodeÐxte ìti |〈〈x, y〉〉|2 ≤ 〈〈x, x〉〉.〈〈y, y〉〉 (x, y ∈ E).
(b) ApodeÐxte ìti to sÔnolo N = {x ∈ E : 〈〈x, x〉〉 = 0} eÐnai grammikìc upìqwroc tou E.
(g) Ston q¸ro phlÐko E/N , orÐzoume 〈[x], [y]〉 = 〈〈x, y〉〉 (x, y ∈ E), ìpou [x] = {x + z : z ∈ N}.

DeÐxte ìti h apeikìnish 〈., .〉 eÐnai (kal� orismèno) eswterikì ginìmeno ston E/N .

'Askhsh 3 'Estw E1, E2 upìqwroi tou Cn ¸ste E1 ∩ E2 = {0} kai E1 + E2 = Cn. Gia k�je x ∈ Cn

gr�foume x = x1 + x2 ìpou xi ∈ Ei. An ‖x1‖ ≤ ‖x‖ gia k�je x ∈ Cn (ìpou ‖.‖ h EukleÐdeia nìrma), deÐxte
ìti oi E1, E2 eÐnai k�jetoi.

'Askhsh 4 An E eÐnai q¸roc me eswterikì ginìmeno kai A ⊆ E, na apodeiqjeÐ ìti A⊥ = ([A])⊥. EÐnai
al jeia ìti A⊥⊥ = [A]?

'Askhsh 5 DeÐxte ìti to �jroisma dÔo kajètwn kleist¸n upoq¸rwn enìc q¸rou Hilbert eÐnai kleistìc
upìqwroc.

'Askhsh 6 (*) Stìqoc thc �skhshc eÐnai na deiqjeÐ ìti to �jroisma M +N dÔo kleist¸n upoq¸rwn M,N
enìc q¸rou H, akìma kai q¸rou Hilbert, den eÐnai kat� an�gkh kleistì: Ston q¸ro Hilbert `2 orÐzw, gia
k�je n ∈ N,

xn = e2n−1 kai yn = cos(1/n)e2n−1 + sin(1/n)e2n

kai onom�zw M thn kleist  grammik  j kh tou {xn : n ∈ N} kai N thn kleist  grammik  j kh tou {yn : n ∈
N}. (Parathr ste ìti h {gwnÐa} metaxÔ twn xn kai yn eÐnai 1/n.) DeÐxte ìti h tom  M ∩N isoÔtai me {0},
kai epomènwc to �jroisma M + N eÐnai (algebrik�) eujÔ.

DeÐxte ìti to di�nusma y = (0, sin(1), 0, sin(1/2), 0, ...) an kei sto M + N all� ìqi sto M + N .

'Askhsh 7 'Estw H apeirodi�statoc diaqwrÐsimoc q¸roc Hilbert kai {en : n ∈ N} orjokanonik  b�sh tou
H. DeÐxte ìti h {en} den eÐnai algebrik  b�sh tou H. (Upìdeixh: An to x ∈ H eÐnai tètoio ¸ste 〈x, ek〉 6= 0
gia k�je k ∈ N (up�rqoun p�nta tètoia x?) tìte x /∈ [en : n ∈ N]).

'Askhsh 8 An {xn : n ∈ N} eÐnai orjokanonik  akoloujÐa ston q¸ro Hilbert H kai M = [xn : n ∈ N],
deÐxte ìti PM (x) =

∑∞
k=1〈x, xk〉xk gia k�je x ∈ H.

'Askhsh 9 An H eÐnai diaqwrÐsimoc q¸roc Hilbert kai N eÐnai kleistìc upìqwrìc tou, deÐxte ìti o N
eÐnai diaqwrÐsimoc. DeÐxte epÐshc ìti k�je orjokanonik  oikogèneia {xi} se diaqwrÐsimo q¸ro Hilbert eÐnai
arijm simh.
[Upìdeixh: Epeid  ‖xi − xj‖ =

√
2 ìtan i 6= j, oi anoiktèc mp�llec B(xi,

1
2) eÐnai mh kenèc kai xènec an� dÔo.]

'Askhsh 10 (a) An E eÐnai grammikìc q¸roc kai φ : E → C grammik , parathreÐste ìti an φ(xo) 6= 0 tìte
E = kerφ⊕ [xo]. (b) An E eÐnai q¸roc me eswterikì ginìmeno kai φ : E → C grammik , deÐxte ìti o upìqwroc
ker φ eÐnai   kleistìc   puknìc ston E. (g) An H eÐnai q¸roc Hilbert kai φ : E → C grammik  kai suneq c,
breÐte ton upìqwro (ker φ)⊥.

'Askhsh 11 ApodeÐxte ìti h apeikìnish φ : f →
∫ 1

1/2
f(t)dt eÐnai grammik  morf  ston C([0, 1]) kai ìti

eÐnai ‖.‖2-suneq c, all� den up�rqei suneq c sun�rthsh g ¸ste φ(f) = 〈f, g〉 gia k�je f ∈ C([0, 1]).


