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Prìlogoc

Autì eÐnai to deÔtero mèroc thc Eisagwg c sthn Pragmatik  An�lush. Per-
ièqei th jewrÐa toÔ mètrou kai toÔ oloklhr¸matoc Lebesgue sthn pragmatik 
eujeÐa, th basik  jewrÐa twn q¸rwn Lp kai lÐga stoiqeÐa apì thn afhrhmènh
jewrÐa mètrou. To biblÐo apeujÔnetai se proptuqiakoÔc foithtèc toÔ trÐtou
  tètartou ètouc. 'Iswc prèpei k�pote na sumplhrwjeÐ me dÔo akìmh kef�la-
ia. 'Ena gia th jewrÐa toÔ mètrou Lebesgue se eukleÐdeiouc q¸rouc an¸terhc
di�stashc kai èna gia tic seirèc Fourier wc efarmog  thc jewrÐac Lebesgue.
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Kef�laio 1

To mètro Lebesgue sto R

1.1 To prìblhma toÔ mètrou

An a, b eÐnai dÔo pragmatikoÐ arijmoÐ me a < b, ja sumbolÐzoume me < a, b >
k�je di�sthma (kleistì, anoiktì,   hmianoiktì) me �kra a, b. To m koc toÔ
diast matoc I =< a, b > eÐnai o jetikìc arijmìc `(I) = b−a. An I eÐnai èna mh
fragmèno di�sthma, to m koc tou eÐnai `(I) = ∞. EpÐshc jètoume `(∅) = 0.
'Etsi orÐzetai mi� sun�rthsh ` me pedÐo orismoÔ to sÔnolo t¸n diasthm�twn
kai pedÐo tim¸n to [0, +∞]. Tètoiou eÐdouc sunart seic (me pedÐo orismoÔ èna
sÔnolo uposunìlwn toÔ R) onom�zontai sunolosunart seic.

Ja jèlame na epekteÐnoume th sun�rthsh ` se ìla ta uposÔnola toÔ
R. Y�qnoume loipìn mi� sunolosun�rthsh µ : P(R) → [0,∞] tètoia ¸ste
µ(I) = `(I) gia k�je di�sthma I. Fusik� up�rqoun pollèc tètoiec epekt�seic;
jèloume ìmwc h µ na èqei epiplèon kat�llhlec idiìthtec ètsi ¸ste na thn
onom�soume mètro. Prokeimènou na broÔme poièc eÐnai autèc oi kat�llhlec
idiìthtec meletoÔme lÐgo perissìtero to m koc dist matoc.

Merikèc profaneÐc idiìthtec thc sunolosun�rthshc ` eÐnai oi akìloujec:
(a) An I1, I2 eÐnai duì diast mata kai I1 ⊂ I2, tìte `(I1) ≤ `(I2).
(b) An I1, I2, . . . eÐnai peperasmènou   arijm simou pl jouc xèna an� dÔo
diast mata mèsa sto di�sthma I tìte

∑
n

`(In) ≤ `(I).

(g) An I eÐnai èna di�sthma kai x ènac pragmatikìc arijmìc orÐzoume to
sÔnolo I + x := {x + y : y ∈ I}. Tìte to I + x eÐnai di�sthma kai isqÔei
`(I + x) = `(I).
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Mi� akìmh idiìthta toÔ m kouc diast matoc dÐnetai sto parak�tw l mma;
an kai eÐnai diaisjhtik� profan c, qrei�zetai apìdeixh.

L mma 1.1.1 An I, I1, I2, . . . eÐnai to polÔ arijm simou pl jouc diast mata
kai I ⊂ ∪iIi, tìte `(I) ≤ ∑

i `(Ii).
Apìdeixh.

An èstw kai èna apì ta Ii èqei �peiro m koc, h anisìthta eÐnai profan c.
Upojètoume loipìn ìti `(Ii) < ∞ gia k�je i.
PerÐptwsh 1: To I eÐnai kleistì di�sthma, I = [a, b], kai ta diast mata Ii

eÐnai ìla anoikt� kai peperasmènou pl jouc, I1, I2, . . . , In.
Efìson [a, b] ⊂ ∪n

i=1Ii, to shmeÐo a an kei se k�poio apì ta Ii, èstw sto
(α1, β1). Dhlad  isqÔei α1 < a < β1. An β1 < b, tìte β1 ∈ [a, b]. 'Ara to
β1 an kei se k�poio apì ta Ii, èstw sto (α2, β2). SuneqÐzontac aut  th di-
adikasÐa brÐskoume peperasmènou pl jouc diast mata (αj , βj), j = 1, 2 . . . , k
tètoia ¸ste a ∈ (α1, β1), b ∈ (αk, βk) kai αj < βj−1 < βj , j = 2, 3, . . . , k.
'Etsi prokÔptei:

n∑

i=1

`(Ii) ≥
k∑

j=1

(βj − αj) > βk − α1 > b− a = `(I).

PerÐptwsh 2: To I èqei peperasmèno m koc.
'Estw ìti I =< a, b > kai Ii =< αi, βi >, i = 1, 2, . . . . 'Estw epÐshc ε > 0.
Ta anoikt� diast mata

I ′−1 = (a− ε, a + ε), I ′0 = (b− ε, b + ε), I ′i(αi − ε/2i, βi + ε/2i), i = 1, 2, . . .

apoteloÔn anoiktì k�lumma toÔ sumpagoÔc sunìlou [a, b]. 'Ara up�rqoun
peperasmènou pl jouc apì aut�, ta J1, . . . , Jm, pou kalÔptoun to [a, b] ki
epomènwc kai to I. Apì thn PerÐptwsh 1, èqoume

`(I) <
m∑

j=1

`(Jj) ≤ `(I ′−1) + `(I ′0) +
∑

i

`(I ′i)

≤ 4ε +
∑

i

`(Ii) + 2
∑

i

ε

2i
≤ 4ε +

∑

i

`(Ii) + 2
∞∑

i=1

ε

2i

=
∑

i

`(Ii) + 6ε.

Epeid  h anisìthta aut  isqÔei gia k�je ε > 0, sumperaÐnoume ìti

`(I) ≤
∑

i

`(Ii).
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PerÐptwsh 3: To I èqei �peiro m koc.
'Estw J tuqaÐo upodi�sthma toÔ I peperasmènou m kouc. Profan¸c ta Ii

kalÔptoun kai to J . Apì thn perÐptwsh 2 prokÔptei ìti

(1.1) `(J) ≤
∑

i

`(Ii).

Epeid  to J mporeÐ na èqei osod pote meg�lo m koc, h (1.1) dÐnei
∑

i

`(Ii) = ∞ = `(I).

¤
H parak�tw prìtash prokÔptei �mesa apì to L mma 1.1.1 kai thn idiìthta

(b).

Prìtash 1.1.2 An to di�sthma I eÐnai ènwsh to polÔ arijm simou pl jouc
xènwn an� dÔo diasthm�twn I1, I2, . . . , tìte `(I) =

∑
n `(In).

Me b�sh loipìn tic parap�nw idiìthtec toÔ m kouc diast matoc, jèloume
na kataskeu�soume mi� sunolosun�rthsh µ me tic idiìthtec:
(1) H µ orÐzetai gia k�je uposÔnolo toÔ R.
(2) Gia k�je E ⊂ R, isqÔei µ(E) ≥ 0.
(3) Gia k�je di�sthma I, isqÔei µ(I) = `(I).
(4) An E1 ⊂ E2, tìte µ(E1) ≤ µ(E2).
(5) An E ⊂ R , x ∈ R, kai E + x := {x + y : y ∈ E}, tìte µ(E + x) = µ(E).
(6) Arijm simh prosjetikìthta: An E1, E2, . . . eÐnai to polÔ arijm simou
pl jouc xèna an� dÔo uposÔnola toÔ R, tìte µ(∪nEn) =

∑
n µ(En).

ApodeiknÔetai ìti den up�rqei sunolosun�rthsh µ me tic idiìthtec (1)-
(6). Stic epìmenec paragr�fouc ja parousi�soume mi� sunolosun�rthsh
(to exwterikì mètro Lebesgue) pou èqei tic idiìthtec (1)-(5) kai mi� �llh
sunolosun�rthsh (to mètro Lebesgue) pou èqei tic idiìthtec (2)-(6).

1.2 To exwterikì mètro Lebesgue

'Estw E èna uposÔnolo toÔ R. Lème ìti ta diast mata I1, I2, . . . kalÔptoun
to E an E ⊂ ∪kIk. JewroÔme ìlec tic oikogèneiec {Ik} to polÔ arijmhsÐmou
pl jouc anoikt¸n diasthm�twn pou kalÔptoun to E. Profan¸c up�rqoun
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�peirec tètoiec oikogèneiec. Gia k�je tètoia oikogèneia jewroÔme to sunolikì
m koc

∑
k l(Ik) twn diasthm�twn thc. 'Etsi orÐzetai to sÔnolo

{∑

k

l(Ik) : E ⊂
⋃

k

Ik

}

pou eÐnai uposÔnolo toÔ [0,∞]. DÐnoume t¸ra ton akìloujo orismì.

Orismìc 1.2.1 Onom�zoume exwterikì mètro Lebesgue th sunolosun�rthsh
m∗ : P(R) → [0,∞] pou orÐzetai me thn isìthta:

(1.2) m∗(E) = inf

{∑

k

`(Ik) : E ⊂
⋃

k

Ik

}
, E ⊂ R.

Apì ton orismì tou kat¸terou pèratoc prokÔptei ìti to exwterikì mètro
enìc sunìlou E eÐte eÐnai �peiro eÐte èqei tic akìloujec dÔo idiìthtec:
(a) An {Ik} eÐnai mi� to polÔ arijm simh oikogèneia anoikt¸n diasthm�twn
poÔ kalÔptoun to E, tìte

m∗(E) ≤
∑

k

`(Ik).

(b) Gia k�je ε > 0, up�rqei mi� to polÔ arijm simh oikogèneia {Ik} anoikt¸n
diasthm�twn tètoia ¸ste

E ⊂
⋃

k

Ik kai
∑

k

`(Ik) < m∗(E) + ε.

EÐnai eÔkolo na deÐxoume ìti to kenì sÔnolo èqei exwterikì mètro Lebesgue
Ðso me to 0. Pr�gmati, èstw a ∈ R. Gia k�je ε > 0, isqÔei ∅ ⊂ (a− ε, a+ ε).
'Ara to anoiktì di�sthma (a− ε, a + ε) kalÔptei to ∅. Apì ton Orismì 1.2.1
prokÔptei ìti m∗(∅) ≤ 2ε. Epeid  aut  h anisìthta isqÔei gia k�je ε > 0,
sumperaÐnoume ìti m∗(∅) = 0. ParomoÐwc, epeid  {a} ⊂ (a−ε, a+ε), ∀ε > 0,
prokÔptei ìti k�je monosÔnolo èqei exwterikì mètro Lebesgue Ðso me to 0.
Genikìtera isqÔei h epìmenh prìtash.

Prìtash 1.2.2 K�je to polÔ arijm simo sÔnolo èqei exwterikì mètro Lebesgue
Ðso me to 0.
Apìdeixh.
'Estw E = {a1, a2, . . . } èna to polÔ arijm simo sÔnolo. 'Estw ε > 0. Tìte

E ⊂
⋃

j

(
aj − ε

2j
, aj +

ε

2j

)
.
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'Ara

m∗(E) ≤ 2
∑

j

ε

2j
≤ 2

∞∑

j=1

ε

2j
= 2ε.

Epeid  h anisìthta aut  isqÔei gia k�je ε > 0, sumperaÐnoume ìti m∗(E) = 0.
¤

Prìtash 1.2.3 An E1 ⊂ E2, tìte m∗(E1) ≤ m∗(E2).
Apìdeixh.
An mi� oikogèneia anoikt¸n diasthm�twn kalÔptei to E2, tìte ja kalÔptei
kai to E1. 'Ara

{∑

k

`(Ik) : E2 ⊂
⋃

k

Ik

}
⊂

{∑

k

`(I ′k) : E1 ⊂
⋃

k

I ′k

}
.

PaÐrnoume inf kai prokÔptei ìti m∗(E1) ≤ m∗(E2). ¤

Prìtash 1.2.4 Gia k�je di�sthma I isqÔei m∗(I) = `(I).
Apìdeixh.
PerÐptwsh 1: To I eÐnai fragmèno di�sthma.
'Estw ìti I =< a, b >. Gia k�je ε > 0, isqÔei I ⊂ (a − ε, b + ε). 'Ara
m∗(I) ≤ b−a+2ε. Epeid  aut  h anisìthta isqÔei ∀ε > 0, sumperaÐnoume ìti
m∗(I) ≤ b−a = `(I). Gia na apodeÐxoume thn antÐstrofh anisìthta jewroÔme
tuqaÐa to polÔ arijm simh oikogèneia anoikt¸n diasthm�twn Ik pou kalÔp-
toun to I. To L mma 1.1.1 dÐnei l(I) ≤ ∑

k `(Ik). 'Ara o arijmìc `(I) eÐnai
k�tw fr�gma toÔ sunìlou {∑k `(Ik) : I ⊂ ∪kIk}. Epomènwc `(I) ≤ m∗(I).
PerÐptwsh 2: To I eÐnai mh fragmèno di�sthma.
Tìte to I èqei mi� apì tic morfèc < a,∞), (−∞, a >, (−∞,∞). Ja ex-
et�soume thn perÐptwsh I = (a,∞); (oi �llec peript¸seic antimetwpÐzontai
me parìmoio trìpo). Jètoume In = (a, n), gia k�je fusikì n > a. Apì thn
PerÐptwsh 1 kai thn Prìtash 1.2.3 prokÔptei n − a = `(In) = m∗(In) ≤
m∗(I). PaÐrnoume ìrio gia n →∞ kai prokÔptei m∗(I) = ∞ = `(I). ¤

Oi Prot�seic 1.2.2 kai 1.2.4 dÐnoun mi� akìmh apìdeixh ìti k�je di�sthma
eÐnai uperarijm simo sÔnolo.

Je¸rhma 1.2.5 (Arijm simh upoprosjetikìthta)An E1, E2, . . . eÐnai to polÔ
arijm simou pl jouc uposÔnola toÔ R, tìte

(1.3) m∗
(⋃

k

Ek

)
≤

∑

k

m∗(Ek).
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Apìdeixh.
An èstw kai èna apì ta Ek èqei �peiro exwterikì mètro, h anisìthta eÐnai
profan c. Upojètoume loipìn ìti m∗(Ek) < ∞ gia k�je k.

'Estw ε > 0. Apì ton orismì toÔ m∗(Ek) wc kat¸terou pèratoc prokÔptei
ìti gia kajèna k, up�rqei to polÔ arijm simh oikogèneia anoikt¸n diasth-
m�twn Ik,1, Ik,2, . . . tètoia ¸ste

(1.4) Ek ⊂
⋃

j

Ik,j kai
∑

j

`(Ik,j) < m∗(Ek) +
ε

2k
.

H ènwsh ìlwn twn oikogenei¸n aut¸n eÐnai to polÔ arijm simh oikogèneia
anoikt¸n diasthm�twn pou kalÔptoun to sÔnolo ∪kEk. Epomènwc

(1.5) m∗
(⋃

k

Ek

)
≤

∑

k,j

`(Ik,j).

Apì tic (1.4) kai (1.5) èpetai ìti

m∗
(⋃

k

Ek

)
≤

∑

k,j

`(Ik,j) =
∑

k

∑

j

`(Ik,j) <
∑

k

(
m∗(Ek) +

ε

2k

)

≤
∑

k

m∗(Ek) + ε.(1.6)

Epeid  h anisìthta aut  isqÔei gia k�je ε > 0, sumperaÐnoume ìti

m∗
(⋃

k

Ek

)
≤

∑

k

m∗(Ek).

¤

Ja deÐxoume t¸ra ìti to exwterikì mètro enìc sunìlou E mporeÐ na pros-
eggisteÐ apì to exwterikì mètro enìc anoiktoÔ upersunìlou tou kai eÐnai
Ðso me to exwterikì mètro enìc Gδ-sunìlou, dhlad  enìc sunìlou pou eÐnai
arijm simh tom  anoikt¸n sunìlwn:

Prìtash 1.2.6 'Estw E ⊂ R.
(a) Gia k�je ε > 0, up�rqei anoiktì sÔnolo A tètoio ¸ste

E ⊂ A kai m∗(A) ≤ m∗(E) + ε.

(b) Up�rqei Gδ-sÔnolo G tètoio ¸ste

E ⊂ G kai m∗(E) = m∗(G).
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Apìdeixh.
(a) An m∗(E) = ∞, h anisìthta eÐnai profan c. Upojètoume ìti m∗(E) < ∞.
'Estw ε > 0. Tìte up�rqei mi� to polÔ arijm simh oikogèneia {Ik} anoikt¸n
diasthm�twn tètoia ¸ste

E ⊂
⋃

k

Ik kai
∑

k

`(Ik) < m∗(E) + ε.

Jètoume A = ∪kIk. To A eÐnai anoiktì upersÔnolo toÔ E kai

m∗(A) = m∗(∪kIk) ≤
∑

k

m∗(Ik) =
∑

k

`(Ik) < m∗(E) + ε.

(b) Efarmìzontac to (a) gia ε = 1, 1/2, 1/3, . . . , brÐskoume anoikta sÔnola
An tètoia ¸ste

E ⊂ An kai m∗(An) ≤ m∗(E) +
1
n

.

Jètoume G = ∩nAn. To G eÐnai Gδ-sÔnolo pou perièqei to E kai

m∗(E) ≤ m∗(G) ≤ m∗(An) ≤ m∗(E) +
1
n

, ∀n ∈ N.

PaÐrnoume ìria gia n →∞ kai prokÔptei m∗(E) = m∗(G). ¤

Tèloc apodeiknÔoume ìti to exwterikì mètro Lebesgue èqei kai thn idiìth-
ta (5).

Prìtash 1.2.7 An E ⊂ R kai x ∈ R, tìte m∗(E + x) = m∗(E).
Apìdeixh.
'Estw ε > 0. Apì ton orismì toÔ m∗ prokÔptei ìti up�rqoun to polÔ arijm -
simou pl jouc anoikt� diast mata Ii tètoia ¸ste

E ⊂
⋃

i

Ii kai
∑

i

`(Ii) ≤ m∗(E) + ε.

Ta anoikt� diast mata Ii + x kalÔptoun to E + x. QrhsimopoioÔme thn
arijm simh upoprosjetikìthta kai sumperaÐnoume ìti

m∗(E + x) ≤
∑

i

`(Ii + x) =
∑

i

`(Ii) ≤ m∗(E) + ε.

Epeid  aut  h anisìthta isqÔei gia k�je ε > 0, sumperaÐnoume ìti m∗(E+x) ≤
m∗(E).

Gia thn antÐstrofh anisìthta parathroÔme ìti E = (E + x)− x. Apì ta
parap�nw prokÔptei ìti m∗(E) = m∗((E + x)− x) ≤ m∗(E + x). ¤
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Par�deigma 1.2.8 Ja upologÐsoume to exwterikì mètro toÔ sunìlou C toÔ
Cantor. IsqÔei

C =
∞⋂

n=1

In,

ìpou kajèna In eÐnai ènwsh 2n kleist¸n diasthm�twn In,1, In,2, . . . , èkasto
m kouc 1

3n . 'Ara
m∗(C) ≤ m∗(In), ∀n ∈ N

kai

m∗(In) = m∗




2n⋃

j=1

In,j


 ≤

2n∑

j=1

m∗(In,j) =
2n∑

j=1

`(In,j) = 2n 1
3n

.

Epomènwc

m∗(C) ≤
(

2
3

)n

, ∀n ∈ N.

PaÐrnontac ìria gia n →∞ prokÔptei ìti m∗(C) = 0.
En¸ loipìn to C apì sunolojewrhtik c pleur�c eÐnai meg�lo (uperari-

jm simo), apì metrojewrhtik c pleur�c eÐnai mikrì (èqei exwterikì mètro Ðso
me to 0).

1.3 Metr sima sÔnola

'Opwc eÐdame sthn prohgoÔmenh par�grafo, to exwterikì mètro Lebesgue eÐ-
nai mi� sunolosun�rthsh pou èqei tic idiìthtec (1)-(5) thc paragr�fou 1.1.
To Je¸rhma 1.2.5 lèei ìti h m∗ eÐnai arijm sima upoprosjetik ; mporeÐ na
apodeiqjeÐ ìmwc ìti den eÐnai arijm sima prosjetik , dhlad  den èqei thn
idiìthta (6). Sthn par�grafo aut  ja melet soume mi� kl�sh uposunìlwn
toÔ R, ta metr sima sÔnola. Sthn epìmenh par�grafo ja doÔme ìti an peri-
orÐsoume thn m∗ sta metr sima sÔnola, prokÔptei mia sunolosun�rthsh (to
mètro Lebesgue) pou èqei tic idiìthtec (2)-(6).

Orismìc 1.3.1 'Ena sÔnolo E ⊂ R lègetai (Lebesgue) metr simo an

(1.7) ∀A ⊂ R, m∗(A) = m∗(A ∩ E) + m∗(A ∩ Ec).

Ja sumbolÐzoume me M tì sÔnolo twn metr simwn uposunìlwn toÔ R.
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Parat rhsh 1.3.2 Gia k�je A ⊂ R isqÔei A = (A ∩ E) ∪ (A ∩ Ec). Apì
thn arijm simh upoprosjetikìthta prokÔptei ìti

m∗(A) ≤ m∗(A ∩ E) + m∗(A ∩ Ec).

'Ara gia na elègxoume an èna sÔnolo E eÐnai metr simo, arkeÐ na elègxoume
an isqÔei h anisìthta

(1.8) m∗(A) ≥ m∗(A ∩ E) + m∗(A ∩ Ec)

gia k�je A ⊂ R. H anisìthta aut  isqÔei profan¸c gia k�je sÔnolo A
me m∗(A) = ∞. 'Ara arkeÐ na elègxoume thn (1.8) gia k�je A ⊂ R me
m∗(A) < ∞.

Parat rhsh 1.3.3 Apì ton Orismì 1.3.1 prokÔptei �mesa ìti an èna sÔno-
lo E eÐnai metr simo, tìte kai to sumpl rwm� tou Ec eÐnai metr simo. EpÐshc
eÐnai profanèc ìti ta sÔnola ∅ kai R eÐnai metr sima.

Parat rhsh 1.3.4 An E ⊂ R kai m∗(E) = 0, tìte to E eÐnai metr simo.
Pr�gmati, èstw A ⊂ R. Epeid  A∩E ⊂ E, èqoume m∗(A∩E) ≤ m∗(E); �ra
m∗(A ∩ E) = 0. Epomènwc isqÔei

m∗(A) ≥ m∗(A ∩ Ec) = m∗(A ∩ E) + m∗(A ∩ Ec),

dhlad  to E eÐnai metr simo.

Par�deigma 1.3.5 Apì ton Orismì kai tic parap�nw parathr seic prokÔptei
ìti k�je peperasmèno kai k�je arijm simo sÔnolo eÐnai metr simo. EpÐshc ta
sÔnola C, R \Q, R \ {0}, R \ C eÐnai ìla metr sima.

L mma 1.3.6 An ta E1, E2 eÐnai metr sima sÔnola, tìte h ènws  touc kai h
tom  touc eÐnai metr sima sÔnola.

Apìdeixh.
'Estw A tuqaÐo uposÔnolo toÔ R. Gia th metrhsimìthta thc ènwshc arkeÐ na
deÐxoume ìti

(1.9) m∗(A) ≥ m∗(A ∩ (E1 ∪ E2)) + m∗(A ∩ (E1 ∪ E2)c).

Epeid  E1 ∈ M isqÔei

(1.10) m∗(A) = m∗(A ∩ E1) + m∗(A ∩ Ec
1).
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Epeid  E2 ∈ M isqÔei

(1.11) m∗(A ∩ Ec
1) = m∗(A ∩ Ec

1 ∩ E2) + m∗(A ∩ Ec
1 ∩ Ec

2).

Apì tic (1.11), (1.10) kai thn upoprosjetikìthta toÔ exwterikoÔ mètrou
prokÔptei ìti

m∗(A) = m∗(A ∩ E1) + m∗(A ∩ Ec
1 ∩ E2) + m∗(A ∩ Ec

1 ∩ Ec
2)

≥ m∗((A ∩ E1) ∪ (A ∩ Ec
1 ∩ E2)) + m∗(A ∩ Ec

1 ∩ Ec
2)

= m∗(A ∩ (E1 ∪ E2)) + m∗(A ∩ Ec
1 ∩ Ec

2)
= m∗(A ∩ (E1 ∪ E2)) + m∗(A ∩ (E1 ∪ E2)c)

kai h (1.9) apodeÐqjhke.
Gia thn tom  parathroÔme ìti E1 ∩ E2 = (Ec

1 ∪ Ec
2)

c ∈ M. ¤

L mma 1.3.7 An E1, E2, . . . , En eÐnai peperasmènou pl jouc xèna an� dÔo
metr sima sÔnola, tìte

∀A ⊂ R, m∗
(

A ∩
n⋃

i=1

Ei

)
=

n∑

i=1

m∗(A ∩ Ei).

Apìdeixh.
Ja qrhsimopoi soume epagwg  wc proc n. Gia n = 1 to l mma eÐnai profanèc.
Upojètoume ìti isqÔei gia n−1 sÔnola. JewroÔme n xèna an� dÔo metr sima
sÔnola E1, E2, . . . , En. Epeid  aut� eÐnai xèna an� dÔo èqoume

A ∩
(

n⋃

i=1

Ei

)
∩ En = A ∩ En

kai

A ∩
(

n⋃

i=1

Ei

)
∩ Ec

n = A ∩
(

n−1⋃

i=1

Ei

)
.

Qrhsimopoi¸ntac tic dÔo autèc isìthtec, to gegonìc ìti to En eÐnai metr simo,
kai thn epagwgik  upìjesh sumperaÐnoume ìti

m∗
(

A ∩
n⋃

i=1

Ei

)
= m∗

(
A ∩

n⋃

i=1

Ei ∩ En

)
+ m∗

(
A ∩

n⋃

i=1

Ei ∩ Ec
n

)

= m∗(A ∩ En) + m∗
(

A ∩
n−1⋃

i=1

Ei

)

= m∗(A ∩ En) +
n−1∑

i=1

m∗(A ∩ Ei) =
n∑

i=1

m∗(A ∩ Ei).
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¤
Efarmìzontac to L mma 1.3.7 gia A = R prokÔptei to akìloujo.

Pìrisma 1.3.8 An E1, E2, . . . , En eÐnai peperasmènou pl jouc xèna an� dÔo
metr sima sÔnola, tìte

m∗
(

n⋃

i=1

Ei

)
=

n∑

i=1

m∗(Ei).

Ja qreiastoÔme t¸ra to akìloujo aplì l mma.

L mma 1.3.9 An A1, A2, . . . eÐnai arijm simou pl jouc metr sima sÔnola,
tìte up�rqoun arijm simou pl jouc xèna an� dÔo metr sima sÔnola B1, B2, . . .
tètoia ¸ste (a) Bi ⊂ Ai, ∀i kai (b) ∪∞i=1Ai = ∪∞i=1Bi.

Apìdeixh.
Jètoume B1 = A1 kai gi� n > 1, Bn = An\∪n−1

i=1 Ai. Tìte lìgw toÔ L mmatoc
1.3.6, Bn ∈ M. EÐnai fanerì ìti Bn ⊂ An, ∀n ∈ N, ìti ta Bn eÐnai xèna an�
dÔo kai ìti ∪∞i=1Ai = ∪∞i=1Bi. ¤

Prìtash 1.3.10 H ènwsh arijm simou pl jouc metr simwn sunìlwn eÐnai
metr simo sÔnolo.

Apìdeixh.
JewroÔme mi� arijm simh oikogèneia metr simwn sunìlwn {En} kai jètoume

E =
∞⋃

n=1

En.

'Estw A tuqaÐo uposÔnolo toÔ R. ArkeÐ na deÐxoume ìti

(1.12) m∗(A) ≥ m∗(A ∩ E) + m∗(A ∩ Ec).

Lìgw toÔ L mmatoc 1.3.9, up�rqoun xèna an� dÔo, metr sima sÔnola B1, B2, . . .
tètoia ¸ste

Bn ⊂ En kai
∞⋃

n=1

Bn = E.

Jètoume

Fn =
n⋃

i=1

Bi, n ∈ N.
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Q�rh sto L mma 1.3.6, Fn ∈ M, ∀n ∈ N. H metrhsimìthta toÔ Fn, h
profan c sqèsh Ec ⊂ F c

n kai to L mma 1.3.7 dÐnoun gia k�je n ∈ N,
m∗(A) = m∗(A ∩ Fn) + m∗(A ∩ F c

n)
≥ m∗(A ∩ Fn) + m∗(A ∩ Ec)

= m∗
(

A ∩
n⋃

i=1

Bi

)
+ m∗(A ∩ Ec)

=
n∑

i=1

m∗(A ∩Bi) + m∗(A ∩ Ec).

PaÐrnoume ìria gia n →∞ kai prokÔptei

(1.13) m∗(A) ≥
∞∑

i=1

m∗(A ∩Bi) + m∗(A ∩ Ec).

H (1.13) me qr sh thc upoprosjetikìthtac toÔ exwterikoÔ mètrou dÐnei

m∗(A) ≥ m∗
( ∞⋃

i=1

(A ∩Bi)

)
+ m∗(A ∩ Ec)

= m∗(A ∩ E) + m∗(A ∩ Ec)

kai h (1.12) apodeÐqjhke. ¤

Qrhsimopoi¸ntac thn Prìtash 1.3.10 kai aplèc sunolojewrhtikèc pr�xeic
eÐnai eÔkolo na diapist¸soume ìti kai h tom  to polÔ arijm simou pl jouc
metr simwn sunìlwn eÐnai metr simo sÔnolo ('Askhsh 1.6.12).

Prìtash 1.3.11 K�je di�sthma eÐnai metr simo sÔnolo.
Apìdeixh.
Wc pr¸th perÐptwsh jewroÔme èna di�sthma thc morf c (a,∞). PaÐrnoume
tuqaÐo sÔnolo A ⊂ R me m∗(A) < ∞ kai jètoume

A+ = A ∩ (a,∞) kai A− = A ∩ (−∞, a].

ArkeÐ na deÐxoume ìti

(1.14) m∗(A) ≥ m∗(A+) + m∗(A−).

'Estw ε > 0. Up�rqoun to polÔ arijm simou pl jouc anoikt� diast mata
I1, I2, . . . tètoia ¸ste

A ⊂
⋃
n

In kai
∑
n

l(In) < m∗(A) + ε.
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QwrÐzoume kajèna apì ta In se dÔo sÔnola I+
n kai I−n jètontac I+

n = In ∩
(a,∞) kai I−n = In ∩ (−∞, a]. Gia kajèna n, isqÔei In = I+

n ∪ I−n kai
I+
n ∩ I−n = ∅. 'Ara gia k�je n ∈ N,

m∗(In) = l(In) = l(I+
n ) + l(I−n ) = m∗(I+

n ) + m∗(I−n ).

EpÐshc, epeid  A+ ⊂ ∪nI+
n kai A− ⊂ ∪nI−n , isqÔei

m∗(A+) ≤ m∗
(⋃

n

I+
n

)
≤

∑
n

m∗(I+
n )

kai

m∗(A−) ≤ m∗
(⋃

n

I−n

)
≤

∑
n

m∗(I−n ).

'Ara

m∗(A+) + m∗(A−) ≤
∑

n

m∗(I+
n ) +

∑
n

m∗(I−n ) =
∑

n

(
m∗(I+

n ) + m∗(I−n )
)

=
∑

n

l(In) < m∗(A) + ε.

Epeid  h anisìthta aut  isqÔei ∀ε > 0, sumperaÐnoume ìti m∗(A+)+m∗(A−) ≤
m∗(A) kai h (1.14) apodeÐqjhke.

ApodeÐxame loipìn ìti k�je di�sthma thc morf c (a,∞) eÐnai metr simo.
'Ara kai k�je di�sthma thc morf c (−∞, a] eÐnai metr simo wc sumpl rwma
toÔ (a,∞). EpÐshc (−∞, b) ∈ M, ∀b ∈ R diìti

(−∞, b) =
∞⋃

n=1

(
−∞, b− 1

n

]
.

An a < b, tìte (a, b) = (−∞, b) ∩ (a,∞). 'Ara (a, b) ∈ M. Me parìmoio
trìpo apodeiknÔetai ìti ìla ta diast mata eÐnai metr sima sÔnola. ¤

Prìtash 1.3.12 K�je anoiktì kai k�je kleistì uposÔnolo toÔ R eÐnai
metr simo sÔnolo.

Apìdeixh.
EÐnai gnwstì ìti k�je anoiktì uposÔnolo toÔ R eÐnai to polÔ arijm simh
ènwsh xènwn an� dÔo anoikt¸n diasthm�twn. Apì tic Prot�seic 1.3.10 kai
1.3.11 prokÔptei loipìn ìti k�je anoiktì sÔnolo eÐnai metr simo. EpÐshc k�je
kleistì sÔnolo eÐnai metr simo wc sumpl rwma anoiktoÔ sunìlou. ¤
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Q�rh stic parap�nw prot�seic ìla ta sÔnola pou prokÔptoun xekin¸ntac
apì diast mata kai qrhsimopoi¸ntac arijm simec tomèc kai arijm simec en¸-
seic eÐnai metr sima. Gia par�deigma oi arijm simec tomèc anoikt¸n sunìlwn,
dhlad  ta Gδ-sÔnola, eÐnai metr sima. ParomoÐwc oi arijm simec en¸seic k-
leist¸n sunìlwn (oi opoÐec onom�zontai Fσ-sÔnola) eÐnai metr sima sÔnola.

Prìtash 1.3.13 An E ∈ M kai x ∈ R, tìte x + E ∈ M.
Apìdeixh.

'Estw A ⊂ R. Prèpei na deÐxoume ìti

(1.15) m∗(A) = m∗(A ∩ (E + x)) + m∗(A ∩ (E + x)c).

'Omwc
A ∩ (E + x) = ((A− x) ∩ E) + x

kai
A ∩ (E + x)c = A ∩ (Ec + x) = ((A− x) ∩ Ec) + x.

Qrhsimopoi¸ntac t¸ra autèc tic dÔo sunolojewrhtikèc isìthtec kai thn Prì-
tash 1.2.7, blèpoume ìti h (1.15) eÐnai isodÔnamh me thn

m∗(A− x) = m∗((A− x) ∩ E) + m∗((A− x) ∩ Ec)

h opoÐa isqÔei epeid  E ∈ M. ¤

1.4 To mètro Lebesgue

Orismìc 1.4.1 Onom�zoume mètro Lebesgue th sunolosun�rthsh m :
M → [0,∞] pou orÐzetai apì thn isìthta

m(E) = m∗(E), E ∈ M.

H sunolosun�rthsh m eÐnai loipìn o periorismìc thc m∗ sto sÔnolo M

twn metr simwn uposunìlwn toÔ R. EÐnai fanerì ìti h m èqei tic idiìthtec
(2)-(5) thc paragr�fou 1.1. Ja doÔme t¸ra ìti h m èqei kai thn idiìthta (6),
eÐnai dhlad  arijm sima prosjetik  sunolosun�rthsh.

Je¸rhma 1.4.2 (Arijm simh prosjetikìthta) An E1, E2, . . . eÐnai to polÔ
arijm simou pl jouc xèna an� dÔo metr sima uposÔnola toÔ R, tìte

m

(⋃

i

Ei

)
=

∑

i

m(Ei).
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Apìdeixh.
Apì to Pìrisma 1.3.8 gnwrÐzoume ìti h isìthta isqÔei gia peperasmènou
pl jouc sÔnola. Upojètoume loipìn ìti ta Ei eÐnai arijm simou pl jouc.
H anisìthta

m

( ∞⋃

i=1

Ei

)
≤

∞∑

i=1

m(Ei)

isqÔei lìgw toÔ Jewr matoc 1.2.5. ApodeiknÔoume thn antÐstrofh anisìthta:
Apì to Pìrisma 1.3.8, to gegonìc ìti ta Ei eÐnai metr sima kai thn pro-

fan  sqèsh
∞⋃

i=1

Ei ⊃
n⋃

i=1

Ei

prokÔptei ìti gia k�je n ∈ N,

m

( ∞⋃

i=1

Ei

)
≥ m

(
n⋃

i=1

Ei

)
=

n∑

i=1

m(Ei).

PaÐrnoume ìria gia n →∞ kai prokÔptei ìti

m

( ∞⋃

i=1

Ei

)
≥

∞∑

i=1

m(Ei).

¤

Prìtash 1.4.3 DÐnontai dÔo metr sima sÔnola E1, E2. Tìte:
(a) An E1 ⊂ E2, tìte m(E2) = m(E1) + m(E2 \ E1).
An epiplèon m(E1) < ∞, tìte m(E2 \ E1) = m(E2)−m(E1).
(b) m(E1 ∪ E2) + m(E1 ∩ E2) = m(E1) + m(E2).

Apìdeixh.
(a) IsqÔei E2 = E1 ∪ (E2 \E1). Epeid  aut  eÐnai ènwsh dÔo xènwn sunìlwn,
h prosjetikìthta toÔ mètrou Lebesgue dÐnei m(E2) = m(E1) + m(E2 \ E1).
An epiplèon m(E1) < ∞, afairoÔme apo dexÐ kai aristerì mèloc to m(E1)
kai prokÔptei m(E2 \ E1) = m(E2)−m(E1).
(b) An m(E1) = ∞   m(E2) = ∞, tìte m(E1 ∪ E2) = ∞ kai h isìthta
isqÔei. Upojètoume loipìn ìti m(E1) < ∞ kai m(E2) < ∞. IsqÔei

E1 ∪ E2 = [E1 \ (E1 ∩ E2)] ∪ [E2 \ (E1 ∩ E2)] ∪ [E1 ∩ E2].
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Aut  eÐnai ènwsh tri¸n xènwn an� dÔo metr simwn sunìlwn peperasmènou
mètrou. Apì to (a) prokÔptei:

m(E1 ∪ E2) = m(E1)−m(E1 ∩ E2) + m(E2)−m(E1 ∩ E2) + m(E1 ∩ E2)
= m(E1) + m(E2)−m(E1 ∩ E2).

¤

Je¸rhma 1.4.4 'Estw E ⊂ R. Oi parak�tw prot�seic eÐnai isodÔnamec:
(a) To E eÐnai metr simo.
(b) Gia k�je ε > 0, up�rqei anoiktì sÔnolo A ⊃ E tètoio ¸ste m∗(A\E) < ε.
(g) Up�rqei èna Gδ-sÔnolo G ⊃ E tètoio ¸ste m∗(G \ E) = 0.
(d) Gia k�je ε > 0, up�rqei kleistì sÔnolo K ⊂ E tètoio ¸ste m∗(E \K) <
ε.
(e) Up�rqei èna Fσ-sÔnolo F ⊂ E tètoio ¸ste m∗(E \ F ) = 0.
Apìdeixh.
(a)⇒(b): 'Estw ε > 0. Upojètoume pr¸ta ìti m(E) < ∞. Up�rqoun to
polÔ arijm simou pl jouc anoikt� diast mata {Ij} tètoia ¸ste

E ⊂
⋃

j

Ij kai
∑

j

`(Ij) < m(E) + ε.

Jètoume A = ∪jIj . To A eÐnai anoiktì upersÔnolo toÔ E kai isqÔei

(1.16) m(E) ≤ m(A) = m(∪jIj) ≤
∑

j

`(Ij) < m(E) + ε.

Lìgw t c Prìtashc 1.4.3 kai epeid  m(E) < ∞, prokÔptei ìti

m(A \E) = m(A)−m(E) < ε.

Upojètoume t¸ra ìti m(E) = ∞. Jètoume En = E ∩ (−n, n), n = 1, 2, . . . .
Ta sÔnola En eÐnai ìla metr sima kai èqoun peperamèno mètro. Epomènwc,
efarmìzontac thn prohgoÔmenh perÐptwsh, brÐskoume gia k�je n, èna anoiktì
sÔnolo An ⊃ En me m(An \ En) < ε/2n. Jètoume A = ∪∞n=1An. To A eÐnai
anoiktì upersÔnolo toÔ E kai isqÔei

A \ E =
∞⋃

n=1

An \
∞⋃

n=1

En ⊂
∞⋃

n=1

(An \ En).

'Ara

m(A \E) ≤
∞∑

n=1

m(An \ En) <
∞∑

n=1

ε

2n
= ε.
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(b)⇒(g): Lìgw toÔ (b), gia k�je n ∈ N, up�rqei anoiktì sÔnolo An ⊃ E
tètoio ¸ste m(An \ E) < 1/n. Jètoume G = ∩∞n=1An. To G eÐnai Gδ

upersÔnolo toÔ E kai

G \ E =
∞⋂

n=1

An \ E ⊂ An \E, ∀n ∈ N.

'Ara

m∗(G \E) ≤ m∗(An \ E) <
1
n

, ∀n ∈ N.

Sunep¸c m∗(G \E) = 0.

(g)⇒(a): Lìgw toÔ (g), up�rqei Gδ-sÔnolo G ⊃ E tètoio ¸ste m∗(G \
E) = 0. IsqÔei E = G \ (G \ E). To G eÐnai metr simo epeid  eÐnai Gδ, en¸
to G \E eÐnai metr simo epeid  èqei mhdenikì mètro. 'Ara E ∈ M.

(a)⇒(d): 'Estw ε > 0. Upojètoume ìti E ∈ M. 'Ara Ec ∈ M. Lìgw
toÔ (b), up�rqei anoiktì sÔnolo A ⊃ Ec me m(A \ Ec) < ε. JewroÔme to
kleistì sÔnolo K = Ac. Autì eÐnai uposÔnolo toÔ E kai isqÔei m(E \K) =
m(A \ Ec) < ε.

(d)⇒(e): Efarmìzontac to (d), brÐskoume gia k�je n ∈ N, èna kleistì
uposÔnolo Kn toÔ E me m∗(E \Kn) < 1/n. Jètoume F = ∪∞n=1Kn. To F
eÐnai Fσ uposÔnolo toÔ E kai isqÔei

E \ F = E \
∞⋃

n=1

Kn =
∞⋃

n=1

(E \Kn) ⊂ E \Kn, ∀n ∈ N.

'Ara

m∗(E \ F ) ≤ m∗(E \Kn) <
1
n

, ∀n ∈ N.

Sunep¸c m∗(E \ F ) = 0.

(e)⇒(a): Lìgw toÔ (e), up�rqei Fσ-sÔnolo F ⊂ E tètoio ¸ste m∗(E \
F ) = 0. Epeid  E = F ∪ (E \ F ), to E eÐnai metr simo. ¤

Je¸rhma 1.4.5 'Estw {En} mi� akoloujÐa metr simwn sunìlwn.
(a) An E1 ⊂ E2 ⊂ . . . , tìte

m

( ∞⋃

n=1

En

)
= lim

n→∞m(En).
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(b) An E1 ⊃ E2 ⊃ . . . kai m(E1) < ∞, tìte

m

( ∞⋂

n=1

En

)
= lim

n→∞m(En).

Apìdeixh.
(a) Jètoume F1 = E1 kai Fn = En \ En−1 gia n > 1. Ta sÔnola Fn eÐnai
metr sima kai xèna an� dÔo. EpÐshc

n⋃

j=1

Fj = En, ∀n ∈ N kai
∞⋃

n=1

Fn =
∞⋃

n=1

En.

QrhsimopoioÔme kai thn arijm simh prosjetikìthta toÔ m kai paÐrnoume

m

( ∞⋃

n=1

En

)
= m

( ∞⋃

n=1

Fn

)
=

∞∑

n=1

m(Fn) = lim
n→∞

n∑

j=1

m(Fj)

= lim
n→∞ m




n⋃

j=1

Fj


 = lim

n→∞m(En).

(b) Efarmìzoume to (a) sthn akoloujÐa sunìlwn {E1\En}∞n=1 kai paÐrnoume

m

( ∞⋃

n=1

(E1 \En)

)
= lim

n→∞m(E1 \ En)

 , isodÔnama

(1.17) m

(
E1 \

∞⋂

n=1

En

)
= lim

n→∞m(E1 \En).

H upìjesh m(E1) < ∞ sunep�getai ìti m(∩∞n=1En) < ∞. QrhsimopoioÔme
thn Prìtash 1.4.3 kai h (1.17) dÐnei

m(E1)−m

( ∞⋂

n=1

En

)
= m(E1)− lim

n→∞m(En).

Epeid  m(E1) < ∞ mporoÔme na apaleÐyoume to m(E1) kai prokÔptei h
zhtoÔmenh isìthta. ¤
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Par�deigma 1.4.6 'Eqoume deÐ sto Par�deigma 1.2.8 ìti to exwterikì mètro
toÔ sunìlou C toÔ Cantor eÐnai Ðso me 0. To C eÐnai metr simo sÔnolo
afoÔ eÐnai kleistì. Epomènwc m(C) = 0. Ja parousi�soume t¸ra mi� �llh
apìdeixh basismènh sto Je¸rhma 1.4.5. IsqÔei

C =
∞⋂

n=1

In,

ìpou kajèna In eÐnai ènwsh 2n xènwn an� dÔo, kleist¸n diasthm�twn In,1, In,2, . . . ,
èkasto m kouc 1

3n . Apì thn prosjetikìthta toÔ mètrou prokÔptei ìti m(In) =
2n/3n. Epiplèon isqÔei I1 ⊃ I2 ⊃ . . . kai m(I1) ≤ 1. 'Etsi to Je¸rhma 1.4.5
(b) dÐnei

m(C) = lim
n→∞m(In) = lim

n→∞
2n

3n
= 0.

Par�deigma 1.4.7 'Estw An =
(

1
n , 1

]
, n ∈ N. H {An} eÐnai aÔxousa

akoloujÐa metr simwn sunìlwn. 'Ara

m

( ∞⋃

n=1

An

)
= lim

n→∞m(An) = lim
n→∞

(
1− 1

n

)
= 1.

'Estw Bn =
(

(−1)n

n , 1
]
, n = 2, 3, . . . . Jèloume na upologÐsoume to mètro

thc tom c twn Bn. H {Bn} den eÐnai fjÐnousa akoloujÐa. 'Ara to Je¸rhma
1.4.5 den efarmìzetai. 'Omwc

∞⋂

n=1

Bn =
(

1
2
, 1

]
.

'Ara

m

( ∞⋂

n=1

Bn

)
=

1
2
.

1.5 ∗ 'Ena m  metr simo sÔnolo

EÐdame ìti k�je anoiktì sÔnolo eÐnai metr simo. Epomènwc k�je sÔnolo
pou kataskeu�zetai xekin¸ntac apì anoikt� sÔnola kai qrhsimopoi¸ntac ar-
ijm simec en¸seic kai sumplhr¸mata eÐnai metr simo. Me b�sh aut  thn
parat rhsh ja mporoÔse na eik�sei k�poioc ìti ìla ta uposÔnola toÔ R
eÐnai metr sima kai epomènwc to mètro Lebesgue tautÐzetai me to exwterikì
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mètro. H eikasÐa aut  den eÐnai alhj c. Ja kataskeu�soume t¸ra èna mh
metr simo uposÔnolo toÔ R.

Ac eÐnai s > 0 kai A èna metr simo uposÔnolo toÔ [−s, s] me m(A) > 0.
Lème ìti duì shmeÐa x, y ∈ A eÐnai isodÔnama an x−y ∈ Q. EÔkola apodeiknÔe-
tai ìti ètsi orÐzetai mi� sqèsh isodunamÐac sto A. H kl�sh isodunamÐac toÔ
x ∈ A eÐnai to sÔnolo

Ax = {x + r : x + r ∈ A, r ∈ Q}.

K�je tètoia kl�sh eÐnai se èna - proc - èna antistoiqÐa me èna uposÔnolo
toÔ Q. Epomènwc eÐnai to polÔ arijm simo sÔnolo. To sÔnolo A eÐnai u-
perarijm simo (afoÔ m(A) > 0) kai gr�fetai wc ènwsh ìlwn twn kl�sewn
isodunamÐac. Epomènwc up�rqoun uperarijm simou pl jouc xènec kl�seic iso-
dunamÐac. JewroÔme èna sÔnolo P pou perièqei akrib¸c èna antipìswpo apì
k�je kl�sh isodunamÐac. Ja deÐxoume ìti to sÔnolo P den eÐnai metr simo.

Oi rhtoÐ pou prokÔptoun wc diaforèc stoiqeÐwn toÔ diast matoc [−s, s]
eÐnai akrib¸c oi rhtoÐ toÔ [−2s, 2s]. 'Estw r1, r2, . . . mi� arÐjmhsh aut¸n twn
rht¸n. Jètoume Pj = P + rj , j = 1, 2, . . . . Ta sÔnola aut� eÐnai xèna an�
dÔo kai isqÔei

(1.18) A ⊂
∞⋃

j=1

Pj ⊂ [−3s, 3s].

Ac upojèsoume ìti to P eÐnai metr simo. Tìte kajèna apì ta Pj eÐnai metr -
simo kai m(P ) = m(Pj). 'Etsi h (1.18) dÐnei

(1.19) m(A) ≤ m




∞⋃

j=1

Pj


 ≤ 6s.

'Omwc

(1.20) m




∞⋃

j=1

Pj


 =

∞∑

j=1

m(Pj) =
∞∑

j=1

m(P )

'Ara

(1.21) m(A) ≤
∞∑

j=1

m(P ) ≤ 6s.
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An m(P ) = 0, tìte h (1.21) dÐnei m(A) = 0; �topo. An m(P ) > 0, tìte h
seir�

∑∞
j=1 m(P ) den sugklÐnei; p�li �topo lìgw t c (1.21). 'Ara to P den

eÐnai metr simo.

Qrhsimopoi¸ntac mh metr sima sÔnola mporoÔme na deÐxoume ìti to exw-
terikì mètro Lebesgue den èqei thn idiìthta thc prosjetikìthtac: 'Estw P
èna mh metr simo sÔnolo. Efarmìzontac thn �rnhsh toÔ orismoÔ twn metr -
simwn sunìlwn brÐskoume sÔnolo A tètoio ¸ste

m(A) < m(A ∩ P ) + m(A ∩ P c).

Jètoume A1 = A∩P , A2 = A∩P c kai blèpoume ìti A = A1∪A2, A1∩A2 = ∅
kai m(A) < m(A1) + m(A2).

1.6 Ask seic
1.6.1 An E ⊂ R eÐnai fragmèno sÔnolo, deÐxte ìti m∗(E) < ∞.

1.6.2 An to sÔnolo E ⊂ R perièqei èna toul�qiston eswterikì shmeÐo, deÐxte ìti
m∗(E) > 0.

1.6.3 An E1, E2 ⊂ R, deÐxte ìti:
(a) An m∗(E1) = 0, tìte m∗(E1 ∪ E2) = m∗(E2) = m∗(E2 \ E1).
(b) An m∗(E1 ∪ E2) = m∗(E1 ∩ E2), tìte m∗(E1) = m∗(E2).

1.6.4 'Estw E = ∪∞n=1En. DeÐxte ìti m∗(E) = 0 an kai mìno an m∗(En) = 0 gi�
k�je n ∈ N.

1.6.5 DeÐxte ìti gia fragmèna sÔnola E1, E2 me E1 ⊂ E2 isqÔei

m∗(E2 \ E1) ≥ m∗(E2)−m∗(E1).

1.6.6 An E ⊂ R kai r > 0 orÐzoume rE = {rx : x ∈ E}. An m∗(E) = l, pìso eÐnai
to m∗(rE)?

1.6.7 'Estw E ⊂ R. OrÐzoume E2 := {x2 : x ∈ E}. DeÐxte ìti an m∗(E) = 0,
tìte m∗(E2) = 0.

1.6.8 An E ⊂ [a, b] kai m∗(E) = 0, deÐxte ìti to Ec ∩ [a, b] eÐnai puknì uposÔnolo
toÔ [a, b].

1.6.9 DeÐxte ìti gia E ⊂ R,

m∗(E) = inf{m∗(A) : A anoiktì kai E ⊂ A}.
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1.6.10 An h f : R → R èqei thn idiìthta |f(x) − f(y)| ≤ K |x − y| gia k�poia
stajer� K kai gia ìla ta x, y ∈ R, deÐxte ìti gia k�je E ⊂ R, m∗(f(E)) ≤
K m∗(E).

1.6.11 H sun�rthsh f : R→ R eÐnai paragwgÐsimh me fragmènh par�gwgo. DeÐxte
ìti an m∗(E) = 0, tìte m∗(f(E)) = 0.

1.6.12 DeÐxte ìti h tom  arijm simou pl jouc metr simwn sunìlwn eÐnai metr simo
sÔnolo.

1.6.13 DeÐxte ìti an E1, E2, E3 ∈ M, tìte

m(E1 ∪ E2 ∪ E3) + m(E1 ∩ E2) + m(E2 ∩ E3) + m(E1 ∩ E3)
= m(E1) + m(E2) + m(E3) + m(E1 ∩ E2 ∩ E3).

1.6.14 DeÐxte ìti gia A,B ∈ M me m(A ∩B) < ∞, isqÔei

m(A4B) = m(A) + m(B)− 2m(A ∩B).

1.6.15 DeÐxte ìti k�je sumpagèc uposÔnolo toÔ R eÐnai metr simo kai èqei peperas-
mèno mètro.

1.6.16 Gia n ∈ N, jètoume En = {x ∈ [0, 2π] : sin x < 1
n}. UpologÐste ta

m(∩nEn) kai limn→∞m(En).

1.6.17 BreÐte to mètro tou sunìlou E = (0, 1] \ { 1
n : n ∈ N}.

1.6.18 BreÐte duì sÔnola E1, E2 ∈ M tètoia ¸ste E1 ⊂ E2, m(E1) = m(E2) kai
m(E2 \ E1) > 0.

1.6.19 Swstì   L�joc?
(a) An E ⊂ R kai m∗(E) = 0, tìte to E eÐnai eÐte peperasmèno eÐte arijm simo.
(b) An E eÐnai èna sÔnolo pou den eÐnai metr simo, tìte m∗(E) > 0.

1.6.20 To sÔnolo E eÐnai metr simo kai èqei peperasmèno mètro. DeÐxte ìti gia
k�je F ⊃ E,

m∗(F \ E) = m∗(F )−m(E).

1.6.21 DeÐxte ìti an m∗(E) < ∞ kai up�rqei metr simo uposÔnolo F toÔ E me
m(F ) = m∗(E), tìte to E eÐnai metr simo.

1.6.22 Gia E, F ⊂ R, deÐxte ìti

m∗(E ∪ F ) + m∗(E ∩ F ) ≤ m∗(E) + m∗(F ).
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1.6.23 'Estw A èna anoiktì sÔnolo. An E ⊂ A kai F ⊂ Ac, deÐxte ìti

m∗(E ∪ F ) = m∗(E) + m∗(F ).

1.6.24 An A,B ⊂ R kai

d(A,B) := inf{|x− y| : x ∈ A, y ∈ B} > 0,

deÐxte ìti
m∗(E ∪ F ) = m∗(E) + m∗(F ).

1.6.25 Swstì   L�joc?
(a) An {En} eÐnai mi� akoloujÐa metr simwn sunìlwn kai to ìrio limn→∞m(En)
up�rqei, tìte

m

( ∞⋃
n=1

En

)
= lim

n→∞
m(En).

(b) An {En} eÐnai mi� akoloujÐa metr simwn sunìlwn, tìte

m

( ∞⋃
n=1

En

)
= lim sup

n→∞
m(En).

1.6.26 Gia E ⊂ [a, b] deÐxte ìti m∗(E) = 0 an kai mìno an to E mporeÐ na kalufjeÐ
apì mia akoloujÐa anoikt¸n diasthm�twn {In} tètoia ¸ste (a)

∑∞
n=1 l(In) < ∞ kai

(b) k�je x ∈ E an kei se �peira apì ta In.

1.6.27 DÐnetai mi� aÔxousa akoloujÐa jetik¸n arijm¸n {an}. An En = (−an, an],
breÐte to m(∪nEn).

1.6.28 'Estw A to sÔnolo twn shmeÐwn toÔ [0, 1] ètsi ¸ste x ∈ A an kai mìno an
se mi� dekadik  par�stash toÔ x den up�rqei to yhfÐo 5. DeÐxte ìti m(A) = 0.

1.6.29 BreÐte to mètro tou sunìlou twn shmeÐwn toÔ [0, 1] ta opoÐa èqoun dekadik 
par�stash pou perièqei ìla ta yhfÐa 1, 2, . . . , 9.

1.6.30 'Estw A to sÔnolo twn arijm¸n toÔ [0, 1] oi opoÐoi èqoun duadik� anap-
tÔgmata me mhdenik� se ìlec tic �rtiec jèseic. DeÐxte ìti m(A) = 0.

1.6.31 'Estw A h ènwsh twn diasthm�twn me kèntro ta shmeÐa toÔ sunìlou toÔ
Cantor kai m koc 0.1. BreÐte to m(A).

1.6.32 Na brejeÐ to mètro toÔ sunìlou

E =
∞⋂

n=1

[
1− 1

2n
, 3 +

1
3n

]
.
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1.6.33 DeÐxte ìti an E1, E2 ⊂ R kai E1 ∩ E2 = ∅, tìte

m∗(E1 ∪ E2) = m∗(E1) + m∗(E2).

Upìdeixh: Qrhsimopoi ste thn Prìtash 1.2.6.

1.6.34? DÐnetai metr simo sÔnolo E ⊂ R me 0 < m(E) < ∞.
(a) DeÐxte ìti h sun�rthsh f : R→ R me f(x) = m(E ∩ (−∞, x]) eÐnai suneq c.
(b) DeÐxte ìti up�rqei metr simo sÔnolo F ⊂ E tètoio ¸ste m(F ) = 1

3m(E).
(g) DeÐxte ìti up�rqei kleistì sÔnolo F ⊂ E tètoio ¸ste m(F ) = 1

3m(E).

1.6.35 BreÐte mia akoloujÐa metr simwn sunìlwn En tètoia ¸ste E1 ⊃ E2 ⊃
E3 ⊃ . . . ,

⋂∞
n=1 En = ∅ kai m(En) = ∞, ∀n.

1.6.36 An En metr simo, n = 1, 2, . . . kai
∑∞

n=1 m(En) < ∞, deÐxte ìti

m

( ∞⋂
n=1

∞⋃

k=n

Ek

)
= 0.

1.6.37 'Estw M1 to sÔnolo twn metr simwn uposunìlwn tou [0, 1]. Gia F, E ∈ M1,
orÐzoume E ∼ F an m(E 4 F ) = 0. DeÐxte ìti h sqèsh aut  eÐnai isodunamÐa. Gia
F, E ∈ M1, orÐzoume epÐshc d(E, F ) = m(E 4 F ). DeÐxte ìti h d ikanopoieÐ thn
trigwnik  anisìthta

d(E, F ) ≤ d(E,G) + d(G,F ).

1.6.38 To an¸tato kai to kat¸tato ìrio mi�c akoloujÐac sunìlwn {An} orÐzontai
jètontac

lim sup An =
∞⋂

k=1

∞⋃

n=k

An, lim inf An =
∞⋃

k=1

∞⋂

n=k

An.

(a) DeÐxte ìti an An ∈ M,∀n ∈ N, tìte
m (lim inf An) ≤ lim inf m(An).

(b) DeÐxte ìti, an epiplèon m(An ∪An+1 ∪ . . . ) < ∞ gia k�je n ∈ N, tìte
m (lim sup An) ≥ lim sup m(An).

1.6.39 Lème ìti mi� akoloujÐa {An} uposunìlwn toÔ R sugklÐnei an lim sup An =
lim inf An. Sthn perÐptwsh aut  orÐzoume

limAn = lim sup An = lim inf An.

(a) DeÐxte ìti k�je monìtonh akoloujÐa sunìlwn sugklÐnei.
(b) DeÐxte ìti an
(i) gia k�je n ∈ N, An ∈ M,
(ii) gia k�je n ∈ N, An ⊂ B, ìpou m∗(B) < ∞,
(iii) h akoloujÐa {An} sugklÐnei,
tìte

m (lim An) = lim m(An).
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1.6.40 DeÐxte ìti an A ⊂ [a, b] kai m(A) > 0, tìte up�rqoun x, y ∈ A tètoia ¸ste
x− y ∈ R \Q.

1.6.41 'Estw 0 < α < 1. Kataskeu�zoume èna sÔnolo Cα tÔpou Cantor wc
ex c: Sto pr¸to b ma afairoÔme apì to [0, 1] èna mesaÐo anoiktì di�sthma m kouc
(1 − α) 3−1. Sto n b ma afairoÔme 2n−1 anoikt� diast mata m kouc (1 − α) 3−n.
BreÐte to mètro Lebesgue tou Cα.

1.6.42 DeÐxte ìti to sÔnolo Cα thc prohgoÔmenhc �skhshc den perièqei kanèna
di�sthma (jetikoÔ m kouc).

1.6.43 DÐnetai akoloujÐa {En} uposunìlwn toÔ R tètoia ¸ste E1 ⊂ E2 ⊂ . . . .
DeÐxte ìti

m∗
( ∞⋃

n=1

En

)
= lim

n→∞
m∗(En).

Upìdeixh: Qrhsimopoi ste thn Prìtash 1.2.6.

1.6.44 Gia E ⊂ R fragmèno, orÐzoume

m∗(E) = sup{m∗(K) : K sumpagèc K ⊂ E}.

(a) DeÐxte ìti gia k�je fragmèno uposÔnolo E toÔ R isqÔei m∗(E) ≤ m∗(E).
(b) An E1 ⊂ E2 fragmèna, tìte m∗(E1) ≤ m∗(E2).
(g) 'Estw E ⊂ R fragmèno. DeÐxte ìti E ∈ M an ka mìno an m∗(E) = m∗(E).

1.6.45 'Estw E fragmèno uposÔnolo toÔ R. OrÐzoume

e∗(E) = inf

{
n∑

i=1

l(Ii) : E ⊂
n⋃

i=1

Ii

}
.

(Ta Ii eÐnai peperasmènou pl jouc anoikt� diast mata).
(a) DeÐxte ìti m∗(E) ≤ e∗(E).
(b) DeÐxte ìti e∗(Q ∩ [0, 1]) = 1.

1.6.46 Gia a, b ∈ R, jewroÔme th sun�rthsh f(x) = ax + b, x ∈ R. DeÐxte ìti:
(a) Gia k�je E ⊂ R, m∗(f(E)) = |a|m∗(E).
(b) An E ∈ M, tìte f(E) ∈ M.

1.6.47 Gia E ∈ M kai x ∈ R, orÐzoume

ρ(E, x) = lim
δ→0+

m(E ∩ (x− δ, x + δ))
2δ

,

an to ìrio up�rqei. O arijmìc autìc onom�zetai metrik  puknìthta toÔ E sto x.
DeÐxte ìti ρ(Q, x) = 0 kai ρ(R \Q, x) = 1 gia k�je x ∈ R.
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1.6.48 'Estw E = (1, 2)∪ (2, 5]∪{6}. BreÐte th metrik  puknìthta toÔ E se k�je
shmeÐo x ∈ R.

1.6.49? 'Estw α ∈ (0, 1). kataskeu�ste sÔnolo E ⊂ R tètoio ¸ste ρ(E, 0) = α.

1.6.50 Swstì   L�joc?
Gia èna sÔnolo A ⊂ R isqÔei m(A) = 0 an kai mìno an ìla ta uposÔnola toÔ A
eÐnai metr sima.

1.6.51 BreÐte arijm simou pl jouc xèna sÔnola Ej tètoia ¸ste

m∗




∞⋃

j=1

Ej


 <

∞∑

j=1

m∗(Ej).

1.6.52 BreÐte arijm simou pl jouc sÔnola Ej tètoia ¸ste E1 ⊃ E2 ⊃ . . . ,
m∗(E1) < ∞ kai

m∗




∞⋂

j=1

Ej


 < lim

j→∞
m∗(Ej).

1.6.53? DÐnontai sÔnolo E ∈ M me m(E) > 0 kai arijmìc α me 0 < α < 1. DeÐxte
ìti up�rqei anoiktì di�sthma I tètoio ¸ste m(E ∩ I) > αl(I).
Upìdeixh: MporoÔme na upojèsoume ìti m∗(E) < ∞. Met� eic �topon apagwg .

1.6.54? (Steinhaus) 'Estw E metr simo me m(E) > 0. DeÐxte ìti to sÔnolo
E − E := {x− y : x, y ∈ E} perièqei èna di�sthma thc morf c (−δ, δ), δ > 0.
Upìdeixh: Apì thn prohgoÔmenh �skhsh, gia α = 3/4, breÐte I. An |x| < l(I)/2,
tìte m(I ∪ (I + x)) ≤ 3l(I)/2. 'Ara (E ∩ I) ∩ ((E ∩ I) + x)) 6= ∅.

1.6.55?? 'Estw E metr simo me m(E) > 0. DeÐxte ìti gia k�je n ∈ N, to E
perièqei mi� toul�qiston arijmhtik  prìodo m kouc n.

1.6.56?? DeÐxte ìti up�rqei metr simo sÔnolo A ⊂ [0, 1] tètoio ¸ste:
gia k�je mh kenì anoiktì sÔnolo V ⊂ [0, 1], isqÔei 0 < m(A ∩ V ) < m(V ).

1.6.57 DeÐxte ìti k�je uposÔnolo A toÔ R me m∗(A) > 0 èqei mh metr simo
uposÔnolo.

1.7 Shmei¸seic
H jewrÐa toÔ mètrou Lebesgue anaptÔqjhke apì ton H.Lebesgue metaxÔ 1899 kai
1902. 'Ola ta jewr mata toÔ kefalaÐou autoÔ apodeÐqjhkan apì to Lebesgue.
Basizìmenoi kurÐwc sta biblÐa [2], [5], [9] k�name mìno mi� sÔntomh kai oikonomik 
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eisagwg  sto mètro Lebesgue sto R, qwrÐc na anaferjoÔme se σ-�lgebrec kai Borel
sÔnola.

To pr¸to mh metr simo sÔnolo kataskeu�sthke apì ton G.Vitali to 1905. H
kataskeu  aut  up�rqei sta [2], [9], [7]. Bl. epÐshc to �rjro [R.D.Mauldin,
The existence of non-measurable sets, Amer. Math. Monthly, 86 (1979), 45-46].
Shmei¸noume ìti gia thn kataskeu  mh metr simou sunìlou eÐnai aparaÐthto to AxÐ-
wma thc Epilog c.

H axÐa toÔ mètrou Lebesgue katadeiknÔetai apì ta akìlouja klasik� jewr ma-
ta. Ta dÔo pr¸ta ofeÐlontai sto Lebesgue kai to trÐto ston P.Fatou.

Je¸rhma parag¸gishc toÔ Lebesgue: DÐnetai monìtonh sun�rthsh f :
[a, b] → R. Up�rqei sÔnolo N ⊂ [a, b] me m(N) = 0 tètoio ¸ste h f eÐnai parag-
wgÐsimh sto [a, b] \N .

Krit rio oloklhrwsimìthtac toÔ Lebesgue: Mi� fragmènh sun�rthsh
f : [a, b] → R eÐnai oloklhr¸simh kat� Riemann sto [a, b] an kai mìno an to sÔnolo
twn shmeÐwn asunèqeiac thc f èqei mètro Ðso me to 0.

Je¸rhma toÔ Fatou: DÐnetai migadik  sun�rthsh f pou eÐnai fragmènh kai
olìmorfh sto monadiaÐo dÐsko. Up�rqei sÔnolo N ⊂ [0, 2π] me m(N) = 0 tètoio
¸ste to ìrio

lim
r→1−

f(reiθ)

up�rqei gia k�je θ ∈ [0, 2π] \N .
Apìdeixh tou jewr matoc parag¸gishc kai toÔ krithrÐou oloklhrwsimìthtac

up�rqei sta [2], [7], [9]. To Je¸rhma toÔ Fatou eÐnai mi� shmantik  efarmog  t c
JewrÐac Mètrou sth Migadik  An�lush h opoÐa ègine m�lista to 1906, mìlic lÐga
qrìnia met� thn emf�nish toÔ mètrou Lebesgue. Apìdeix  tou mporeÐ na brejeÐ sta
biblÐa [C.Caratheodory, Theory of Functions of a Complex Variable, 2 vols., Chelsea
1983], kai [W.Rudin, Real and Complex Analysis, 3rd edition, McGraw-Hill, 1987].

Prin to Lebesgue, oi G.Peano (1887) kai C.Jordan (1892) anèptuxan mi� jewrÐa
mètrou qrhsimopoi¸ntac peperasmèna kalÔmmata (bl. 'Askhsh 1.6.45). H jewrÐa
aut , met� tic jeamatikèc epituqÐec thc jewrÐac toÔ Lebesgue, èqei sqedìn egkatal-
hfjeÐ. StoiqeÐa t c jewrÐac toÔ Jordan up�rqoun sto [4].

To mètro Lebesgue mporeÐ na oristeÐ me parìmoio trìpo kai sto epÐpedo, to
q¸ro,   kai se eukleÐdeiouc q¸rouc an¸terhc di�stashc (bl. gia par�deigma [3]).
To prìblhma toÔ orismoÔ toÔ mètrou ston Rn èqei sqèsh me to par�doxo twn
Banach-Tarski. Autì lèei ìti mporoÔme na p�roume èna anoiktì sÔnolo megèjouc
enìc portokalioÔ, na to qwrÐsoume se peperasmènou pl jouc uposÔnola kai met� na
ta xanaen¸soume me �llo trìpo ¸ste na kataskeu�soume èna nèo anoiktì sÔnolo
sto mègejoc t c g c! Gia perissìterec plhroforÐec parapèmpoume sto [3, sel. 20]
kai sto �rjro [K.Stromberg, The Banach-Tarski paradox, Amer. Math. Monthly
86 (1979), 151-161].
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O orismìc toÔ metr simou sunìlou pou d¸same sthn par�grafo 1.3.1 ofeÐletai
ston K.Karajedwr . O Lebesgue eÐqe arqik� d¸sei èna �llo (isodÔnamo) orismì
(bl. 'Askhsh 1.6.44).

H 'Askhsh 1.6.54 parousÐazei èna je¸rhma pou apèdeixe o Steinhaus to 1920.
Sqetik� jèmata up�rqoun sta biblÐa [S.B.Chae, Lebesgue Integration, Marcel Dekker,
1980], [J.C.Oxtoby, Measure and Category, 2nd edition, Springer 1980] kai sto �r-
jro [Z.Kominek, Measure, category, and the sums of sets, Amer. Math. Monthly
90 (1983), 561-562].

Gia jèmata sqetik� me thn 'Askhsh 1.6.56, parapèmpoume sto [7, sel. 307] kai
sta �rjra [A.Simoson, An “archimedean paradox”, Amer. Math. Monthly 89
(1982), 114-116, 125], [W.Rudin, Well-distributed measurable sets, Amer. Math.
Monthly 90 (1983), 41-42].

Istorik  anaskìphsh thc jewrÐac toÔ mètrou Lebesgue up�rqei sta biblÐa
[G.Koumoull c, S.Negrepìnthc, JewrÐa Mètrou, SummetrÐa 1988],
[T.Hawkins, Lebesgue’s Theory of Integration: Its Origins and Developments, 2nd
edition, Chelsea 1975],
[E.W.Hobson, The Theory of Functions of a Real Variable, 2vols. Cambridge Univ.
Press, 1927].
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Kef�laio 2

Metr simec sunart seic

2.1 Orismìc kai stoiqei¸deic idiìthtec

Orismìc 2.1.1 'Estw f : E → R mi� sun�rthsh me pedÐo orismoÔ E ∈ M.
H f onom�zetai (Lebesgue) metr simh, an gia k�je α ∈ R to sÔnolo {x ∈
E : f(x) > α} eÐnai metr simo.

SumbolismoÐ
An f : E → R eÐnai mi� sun�rthsh kai α ∈ R, orÐzoume

{f > α} := f−1((α,∞)) = {x ∈ E : f(x) > α}.
ParomoÐwc orÐzontai kai oi sumbolismoÐ {f ≥ α}, {f < α}, {f ≤ α}, {f = α}
kai �lloi an�logoi sumbolismoÐ.

Prìtash 2.1.2 'Estw f : E → R mi� sun�rthsh me pedÐo orismoÔ E ∈ M.
Oi akìloujec prot�seic eÐnai isodÔnamec.
(a) H f eÐnai metr simh.
(b) ∀α ∈ R, {f ≥ α} ∈ M.
(g) ∀α ∈ R, {f < α} ∈ M.
(d) ∀α ∈ R, {f ≤ α} ∈ M.
Apìdeixh.
'Estw α ∈ R. Upojètoume pr¸ta ìti h f eÐnai metr simh. IsqÔei

{f ≥ α} =
∞⋂

k=1

{
f > α− 1

k

}
,

to opoÐo eÐnai metr simo sÔnolo. 'Etsi isqÔei to (b).
To (b) sunep�getai to (g) diìti

{f < α} = E \ {f ≥ α}.
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To (g) sunep�getai to (d) diìti

{f ≤ α} =
∞⋂

k=1

{
f < α +

1
k

}
.

Tèloc to (d) sunep�getai to (a) diìti

{f > α} = E \ {f ≤ α}.

¤
'Opwc èqoume deÐ k�je sÔnolo mètrou mhdèn eÐnai metr simo. Epomènwc

an m(E) = 0, tìte k�je sun�rthsh f : E → R eÐnai metr simh.

Prìtash 2.1.3 'Estw f : E → R mi� sun�rthsh me pedÐo orismoÔ E ∈ M.
An h f eÐnai suneq c, tìte eÐnai kai metr simh.

Apìdeixh.
Gia α ∈ R, to di�sthma (α,∞) eÐnai anoiktì sÔnolo. 'Ara to sÔnolo {f >
α} = f−1((α,∞)) eÐnai anoiktì uposÔnolo toÔ E (sth sqetik  topologÐa toÔ
E). 'Ara {f > α} = E∩G, ìpou G anoiktì uposÔnolo toÔ R. SumperaÐnoume
ìti to {f > α} eÐnai metr simo wc tom  metr simwn sunìlwn.

¤

Prìtash 2.1.4 DÐnetai mi� sun�rthsh f : E → R. Upojètoume ìti E =
∪nEn, ìpou ta En eÐnai to polÔ arijm simou pl jouc, xèna an� dÔo, metr -
sima sÔnola, kai ìti gia k�je n, o periorismìc gn := f |En eÐnai metr simh
sun�rthsh. Tìte h f eÐnai metr simh.

Apìdeixh.
Gia α ∈ R, isqÔei

{f ≤ α} =
⋃
n

{gn ≤ α}.

Apì thn upìjesh, ta sÔnola {gn ≤ α} eÐnai metr sima. 'Ara kai to sÔnolo
{f ≤ α} eÐnai metr simo wc ènwsh metr simwn sunìlwn. ¤

Prìtash 2.1.5 An oi sunart seic f kai g eÐnai orismènec sto sÔnolo E kai
metr simec, tìte ta sÔnola {f < g}, {f ≤ g} kai {f = g} eÐnai metr sima.

Apìdeixh.
To sÔnolo {f < g} eÐnai metr simo diìti

{f < g} =
⋃

r∈Q
({f < r} ∩ {g > r}) .
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Gia to Ðdio lìgo kai to {g < f} eÐnai metr simo. To {f ≤ g} eÐnai metr simo
diìti

{f ≤ g} = E \ {g < f}.
Tèloc to {f = g} eÐnai metr simo diìti

{f = g} = {f ≤ g} \ {f < g}.

¤

Lème ìti mi� idiìthta isqÔei sqedìn pantoÔ (σ.π.) sto sÔnolo E ⊂
R an to sÔnolo twn shmeÐwn toÔ E gia ta opoÐa den isqÔei èqei mètro 0.
Onom�zoume tic sunart seic f, g : E → R isodÔnamec kai gr�foume f ∼ g,
an oi f kai g eÐnai σ.π. Ðsec, dhlad  an m({f 6= g}) = 0.

Prìtash 2.1.6 An h f eÐnai metr simh kai h g eÐnai isodÔnamh me thn f ,
tìte h g eÐnai metr simh.

Apìdeixh.
'Estw E to koinì pedÐo orismoÔ twn f, g. Jètoume A = {f = g}. Apì thn
upìjesh m(E \ A) = 0. O periorismìc g |A eÐnai metr simh sun�rthsh diìti
g |A= f |A kai h f eÐnai metr simh. O periorismìc g |E\A eÐnai metr simh
sun�rthsh diìti m(E \ A) = 0. Apì to Je¸rhma 2.1.4, h g eÐnai metr simh.
¤

Parat rhsh 2.1.7 Ac upojèsoume ìti mi� sun�rthsh f eÐnai orismènh kai
metr simh sto sÔnolo E \ A, ìpou A ⊂ E me m(A) = 0. 'Opwc kai na
epekteÐnoume thn f sto E, h epèktash ja eÐnai metr simh sto E. Gia to lìgo
autì, an mi� sun�rthsh eÐnai metr simh kai σ.π. orismènh se èna sÔnolo E,
ja lème ìti h f metr simh sto E.

Prìtash 2.1.8 An h f eÐnai monìtonh sto metr simo sÔnolo E, tìte eÐnai
metr simh sto E.

Apìdeixh.
'Estw B to sÔnolo twn shmeÐwn asunèqeiac thc f . Epeid  h f eÐnai monìtonh,
to B eÐnai to polÔ arijm simo. Epomènwc m(B) = 0 kai sunep¸c h f |B
eÐnai metr simh. H f |E\B eÐnai suneq c; �ra kai metr simh. Apì to Je¸rhma
2.1.4, h f eÐnai metr simh. ¤

Je¸rhma 2.1.9 An c ∈ R kai oi sunart seic f, g eÐnai metr simec sto E,
tìte oi sunart seic cf, f + g, fg eÐnai metr simec sto E.
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Apìdeixh.
Gia α ∈ R, isqÔei

{cf > α} =





{f > α/c}, an c > 0,

{f < α/c}, an c < 0,

E   ∅, an c = 0.

Se k�je perÐptwsh to sÔnolo {cf > α} eÐnai metr simo.

IsqÔei

{f + g > α} = {f > α− g} =
⋃

r∈Q
({f > r} ∩ {r > α− g})

=
⋃

r∈Q
({f > r} ∩ {g > α− r}).

Epomènwc to sÔnolo {f +g > α} eÐnai metr simo wc arijm simh ènwsh metr -
simwn sunìlwn.

Gia na apodeÐxoume ìti h fg eÐnai metr simh, ja qreiasteÐ pr¸ta na apodeÐxoume
ìti h f2 eÐnai metr simh:

{f2 > α} =

{
{f >

√
α} ∪ {f < −√α}, an α ≥ 0,

E, an α < 0.

'Ara h f2 eÐnai metr simh. Tèloc h fg eÐnai metr simh diìti

fg =
1
4
[(f + g)2 − (f − g)2].

¤

2.2 Epektetamènec pragmatikèc sunart seic

To epektetamèno sÔnolo twn pragmatik¸n arijm¸n eÐnai to sÔnolo

R = R ∪ {∞,−∞} = [−∞,∞].

H di�taxh toÔ R epekteÐnetai sto R jètontac −∞ < x < ∞ gia k�je x ∈ R.
Epektetamèna diast mata eÐnai sÔnola thc morf c [−∞, a), [−∞, a], [a,∞],
(a,∞], [−∞,∞] me a ∈ R.
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H sun jhc topologÐa toÔ R epekteÐnetai sto R wc ex c: Anoiktì sÔnolo
sto R eÐnai k�je sÔnolo thc morf c A, A∪(a,∞], A∪ [−∞, b), A∪ [−∞, b)∪
(a,∞], ìpou A anoiktì sÔnolo toÔ R kai a, b ∈ R. Ta diast mata thc morf c
[−∞, b) kai (a,∞] eÐnai anoiktèc perioqèc twn −∞, ∞, antistoÐqwc.

Oi pr�xeic t c prìsjeshc kai toÔ pollaplasiasmoÔ sto R epekteÐnontai
me to sun jh trìpo sto R ektìc apì tic akìloujec mh epitreptèc peript¸seic:

∞−∞, 0 · (±∞), (±∞)/0, (±∞)/(±∞).

Sunart seic thc morf c f : E → R, ìpou E ⊂ R, onom�zontai epekte-
tamènec pragmatikèc sunart seic.

Orismìc 2.2.1 Mi� epektetamènh pragmatik  sun�rthsh f : E → R onom�ze-
tai metr simh an gia k�je α ∈ R, to sÔnolo

{f > α} := {x ∈ E : f(x) > α}

eÐnai metr simo.

'Olec oi prot�seic pou apodeÐxame sthn prohgoÔmenh par�grafo isqÔ-
oun kai gia epektetamènec sunart seic me tic aparaÐthtec tropopoi seic. Gia
par�deigma, an oi f, g : E → R eÐnai metr simec, tìte h f +g orÐzetai kai eÐnai
metr simh sto sÔnolo

E \ (({f = ∞} ∩ {g = −∞}) ∪ ({f = −∞} ∩ {g = ∞})) .

An h f : E → R eÐnai metr simh, tìte ta sÔnola {f = ∞}, {f = −∞},
{−∞ < f < ∞} eÐnai metr sima. Autì prokÔptei �mesa apì tic isìthtec

{f = ∞} =
∞⋂

n=1

{f > n}, {f = −∞} =
∞⋂

n=1

{f < −n}

{−∞ < f < ∞} = E \ ({f = ∞} ∪ {f = −∞}).

Mi� epektetamèmh sun�rthsh f eÐnai σ.π. peperasmènh an m({f = ±∞}) = 0.

2.3 AkoloujÐec metr simwn sunart sewn

An {fn} eÐnai mi� (fragmènh   mh fragmènh) akoloujÐa (epektetamènwn) prag-
matik¸n sunart sewn, oi sunart seic infn fn, supn fn, lim sup fn, lim infn fn

orÐzontai wc epektetamènec pragmatikèc sunart seic.
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Prìtash 2.3.1 An {fn} eÐnai mi� akoloujÐa epektetamènwn pragmatik¸n
sunart sewn pou eÐnai ìlec metr simec sto E, tìte kai oi sunart seic supn fn,
infn fn eÐnai metr simec sto E.
Apìdeixh.
Gia α ∈ R, isqÔei

{sup
n

fn > α} =
∞⋃

n=1

{fn > α}.

'Ara h supn fn eÐnai metr simh. H apìdeixh gia thn infn fn eÐnai parìmoia. ¤

Prìtash 2.3.2 An {fn} eÐnai mi� akoloujÐa epektetamènwn pragmatik¸n
sunart sewn pou eÐnai ìlec metr simec sto E, tìte kai oi sunart seic lim supn→∞ fn,
lim infn→∞ fn eÐnai metr simec sto E.
Apìdeixh.
EÐnai gnwstì ìti

lim sup fn(x) = inf
n

sup
k≥n

fk(x), x ∈ E.

Efarmìzontac dÔo forèc to Je¸rhma 2.3.1 sumperaÐnoume ìti h lim sup fn

eÐnai metr simh. H apìdeixh gia thn lim inf fn eÐnai parìmoia. ¤

Orismìc 2.3.3 Lème ìti mi� akoloujÐa sunart sewn {fn} sugklÐnei σ.π. sto
E proc th sun�rthsh f , an up�rqei sÔnolo A ⊂ E tètoio ¸ste m(A) = 0 kai
h {fn} sugklÐnei shmeiak� proc thn f sto sÔnolo E \A.

Prìtash 2.3.4 'Estw {fn} eÐnai mi� akoloujÐa pragmatik¸n sunart sewn
pou eÐnai ìlec metr simec sto E. An h {fn} sugklÐnei σ.π. sto E proc th
sun�rthsh f , tìte h f eÐnai metr simh sto E.
Apìdeixh.
Up�rqei A ⊂ E tètoio ¸ste m(A) = 0 kai fn−→σ f sto E \ A. Apì thn
Prìtash 2.3.2 prokÔptei �mesa ìti h f eÐnai metr simh sto E \A, �ra kai sto
E; bl. Parat rhsh 2.1.7. ¤

2.4 ∗ Jewr mata t¸n Egorov kai Luzin

'Eqoume deÐ ìti h omoiìmorfh sÔgklish akolouji¸n sunart sewn eÐnai isqurìter-
h apì th shmeiak  sÔgklish. 'Eqoume epÐshc deÐ paradeÐgmata akolouji¸n pou
sugklÐnoun shmeiak� all� ìqi omoiìmorfa. To akìloujo je¸rhma deÐqnei ìti
h shmeiak  sÔgklish se èna sÔnolo peperasmènou mètrou sunep�getai thn
omoiìmorfh sÔgklish se èna lÐgo mikrìtero sÔnolo.
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Je¸rhma 2.4.1 (Egorov) 'Estw E èna metr simo sÔnolo me m(E) < ∞.
'Estw {fn} mi� akoloujÐa pragmatik¸n sunart sewn, metr simwn sto E. Up-
ojètoume ìti h {fn} sugklÐnei shmeiak� sto E proc th sun�rthsh f . Tìte
gi� k�je ε > 0, up�rqei metr simo sÔnolo A ⊂ E tètoio ¸ste m(A) < ε kai
fn−→oµ f sto E \A.
Apìdeixh.
Gia k, n ∈ N, jètoume

Bk,n =
∞⋃

j=n

{x ∈ E : |fj(x)− f(x)| ≥ 1/k}.

'Ola ta sÔnola aut� eÐnai metr sima kai isqÔei

Bk,1 ⊃ Bk,2 ⊃ . . .

EpÐshc, epeid  fn−→σ f sto E,

∀k ∈ N,
∞⋂

n=1

Bk,n = ∅.

Epeid  epiplèon m(E) < ∞, sumperaÐnoume ìti

lim
n→∞m(Bk,n) = 0, ∀k ∈ N.

'Etsi, an ε > 0 kai k ∈ N, mporoÔme na broÔme nk tètoio ¸ste

m(Bk,nk
) <

ε

2k
.

Jètoume

A =
∞⋃

k=1

Bk,nk
.

Tìte

m(A) ≤
∞∑

k=1

m(Bk,nk
) <

∞∑

k=1

ε

2k
= ε.

EpÐshc

E \A =
∞⋂

k=1

∞⋂

j=nk

{x ∈ E : |fj(x)− f(x)| < 1/k}.

'Ara gia dojèn k ∈ N, èqoume
j ≥ nk ⇒ ∀x ∈ E \A, |fj(x)− f(x)| < 1/k.

Autì shmaÐnei ìti fj−→oµ f sto E \A. ¤
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Par�deigma 2.4.2 'Estw fn = χ[n,n+1]. EÐnai fanerì ìti h akoloujÐa
sunart sewn {fn} sugklÐnei shmeiak� sto R proc th mhdenik  sun�rthsh
f . An isqÔei to sumpèrasma tou Je¸r matoc Egorov, tìte gia ε = 1 up�rqei
sÔnolo A me m(A) < 1 kai fn−→oµ f sto R \ A. 'Omwc an m(A) < 1, tìte to
R \A tèmnei k�je di�sthma [n, n + 1] kai sunep¸c

sup
x∈R\A

|fn(x)− f(x)| = sup
x∈R\A

χ[n,n+1](x) = 1, ∀n ∈ N.

'Ara h sÔgklish den eÐnai omoiìmorfh sto R\A. 'Atopo. SumperaÐnoume loipìn
ìti sto Je¸rhma Egorov, h upìjesh m(E) < ∞ den mporeÐ na apalhfjeÐ.

Par�deigma 2.4.3 Autì to par�deigma deÐqnei ìti sto Je¸rhma Egorov
den mporoÔme na antikatast soume thn upìjesh m(A) < ε me thn upìjesh
m(A) = 0.
'Estw

fn(x) =

{
xn, x ∈ [0, 1),
0, x = 0.

H {fn} sugklÐnei shmeiak� sto E = [0, 1] proc th mhdenik  sun�rthsh. An A
eÐnai èna uposÔnolo toÔ E me m(A) = 0, tìte m(E \A) = 1 kai �ra to E \A
eÐnai puknì mèsa sto E. Sunep¸c

sup
x∈E\A

|fn(x)− f(x)| = sup
x∈E\A

xn = 1, ∀n ∈ N.

'Ara h sÔgklish den eÐnai omoiìmorfh sto E \A.

Je¸rhma 2.4.4 (Luzin, pr¸th morf ) 'Estw f : E → R mi� metr simh
sun�rthsh. Gi� k�je ε > 0, up�rqei metr simo sÔnolo Fε ⊂ E tètoio ¸ste
m(E \ Fε) < ε kai o periorismìc f |Fε eÐnai suneq c sto Fε.

Apìdeixh.
'Estw ε > 0. JewroÔme to sÔnolo ìlwn twn anoikt¸n diasthm�twn t c
morf c (q, r) me q, r ∈ Q. To sÔnolo autì eÐnai arijm simo. 'Estw I1, I2, . . .
mi� arÐjmhs  tou. Epeid  h f eÐnai metr simh, kajèna apì ta sÔnola f−1(Ij)
eÐnai metr simo uposÔnolo toÔ E. Q�rh sto Je¸rhma 1.4.4 up�rqoun kleistì
sÔnolo Kj kai anoiktì sÔnolo Aj tètoia ¸ste

(2.1) Kj ⊂ f−1(Ij) ⊂ Aj kai m(Aj \Kj) <
ε

2j
.
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Jètoume Gε = ∪∞j=1(Aj \Kj) kai Fε = E \Gε. Apì thn (2.1) prokÔptei ìti
m(Gε) < ε kai ìti

(2.2) Kj ∩ Fε ⊂ f−1(Ij) ∩ Fε ⊂ Aj ∩ Fε, j = 1, 2, . . . .

IsqÔoun kai oi antÐstrofoi egkleismoÐ diìti

x ∈ Aj ∩ Fε ⇒ (x ∈ Aj , x ∈ Fε) ⇒ (x ∈ Aj , x ∈ Fε, x /∈ Gε)
⇒ (x ∈ Aj , x ∈ Fε, x /∈ Aj \Kj)
⇒ (x ∈ Kj , x ∈ Fε) ⇒ x ∈ Kj ∩ Fε.

'Ara Kj ∩ Fε = f−1(Ij) ∩ Fε = Aj ∩ Fε, j = 1, 2, . . . . Jètoume g = f |Fε kai
parathroÔme ìti

g−1(Ij) = {x ∈ Fε : g(x) ∈ Ij} = {x ∈ Fε : f(x) ∈ Ij}
= {x ∈ E : f(x) ∈ Ij} ∩ Fε

= f−1(Ij) ∩ Fε = Aj ∩ Fε.

Sunep¸c gia k�je j ∈ N, to sÔnolo g−1(Ij) eÐnai anoiktì sto Fε (sth sqetik 
topologÐa toÔ Fε). K�je anoiktì sÔnolo toÔ R gr�fetai san ènwsh anoikt¸n
diasthm�twn me rht� �kra. Epomènwc gia k�je anoiktì sÔnolo U , to sÔnolo
g−1(U) eÐnai anoiktì sÔnolo sto Fε. Autì shmaÐnei ìti h g eÐnai suneq c sto
Fε. ¤

Je¸rhma 2.4.5 (Luzin, deÔterh morf ) 'Estw f : E → R mi� metr simh
sun�rthsh me m(E) < ∞. Gi� k�je ε > 0, up�rqei sumpagèc sÔnolo L ⊂ E
tètoio ¸ste m(E \ L) < ε kai o periorismìc f |L eÐnai suneq c sto L.
Apìdeixh.
'Estw ε > 0. Apì thn pr¸th morf  toÔ Jewr matoc Luzin, up�rqei metr simo
sÔnolo F ⊂ E tètoio ¸ste m(E\F ) < ε/4 kai h f |F eÐnai suneq c. JwroÔme
(bl. Je¸rhma 1.4.4) kleistì sÔnolo K ⊂ F me m(F \ K) < ε/4. Epeid 
E \K ⊂ (E \ F ) ∪ (F \K), isqÔei

m(E \K) ≤ m(E \ F ) + m(F \K) <
ε

2
.

Jètoume Kn = K ∩ [−n, n], n = 1, 2, . . . kai parathroÔme ìti

lim
n→∞m(E \Kn) = m(E \K) <

ε

2
.

'Ara gia ènan arket� meg�lo fusikì no, isqÔei m(E \Kno) < ε. Jètoume L =
Kno kai parathroÔme ìti to L eÐnai sumpagèc uposÔnolo toÔ E, m(E \L) < ε
kai h f |L eÐnai suneq c. ¤
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Je¸rhma 2.4.6 (Luzin, trÐth morf ) 'Estw f : R → R mi� metr simh
sun�rthsh tètoia ¸ste f(x) = 0 an x /∈ E ìpou E ∈ M kai m(E) < ∞.
Gi� k�je ε > 0, up�rqoun sumpagèc sÔnolo K ⊂ R kai suneq c sun�rthsh
g : R→ R tètoia ¸ste:
(a) g(x) = 0 an x /∈ K.
(b) m({f 6= g}) < ε.
(g) supx∈R |g(x)| ≤ supx∈R |f(x)|.
Apìdeixh.
'Estw ε > 0. Apì th deÔterh morf  toÔ Jewr matoc Luzin, up�rqei sumpagèc
uposÔnolo L toÔ E tètoio ¸ste m(E \ L) < ε/2 kai h f |L eÐnai suneq c.
JewroÔme anoiktì sÔnolo U ⊃ L me m(U \ L) < ε/2. Epeid  to L eÐnai
fragmèno, mporoÔme na upojèsoume ìti kai to U eÐnai fragmèno.

To sÔnolo U \ L eÐnai anoiktì kai fragmèno. 'Ara eÐnai ènwsh arijm -
simou pl jouc anoikt¸n kai fragmènwn diasthm�twn I1, I2, . . . . Jètoume
Ij = (aj , bj). OrÐzoume sun�rthsh g : R→ R wc ex c:
1. An x ∈ L, jètoume g(x) = f(x).
2. An x /∈ U , orÐzoume g(x) = 0.
3. An aj /∈ L, jètoume g(aj) = 0. An aj ∈ L, jètoume g(aj) = f(aj). Paro-
moÐwc gia ta bj .
4. Tèloc se kajèna Ij , h g eÐnai ex orismoÔ h afinik  sun�rthsh me timèc sta
�kra toÔ Ij autèc pou orÐsthkan parap�nw.

Jètoume U = K kai parathroÔme ìti to K eÐnai sumpagèc kai h g ikanopoieÐ
ta (a), (g) toÔ jewr matoc. To (b) isqÔei diìti

{f 6= g} ⊂ (E ∪ U) \ L = (E \ L) ∪ (U \ L)

ki epomènwc
m({f 6= g}) ≤ m(E \ L) + m(U \ L) < ε.

¤

2.5 Aplèc sunart seic

Mi� sun�rthsh φ : R→ R onom�zetai apl  an eÐnai metr simh kai to sÔnolo
tim¸n thc eÐnai peperasmèno. 'Estw φ mi� apl  sun�rthsh me sÔnolo tim¸n
{a1, a2, . . . , an}. Ta sÔnola Ai := {φ = ai}, i = 1, , 2, . . . , n, eÐnai mh ken�,
metr sima kai xèna an� dÔo. H φ mporeÐ na grafeÐ sth morf 

φ =
n∑

i=1

aiχAi .
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EÐnai dhlad  peperasmènoc grammikìc sunduasmìc qarakthristik¸n sunart -
sewn metr simwn sunìlwn. H parap�nw par�stash thc φ (me ai diafore-
tik� an� dÔo kai Ai xèna an� dÔo) onom�zetai kanonik  par�stash t c
φ. Mi� apl  sun�rthsh mporeÐ na grafeÐ kai me �llouc (�peirouc) trìpouc
wc grammikìc sunduasmìc qarakthristik¸n sunart sewn. Gia par�deigma, h
sun�rthsh

φ(x) =

{
2, x ∈ [0,∞),
−3, x ∈ (−∞, 0)

èqei tic parast�seic

φ = 2χ[0,∞) − 3χ(−∞,0) = 2χR − 5χ(−∞,0).

H pr¸th apì autèc eÐnai h kanonik  par�stash thc φ.

To akìloujo je¸rhma lèei ìti k�je jetik  metr simh sun�rthsh mporeÐ na
proseggisteÐ apì mi� aÔxousa akoloujÐa apl¸n sunart sewn. H prosèggish
aut  eÐnai qr simh sth jewrÐa toÔ oloklhr¸matoc Lebesgue.

Je¸rhma 2.5.1 DÐnetai mi� metr simh sun�rthsh f : E → [0,∞]. Up�rqei
aÔxousa akoloujÐa apl¸n sunart sewn {φn} tètoia ¸ste φn−→σ f sto E.

Apìdeixh.
'Estw n ∈ N. Oi timèc thc f eÐnai sto [0,∞]. DiamerÐzoume to diasthma autì
sta 22n + 1 diast mata

[
k

2n
,
k + 1
2n

)
, k = 0, 1, . . . , 22n − 1, kai [2n,∞].

H diamèrish aut  toÔ pedÐou tim¸n odhgeÐ mèsw thc f se mi� diamèrish toÔ
pedÐou orismoÔ E: Jètoume

En,k =
{

k

2n
≤ f <

k + 1
2n

}
, k = 0, 1, . . . , 22n − 1, kai Bn = {f ≥ 2n}.

'Epeid  h f eÐnai metr simh, ta sÔnola aut� eÐnai metr sima. OrÐzoume

φn = 2nχBn +
22n−1∑

k=0

k

2n
χEn,k

.

H sun�rthsh aut  eÐnai metr simh kai m�lista apl . 'Etsi kataskeu�same
mi� akoloujÐa apl¸n sunart sewn {φn}.
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Ja deÐxoume ìti φn−→σ f sto E. 'Estw x ∈ E. DiakrÐnoume dÔo peript¸-
seic:
1. f(x) < ∞. Dialègoume no = no(x) ∈ N tètoio ¸ste f(x) < 2n,
∀n ≥ no. Epìmènwc ∀n ≥ no, to x an kei sto En,k gia akrib¸c èna k.
'Ara φn(x) = k/2n kai k/2n ≤ f(x) < (k + 1)/2n. Sunep¸c

(2.3) 0 ≤ f(x)− φn(x) ≤ 1
2n

, ∀n ≥ no.

H (2.3) sunep�getai ìti limn→∞ φn(x) = f(x).
2. f(x) = ∞. Tìte f(x) > 2n, ∀n ∈ N. 'Ara x ∈ Bn, ∀n ∈ N. Epomènwc

lim
n→∞φn(x) = lim

n→∞ 2n = ∞ = f(x).

'Etsi h shmeiak  sÔgklish apodeÐqjhke.

Ja deÐxoume t¸ra ìti h {φn} eÐnai aÔxousa akoloujÐa sunart sewn. Gia
x ∈ E kai n ∈ N, diakrÐnoume dÔo peript¸seic:
A: f(x) ≥ 2n. Tìte x ∈ Bn. 'Ara φn(x) = 2n = 22n+1/2n+1 ≤ φn+1(x).
B: f(x) < 2n. Tìte x ∈ En,k gia k�poio k. 'Omwc

En,k =
{

2k

2n+1
≤ f <

2k + 2
2n+1

}
= En+1,2k ∪ En+1,2k+1.

An x ∈ En+1,2k, tìte φn(x) = k/2n = 2k/2n+1 = φn+1(x).
An x ∈ En+1,2k+1, tìte φn(x) = k/2n < (2k + 1)/2n+1 = φn+1(x).
Se k�je perÐptwsh loipìn φn(x) ≤ φn+1(x). ¤

2.6 Ask seic
2.6.1 'Estw E ⊂ R. DeÐxte ìti h χE eÐnai metr simh sto R an kai mìno an E ∈ M.

2.6.2 DÐnetai sun�rthsh f : E → R. DeÐxte ìti an h f eÐnai metr simh, tìte
{f = α} ∈ M gia k�je α ∈ R.

2.6.3 DÐnetai sun�rthsh f : E → R. DeÐxte ìti h f eÐnai metr simh an kai mìno
an {a < f < b} ∈ M gia k�je a, b ∈ R.

2.6.4 An h f eÐnai metr simh sto E kai to E1 eÐnai metr simo uposÔnolo tou E,
tìte o periorismìc f |E1 thc f sto E1 eÐnai metr simh sun�rthsh sto E1.

2.6.5 Swstì   L�joc?
An h f eÐnai monìtonh sto sÔnolo E, tìte eÐnai metr simh sto E.
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2.6.6 DeÐxte ìti an h f : E → R, E ∈ M, eÐnai σ.π. suneq c sto E, tìte h f eÐnai
metr simh sto E.

2.6.7 An oi f, g eÐnai metr simec sto E, tìte kai oi sunart seic max{f, g}, min{f, g},
f+, f−, |f | eÐnai metr simec sto E.

2.6.8 DeÐxte ìti oi parak�tw sunart seic eÐnai metr simec sto pedÐo orismoÔ touc.
f1(x) = χQ(x), x ∈ R,
f2(x) = [x], x ∈ R (akèraio mèroc),
f3 : [0, 2π] → R me f3(x) = x2 an x ∈ [0, π] kai f3(x) = cos x an x ∈ (π, 2π].

2.6.9 DÐnetai sun�rthsh f : E → R. Upojètoume ìti {f > α} ∈ M gia k�je
α ∈ R. DeÐxte ìti h f eÐnai metr simh.

2.6.10 DÐnetai sun�rthsh f : [0,∞) → R. An h f eÐnai metr simh sto [a, b] gia
k�je a, b me 0 < a < b < ∞, deÐxte ìti h f eÐnai metr simh sto [0,∞).

2.6.11 DeÐxte ìti an oi sunart seic f, g eÐnai metr simec sto E, tìte h sun�rthsh
f/g eÐnai metr simh sto sÔnolo E \ {x ∈ E : g(x) 6= 0}.

2.6.12 DeÐxte ìti k�je tmhmatik� monìtonh sun�rthsh f : [a, b] → R eÐnai metr -
simh.

2.6.13 An h f : R→ R eÐnai suneq c kai h g : E → R eÐnai metr simh, deÐxte ìti h
f ◦ g eÐnai metr simh sto E.

2.6.14 DÐnetai metr simh kai σ.π. peperasmènh sun�rthsh f : [a, b] → R. DeÐxte
ìti gia k�je ε > 0, up�rqei pragmatikìc arijmìc M tètoioc ¸ste m({|f | > M}) < ε.

2.6.15 DÐnetai sun�rthsh f : E → R me E ∈ M. JewroÔme th sun�rthsh g : R→
R me

g(x) =

{
f(x), x ∈ E,

0, x ∈ R \ E.

DeÐxte ìti h f eÐnai metr simh sto E an kai mìno an h g eÐnai metr simh sto R.

2.6.16 DÐnetai metr simh sun�rthsh f : E → R. 'Estw E1 èna metr simo up-
osÔnolo toÔ E. DeÐxte ìti h sun�rthsh

g(x) =

{
f(x), x ∈ E1,

0, x ∈ E \ E1.

eÐnai metr simh.

2.6.17 'Estw N èna mh metr simo uposÔnolo toÔ (0, 1). Gia th sun�rthsh f(x) =
x χN (x), deÐxte ìti den eÐnai metr simh sto R, all� kajèna apì ta sÔnola {f = α},
α ∈ R, eÐnai metr simo.
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2.6.18 'Estw f : E → R mi� sun�rthsh me pedÐo orismoÔ E ∈ M. H f eÐnai metr -
simh an kai mìno an gia k�je anoiktì uposÔnolo toÔ R, to sÔnolo f−1(A) eÐnai
metr simo.
Upìdeixh: K�je anoiktì sÔnolo sto R eÐnai arijm simh ènwsh anoikt¸n diasth-
m�twn.

2.6.19 DÐnetai èna metr simo sÔnolo E. DeÐxte ìti h sqèsh f ∼ g eÐnai sqèsh
isodunamÐac sto sÔnolo twn sunart sewn me pedÐo orismoÔ to E.

2.6.20 Swstì   L�joc?
(a) An h f eÐnai metr simh sto (a, b− ε) gia k�je arket� mikrì ε > 0, tìte h f eÐnai
metr simh sto (a, b).
(b) DÐnontai metr simh sun�rthsh f : E → R kai c ∈ R. OrÐzoume sun�rthsh g
jètontac g(x) = f(x + c). H g eÐnai metr simh sto E − c.

2.6.21 An h sun�rthsh f : E → R eÐnai metr simh kai h sun�rthsh g : R → R
eÐnai monìtonh, deÐxte ìti h g ◦ f eÐnai metr simh sto E.

2.6.22 DeÐxte ìti an h f eÐnai metr simh kai h g eÐnai isodÔnamh me thn f , tìte gia
k�je α ∈ R,

m({g > α}) = m({f > α}).

2.6.23 DeÐxte ìti an h f : [a, b] → R, eÐnai sun�rthsh fragmènhc kÔmanshc sto
[a, b], tìte h f eÐnai metr simh sto [a, b].

2.6.24 DÐnetai sun�rthsh f : E → R. DeÐxte ìti h f eÐnai metr simh an kai mìno
an E ∈ M kai {f > α} ∈ M, ∀α ∈ Q.

2.6.25 Swstì   L�joc?
(a) An f ∼ g sto E kai h g eÐnai suneq c sto E, tìte h f eÐnai σ.π. suneq c sto E.
(b) An f ∼ g sto E, h g eÐnai suneq c sto E kai h f eÐnai σ.π. suneq c sto E, tìte
f eÐnai suneq c sto E.

2.6.26 BreÐte mi� monìtonh sun�rthsh pou den eÐnai metr simh.

2.6.27 BreÐte sun�rthsh f pou den eÐnai metr simh sto R en¸ h |f | eÐnai metr simh
sto R.

2.6.28 DÐnetai sun�rthsh f : E → R. DeÐxte ìti an h |f | eÐnai metr simh sto E
kai to sÔnolo {f > 0} eÐnai metr simo, tìte h f eÐnai metr simh sto E.

2.6.29 DeÐxte ìti to ginìmeno kai k�je grammikìc sunduasmìc apl¸n sunart sewn
eÐnai apl  sun�rthsh.

2.6.30 ApodeÐxte tic isìthtec

χA∩B = χA · χB , χA∪B = χA + χB − χA · χB , χAc = 1− χA.

42



2.6.31 DÐnetai mi� metr simh sun�rthsh f : E → R.
(a) DeÐxte ìti up�rqei akoloujÐa apl¸n sunart sewn {φn} tètoia ¸ste 0 ≤ |φ1| ≤
|φ2| ≤ · · · ≤ |f | kai φn−→σ f sto E.
(b) DeÐxte ìti an h f eÐnai fragmènh sto F ⊂ E, tìte up�rqei akoloujÐa apl¸n
sunart sewn {φn} tètoia ¸ste 0 ≤ |φ1| ≤ |φ2| ≤ · · · ≤ |f | kai φn−→oµ f sto F .

2.6.32 DeÐxte ìti an h f eÐnai metr simh kai fragmènh sto F , tìte up�rqei aÔxousa
akoloujÐa apl¸n sunart sewn {φn} tètoia ¸ste φn−→oµ f sto F .

2.6.33 Gi� mi� akoloujÐa {φn} apl¸n sunart sewn isqÔei φn−→oµ f sto R. DeÐxte
ìti h f eÐnai metr simh kai fragmènh sto R.

2.6.34 BreÐte mi� aÔxousa akoloujÐa apl¸n sunart sewn pou na sugklÐnei shmeiak�
sto [0, 1] proc th sun�rthsh f(x) = x.

2.6.35 DÐnetai mi� akoloujÐa metr simwn sunart sewn fn : R→ R. DeÐxte ìti to
sÔnolo {x ∈ R : lim fn(x) up�rqei} eÐnai metr simo.

2.6.36 DeÐxte ìti an h f : (a, b) → R eÐnai paragwgÐsimh, tìte h f ′ eÐnai metr simh
sto (a, b).
Upìdeixh: f(x±1/n)−f(x)

1/n → f ′(x).

2.6.37 Kataskeu�ste mi� akoloujÐa metr simwn sunart sewn sto [0, 1] h opoÐa
na sugklÐnei shmeiak� sto [0, 1] kai na mhn sugklÐnei omoiìmorfa se kanèna sÔnolo
E ⊂ [0, 1] me m(E) = 1.

2.6.38? 'Estw {fn} mi� akoloujÐa metr simwn sunart sewn sto sÔnolo E. Lème
ìti h {fn} sugklÐnei kat� mètro se mi� metr simh sun�rthsh f kai gr�foume
fn−→κµ f an

∀ε > 0, lim
n→∞

m({x ∈ E : |fn(x)− f(x)| > ε}) = 0.

DeÐxte ìti:
(a) An fn−→κµ f kai fn−→κµ g, tìte f = g σ.π. sto E.
(b) An m(E) < ∞ kai fn → f σ.π. sto E, tìte fn−→κµ f .

2.6.39? Kataskeu�ste mi� akoloujÐa metr simwn sunart sewn sto [0, 1] h opoÐa
na sugklÐnei kat� mètro kai na mh sugklÐnei se kanèna shmeÐo toÔ [0, 1].

2.6.40? DÐnetai suneq c sun�rthsh f : [a, b] → R. DeÐxte ìti h f apeikonÐzei
Fσ-sÔnola se Fσ-sÔnola. DeÐxte ìti oi akìloujec prot�seic eÐnai isodÔnamec:
(a) ∀E ⊂ [a, b], m(E) = 0 ⇒ m(f(E)) = 0.
(b) ∀E ⊂ [a, b], E ∈ M ⇒ f(E) ∈ M.

2.6.41? DÐnetai metr simh sun�rthsh f : R → R. An h f èqei periìdouc s kai t,
kai o arijmìc s

t eÐnai �rrhtoc, deÐxte ìti h f eÐnai σ.π. stajer .
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2.6.42 DeÐxte ìti an mi� sun�rthsh f : [a, b] → R eÐnai oloklhr¸simh kat� Rie-
mann, tìte eÐnai metr simh.
Upìdeixh: DeÐte to krit rio oloklhrwsimìthtac toÔ Lebesgue sthn §1.7.

2.6.43 ApodeÐxte to Je¸rhma toÔ Egorov me thn asjenèsterh upìjesh ìti fn → f
σ.π. sto E.

2.6.44 DeÐxte ìti sto Je¸rhma toÔ Egorov mporoÔme na petÔqoume to sÔnolo
E \A na eÐnai sumpagèc.

2.6.45 Mi� akoloujÐa sunart sewn {fn} sugklÐnei sqedìn omoiìmorfa sto E proc
th sun�rthsh f , dhlad  h {fn} èqei thn idiìthta: Gia k�je ε > 0 up�rqei metr simo
uposÔnolo A toÔ E tètoio ¸ste m(A) < ε kai fn−→oµ f sto E \A.
DeÐxte ìti fn → f σ.π. sto E.
Upìdeixh: Gia k�je k ∈ N, up�rqei Ak me m(Ak) < 1/k kai fn−→oµ f sto E \Ak.

2.6.46 Gia mi� akoloujÐa metr simwn sunart sewn fn, ypojètoume ìti fn−→σ f se
èna sÔnolo E ∈ M. DeÐxte ìti up�rqoun metr sima sÔnola E1 ⊂ E2 ⊂ · · · ⊂ E
tètoia ¸ste fn−→oµ f sto Ek kai m (E \ ∪∞k=1Ek) = 0.

2.7 Shmei¸seic
Kai sto kef�laio autì diathr same ton eisagwgikì qarakt ra toÔ biblÐou kai
parousi�same mìno tic basikèc idiìthtec twn metr simwn sunart sewn. Perissìtera
gia tic metr simec sunart seic up�rqoun sta biblÐa [2], [7], [9].

Gia th sqèsh metrhsimìthtac kai sunèqeiac sunart sewn, bl. [A.C. Zaanen,
Continuity of measurable functions, Amer. Math. Monthly 93 (1986), 128-130].

H apìdeixh toÔ Jewr matoc toÔ Luzin pou parousi�same proèrqetai apì to �r-
jro [M. B. Feldman, A proof of Lusin’s theorem, Amer. Math. Monthly 88 (1981),
191-192]. 'Allec apodeÐxeic up�rqoun sta [3], [7], [10]. Sqetikì me to Je¸rhma
toÔ Egorov eÐnai to �rjro [R.G. Bartle, An extension of Egorov’s theorem, Amer.
Math. Monthly 87 (1980), 628-633].

O Luzin  tan majht c toÔ Egorov sth Mìsqa. Gia thn istorÐa touc, bl.
[A.Shields, Luzin and Egorov, The Mathematical Intelligencer 9 (1987), 24-27] kai
[A.Shields, Luzin and Egorov, II, The Mathematical Intelligencer 11 (1989), 5-8].
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Kef�laio 3

To olokl rwma Lebesgue

3.1 To olokl rwma gi� jetikèc aplèc sunart seic

Ja lème ìti mi� sun�rthsh f eÐnai jetik  an f ≥ 0.

Orismìc 3.1.1 'Estw φ mi� jetik , apl  sun�rthsh me kanonik  par�stash

φ =
n∑

j=1

ajχAj .

To olokl rwma (Lebesgue) t c φ eÐnai o epektetamènoc pragmatikìc arijmìc

∫

R
φ =

n∑

j=1

aj m(Aj)

(me th sÔmbash ìti 0 ·∞ = 0). An
∫
R φ < ∞, lème ìti h φ eÐnai oloklhr¸simh

(kat� Lebesgue) kai gr�foume φ ∈ L1.

Shmei¸noume ìti an φ eÐnai mi� jetik , apl  sun�rthsh kai E ∈ M, tìte h
sun�rthsh φχE eÐnai jetik  kai apl . Me b�sh aut  thn parat rhsh dÐnoume
ton ex c orismì:

Orismìc 3.1.2 An φ eÐnai mi� jetik , apl  sun�rthsh kai E ∈ M, orÐzoume
∫

E
φ =

∫

R
φχE .

An
∫
E φ < ∞, lème ìti h φ eÐnai oloklhr¸simh sto E kai gr�foume φ ∈ L1(E).
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Par�deigma 3.1.3
∫
R χQ = 1 ·m(Q) = 0.

Par�deigma 3.1.4
∫

[0,3]
(2χ[0,1] + 3χ(1,4]\Q) =

∫

R
(2χ[0,1] + 3χ(1,3]\Q) = 2 + 6 = 8.

Par�deigma 3.1.5 An c > 0, tìte
∫
R c =

∫
R cχR = cm(R) = ∞.

L mma 3.1.6 An φ eÐnai mi� jetik , apl , oloklhr¸simh sun�rthsh kai φ =∑m
i=1 biχEi mi� par�stas  thc me E1, E2, . . . , Em xèna an� dÔo, metr sima

sÔnola, tìte

(3.1)
∫

R
φ =

m∑

i=1

bi m(Ei).

Apìdeixh.
An ta bi eÐnai diaforetik� an� dÔo, tìte h

∑m
i=1 biχEi eÐnai h kanonik  par�s-

tash t c φ kai h (3.1) prokÔptei �mesa apì ton orismì toÔ oloklhr¸matoc.
Upojètoume loipìn ìti ta bi den eÐnai diaforetik� an� dÔo. 'Estw {a1, a2, . . . , an}
to sÔnolo tim¸n t c φ. Gia j = 1, 2, . . . , n, jètoume Ij = {i : bi = aj}. IsqÔei

m({φ = aj}) =
∑

i∈Ij

m(Ei)

ki epomènwc
aj m({φ = aj}) =

∑

i∈Ij

bim(Ei).

'Ara

∫

R
φ =

n∑

j=1

ajm({φ = aj}) =
n∑

j=1

∑

i∈Ij

bim(Ei) =
m∑

i=1

bim(Ei).

¤

L mma 3.1.7 An φ, ψ eÐnai jetikèc, aplèc, oloklhr¸simec sunart seic kai
c1, c2 ≥ 0, tìte ∫

R
(c1φ + c2ψ) = c1

∫

R
φ + c2

∫

R
ψ.
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Apìdeixh.

Gr�foume tic kanonikèc par�staseic twn φ, ψ:

φ =
n∑

i=1

aiχAi , ψ =
k∑

j=1

bjχBj .

Epeid  oi φ, ψ eÐnai oloklhr¸simec, mi� apì tic timèc touc eÐnai to 0 kai m�lista

m({φ 6= 0}) < ∞, m({ψ 6= 0}) < ∞.

'Estw ìti a1 = b1 = 0. Ta sÔnola Ai, Bj eÐnai xèna an� dÔo kai èqoun ìla
peperasmèno mètro ektìc apì ta A1, B1. IsqÔei

R =
n⋃

i=1

Ai =
k⋃

j=1

Bj =
n⋃

i=1

k⋃

j=1

(Ai ∩Bj).

Sunep¸c

φ =
n∑

i=1

k∑

j=1

aiχAi∩Bj , φ =
n∑

i=1

k∑

j=1

bjχAi∩Bj .

'Ara

c1φ + c2ψ =
n∑

i=1

k∑

j=1

(c1ai + c2bj)χAi∩Bj .

Efarmìzontac treÐc forèc to L mma 3.1.6 prokÔptei

∫

R
(c1φ + c2ψ) =

n∑

i=1

k∑

j=1

(c1ai + c2bj) m(Ai ∩Bj)

= c1

n∑

i=1

k∑

j=1

aim(Ai ∩Bj) + c2

n∑

i=1

k∑

j=1

bjm(Ai ∩Bj)

= c1

∫

R
φ + c2

∫

R
ψ.

¤

Pìrisma 3.1.8 An φ, ψ eÐnai jetikèc, aplèc, oloklhr¸simec sunart seic me
φ ≤ ψ, tìte

∫
R φ ≤ ∫

R ψ.
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Apìdeixh.
H ψ − φ eÐnai jetik , apl  kai oloklhr¸simh sun�rthsh. 'Ara

∫

R
ψ =

∫

R
φ +

∫

R
(ψ − φ) ≥

∫

R
φ.

Pìrisma 3.1.9 An a1, a2, . . . , an ∈ [0,∞) kai E1, E2, . . . , En ∈ M me m(Ei) <
∞, i = 1, 2, . . . , n, tìte

∫

R

(
n∑

i=1

aiχEi

)
=

n∑

i=1

aim(Ei).

3.2 To olokl rwma gia jetikèc sunart seic

Orismìc 3.2.1 An h f : R → [0,+∞] eÐnai mi� metr simh sun�rthsh, to
olokl rwma (Lebesgue) thc f sto R orÐzetai wc

∫

R
f = sup

{∫

R
φ : 0 ≤ φ ≤ f, φ apl  kai φ ∈ L1

}
.

An
∫
R f < ∞, lème ìti h f eÐnai oloklhr¸simh (kat� Lebesgue) sto R kai

gr�foume f ∈ L1.

Orismìc 3.2.2 An f : R → [0, +∞] eÐnai mi� metr simh sun�rthsh kai E
eÐnai èna metr simo sÔnolo, orÐzoume

∫
E f =

∫
R fχE . An

∫
E f < ∞, lème ìti

h f eÐnai oloklhr¸simh (kat� Lebesgue) sto E kai gr�foume f ∈ L1(E).

Parathr seic

1. 'Estw f : E → [0,∞] mi� metr simh sun�rthsh. Gia na orÐsoume to
olokl rwma

∫
E f , epekteÐnoume pr¸ta thn f sto R jètontac f = 0 gia x /∈ E

kai sth sunèqeia orÐzoume
∫
E f =

∫
R f . Apì toÔc orismoÔc eÐnai profanèc ìti∫

E f ≥ 0.

2. Gia jetikèc, aplèc sunart seic, oi orismoÐ 3.1.1 kai 3.2.1 eÐnai sumbatoÐ.

3. An m(E) = 0, tìte
∫
E f = 0. Pr�gmati, an φ eÐnai mia jetik , apl ,

oloklhr¸simh sun�rthsh me 0 ≤ φ ≤ fχE , tìte φ = 0 σ.π.. 'Ara
∫
E φ = 0.

4. Apì toÔc orismoÔc prokÔptei �mesa ìti an f, g eÐnai metr simec, jetikèc
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sunart seic, orismènec sto E, kai f ≤ g, tìte
∫
E f ≤ ∫

E g. EpÐshc
∫
E cf =

c
∫
E f, ìpou c jetik  stajer�.

5. An E ⊂ F , tìte
∫
E f ≤ ∫

F f , diìti fχE ≤ fχF .

Par�deigma 3.2.3 Ja upologÐsoume to olokl rwma
∫
[1,∞) f , ìpou f(x) =

1
x . JewroÔme thn akoloujÐa twn apl¸n sunart sewn

φn =
n∑

k=0

1
2k+1

χ[2k,2k+1).

IsqÔei 0 ≤ φn ≤ f kai

∫

R
φn =

n∑

k=0

1
2k+1

(2k+1 − 2k) =
n∑

k=0

1
2

=
n + 1

2
.

'Ara φn ∈ L1 gia k�je n ∈ N. Epomènwc
∫

[1,∞)
f = sup

{∫

R
φ : 0 ≤ φ ≤ f, φ apl  kai φ ∈ L1

}

≥ lim
n→∞

∫

R
φn = lim

n→∞
n + 1

2
= ∞.

Je¸rhma 3.2.4 (Anisìthta Chebyshev) An h f : R→ [0, +∞] eÐnai mi�
metr simh sun�rthsh, tìte

∀α ≥ 0, αm({f ≥ α}) ≤
∫

R
f.

Apìdeixh.
Apì thn profan  anisìthta f ≥ αχ{f≥α} kai thn Parat rhsh 4 èpetai ìti

∫

R
f ≥

∫

R
αχ{f≥α} = αm({f ≥ α}).

¤

Prìtash 3.2.5 An h f : R→ [0,∞] eÐnai oloklhr¸simh, tìte h f eÐnai σ.π.
peperasmènh.
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Apìdeixh.
IsqÔei {f = ∞} = ∩∞n=1{f ≥ n}. H anisìthta Chebyshev dÐnei gia k�je
n ∈ N,

m({f ≥ n} ≤ 1
n

∫

R
f.

Epeid  f ∈ L1, sumperaÐnoume ìti limn→∞m({f ≥ n}) = 0. H akoloujÐa
twn sunìlwn {f ≥ n} eÐnai fjÐnousa. 'Ara

m({f = ∞}) = lim
n→∞m({f ≥ n}) = 0.

¤

L mma 3.2.6 'Estw φ mi� jetik , apl  kai oloklhr¸simh sun�rthsh. An
E1 ⊂ E2 ⊂ . . . metr sima kai E = ∪∞n=1En, tìte

∫

E
φ = lim

n→∞

∫

En

φ.

Apìdeixh.
'Estw

φ =
k∑

i=1

aiχAi

h kanonik  par�stash thc φ. Gia k�je i, h akoloujÐa sunìlwn {Ai∩En}∞n=1

eÐnai aÔxousa kai isqÔei

Ai ∩ E =
∞⋃

n=1

(Ai ∩ En).

'Ara
∫

E
φ =

∫

R
φχE =

k∑

i=1

aim(Ai ∩ E) =
k∑

i=1

ai lim
n→∞m(Ai ∩ En)

= lim
n→∞

k∑

i=1

aim(Ai ∩ En) = lim
n→∞

∫

En

φ.

¤

Je¸rhma 3.2.7 (Je¸rhma Monìtonhc SÔgklishc) An 0 ≤ f1 ≤ f2 ≤
. . . eÐnai mi� aÔxousa akoloujÐa metr simwn epektetamènwn sunart sewn sto
R kai fn−→σ f sto R, tìte

∫

R
f = lim

n→∞

∫

R
fn.
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Apìdeixh.
H akoloujÐa epektetamènwn pragmatik¸n arijm¸n

∫
R fn eÐnai aÔxousa kai∫

R fn ≤
∫
R f , ∀n ∈ N. 'Ara to ìrio limn→∞

∫
R fn up�rqei (wc epektetamènoc

pragmatikìc arijmìc) kai isqÔei

lim
n→∞

∫

R
fn ≤

∫

R
f.

Gia na apodeÐxoume thn antÐstrofh anisìthta, jewroÔme tuqaÐo ε > 0.
ArkeÐ na deÐxoume ìti

(3.2) lim
n→∞

∫

R
fn ≥ (1− ε)

∫

R
f.

Lìgw toÔ orismoÔ toÔ oloklhr¸matoc, arkeÐ na deÐxoume ìti

(3.3) lim
n→∞

∫

R
fn ≥ (1− ε)

∫

R
φ,

gia k�je jetik , apl , oloklhr¸simh sun�rthsh φ me φ ≤ f . 'Estw loipìn
mi� tètoia φ.

JewroÔme ta sÔnola En = {fn ≥ (1−ε)φ}. Aut� apoteloÔn mi� aÔxousa
akoloujÐa metr simwn sunìlwn. Epiplèon, epeid  fn−→σ f > (1− ε)φ, isqÔei
∪∞n=1En = R. 'Etsi apì to L mma 3.2.6 prokÔptei

lim
n→∞

∫

R
fn ≥ lim

n→∞

∫

En

fn ≥ lim
n→∞(1− ε)

∫

En

φ = (1− ε)
∫

R
φ

kai h (3.3) apodeÐqjhke. ¤

Par�deigma 3.2.8 Ja doÔme ìti to Je¸rhma Monìtonhc SÔgklishc den
isqÔei gia oloklhr¸mata Riemann. 'Estw q1, q2, q3 . . . mia arÐjmhsh toÔ
Q ∩ [0, 1]. OrÐzoume thn akoloujÐa sunart sewn

fn(x) =

{
1, an x = q1, q2, . . . , qn,

0, an x ∈ [0, 1] \ {q1, q2, . . . , qn}.
Gia k�je n ∈ N, h sun�rthsh fn èqei peperasmènou pl jouc shmeÐa asunè-
qeiac. 'Ara eÐnai oloklhr¸simh kat� Riemann sto [0, 1]. H {fn} eÐnai aÔxousa
akoloujÐa jetik¸n apl¸n sunart sewn kai isqÔei fn−→σ f sto [0, 1], ìpou

f(x) =

{
1, an x = Q ∩ [0, 1],
0, an x ∈ [0, 1] \Q.
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UpologÐzontac ta p�nw kai k�tw ajroÐsmata Riemann, brÐskoume ìti h f
den eÐnai Riemann oloklhr¸simh sto [0, 1]. Gia oloklhr¸mata Lebesgue, to
Je¸rhma Monìtonhc SÔgklishc sunep�getai ìti

lim
n→∞

∫

[0,1]
fn =

∫

[0,1]
f = 0.

Prìtash 3.2.9 An h f : R → [0,∞] eÐnai mi� metr simh sun�rthsh, tìte
up�rqei aÔxousa akoloujÐa {ψn} jetik¸n, apl¸n, oloklhr¸simwn sunart -
sewn tètoia ¸ste

ψn−→σ f sto R kai lim
n→∞

∫

R
ψn =

∫

R
f.

Apìdeixh.
Apì to Je¸rhma 2.5.1, up�rqei aÔxousa akoloujÐa jetik¸n, apl¸n sunart -
sewn {φn} me φn−→σ f . Jètoume ψn = φnχ[−n,n]. H {ψn} eÐnai aÔxousa
akoloujÐa oloklhr¸simwn, jetik¸n, apl¸n sunart sewn kai ψn−→σ f . Apì
to Je¸rhma Monìtonhc SÔgklishc,

∫
R ψn →

∫
R f . ¤

Je¸rhma 3.2.10 An oi f, g : R→ [0, +∞] eÐnai metr simec, tìte

(a)
∫
R(f + g) =

∫
R f +

∫
R g kai

(b)
∫
E∪F f =

∫
E f +

∫
F f , ìpou ta E, F eÐnai xèna, metr sima sÔnola.

Apìdeixh.
(a) Qrhsimopoi¸ntac thn Prìtash 3.2.9, jewroÔme aÔxousec akoloujÐec {φn}, {ψn}
oloklhr¸simwn, jetik¸n, apl¸n sunart sewn me φn−→σ f kai ψn−→σ g. Efar-
mìzontac to Je¸rhma Monìtonhc SÔgklishc treÐc forèc paÐrnoume:

∫

R
(f + g) = lim

n→∞

∫

R
(φn + ψn) = lim

n→∞

∫

R
φn + lim

n→∞

∫

R
ψn =

∫

R
f +

∫

R
g.

(b) Jètoume f1 = fχE kai f2 = fχF . Tìte fχE∪F = f1 + f2. Tèloc
efarmìzoume to (a). ¤

Prìtash 3.2.11 'Estw f : R→ [0,+∞] metr simh. IsqÔei
∫
R f = 0 an kai

mìno an f = 0 σ.π.

Apìdeixh.
An f = 0 σ.π., tìte m({f > 0}) = 0. 'Ara

∫

R
f =

∫

{f=0}
f +

∫

{f>0}
f = 0 + 0 = 0.
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Antistrìfwc, upojètoume ìti
∫
R f = 0. Gia k�je n ∈ N, h anisìthta Cheby-

shev dÐnei
m({f ≥ 1/n}) ≤ n

∫

R
f = 0.

'Omwc {f > 0} = ∪∞n=1{f ≥ 1/n}. 'Ara m({f > 0}) = 0, dhlad  f = 0 σ.π..
¤

Je¸rhma 3.2.12 (B. Levi) An fn : R→ [0, +∞), n ∈ N, eÐnai mi� akolou-
jÐa metr simwn sunart sewn, tìte

∫

R

( ∞∑

n=1

fn

)
=

∞∑

n=1

(∫

R
fn

)
.

Apìdeixh.
H akoloujÐa sunart sewn

sN =
N∑

n=1

fn

eÐnai aÔxousa. Apì to Je¸rhma Monìtonhc Sugklishc

∫

R

∞∑

n=1

fn =
∫

R
lim

N→∞
sN = lim

N→∞

∫

R
sN = lim

N→∞

∫

R

N∑

n=1

fn

= lim
N→∞

N∑

n=1

∫

R
fn =

∞∑

n=1

∫

R
fn.

¤

Je¸rhma 3.2.13 (L mma toÔ Fatou) 'Estw fn : R → [0,+∞), n ∈ N
akoloujÐa metr simwn sunart sewn. Tìte

∫

R
lim inf
n→∞ fn ≤ lim inf

n→∞

∫

R
fn.

Apìdeixh.
Jètoume gn = inf{fn, fn+1, . . . } = infk≥n fk. H akoloujÐa sunart sewn
{gn} eÐnai profan¸c aÔxousa. 'Ara

lim
n→∞ gn = sup

n
inf
k≥n

fk = lim inf
n→∞ fn.

Apì to Je¸rhma Monìtonhc SÔgklishc,

(3.4)
∫

R
lim inf
n→∞ fn =

∫

R
lim

n→∞ gn = lim
n→∞

∫

R
gn.
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Epeid  gn = infk≥n fk, isqÔei
∫
R gn ≤

∫
R fk gia k�je k ≥ n. 'Ara

∫

R
gn ≤ inf

k≥n

∫

R
fk.

Epomènwc h (3.4) dÐnei
∫

R
lim inf
n→∞ fn = lim

n→∞

∫

R
gn ≤ lim

n→∞ inf
k≥n

∫

R
fk = lim inf

n→∞

∫

R
fn.

¤.

3.3 To olokl rwma sth genik  perÐptwsh

Orismìc 3.3.1 'Estw f : R→ R mi� metr simh sun�rthsh. An toul�qiston
mi� apì tic f+ kai f− eÐnai oloklhr¸simh (dhlad  an kei ston L1), tìte
orÐzoume ∫

R
f =

∫

R
f+ −

∫

R
f−.

An f+ ∈ L1 kai f− ∈ L1, tìte lème ìti h f eÐnai oloklhr¸simh kai gr�foume
f ∈ L1.

Orismìc 3.3.2 'Estw f : R → R mi� metr simh sun�rthsh. An E ∈ M,
orÐzoume ∫

E
f =

∫

R
fχE =

∫

E
f+ −

∫

E
f−

efìson h diafor� orÐzetai. H f onom�zetai oloklhr¸simh sto E ìtan |f | ∈
L1(E). An to E eÐnai èna di�sthma me �kra a, b, gia to

∫
E f , qrhsimopoioÔme

kai to sumbolismì
∫ b
a f .

Prìtash 3.3.3 'Estw f : R→ R mi� metr simh sun�rthsh. IsqÔei f ∈ L1

an kai mìno an |f | ∈ L1. An f ∈ L1, tìte
∣∣∣∣
∫

R
f

∣∣∣∣ ≤
∫

R
|f |.

Apìdeixh.
'Estw f ∈ L1. Apì ton orismì, f+, f− ∈ L1. 'Ara |f | = f+ + f− ∈ L1.
Antistrìfwc, an |f | ∈ L1, tìte f+, f− ∈ L1 (diìti 0 ≤ f± ≤ |f |). 'Ara
f ∈ L1.
An f ∈ L1, tìte

∣∣∣∣
∫

R
f

∣∣∣∣ =
∣∣∣∣
∫

R
f+ −

∫

R
f−

∣∣∣∣ ≤
∫

R
f+ +

∫

R
f− =

∫

R
|f |.
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¤

Parathr seic

1. Gia metr simec, jetikèc sunart seic, oi parap�nw orismoÐ eÐnai sumbatoÐ
me touc orismoÔc thc prohgoÔmenhc paragr�fou.

2. An f ∈ L1 kai m(E) = 0, tìte
∫
E f = 0.

3. An f, g eÐnai dÔo metr simec sunart seic kai |f | ≤ |g| σ.π. kai g ∈ L1, tìte
f ∈ L1 kai

∫
R |f | ≤

∫
R |g|.

4. An f, g eÐnai dÔo metr simec sunart seic kai f = g σ.π. kai g ∈ L1, tìte
f ∈ L1 kai

∫
R f =

∫
R g.

5. An h f : [a, b] → R eÐnai fragmènh, metr simh sun�rthsh, tìte f ∈
L1([a, b]).

Je¸rhma 3.3.4 An c ∈ R kai f, g ∈ L1, tìte cf ∈ L1, f + g ∈ L1 kai
∫

R
cf = c

∫

R
f,

∫

R
(f + g) =

∫

R
f +

∫

R
g.

Apìdeixh.
IsqÔei |cf | = |c| |f | kai |f + g| ≤ |f | + |g|. 'Ara cf ∈ L1 kai f + g ∈ L1.
ParathroÔme ìti

(cf)± =

{
cf±, an c ≥ 0,

−cf∓, an c < 0.

ProkÔptei eÔkola ìti
∫
R cf = c

∫
R f .

Apì tic profaneÐc isìthtec

(f + g)+ − (f − g)− = f + g = f+ − f− + g+ − g−

èpetai ìti
(f + g)+ + f− + g− = (f + g)− + f+ + g+.

Aut  eÐnai isìthta jetik¸n, oloklhr¸simwn sunart sewn. 'Ara
∫

R
(f + g)+ +

∫

R
f− +

∫

R
g− =

∫

R
(f + g)− +

∫

R
f+ +

∫

R
g+,
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dhlad  ∫

R
(f + g) =

∫

R
f +

∫

R
g.

¤

Prìtash 3.3.5 An f, g ∈ L1 kai f ≥ g σ.π., tìte
∫
R f ≥ ∫

R g.
Apìdeixh.
Apì to Je¸rhma 3.3.4,

∫

R
f −

∫

R
g =

∫

R
(f − g) ≥ 0.

¤

Prìtash 3.3.6 An f, g ∈ L1, ta epìmena eÐnai isodÔnama:
(a) f ∼ g.
(b)

∫
R |f − g| = 0.

(g) ∀E ∈ M,
∫
E f =

∫
E g.

Apìdeixh.

(a) ⇔ (b): ProkÔptei �mesa apì thn Prìtash 3.2.11.
(b) ⇒ (g):

∣∣∣∣
∫

E
f −

∫

E
g

∣∣∣∣ =
∣∣∣∣
∫

E
(f − g)

∣∣∣∣ ≤
∫

E
|f − g| ≤

∫

R
|f − g| = 0.

(g) ⇒ (b): Jètoume E = {f − g ≥ 0}. IsqÔei
∫

R
|f − g| =

∫

E
(f − g) +

∫

Ec

(g − f) = 0 + 0 = 0.

¤

3.4 To je¸rhma kuriarqoÔmenhc sÔgklishc

Je¸rhma 3.4.1 (Je¸rhma KuriarqoÔmenhc SÔgklishc) DÐnetai mi�
akoloujÐa sunart sewn fn ∈ L1, n ∈ N. Upojètoume ìti:
(a) fn−→σ f sto R.
(b) Up�rqei sun�rthsh g ∈ L1 tètoia ¸ste ∀n ∈ N, ∀x ∈ R, |fn(x)| ≤ g(x).
Tìte f ∈ L1 kai ∫

R
f = lim

n→∞

∫

R
fn.
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Apìdeixh.
Efìson fn−→σ f sto R kai |fn| ≤ g, ∀n ∈ N, isqÔei |f | ≤ g. 'Ara f ∈
L1. Oi akolojÐec g + fn kai g − fn eÐnai akoloujÐec jetik¸n sunart sewn.
QrhsimopoioÔme to L mma toÔ Fatou:

∫

R
g +

∫

R
f =

∫

R
(f + g) ≤ lim inf

n→∞

∫

R
(g + fn) =

∫

R
g + lim inf

n→∞

∫

R
fn.

'Ara

(3.5)
∫

R
f ≤ lim inf

n→∞

∫

R
fn.

EpÐshc
∫

R
g −

∫

R
f =

∫

R
(f − g) ≤ lim inf

n→∞

∫

R
(g − fn) =

∫

R
g − lim sup

n→∞

∫

R
fn.

'Ara

(3.6)
∫

R
f ≥ lim sup

n→∞

∫

R
fn.

Apì tic (3.5) kai (3.6) prokÔptei ìti to ìrio limn→∞
∫
R fn up�rqei kai eÐnai

Ðso me
∫
R f . ¤

Je¸rhma 3.4.2 (Je¸rhma KuriarqoÔmenhc SÔgklishc, isqurìterh mor-
f ) DÐnetai mi� akoloujÐa sunart sewn fn ∈ L1, n ∈ N. Upojètoume ìti:
(a) fn−→σ f σ.π. sto R.
(b) Up�rqei sun�rthsh g ∈ L1 tètoia ¸ste ∀n ∈ N kai gia sqedìn k�je
x ∈ R, |fn(x)| ≤ g(x). Tìte f ∈ L1,

lim
n→∞

∫

R
|fn − f | = 0 kai

∫

R
f = lim

n→∞

∫

R
fn.

Apìdeixh.
Epeid  gia k�je n ∈ N, |fn| ≤ g σ.π., ja èqoume |f | ≤ g σ.π.. 'Ara f ∈ L1.
Apì tic upojèseic, up�rqei sÔnolo E tètoio ¸ste fn−→σ f sto E, |fn| ≤ g
sto E kai m(R \ E) = 0. Jètoume Fn = |fn − f |χE . IsqÔei Fn−→σ 0 sto R
kai

0 ≤ Fn(x) ≤ (|fn(x)|+ |f(x)|)χE(x) ≤ 2g(x)χE , ∀n ∈ N, ∀x ∈ R.

Efarmìzoume to Je¸rhma 3.4.1 sthn akoloujÐa sunart sewn {Fn} kai paÐrnoume

lim
n→∞

∫

R
Fn = 0,
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dhlad 

lim
n→∞

∫

R
|fn − f | = lim

n→∞

∫

E
|fn − f | = 0.

Tèloc, epeid  ∣∣∣∣
∫

R
fn −

∫

R
f

∣∣∣∣ ≤
∫

R
|fn − f |,

èqoume

lim
n→∞

∫

R
fn =

∫

R
f.

¤

Je¸rhma 3.4.3 (Je¸rhma Fragmènhc SÔgklishc) DÐnetai mi� akolou-
jÐa metr simwn sunart sewn fn : E → R, n ∈ N. Upojètoume ìti:
(a) fn−→σ f sto E.
(b) Up�rqei stajer� M tètoia ¸ste ∀n ∈ N, ∀x ∈ E, |fn(x)| ≤ M .
(g) m(E) < ∞.
Tìte f ∈ L1(E) kai ∫

E
f = lim

n→∞

∫

E
fn.

Apìdeixh.
Lìgw thc upìjeshc (g), h sun�rthsh g = MχE eÐnai oloklhr¸simh. 'Etsi to
je¸rhma prokÔptei �mesa apì to Je¸rhma KuriarqoÔmenhc SÔgklishc. ¤

Je¸rhma 3.4.4 'Estw fn ∈ L1, n ∈ N. An
∑∞

n=1

∫
R |fn| < ∞, tìte h seir�

sunart sewn
∑∞

n=1 fn sugklÐnei σ.π. proc mi� sun�rthsh pou an kei ston
L1. Epiplèon isqÔei

∣∣∣∣∣
∫

R

( ∞∑

n=1

fn

)∣∣∣∣∣ ≤
∫

R

∣∣∣∣∣
∞∑

n=1

fn

∣∣∣∣∣ ≤
∞∑

n=1

∫

R
|fn|

kai ∫

R

( ∞∑

n=1

fn

)
=

∞∑

n=1

∫

R
fn.

Apìdeixh.
Jètoume g =

∑∞
n=1 |fn|. Apì to Je¸rhma Levi, èqoume

∫

R
g =

∞∑

n=1

∫

R
|fn| < ∞.
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'Ara g ∈ L1 kai epomènwc h g eÐnai σ.π. peperasmènh. Epomènwc h seir�
sunart sewn

∑∞
n=1 fn sugklÐnei σ.π. proc mi� sun�rthsh f kai m�lista |f | ≤

g σ.π.. SumperaÐnoume loipìn ìti isqÔoun oi anisìthtec
∣∣∣∣
∫

R
f

∣∣∣∣ ≤
∫

R
|f | ≤

∫

R
g,

oi opoÐec eÐnai akrib¸c autèc pou jèlame na apodeÐxoume.

Gia k�je N ∈ N, isqÔei
∣∣∣∣∣

N∑

n=1

fn

∣∣∣∣∣ ≤
N∑

n=1

|fn| ≤ g, σ.π. kai lim
N→∞

N∑

n=1

fn = f σ.π..

'Etsi to Je¸rhma KuriarqoÔmenhc SÔgklishc dÐnei

∫

R
f =

∫

R

∞∑

n=1

fn =
∫

R

(
lim

N→∞

N∑

n=1

fn

)
= lim

N→∞

∫

R

(
N∑

n=1

fn

)

= lim
N→∞

N∑

n=1

∫

R
fn =

∞∑

n=1

∫

R
fn.

¤

To Je¸rhma KuriarqoÔmenhc SÔgklishc eÐnai to basikì je¸rhma enal-
lag c olokl rwshc kai orÐou akoloujÐac. To epìmeno je¸rhma deÐqnei ìti
to Je¸rhma KuriarqoÔmenhc SÔgklishc odhgeÐ kai sthn enallag  olokl rw-
shc kai orÐou sun�rthshc, kaj¸c epÐshc kai sthn enallag  olokl rwshc kai
parag¸gishc.

Je¸rhma 3.4.5 'Estw E ∈ M. JewroÔme sun�rthsh f : E × [a, b] → R
kai upojètoume ìti gia k�je t ∈ [a, b], h sun�rthsh f(·, t) : E → R eÐnai
oloklhr¸simh sto E. Jètoume

F (t) =
∫

E
f(x, t) dx.

(a) An up�rqei g1 ∈ L1(E) tètoia ¸ste |f(x, t)| ≤ g1(x), ∀x ∈ E, ∀t ∈ [a, b],
kai an limt→to f(x, t) = f(x, to), ∀x ∈ E, tìte

lim
t→to

F (t) = lim
t→to

∫

E
f(x, t) dx =

∫

E
( lim
t→to

f(x, t)) dx =
∫

E
f(x, to) dx = F (to).
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(b) An up�rqei g2 ∈ L1(E) tètoia ¸ste |f(x, t)| ≤ g2(x), ∀x ∈ E, ∀t ∈ [a, b],
kai an h f(x, ·) eÐnai suneq c sto [a, b] gia k�je x ∈ E, tìte h F eÐnai suneq c
sto [a, b].

(g) An h merik  par�gwgoc ∂f/∂t up�rqei ∀x ∈ E, ∀t ∈ [a, b] kai an
∣∣∣∣
∂f

∂t
(x, t)

∣∣∣∣ ≤ g3(x), ∀x ∈ E, ∀t ∈ [a, b],

ìpou g3 ∈ L1(E), tìte h F eÐnai paragwgÐsimh sto [a, b] kai

F ′(t) =
d

dt

∫

E
f(x, t) dx =

∫

E

∂f

∂t
(x, t) dx, t ∈ [a, b].

Apìdeixh.
(a) 'Estw {tn} tuqoÔsa akoloujÐa sto [a, b] me tn → to. Efarmìzoume to
Je¸rhma KuriarqoÔmenhc SÔgklishc sthn akoloujÐa sunart sewn fn(x) =
f(x, tn) h opoÐa, apì thn upìjesh, sugklÐnei shmeiak� sto E proc th sun�rthsh
φ(x) = f(x, to). ProkÔptei

lim
n→∞F (tn) = lim

n→∞

∫

E
f(x, tn) dx = lim

n→∞

∫

E
fn(x) dx =

∫

E
( lim
n→∞ fn(x)) dx

=
∫

E
φ(x) dx =

∫

E
f(x, to) dx = F (to).

'Ara limt→to F (t) = F (to).

(b) ProkÔptei �mesa apì to (a).

(g) 'Estw p�li {tn} tuqoÔsa akoloujÐa sto [a, b] me tn → to. JewroÔme thn
akoloujÐa sunart sewn

hn(x) =
f(x, tn)− f(x, to)

tn − to
.

Apì ton orismì thc merik c parag¸gou,

lim
n→∞hn(x) =

∂f

∂t
(x, to), x ∈ E.

'Ara gia k�je t ∈ [a, b], h sun�rthsh ∂f/∂t(·, t) eÐnai metr simh. Epiplèon to
je¸rhma mèshc tim c dÐnei

|hn(x)| ≤ sup
t∈[a,b]

∣∣∣∣
∂f

∂t
(x, t)

∣∣∣∣ ≤ g3(x), x ∈ E.
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Epomènwc mporoÔme na efarmìsoume to Je¸rhma KuriarqoÔmenhc SÔgklishc
sthn akoloujÐa {hn}:

F ′(to) = lim
n→∞

F (tn)− F (to)
tn − to

= lim
n→∞

∫

E
hn(x) dx =

∫

E
( lim
n→∞hn(x)) dx

=
∫

E

∂f

∂t
(x, to) dx.

¤

3.5 SÔgkrish oloklhrwm�twn Riemann kai Lebesgue

JumÐzoume pr¸ta k�poiec basikèc ènnoiec kai merik� basik� jewr mata apì
th jewrÐa toÔ oloklhr¸matoc Riemann; bl. p.q. [9], [7].

'Estw f mi� sun�rthsh fragmènh sto kleistì di�sthma [a, b]. An P =
{a = xo, x1, . . . , xm = b} eÐnai mi� diamèrish toÔ [a, b], jètoume

mi = inf
x∈[xi−1,xi]

f(x), Mi = sup
x∈[xi−1,xi]

f(x), i = 1, 2, . . .m,

kai sqhmatÐzoume to kat¸tero kai to an¸tero �jroisma Riemann thc f :

L(f, P ) =
m∑

i=1

mi(xi − xi−1), U(f, P ) =
m∑

i=1

Mi(xi − xi−1).

SÔmfwna me to krit rio oloklhrwsimìthtac toÔ Riemann, h f eÐnai oloklhr¸simh
kat� Riemann sto [a, b], an kai mìno an gia k�je ε > 0, up�rqei diamèrish P
toÔ [a, b] tètoia ¸ste

U(f, P )− L(f, P ) < ε.

Epiplèon, h f eÐnai oloklhr¸simh kat� Riemann sto [a, b], an kai mìno an

inf
P

U(f, P ) = sup
P

L(f, P ),

ìpou to inf kai to sup lamb�nontai sto sÔnolo ìlwn twn diamerÐsewn P toÔ
[a, b]. Apì d¸ kai pèra, gia na mhn up�rqei sÔgqush metaxÔ twn oloklhrwm�twn
Riemann kai Lebesgue, ja sumbolÐzoume to olokl rwma Riemann me

(R)
∫ b

a
f   (R)

∫ b

a
f(x) dx.
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An h f eÐnai oloklhr¸simh kat� Riemann sto [a, b], tìte up�rqei mi� aÔxousa
akoloujÐa diamerÐsewn {Pn} toÔ [a, b] tètoia ¸ste

lim
n→∞U(f, Pn) = lim

n→∞L(f, Pn) = (R)
∫ b

a
f.

Mi� sun�rthsh f : [a, b] → R onom�zetai klimakwt  an up�rqei diamèrish
P = {a = xo, x1, . . . , xm = b} tètoia ¸ste h f na eÐnai stajer  se kajèna
apì ta diast mata (xi−1, xi). EÐnai fanerì ìti k�je klimakwt  sun�rthsh
eÐnai suneq c ektìc endeqomènwc apì ta shmeÐa xi ta opoÐa eÐnai peperasmènou
pl jouc. Epomènwc eÐnai oloklhr¸simh kat� Riemann. An ai eÐnai h tim  mi�c
klimakwt c sun�rthshc f sto di�sthma (xi−1, xi), tìte h f eÐnai isodÔnamh
me thn apl  sun�rthsh

φ =
m∑

i=1

aiχ[xi−1,xi).

Pr�gmati oi f kai φ endèqetai na diafèroun mìno sta shmeÐa xi. 'Ara h f eÐnai
oloklhr¸simh kat� Lebesgue kai m�lista

(R)
∫ b

a
f =

∫

[a,b]
f =

m∑

i=1

ai(xi − xi−1).

Je¸rhma 3.5.1 An mi� sun�rthsh f eÐnai oloklhr¸simh kat� Riemann sto
[a, b], tìte f ∈ L1([a, b]) kai

(R)
∫ b

a
f =

∫

[a,b]
f.

Apìdeixh.
Epeid  h f eÐnai oloklhr¸simh kat� Riemann sto [a, b], up�rqei mi� akoloujÐa
diamerÐsewn {Pn} toÔ [a, b], tètoia ¸ste Pn ⊂ Pn+1 kai

lim
n→∞L(f, Pn) = (R)

∫ b

a
f = lim

n→∞U(f, Pn).

Jètoume Pn = {a = xo, x1, . . . , xm = b},
mi = inf

x∈[xi−1,xi]
f(x), Mi = sup

x∈[xi−1,xi]
f(x), i = 1, 2, . . . m.

kai jewroÔme tic klimakwtèc sunart seic

`n =
m∑

i=1

miχ[xi−1,xi], un =
m∑

i=1

Miχ[xi−1,xi].
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EÐnai fanerì ìti `n ≤ f ≤ un gia k�je n ∈ N. Epiplèon, epeid  h akoloujÐa
{Pn} eÐnai aÔxousa, h akoloujÐa {`n} eÐnai aÔxousa kai h akoloujÐa {un}
eÐnai fjÐnousa. Jètoume ` = supn `n kai u = infn un. Oi ` kai u eÐnai
fragmènec metr simec sunart seic kai ikanopoioÔn tic anisìthtec ` ≤ f ≤ u
sto [a, b].

Apì thn kataskeu  twn `n, un eÐnai profanèc ìti

L(f, Pn) = (R)
∫ b

a
`n =

∫ b

a
`n, U(f, Pn) = (R)

∫ b

a
un =

∫ b

a
un.

SumperaÐnoume loipìn ìti

(R)
∫ b

a
f = sup

n
L(f, Pn) = sup

n

∫ b

a
`n ≤

∫ b

a
` ≤

∫ b

a
u ≤ inf

n

∫ b

a
un

= inf
n

U(f, Pn) = (R)
∫ b

a
f.

'Ara
∫ b
a u =

∫ b
a `. Apì thn Prìtash 3.2.11, ` = u = f σ.π.. Epomènwc h f

eÐnai metr simh kai isqÔei

(R)
∫ b

a
f =

∫ b

a
f.

¤
DeÐxame loipìn ìti to olokl rwma Lebesgue eÐnai genÐkeush toÔ oloklhr¸-

matoc Riemann. To par�deigma pou akoloujeÐ deÐqnei ìti to olokl rwma
Lebesgue den eÐnai genÐkeush toÔ genikeumènou oloklhr¸matoc Riemann.

Par�deigma 3.5.2 Ja deÐxoume ìti to genikeumèno olokl rwma Riemann

(R)
∫ ∞

π

sinx

x
dx

up�rqei, en¸ to olokl rwma Lebesgue
∫ ∞

π

sinx

x
dx

den up�rqei.

Me paragontik  olokl rwsh brÐskoume ìti

(R)
∫ M

π

sinx

x
dx = −cosM

M
− 1

π
− (R)

∫ M

π

cosx

x2
dx.
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IsqÔei limM→∞ cos M
M = 0. EpÐshc to genikeumèno olokl rwma

(R)
∫ ∞

π

cosx

x2
dx = lim

M→∞
(R)

∫ M

π

cosx

x2
dx

up�rqei, diìti | cosx|/x2 ≤ 1/x2. 'Ara to genikeumèno olokl rwma

(R)
∫ ∞

π

sinx

x
dx

up�rqei.

Jètoume f(x) = sinx/x. An f ∈ L1([π,∞)), tìte |f | ∈ L1([π,∞)).
Qrhsimopoi¸ntac to Je¸rhma Levi brÐskoume ìti

∫ ∞

π
|f | =

∫

R
fχ[π,∞) =

∫

R

∞∑

n=2

|f |χ[(n−1)π,nπ] =
∞∑

n=2

∫

R
|f |χ[(n−1)π,nπ]

=
∞∑

n=2

∫ nπ

(n−1)π

| sinx|
x

dx ≥
∞∑

n=2

1
nπ

∫ π

0
| sinx| dx = ∞.

'Ara f /∈ L1([π,∞]).

Skopìc mac t¸ra eÐnai na broÔme sunj kec ¸ste to olokl rwma Lebesgue
na tautÐzetai me to antÐstoiqo genikeumèno olokl rwma Riemann.

Je¸rhma 3.5.3 'Estw ìti a, b ∈ R kai a < b.
(a) An f ∈ L1([a,∞)), tìte

(3.7)
∫ ∞

a
f = lim

M→∞

∫ M

a
f.

(b) An f ∈ L1((−∞, a]), tìte

(3.8)
∫ a

−∞
f = lim

r→−∞

∫ a

r
f.

(g) An f ∈ L1([a, b]), tìte

(3.9)
∫ b

a
f = lim

ε→0+

∫ b

a+ε
f = lim

ε→0+

∫ b−ε

a
f.
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Apìdeixh.
Ja apodeÐxoume mìno to (a). Oi apodeÐxeic twn (b), (g) eÐnai parìmoiec. Epek-
teÐnoume thn f sto R jètontac f = 0 sto (−∞, a). JewroÔme tuqoÔsa
akoloujÐa {Rn} me Rn →∞ kai jètoume fn = fχ[a,Rn]. IsqÔei

lim
n→∞ fn = f sto R

kai
|fn| ≤ |f | ∈ L1.

To Je¸rhma KuriarqoÔmenhc SÔgklishc efarmozìmeno sthn akoloujÐa {fn}
dÐnei ∫ ∞

a
f =

∫

R
f = lim

n→∞

∫

R
fn = lim

n→∞

∫ Rn

a
f.

Epeid  h akoloujÐa {Rn} eÐnai tuqoÔsa, sumperaÐnoume ìti
∫ ∞

a
f = lim

R→∞

∫ R

a
f.

¤

Je¸rhma 3.5.4 (a) Upojètoume ìti h f : [a,∞) → R eÐnai oloklhr¸simh
kat� Riemann sto [a,M ] gia k�je M me a < M < ∞, kai ìti to genikeumèno
olokl rwma Riemann

(R)
∫ ∞

a
|f |

up�rqei. Tìte ta oloklhr¸mata

(R)
∫ ∞

a
f kai

∫ ∞

a
f

up�rqoun kai eÐnai Ðsa.
(b) Upojètoume ìti h f : (−∞, a] → R eÐnai oloklhr¸simh kat� Riemann sto
[r, a] gia k�je r < a, kai ìti to genikeumèno olokl rwma Riemann

(R)
∫ a

−∞
|f |

up�rqei. Tìte ta oloklhr¸mata

(R)
∫ a

−∞
f kai

∫ a

−∞
f
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up�rqoun kai eÐnai Ðsa.
(g) Upojètoume ìti h f : [a, b) → R eÐnai oloklhr¸simh kat� Riemann sto
[a, b − ε] gia k�je ε me 0 < ε < b − a, kai ìti to (genikeumèno) olokl rwma
Riemann

(R)
∫ b

a
|f |

up�rqei. Tìte ta oloklhr¸mata

(R)
∫ b

a
f kai

∫ b

a
f

up�rqoun kai eÐnai Ðsa.
(d) Upojètoume ìti h f : (a, b] → R eÐnai oloklhr¸simh kat� Riemann sto
[a + ε, b] gia k�je ε me 0 < ε < b − a, kai ìti to (genikeumèno) olokl rwma
Riemann

(R)
∫ b

a
|f |

up�rqei. Tìte ta oloklhr¸mata

(R)
∫ b

a
f kai

∫ b

a
f

up�rqoun kai eÐnai Ðsa.

Apìdeixh.
Ja apodeÐxoume mìno to (a). H apìdeixh twn (b), (g), (d) eÐnai parìmoia. H
f eÐnai oloklhr¸simh kat� Riemann, �ra kai metr simh sto [a,M ] gia k�je
M me a < M < ∞. Sunep¸c h f eÐnai metr simh sto [a,∞). EpÐshc isqÔei

(R)
∫ M

a
f =

∫ M

a
f kai (R)

∫ M

a
|f | =

∫ M

a
|f |.

To Je¸rhma Monìtonhc SÔgklishc dÐnei
∫ ∞

a
|f | = lim

n→∞

∫ n

a
|f | = lim

n→∞(R)
∫ n

a
|f | = (R)

∫ ∞

a
|f | < ∞.

Apì to Je¸rhma 3.5.3,

(R)
∫ ∞

a
f = lim

M→∞
(R)

∫ M

a
f = lim

M→∞

∫ M

a
f =

∫ ∞

0
f.

¤
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Pìrisma 3.5.5 (a)Upojètoume ìti h f : [a,∞) → [0,∞) eÐnai oloklhr¸simh
kat� Riemann sto [a,M ] gia k�je M me a < M < ∞. Tìte ta oloklhr¸mata
(R)

∫∞
a f,

∫∞
a f eÐte up�rqoun kai ta dÔo (wc pragmatikoÐ arijmoÐ) kai eÐnai

Ðsa, eÐte eÐnai kai ta dÔo Ðsa me +∞.
(b) Upojètoume ìti h f : (−∞, a] → [0,∞) eÐnai oloklhr¸simh kat� Rieman-
n sto [r, a] gia k�je r < a. Tìte ta oloklhr¸mata (R)

∫ a
−∞ f,

∫ a
−∞ f eÐte

up�rqoun kai ta dÔo (wc pragmatikoÐ arijmoÐ) kai eÐnai Ðsa, eÐte eÐnai kai ta
dÔo Ðsa me +∞.
(g) Upojètoume ìti h f : [a, b) → [0,∞) eÐnai oloklhr¸simh kat� Riemann s-
to [a, b−ε] gia k�je ε me 0 < ε < b−a. Tìte ta oloklhr¸mata (R)

∫ b
a f,

∫ b
a f

eÐte up�rqoun kai ta dÔo (wc pragmatikoÐ arijmoÐ) kai eÐnai Ðsa, eÐte eÐnai kai
ta dÔo Ðsa me +∞.
(d) Upojètoume ìti h f : (a, b] → [0,∞) eÐnai oloklhr¸simh kat� Riemann s-
to [a+ε, b] gia k�je ε me 0 < ε < b−a. Tìte ta oloklhr¸mata (R)

∫ b
a f,

∫∞
a f

eÐte up�rqoun kai ta dÔo (wc pragmatikoÐ arijmoÐ) kai eÐnai Ðsa, eÐte eÐnai kai
ta dÔo Ðsa me +∞.
Apìdeixh.
Ja apodeÐxoume mìno to (a). Oi apodeÐxeic twn (b), (g) eÐnai parìmoiec. Di-
akrÐnoume dÔo peript¸seic:
PerÐptwsh 1: (R)

∫∞
a f < ∞.

Tìte apì to Je¸rhma 3.5.4,
∫∞
a f = (R) ∈∞a f .

PerÐptwsh 2: (R)
∫∞
a f = ∞.

Tìte, an f ∈ L1([a,∞)), to Je¸rhma 3.5.3 dÐnei
∫ ∞

a
f = lim

M→∞

∫ M

a
f = lim

M→∞
(R)

∫ M

a
f = (R)

∫ ∞

a
f = ∞.

'Atopo. 'Ara f /∈ L1([a,∞)), dhlad 
∫∞
a f = ∞. ¤

Par�deigma 3.5.6 JewroÔme th sun�rthsh

f(x) =
1
xs

, x ∈ (0, 1].

Jèloume na upologÐsoume to olokl rwma
∫ 1
0 f (an up�rqei) gia tic di�forec

timèc t c paramètrou s ∈ R. Jètoume f(0) = 0 kai diakrÐnoume treÐc perip-
t¸seic.
(a) s ≤ 0.
H f eÐnai oloklhr¸simh kat� Riemann sto [0, 1] kai

∫ 1

0
f = (R)

∫ 1

0
f = (R)

∫ 1

0
x−s dx =

1
1− s

.
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(b) 0 < s < 1.
H f eÐnai oloklhr¸simh kat� Riemann sto [ε, 1] gia k�je ε ∈ (0, 1) kai

(R)
∫ 1

0
= lim

ε→0+

∫ 1

ε

1
xs

dx = lim
ε→0+

[
1

1− s
− ε1−s

1− s

]
=

1
1− s

.

Lìgw toÔ Jewr matoc 3.5.4(d), isqÔei f ∈ L1([0, 1]) kai
∫ 1
0 f = 1/(1− s).

(g) s ≥ 1.
An f ∈ L1([0, 1]), tìte to Je¸rhma 3.5.3(g) dÐnei

∫ 1

0
f = lim

ε→0+

∫ 1

ε
f = lim

ε→0+
(R)

∫ 1

ε
f = ∞.

'Atopo. 'Ara f /∈ L1([0, 1]). Epeid  f ≥ 0 sumperaÐnoume ìti
∫ 1
0 f = ∞.

Par�deigma 3.5.7 To genikeumèno olokl rwma Riemann

(R)
∫ ∞

−∞

1
1 + x2

dx

up�rqei kai m�lista

(R)
∫ ∞

−∞

1
1 + x2

dx = lim
a→−∞

∫ 0

a

dx

1 + x2
+ lim

b→∞

∫ b

0

dx

1 + x2

= lim
a→−∞(− tan−1 a) + lim

b→∞
tan−1 b =

π

2
+

π

2
= π.

Apì to Je¸rhma 3.5.4, h sun�rthsh f(x) = (1 + x2)−1 an kei ston L1 kai
∫

R

1
1 + x2

dx = π.

3.6 ∗ ParadeÐgmata

Par�deigma 3.6.1 H enallag  �jroishc kai olokl rwshc den eÐnai p�nta
dunat . JewroÔme thn akoloujÐa sunart sewn

fn(x) = e−nx − 2e−2nx, x ∈ R.

Gia k�je n ∈ N kai x ∈ (0,∞), isqÔei

|fn(x)| ≤ e−nx + 2e−2nx =: gn(x).
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EpÐshc, gia M > 0 kai n ∈ N, isqÔei
∫ M

0
gn =

∫ M

0
(e−nx + 2e−2nx) dx =

2
n
− 1

n
(e−2nM + e−nM ).

'Ara gia k�je n ∈ N,

(R)
∫ ∞

0
gn = lim

M→∞

∫ M

0
gn =

2
n

.

Lìgw toÔ Jewr matoc 3.5.4, gia k�je n ∈ N, gn ∈ L1((0,∞)). 'Ara isqÔei
kai fn ∈ L1((0,∞)), ∀n ∈ N. Apì to Je¸rhma 3.5.3, gia k�je n ∈ N,

∫ ∞

0
fn = lim

M→∞

∫ M

0
fn = lim

M→∞
1
n

(e−2nM − e−nM ) = 0.

Apì thn �llh meri�, gia x > 0,

∞∑

n=1

fn(x) =
∞∑

n=1

(e−nx − 2e−2nx) =
e−x

1− e−x
− 2e−2x

1− e−2x
=

e−x

1 + e−x
=: h(x).

H sun�rthsh h eÐnai jetik  kai isqÔei

(R)
∫ ∞

0
h = lim

M→∞

∫ M

0

e−x

1 + e−x
dx

= lim
M→∞

∫ 1

e−M

du

1 + u

= lim
M→∞

(
log 2− log(1 + e−M )

)
= log 2.

Apì to Je¸rhma 3.5.4, h ∈ L1((0,∞)) kai
∫ ∞

0
h = log 2.

Telik� loipìn

0 =
∞∑

n=1

(∫ ∞

0
fn

)
6=

∫ ∞

0

( ∞∑

n=1

fn

)
=

∫ ∞

0
h = log 2.
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Par�deigma 3.6.2 H sun�rthsh G�mma. Gia t ∈ [0,∞), jewroÔme th
sun�rthsh

Ft(x) = e−xxt−1, x ∈ [0,∞).

Ja deÐxoume ìti Ft ∈ L1([0,∞)) gia k�je t ∈ (0,∞).

Gia x ∈ (0, 1] kai t ∈ (0,∞), isqÔei

0 ≤ e−xxt−1 ≤ xt−1.

Apì to Par�deigma 3.5.6, h sun�rthsh x 7→ xt−1 an kei ston L1((0, 1]). 'Ara
Ft ∈ L1((0, 1]).

Gia t ∈ R, isqÔei
lim

x→∞ e−x/2xt−1 = 0.

'Ara up�rqei M > 0 tètoio ¸ste

0 ≤ e−x/2xt−1 ≤ M, x ∈ [1,∞), t ∈ R.

Epomènwc

(3.10) 0 ≤ e−xxt−1 ≤ M e−x/2, x ∈ [1,∞), t ∈ R.

To genikeumèno olokl rwma Riemann (R)
∫∞
1 e−x/2 dx sugklÐnei. 'Ara ja

sugklÐnei kai to (R)
∫∞
1 e−x/2xt−1 dx. Apì to Je¸rhma 3.5.4(a), Ft ∈ L1([1,∞)).

ApodeÐxame loipìn ìti Ft ∈ L1([0,∞)) gia k�je t ∈ (0,∞). OrÐzoume th
sun�rthsh

Γ(t) =
∫ ∞

0
e−xxt−1 dx, t ∈ (0,∞),

h opoÐa onom�zetai sun�rthsh G�mma.

Gia 0 < a < b < ∞, olokl rwsh kat� par�gontec dÐnei
∫ b

a
e−xxt dx = ate−a − bte−b + t

∫ b

a
e−xxt−1 dx.

PaÐrnoume ìria gia a → 0+ kai b → ∞, kai qrhsimopoi¸ntac to Je¸rhma
3.5.3 brÐskoume ìti h sun�rthsh G�mma ikanopoieÐ th sunarthsiak  exÐsw-
sh

Γ(t + 1) = tΓ(t), t > 0.

EpÐshc Γ(1) =
∫∞
0 e−x dx = 1. 'Etsi apì th sunarthsiak  exÐswsh prokÔptei

ìti
Γ(n + 1) = n!, n ∈ N.
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Gia 0 < a < b < ∞, jewroÔme th sun�rthsh

g1(x) =

{
xa−1, 0 < x ≤ 1,

Me−x/2, x ≥ 1,

ìpou M eÐnai h jetik  stajer� pou emfanÐzetai sthn anisìthta (3.10). ParathroÔme
ìti

0 ≤ e−xxt−1 ≤ g1(x), x ∈ (0,∞), t ∈ [a, b].

EÔkola apodeiknÔetai ìti g1 ∈ L1((0,∞)). Efarmìzontac to Je¸rhma 3.4.5(b)
sumperaÐnoume ìti h sun�rthsh Γ eÐnai suneq c sto [a, b]. Epeid  to [a, b] eÐnai
tuqaÐo upodi�sthma toÔ (0,∞), h Γ eÐnai suneq c sto (0,∞).

Jètoume

g2(x) =

{
xa−1| log x|, 0 < x ≤ 1,

Me−x/2, x ≥ 1.

kai parathroÔme ìti g2 ∈ L1((0,∞)) kai
∣∣∣∣
∂

∂t
(e−xxt−1)

∣∣∣∣ = |e−xxt−1 log x| ≤ g2(x), x ∈ (0,∞), t ∈ [a, b].

Apì to Je¸rhma 3.4.5(g), h sun�rthsh Γ eÐnai paragwgÐsimh sto (0,∞) kai

Γ′(t) =
∫ ∞

0
e−xxt−1 log x dx, t ∈ (0,∞).

Par�deigma 3.6.3 G�mma kai z ta. Gia t > 1, h seir�
∑∞

n=1 n−t sugk-
lÐnei. OrÐzoume loipìn th sun�rthsh z ta toÔ Riemann me thn isìthta

ζ(t) =
∞∑

n=1

1
nt

, t ∈ (1,∞).

Ja broÔme mia oloklhrwtik  par�stash gia to ginìmeno twn sunart sewn ζ
kai Γ.

Sto olokl rwma

Γ(t) =
∫ ∞

0
e−xxt−1 dx, t > 0,
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k�noume thn allag  metablht c u = x/n (giatÐ epitrèpetai aut  h pr�xh?)
kai prokÔptei

Γ(t) = nt

∫ ∞

0
e−nuut−1 du, t > 0.

'Ara
1
nt

Γ(t) =
∫ ∞

0
e−nxxt−1 dx, t > 0.

Gia t > 1, h seir�
∑∞

n=1 n−t sugklÐnei. 'Ara

ζ(t)Γ(t) =
∞∑

n=1

∫ ∞

0
e−nxxt−1 dx, t > 1.

Apì to Je¸rhma toÔ Levi,

ζ(t)Γ(t) =
∫ ∞

0

∞∑

n=1

e−nxxt−1 dx.

'Omwc
∞∑

n=1

e−nx =
e−x

1− e−x
=

1
ex − 1

.

Sunep¸c

ζ(t)Γ(t) =
∫ ∞

0

xt−1

ex − 1
dx.

Par�deigma 3.6.4 'Estw t > 0. JewroÔme th sun�rthsh

f(x) = e−xt sinx

x
, x ∈ (0,∞).

Epeid 
|f(x)| ≤ e−xt =: g(x), x > 0,

kai g ∈ L1((0,∞)), isqÔei f ∈ L1((0,∞)). 'Etsi orÐzetai h sun�rthsh

F (t) =
∫ ∞

0
e−xt sinx

x
dx, t ∈ (0,∞).

Gia 0 < a < b < ∞, isqÔei
∣∣∣∣e−xt sinx

x

∣∣∣∣ ≤ e−ax =: g1(x), x ∈ (0,∞), t ∈ [a, b],
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kai g1 ∈ L1((0,∞)). Apì to Je¸rhma 3.4.5, h F eÐnai suneq c sto [a, b].
Epeid  to [a, b] eÐnai tuqaÐo upodi�sthma toÔ (0,∞), h F eÐnai suneq c sto
(0,∞).

Jèloume t¸ra na upologÐsoume to ìrio limt→∞ F (t). Ja qrhsimopoi -
soume th mèjodo t c apìdeixhc toÔ Jewr matoc 3.4.5. 'Estw {tn} mi� aux-
ousa akoloujÐa pragmatik¸n arijm¸n me tn ≥ 1 kai tn →∞. JewroÔme thn
akoloujÐa sunart sewn

fn(x) = e−xtn sinx

x
, x ∈ (0,∞).

H {fn} sugklÐnei shmeiak� sto (0,∞) proc th mhdenik  sun�rthsh. EpÐshc
|fn(x)| ≤ e−x gia k�je x ∈ (0,∞) kai h g2(x) = e−x eÐnai oloklhr¸simh sto
(0,∞). To Je¸rhma KuriarqoÔmenhc SÔgklishc sunep�getai ìti

lim
n→∞

∫ ∞

0
fn =

∫ ∞

0
lim

n→∞ fn = 0.

'Omwc
∫∞
0 fn = F (tn). 'Ara F (tn) → 0. Sunep¸c

lim
t→∞F (t) = 0.

UpologÐzoume t¸ra thn par�gwgo t c F . JewroÔme p�li di�sthma [a, b] ⊂
(0,∞). Gia x ∈ (0,∞) kai t ∈ [a, b], isqÔei

∣∣∣∣
∂

∂t

(
e−tx sinx

x

)∣∣∣∣ = | − e−tx sinx| ≤ e−ax =: g3(x)

kai g3 ∈ L1((0,∞)). 'Etsi to Je¸rhma 3.4.5 dÐnei

F ′(t) = −
∫ ∞

0
e−tx sinx dx.

To olokl rwma
∫ M
0 e−tx sinx dx mporeÐ na upologisteÐ me tic mejìdouc toÔ

LogismoÔ. Pr�gmati, efarmìzontac dÔo forèc olokl rwsh kat� par�gontec,
brÐskoume ìti

(3.11)
∫ M

0
e−tx sinx dx =

e−Mt(−t sinM − cosM)
1 + t2

+
1

1 + t2
, t ∈ R.

PaÐrnoume ìria gia M →∞ kai lìgw toÔ Jewr matoc 3.5.4 prokÔptei
∫ ∞

0
e−tx sinx dx =

1
1 + t2

, t ∈ (0,∞).
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DeÐxame loipìn ìti

F ′(t) = − 1
1 + t2

, t ∈ (0,∞).

Oloklhr¸noume kai brÐskoume ìti

F (t)− F (M) = −
∫ t

M

1
1 + t2

dt = tan−1 M − tan−1 t, t > 0, M > 0.

PaÐrnontac ìria gia M →∞ prokÔptei ìti F (t) = π/2− tan−1 t. Epomènwc
deÐxame ìti ∫ ∞

0
e−tx sinx

x
dx =

π

2
− tan−1 t, t ∈ (0,∞).

3.7 Ask seic
3.7.1 An m(E) = 0 kai φ eÐnai mi� jetik , apl  sun�rthsh, deÐxte ìti

∫
E

φ = 0.

3.7.2 An φ eÐnai mi� jetik , apl  sun�rthsh kai φ = 0 σ.π., deÐxte ìti
∫
R φ = 0.

3.7.3 An φ eÐnai mi� jetik , apl  sun�rthsh, deÐxte ìti
∫

E
φ ≥ 0.

3.7.4 DeÐxte ìti mi� jetik , apl  sun�rthsh φ eÐnai oloklhr¸simh an kai mìno an
m({φ 6= 0}) < ∞.

3.7.5 An h f : E → [0,∞) eÐnai metr simh kai f ≤ K sto E, deÐxte ìti
∫

E
f ≤

Km(E).

3.7.6 An f, g : R → R eÐnai metr simec sunart seic kai isqÔei 0 ≤ f ≤ g kai
g ∈ L1, deÐxte ìti f ∈ L1.

3.7.7 DÐnontai sunart seic f kai fn, n ∈ N, jetikèc kai metr simec. Upojètoume
ìti
(a) ∀x ∈ R, fn(x) ≥ fn+1(x)
(b)

∫
R f1 < ∞

(g) fn → f shmeiak� sto R.
DeÐxte ìti

∫
R f = lim

∫
R fn. DeÐxte me antipar�deigma ìti h upìjesh (b) eÐnai

aparaÐthth.
Upìdeixh: 'Estw gn = f1 − fn kai J.M.S.

3.7.8 'Estw f : R → [0,∞) metr simh sun�rthsh. An {En} eÐnai mi� akoloujÐa
xènwn an� dÔo, metr simwn sunìlwn, deÐxte ìti

∫

∪∞n=1En

f =
∞∑

n=1

∫

En

f.
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3.7.9 DeÐxte ìti sto L mma tou Fatou up�rqei perÐptwsh na èqoume austhr 
anisìthta.
Upìdeixh: fn = χ[n,n+1).

3.7.10 An f, fn : R→ [0,∞] metr simec kai fn → f sqedìn pantoÔ sto R, deÐxte
ìti ∫

R
f ≤ lim inf

n→∞

∫

R
fn.

3.7.11 An f, fn : R → [0,∞) metr simec kai fn → f shmeiak� sto R kai fn ≤
f, ∀n ∈ N, deÐxte ìti ∫

R
f = lim

n→∞

∫

R
fn.

3.7.12 DÐnontai metr simh sun�rthsh f kai omoiìmorfa fragmènh akoloujÐa {fn}
metr simwn sunart sewn sto [a, b]. An fn−→σ f sto [a, b], deÐxte ìti

lim
n→∞

∫ b

a

|fn − f | = 0.

Upìdeixh: Je¸rhma Egorov.

3.7.13 Upojètoume ìti fn, f ∈ L1 kai
∫
R |fn−f | → 0. DeÐxte ìti

∫
R f = lim

∫
R fn

kai
∫
R |f | = lim

∫
R |fn|.

3.7.14 Upojètoume ìti fn, f ∈ L1 kai
∫
R |fn−f | → 0. DeÐxte ìti

∫
E

f = lim
∫

E
fn

gia k�je metr simo sÔnolo E ⊂ R kai ìti
∫
R f+

n → ∫
R f+.

3.7.15 Swstì   L�joc?
An f ∈ L1(E1) kai f ∈ L1(E2), tìte f ∈ L1(E1 ∪ E2).

3.7.16 DÐnontai oi sunart seic fn, gn, g ìlec ston L1. Upojètoume ìti
(a) fn → f shmeiak� sqedìn pantoÔ,
(b) gn → g shmeiak� sqedìn pantoÔ,
(g) ∀n ∈ N, |fn| ≤ gn sqedìn pantoÔ,
(d)

∫
R gn →

∫
R g.

DeÐxte ìti f ∈ L1 kai ìti
∫
R fn →

∫
R f .

(Upìdeixh: Tropopoi ste thn apìdeixh tou J.K.S.)

3.7.17 'Estw ìti fn, f ∈ L1 kai fn → f σ.π.. DeÐxte ìti

lim
n→∞

∫

R
|fn − f | = 0 ⇔ lim

n→∞

∫

R
|fn| =

∫

R
|f |.

3.7.18 'Estw f ∈ L1. An {En} eÐnai mi� akoloujÐa xènwn an� dÔo, metr simwn
sunìlwn, kai E = ∪∞n=1En, deÐxte ìti

∞∑
n=1

∣∣∣∣
∫

En

f

∣∣∣∣ ≤
∫

E

|f | < ∞ kai
∞∑

n=1

∫

En

f =
∫

E

f.
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3.7.19 DÐnetai h sun�rthsh f(x) = x, x ∈ [0, 1]. DeÐxte me ton orismì toÔ
oloklhr¸matoc Lebesgue ìti

∫
[0,1]

f = 1
2 .

3.7.20 An

f(x) =





2, x ∈ (1, 2],
−4, x ∈ [5, 6],
−1, x ∈ (6, 7],

kai E = (1, 2] ∪ [5, 7], upologÐste to
∫

E
f .

3.7.21 DÐnetai h sun�rthsh f : (−2, 3) → R me

f(x) =

{
2, x ∈ (−2, 3) ∩Q,

−4, x ∈ (−2, 3) ∩ (R \Q).

UpologÐste to
∫
(−2,3)

f .

3.7.22 An E1, E2, . . . , En eÐnai metr sima uposÔnola tou [0, 1] kai an k�je shmeÐo
toÔ [0, 1] an kei se trÐa toul�qiston apì ta E1, E2, . . . , En, deÐxte ìti gia èna
toul�qiston apì ta Ek isqÔei m(Ek) ≥ 3

n .

3.7.23 DÐnontai f, g metr simec sunart seic sto R me 0 ≤ f ≤ g.
(a) An g ∈ L1, deÐxte ìti f ∈ L1 kai g − f ∈ L1 kai

∫
R(g − f) =

∫
R g − ∫

R f .
(b) DeÐxte ìti h parap�nw isìthta isqÔei kai me thn asjenèsterh upìjesh f ∈ L1.

3.7.24 DÐnetai f : R → [0,∞] metr simh. An E1 ⊂ E2 ⊂ . . . eÐnai metr sima
sÔnola, deÐxte ìti

lim
n→∞

∫

En

f =
∫

∪nEn

f.

3.7.25 An g(x) = x−1/2, breÐte to
∫
(0,1)

g.

3.7.26 BreÐte mia akoloujÐa metr simwn sunart sewn fn : R→ [0,∞) tètoia ¸ste
fn → 0 shmeiak� sto R, all� limn→∞

∫
R fn = 1.

3.7.27 'Estw f metr simh me f > 0 σ.π. sto R. An
∫

E
f = 0 gia k�poio metr simo

sÔnolo E, deÐxte ìti m(E) = 0.

3.7.28 'Estw f : R→ [0,∞) metr simh. DeÐxte ìti
∫

R
f = lim

n→∞

∫ n

−n

f = lim
n→∞

∫

{f≥ 1
n}

f.

3.7.29 'Estw f : R→ [0,∞) metr simh kai L1. DeÐxte ìti
∫

R
f = lim

n→∞

∫

{f≤n}
f.
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3.7.30 Swstì   L�joc?
(a) An f : R→ [0,∞) metr simh kai f ∈ L1, tìte limx→±∞ f(x) = 0.
(b)An f : R→ [0,∞) suneq c kai f ∈ L1, tìte limx→±∞ f(x) = 0.
(g) An f : R→ [0,∞) omoiìmorfa suneq c kai f ∈ L1, tìte limx→±∞ f(x) = 0.

3.7.31 Swstì   L�joc? An f, g ∈ L1, tìte fg ∈ L1.

3.7.32 Sumplhr¸ste tic apodeÐxeic twn Jewrhm�twn 3.5.3 kai 3.5.4.

3.7.33 'Estw f : R→ [0,∞) metr simh kai f ∈ L1.
(a) DeÐxte ìti gia k�je ε > 0, up�rqei δ > 0 tètoio ¸ste

E ∈ M, m(E) < δ ⇒
∫

E

f < ε.

(b) DeÐxte ìti h sun�rthsh F (x) =
∫ x

−∞ f eÐnai suneq c.

3.7.34 'Estw

f(x) =





sin(πx), x ∈ [0, 1/2] \ C,

log x, x ∈ (1/2, 1] \ C,

ex, x ∈ C,

ìpou C to sÔnolo toÔ Cantor. UpologÐste to
∫ 1

0
f .

3.7.35 DeÐxte ìti an f ∈ L1(E) kai {En} eÐnai mi� akoloujÐa metr simwn upo-
sunìlwn toÔ E me limn→∞m(En) = 0, tìte

lim
n→∞

∫

En

f = 0.

3.7.36 DeÐxte ìti an f ∈ L1(E) kai En = {x ∈ E : |f(x)| ≥ n}, tìte
lim

n→∞
n ·m(En) = 0.

3.7.37 GiatÐ sto Par�deigma 3.6.1 den efarmìzetai to Je¸rhma 3.4.4?

3.7.38 Upojètoume ìti oi f kai fn eÐnai metr simec pragmatikèc sunart seic me
timèc sto [0, +∞), ìti fn → f shmeiak� kai ìti

∫
R f = lim

∫
R fn < ∞. DeÐxte ìti∫

E
f = lim

∫
E

fn gia k�je metr simo sÔnolo E ⊂ R.
(Upìdeixh: Exet�ste ta E kai Ec. 'Alloc trìpoc: me qr sh t c 'Askhshc 3.7.16).
D¸ste èna par�deigma pou na deÐqnei ìti h upìjesh

∫
R f = lim

∫
R fn < ∞ eÐnai

aparaÐthth.

3.7.39 (a) An fn ∈ L1[a, b] kai an fn → f omoiìmorfa sto [a, b], deÐxte ìti f ∈
L1[a, b] kai ìti

∫ b

a
|fn − f | → 0.

(b) BreÐte akoloujÐa sunart sewn fn : R→ R tètoia ¸ste fn → 0 omoiìmorfa sto
R kai

∫
R fn = 1 gia k�je n ∈ N.
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3.7.40 Swstì   L�joc? An fn, f ∈ L1 kai f1 ≤ f2 ≤ f3 ≤ . . . kai fn → f
shmeiak� sto R, tìte

∫
R fn →

∫
R f .

3.7.41 DeÐxte ìti
∫ ∞

0

e−x dx = lim
n→∞

∫ n

0

(
1− x

n

)n

dx = 1.

(Upìdeixh: h akoloujÐa (1− x
n )n aux�nei proc to e−x ìtan n →∞).

3.7.42 UpologÐste to

lim
n→∞

∫ n

0

(
1− x

n

)n

ex/2 dx.

3.7.43 Swstì   L�joc?
An f ∈ L1([a, 1]) gia k�je a ∈ (0, 1), tìte f ∈ L1((0, 1]).

3.7.44 An f ∈ L1[0, 1], deÐxte ìti xnf(x) ∈ L1[0, 1] gia n = 1, 2, . . . kai upologÐste
to limn→∞

∫ 1

0
xnf(x) dx.

3.7.45 UpologÐste to

∞∑
n=0

∫ π/2

0

(1−
√

sinx)n cos x dx.

3.7.46 'Estw fn ∈ L1 kai |fn| ≤ g sqedìn pantoÔ, ìpou g ∈ L1. DeÐxte ìti
∫

R
(lim inf

n→∞
fn) ≤ lim inf

n→∞

∫

R
fn ≤ lim sup

n→∞

∫

R
fn ≤

∫

R
(lim sup

n→∞
fn).

3.7.47 'Estw fn : R → R, n ∈ N, akoloujÐa metr simwn sunart sewn. An
fn ≥ −g, ìpou g jetik  sun�rthsh ston L1, deÐxte ìti

∫

R
lim inf
n→∞

fn ≤ lim inf
n→∞

∫

R
fn.

(TropopoÐhsh toÔ L mmatoc Fatou).

3.7.48 DeÐxte ìti limn→∞
∫ 1

0
fn = 0, ìpou fn(x) = (a) nx

1+n2x2 , (b) n
√

x
1+n2x2 ,

(g) nx log x
1+n2x2 .

(Upìdeixh: 1 + n2x2 ≥ 2nx).

3.7.49 BreÐte ta ìria: (a) limn→∞
∫∞
0

sin(ex)
1+nx2 dx, (b) limn→∞

∫ 1

0
n cos x

1+n2x3/2 dx.
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3.7.50 BreÐte ta ìria:

(a) lim
n→∞

∫ ∞

0

n sin(x/n)
x(1 + x2)

dx, (b) lim
n→∞

∫ 1

0

1 + nx2

(1 + x2)n
dx,

(c) lim
n→∞

∫ ∞

0

sin(x/n)
(1 + x/n)n

dx, (d) lim
n→∞

∫ ∞

a

n

1 + n2x2
dx.

(Sto (d) h ap�nthsh exart�tai apì thn tim  tou a (a > 0, a = 0, a < 0)).

3.7.51 Kataskeu�ste mi� akoloujÐa fn ∈ L1 tètoia ¸ste fn → 0 sqedìn pantoÔ
sto R, en¸ h akoloujÐa

∫
R |fn| den sugklÐnei sto 0.

3.7.52? (a) Kataskeu�ste mi� akoloujÐa fn ∈ L1 tètoia ¸ste
∫
R fn → 0, en¸ h

akoloujÐa fn den sugklÐnei sqedìn pantoÔ sth mhdenik  sun�rthsh.
(b) Kataskeu�ste mi� akoloujÐa jetik¸n sunart sewn fn tètoia ¸ste

∫
R fn → 0,

en¸ h akoloujÐa fn den sugklÐnei sqedìn pantoÔ sth mhdenik  sun�rthsh.

3.7.53 DÐnetai mi� omoiìmorfa fragmènh akoloujÐa sunart sewn {fn} pou eÐnai
ìlec oloklhr¸simec kat� Riemann sto di�sthma [a, b]. Upojètoume ìti fn−→σ f sto
[a, b] kai ìti h f eÐnai oloklhr¸simh kat� Riemann sto [a, b]. DeÐxte ìti

lim
n→∞

(R)
∫ b

a

fn = (R)
∫ b

a

f.

3.7.54 DÐnetai h sun�rthsh f : [0, 1] → R me f(x) = 0 gia k�je x toÔ sunìlou C
toÔ Cantor kai f(x) = k gia kajèna apì ta diast mata toÔ [0, 1] \C me m koc 1/3k.
DeÐxte ìti

∫ 1

0
f = 3.

3.7.55 'Estw

f(x) =

{
x4, x ∈ [0, 1] \Q,

6, x ∈ [0, 1] ∩Q.

BreÐte to
∫ 1

0
f .

3.7.56 DeÐxte ìti an f ∈ L1(E) kai
∣∣∣∣
∫

E

f

∣∣∣∣ =
∫

E

|f |,

tìte eÐte f ≥ 0 σ.π. sto E eÐte f ≤ 0 σ.π. sto E.

3.7.57 (Anisìthta Jensen gia oloklhr¸mata Lebesgue). An h φ eÐnai kurt 
sto R kai f ∈ L1[a, b], deÐxte ìti

φ

(
1

b− a

∫ b

a

f

)
≤ 1

b− a

∫ b

a

(φ ◦ f).
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3.7.58 'Estw f ∈ L1. DeÐxte ìti up�rqei akoloujÐa apl¸n sunart sewn φn ∈ L1

tètoia ¸ste
lim

n→∞

∫

R
|f − φn| = 0.

3.7.59? 'Estw f(x) = x−1/2χ(0,1). 'Estw {rn} mi� arÐjmhsh toÔ Q. Jètoume

g(x) =
∞∑

n=1

f(x− rn)
2n

.

DeÐxte ìti
(a) g ∈ L1 kai epomènwc h g eÐnai σ.π. peperasmènh.
(b) H g eÐnai asuneq c se k�je shmeÐo toÔ R kai mh fragmènh se k�je di�sthma.
(g) H g2 eÐnai σ.π. peperasmènh all� den eÐnai oloklhr¸simh se kanèna di�sthma.

3.7.60 'Estw fn(x) = nxn−1 − (n + 1)xn, x ∈ (0, 1). DeÐxte ìti
∫

(0,1)

∞∑
n=1

fn 6=
∞∑

n=1

∫

(0,1)

fn.

3.7.61 'Estw fn(x) = ae−nax − be−nbx, ìpou 0 < a < b. DeÐxte ìti:

(a)
∞∑

n=1

∫ ∞

0

|fn(x)| dx = ∞.

(b)
∞∑

n=1

∫ ∞

0

fn(x) dx = 0.

(c)
∞∑

n=1

fn(x) ∈ L1([0,∞)) kai
∫ ∞

0

∞∑
n=1

fn(x) dx = log
b

a
.

3.7.62 (a) DeÐxte ìti ∫ ∞

0

xne−x dx = n!

paragwgÐzontac thn isìthta ∫ ∞

0

e−tx dx =
1
t
.

(b) DeÐxte ìti ∫ ∞

−∞
x2ne−x2

dx =
(2n)!

√
π

4nn!

paragwgÐzontac thn isìthta
∫ ∞

−∞
e−tx2

dx =
√

π

t
.
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3.7.63 'Estw f ∈ L1. Gia t ∈ R, h metafor� t c f kat� t eÐnai h sun�rthsh
ft(x) = f(x + t), x ∈ R. DeÐxte ìti

∫

R
f =

∫

R
ft.

3.8 Shmei¸seic
To olokl rwma Lebesgue eÐnai shmantikì gia toÔc akìloujouc lìgouc:
1. EÐnai mi� ploÔsia epèktash toÔ oloklhr¸matoc Riemann. MporoÔme na oloklhr¸-
soume polÔ perissìterec sunart seic p�nw se polÔ perissìtera sÔnola.
2. H jewrÐa olokl rwshc toÔ Lebesgue èqei enopoi mènh, oloklhrwmènh kai sqedìn
tèleia morf . Ta jewr mata monìtonhc kai kuriarqoÔmenhc sÔgklishc t c prosdÐ-
doun ter�stia euelixÐa kai efarmosimìthta.
3. Q�rh sto olokl rwma Lebesgue, to Jemeli¸dec Je¸rhma toÔ LogismoÔ paÐrnei
mi� xek�jarh kai olokl rwmènh morf .
4. Me th bo jeia toÔ oloklhr¸matoc Lebesgue orÐzontai oi q¸roi Lp (melet¸ntai
sto epìmeno kef�laio). Oi q¸roi autoÐ eÐnai oi shmantikìteroi q¸roi sunart sewn
kai paÐzoun spoudaÐo rìlo se ìlouc toÔ kl�douc t c An�lushc.

O Henri Lebesgue (1875-1941) parousÐase th jewrÐa tou se mi� seir� apì �r-
jra thn perÐodo 1899-1902. Sth sunèqeia asqol jhke me th sqèsh olokl rwshc
kai parag¸gishc kai me efarmogèc toÔ oloklhr¸matìc tou stic seirèc Fourier. Sth-
n an�ptuxh t c jewrÐac toÔ oloklhr¸matoc Lebesgue sunèbalan epÐshc oi Borel,
Vitali, Levi, Fatou, Young kai �lloi. H eisagwg  tou oloklhr¸matoc Lebesgue
èdwse ter�stia ¸jhsh sthn An�lush ston 20o ai¸na. H istorÐa twn majhmatik¸n
ide¸n pou od ghsan sto olokl rwma Lebesgue parousi�zetai leptomer¸c sto biblÐo
[T.Hawkins, Lebesgue’s Theory of Integration: Its Origins and Developments, 2nd
edition, Chelsea 1975].

Akolouj¸ntac to [2], parousi�same th jewrÐa toÔ oloklhr¸matoc Lebesgue
basizìmenoi stic aplèc sunart seic. Parìmoiec parousi�seic pou ìlec odhgoÔn
sthn Ðdia jewrÐa up�rqoun se ìla ta upìloipa biblÐa t c BibliografÐac.

'Ena shmantikì mèroc thc jewrÐac toÔ Lebesgue afor� th sqèsh parag¸gishc
kai olokl rwshc kai th morf  pou paÐrnei to Jemeli¸dec Je¸rhma toÔ LogismoÔ
me qr sh toÔ oloklhr¸matoc Lebesgue. Sto jèma autì emfanÐzetai me ousiastikì
trìpo h ènnoia t c apìluthc sunèqeiac. Ed¸ den jÐxame kajìlou aut� ta jèmata
kaj¸c pisteÔoume ìti antimetwpÐzontai kalÔtera se metaptuqiakì epÐpedo. Prapèm-
poume, loipìn, sto [3] kai sto [W. Rudin, Real and Complex Analysis, 3rd edition,
McGrow-Hill 1987].

Oi sunart seic Γ kai ζ eÐnai apì tic pio shmantikèc eidikèc sunart seic. Em-
fanÐzontai se mi� plhj¸ra majhmatik¸n problhm�twn kai èqoun melethjeÐ exantl-
htik� epÐ ai¸nec. Oi Γ kai ζ epekteÐnontai analutik� se tìpouc toÔ migadikoÔ epipè-
dou kai paÐzoun spoudaÐo rìlo kai sth Migadik  An�lush. H migadik  sun�rthsh
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ζ eÐnai exairetik� shmantik  kai sth JewrÐa Arijm¸n. H perÐfhmh eikasÐa toÔ Rie-
mann gia tic rÐzec thc paramènei anoikt  apì to 19o ai¸na kai eÐnai èna apì ta piì
shmantik� kai dÔkola anoikt� probl mata twn Majhmatik¸n. Perissìtera gia tic
sunar seic autèc up�rqoun sta [1], [7], kaj¸c kai sta biblÐa gia eidikèc sunart -
seic, ìpwc to [N.N. Lebedev, Special Functions and Their Applcations, Dover Publ.
1972]. Istorik� stoiqeÐa up�rqoun sto �rjro [P.J. Davis, Leohnard Euler’s inte-
gral: A historical profile of the gamma function, Amer. Math. Monthly 66 (1959),
849-869] kai sto biblÐo [H.M. Edwards, Riemann’s Zeta Function, Academic Press
1969].
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Kef�laio 4

Oi q¸roi Lp

4.1 OrismoÐ kai basikèc idiìthtec

'Eqoume  dh orÐsei to q¸ro L1. EÐnai o q¸roc ìlwn twn oloklhr¸simwn
sunart sewn f : R→ R. Sto kef�laio autì ja orÐsoume kai ja melet soume
ìlouc toÔc q¸rouc Lp, 0 < p ≤ ∞.

An f eÐnai mi� metr simh sun�rthsh orismènh sto E ⊂ R kai 0 < p < ∞,
jètoume

‖f‖p =
(∫

E
|f |p

)1/p

.

Orismìc 4.1.1 'Estw ìti 0 < p < ∞ kai ìti E eÐnai èna metr simo uposÔno-
lo toÔ R. Lème ìti mi� metr simh sun�rthsh f : E → R an kei sto q¸ro
Lp(E), an |f |p ∈ L1(E), dhlad  an

∫

E
|f |p < ∞.

An E = R, gr�foume Lp(E) = Lp. Gia thn posìthta ‖f‖p qrhsimopoioÔntai
epÐshc oi sumbolismoÐ ‖f‖Lp kai ‖f‖Lp(E).

Prìtash 4.1.2 Upojètoume ìti 0 < p < ∞, f, g ∈ Lp(E) kai c ∈ R. Tìte
(a) cf ∈ Lp(E) kai ‖cf‖p = |c| · ‖f‖p.
(b) ‖f‖p = 0 an kai mìno f = 0 σ.π..
(g) f + g ∈ Lp(E).

Apìdeixh.
To (a) prokÔptei �mesa apì to orismì. To (b) eÐnai �mesh sunèpeia thc

83



Prìtashc 3.3.6. To (g) isqÔei diìti

|f + g|p ≤ |max{|f |, |g|}+ max{|f |, |g|}|p = (2 max{|f |, |g|})p

= 2p max{|f |p, |g|p} ≤ 2p(|f |p + |g|p).
¤

Par�deigma 4.1.3 K�je fragmènh metr simh sun�rthsh orismènh se èna
sÔnolo E peperasmènou mètrou, an kei ston Lp(E). Pr�gmati, èstw ìti h f
eÐnai metr simh sto E, m(E) < ∞ kai |f | ≤ M sto E. Tìte gia 0 < p < ∞,

‖f‖p =
(∫

E
|f |p

)1/p

≤ M m(E)1/p < ∞.

Par�deigma 4.1.4 'Estw 0 < r < ∞. JewroÔme th sun�rthsh f(x) = x−r,
x ∈ (0,∞). Jètoume epÐshc g = fχ(0,1) kai h = fχ(1,∞). Gia p = 1/r, isqÔei

(R)
∫

R
gp = lim

ε→0

∫ 1

ε

1
x

dx = ∞.

EpÐshc gia p 6= 1/r,

(R)
∫

R
gp = lim

ε→0

∫ 1

ε
gp = lim

ε→0

1
1− pr

(
1− 1

εpr−1

)
.

Epomènwc to genikeumèno olokl rwma Riemann (R)
∫
R gp up�rqei an kai mìno

an p < 1/r. Apì to Je¸rhma 3.5.4 (d), h g an kei ston Lp an kai mìno an
p < 1/r. EpÐplèon gia p < 1/r, ‖g‖p = (1− pr)−1/p.

ParomoÐwc gia thn h qrhsimopoioÔme to Je¸rhma 3.5.4 (a) kai brÐskoume
ìti h h an kei ston Lp an kai mìno an p > 1/r. Gia tètoia p, isqÔei ‖h‖p =
(rp− 1)−1/p.

H f den an kei ston Lp(0,∞) gia kanèna p, diìti an f ∈ Lp(0,∞) tìte
g ∈ Lp kai h ∈ Lp.

Par�deigma 4.1.5 JewroÔme th sun�rthsh

f(x) =
1√

x(1 + | log x|) , x ∈ (0,∞).

Ja deÐxoume ìti f ∈ L2((0,∞)). Prèpei na deÐxoume ìti
∫ ∞

0

dx

x(1 + | log x|)2 < ∞.
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Gr�foume
∫ ∞

0

dx

x(1 + | log x|)2 =
∫ 1

0

dx

x(1− log x)2
+

∫ 2

1

dx

x(1 + log x)2
+

∫ ∞

2

dx

x(1 + log x)2
.

To olokl rwma

(R)
∫ 2

1

dx

x(1 + log x)2

eÐnai peperasmèno diìti
1

x(1 + log x)2
≤ 1

x
.

Gia to olokl rwma ∫ ∞

2

dx

x(1 + log x)2

ergazìmaste wc ex c: Pr¸ta parathroÔme ìti

1
x(1 + log x)2

≤ 1
x(log x)2

kai sth sunèqeia k�nontac thn all�g  metablht c u = log x, diapist¸noume
ìti to olokl rwma

(R)
∫ ∞

2

dx

x(log x)2

eÐnai peperasmèno. 'Ara to (R)
∫∞
1 f eÐnai peperasmèno. Apì to Je¸rhma

3.5.4 sumperaÐnoume ìti
∫ ∞

1

1
x(1 + log x)2

< ∞.

Gia to olokl rwma
∫ 1
0 f qrhsimopoioÔme p�li to Je¸rhma 3.5.4 kai k�noume

thn allag  metablht c u = 1/x h opoÐa an�gei to olokl rwma (R)
∫ 1
0 f sto

olokl rwma (R)
∫∞
1 f , to opoÐo èqoume  dh melet sei.

4.2 Oi anisìthtec Hölder kai Minkowski

L mma 4.2.1 An a ≥ 0, b ≥ 0 kai 0 < λ < 1, tìte

(4.1) aλb1−λ ≤ λa + (1− λ)b.

Isìthta isqÔei an kai mìno an a = b.
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Apìdeixh.
An b = 0, h (4.2.1) eÐnai profan c. Upojètoume loipìn ìti b > 0. Jètoume
t = a/b. H (4.1) gr�fetai tλ − λt ≤ 1 − λ. JewroÔme th sun�rthsh φ(t) =
tλ − λt. H φ èqei mègisto mìno sto shmeÐo t = 1. 'Ara φ(t) ≤ φ(1) = 1 − λ
me isìthta an kai mìno an t = 1. ¤

Je¸rhma 4.2.2 (Anisìthta Hölder) Upojètoume ìti 1 < p < ∞ kai 1/p+
1/q = 1, dhlad  q = p/(p−1). An f ∈ Lp(E) kai g ∈ Lq(E), tìte fg ∈ L1(E)
kai

(4.2) ‖fg‖1 ≤ ‖f‖p ‖g‖q.

Apìdeixh.
PerÐptwsh 1: ‖f‖p = 0   ‖g‖q = 0.
Tìte f = 0 σ.π.   g = 0 σ.π. kai h anisìthta (4.2) eÐnai profan c.

PerÐptwsh 2: ‖f‖p = ‖g‖q = 1.
Efarmìzoume to L mma 4.2.1 me a = |f(x)|p, b = |g(x)|q kai λ = 1/p, kai
paÐrnoume

|f(x)g(x)| ≤ 1
p
|f(x)|p +

1
q
|g(x)|q, x ∈ E.

Oloklhr¸noume sto E kai prokÔptei

‖fg‖1 ≤ 1
p

∫

E
|f |p +

1
q

∫

E
|g|q =

1
p
‖f‖p

p +
1
q
‖g‖q

q

=
1
p

+
1
q

= 1 = ‖f‖p‖g‖q.

PerÐptwsh 3: Genik  perÐptwsh.
JewroÔme tic sunart seic F = f/‖f‖p, G = g/‖g‖q. IsqÔei ‖F‖p = ‖G‖q =
1. Efarmìzoume thn PerÐptwsh 2:

‖FG‖1 =
‖fg‖1

‖f‖p‖g‖q
≤ ‖F‖p‖G‖q = 1.

'Ara
‖fg‖1 ≤ ‖f‖p ‖g‖q.

¤
Gia p = q = 2, h anisìthta Hölder gr�fetai

∫

E
|fg| ≤

(∫

E
f2

)1/2 (∫

E
g2

)1/2

kai onom�zetai anisìthta Cauchy-Schwarz.
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Je¸rhma 4.2.3 (Anisìthta Minkowski) An 1 ≤ p < ∞ kai f, g ∈
Lp(E), tìte f + g ∈ Lp(E) kai

(4.3) ‖f + g‖p ≤ ‖f‖p + ‖g‖p.

Apìdeixh.
Apì thn Prìtash 4.1.2 eÐnai gnwstì ìti f + g ∈ Lp(E). An f + g = 0 σ.π.,
h anisìthta eÐnai profan c. EpÐshc, an p = 1, tìte h (4.3) eÐnai tetrimmènh:

‖f + g‖1 =
∫

E
|f + g| ≤

∫

E
(|f |+ |g|) =

∫

E
|f |+

∫

E
|g| = ‖f‖1 + ‖g‖1.

Upojètoume loipìn ìti 1 < p < ∞ kai ìti h f + g den eÐnai isodÔnamh me
th mhdenik  sun�rthsh. Jètoume q = p/(p−1). Lìgw thc anisìthtac Hölder,

‖f + g‖p
p =

∫

E
|f + g|p =

∫

E
|f + g| · |f + g|p−1

≤
∫

E
|f | · |f + g|p−1 +

∫

E
|g| · |f + g|p−1

≤
(∫

E
|f |p

)1/p (∫

E
|f + g|(p−1)q

)1/q

+
(∫

E
|g|p

)1/p (∫

E
|f + g|(p−1)q

)1/q

= ‖f‖p ‖f + g‖p−1
p + ‖g‖p ‖f + g‖p−1

p .

DiairoÔme me ‖f + g‖p−1
p kai prokÔptei h (4.3). ¤

Oi anisìthtec Hölder kai Minkowski eÐnai apì tic shmantikìterec sthn
An�lush. H anisìthta Minkowski lèei ìti h ‖f‖p ikanopoieÐ th trigwnik 
anisìthta gia 1 ≤ p < ∞ kai epomènwc, ìpwc ja doÔme sthn epìmenh par�-
grafo, oi q¸roi Lp kajÐstantai normikoÐ q¸roi. H anisìthta Hölder eÐnai
exairetik� eÔqrhsth kai qr simh. MporeÐ na qrhsimopoihjeÐ gia k�je olok-
l rwma

∫
R F , arkeÐ na gr�youme thn F sth morf  F = fg kai na epilèxoume

p, q ¸ste q = p/(p − 1), f ∈ Lp, g ∈ Lq. Se pollèc peript¸seic, h èxupnh
paragontopoÐhsh F = fg kai h kat�llhlh epilog  toÔ p eÐnai to kleidÐ t c
apìdeixhc shmantik¸n jewrhm�twn.

4.3 H plhrìthta twn q¸rwn Lp

JumÐzoume ton orismì toÔ normikoÔ q¸rou. 'Estw X ènac dianusmatikìc
q¸roc p�nw sto s¸ma R. Mi� sun�rthsh x 7→ ‖x‖ apì to X sto [0,∞)
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onom�zetai nìrma, an èqei tic akìloujec treÐc idiìthtec:
(a) ‖x‖ = 0 an kai mìno an x = 0.
(b) ‖cx‖ = |c| ‖x‖, ∀x ∈ X, ∀c ∈ R.
(g) ‖x + y‖ ≤ ‖x‖+ ‖y‖, ∀x, y ∈ X (trigwnik  anisìthta).

'Enac dianusmatikìc q¸roc efodiasmènoc me nìrma onom�zetai normikìc
q¸roc.

'Estw ìti 1 ≤ p < ∞ kai E ∈ M. An dÔo sunart seic toÔ Lp(E) eÐnai
Ðsec σ.π., tìte tic tautÐzoume kai tic jewroÔme Ðsec. Me th sÔmbash aut ,
lìgw thc Prìtashc 4.1.2 kai thc anisìthtac Minkowski, h ‖f‖p ikanopoieÐ
tic idiìthtec (a), (b), (g). Epomènwc o Lp(E) eÐnai normikìc q¸roc.

H parap�nw �tautopoÐhsh� twn σ.π. Ðswn sunart sewn gÐnetai austhr�
wc ex c: 'Opwc èqoume deÐ, h sqèsh f ∼ g (dhl. f = g σ.π.) eÐnai sqèsh
isodunamÐac. OrÐzoume Lp(E) na eÐnai to sÔnolo twn kl�sewn isodunamÐac.
O Lp(E) eÔkola gÐnetai dianusmatikìc q¸roc. Gia par�deigma, to �jroisma
dÔo kl�sewn orÐzetai na eÐnai h kl�sh toÔ ajroÐsmatoc dÔo antipros¸pwn
twn kl�sewn. Ston Lp(E), orÐzoume th nìrma

‖f‖p =
(∫

E
|f |p

)1/p

, 1 ≤ p < ∞,

qrhsimopoi¸ntac ènan antiprìswpo f . Epeid  oi σ.π. Ðsec sunart seic è-
qoun Ðsa oloklhr¸mata, eÐnai fanerì ìti h nìrma eÐnai kal� orismènh kai
ikanopoieÐ tic idiìthtec (a), (b), (g). Sthn pr�xh den anaferìmaste se kl�-
seic isodunamÐac all� apl¸c qeirizìmaste tic σ.π. Ðsec sunart seic wc Ðsec.

K�je normikìc q¸roc X eÐnai kai metrikìc me apìstash (metrik ) d(x, y) =
‖x−y‖. Me qr sh thc metrik c mporoÔme na orÐsoume sto X ìlec tic ènnoiec
thc Metrik c TopologÐac (sfairikèc perioqèc, shmeÐa suss¸reushc, sÔgk-
lish kai sunèqeia sunart sewn, sÔgklish akolouji¸n kai seir¸n klp). Lème
ìti mi� seir�

∑∞
n=1 xn sto X sugklÐnei apolÔtwc an h seir� (jetik¸n prag-

matik¸n arijm¸n)
∑∞

n=1 ‖xn‖ sugklÐnei.

'Estw {fn} mi� akoloujÐa ston Lp(E). Lème ìti h {fn} sugklÐnei ston
Lp(E) proc mi� sun�rthsh f ∈ Lp(E) an

lim
n→∞ ‖fn − f‖p = lim

n→∞ dp(fn, f) = 0.

Ja apodeÐxoume ìti oi q¸roi Lp eÐnai q¸roi Banach, dhlad  pl reic normikoÐ
q¸roi. JumÐzoume ìti ènac normikìc q¸roc X onom�zetai pl rhc an k�je
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akoloujÐa Cauchy sto X eÐnai sugklÐnousa. Qr simo eÐnai to akìloujo
krit rio plhrìthtac.

L mma 4.3.1 'Enac normikìc q¸roc X eÐnai pl rhc an kai mìno an k�je
apolÔtwc sugklÐnousa seir� sto X sugklÐnei.

Apìdeixh.
Upojètoume pr¸ta ìti o X eÐnai pl rhc kai ìti h seir�

∑∞
n=1 xn eÐnai apolÔtwc

sugklÐnousa. Jètoume SN =
∑N

n=1 xn. Tìte gia N > M ,

‖SN − SM‖ ≤
N∑

n=M+1

‖xn‖ → 0, ìtan M, N →∞.

'Ara h akoloujÐa {SN} eÐnai Cauchy, epomènwc kai sugklÐnousa.

Antistrìfwc, upojètoume ìti k�je apolÔtwc sugklÐnousa seir� sto X
sugklÐnei. 'Estw {xn} mi� akoloujÐa Cauchy sto X. Efarmìzontac ton oris-
mì thc akoloujÐac Cauchy gia ε = 1/2, 1/8, 1/16, . . . , brÐskoume fusikoÔc
arijmoÔc n1 < n2 < . . . ètsi ¸ste

∀n,m ≥ nj , ‖xn − xm‖ <
1
2j

, j = 1, 2, . . . .

Jètoume y1 = xn1 kai yj = xnj − xnj−1 gia j > 1. Tìte

∞∑

j=1

‖yj‖ ≤ ‖y1‖+
∞∑

j=1

1
2j

= ‖y1‖+ 1 < ∞.

Epomènwc h seir�
∑∞

j=1 yj eÐnai apolÔtwc sugklÐnousa, �ra kai sugklÐnousa.
'Omwc

∑k
j=1 yj = xnk

. 'Ara h {xn} pou eÐnai akoloujÐa Cauchy èqei sugk-
lÐnousa upakoloujÐa {xnk

}. Tìte kai h Ðdia h {xn} eÐnai sugklÐnousa; autì
apodeiknÔetai eÔkola ìpwc kai gia akoloujÐec sto R. ¤

Je¸rhma 4.3.2 (Riesz-Fisher) An 1 ≤ p < ∞ kai E ∈ M, o q¸roc Lp(E)
eÐnai q¸roc Banach.

Apìdeixh.
Prèpei na apodeÐxoume ìti o Lp(E) eÐnai pl rhc. Ja qrhsimopoi soume to
L mma 4.3.1. 'Estw {fn} mi� akoloujÐa ston Lp(E) me

∞∑

n=1

‖fn‖p = B < ∞.
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Jèloume na deÐxoume ìti h seir�
∑∞

n=1 fn sugklÐnei ston Lp(E). Jètoume

GN =
N∑

n=1

|fn| kai G =
∞∑

n=1

|fn|.

Apì thn anisìthta Minkowski,

‖GN‖p ≤
N∑

n=1

‖fn‖p ≤
∞∑

n=1

‖fn‖p = B < ∞, ∀N ∈ N.

'Etsi to Je¸rhma Monìtonhc SÔgklishc dÐnei
∫

E
Gp =

∫

E
( lim
N→∞

Gp
N ) = lim

N→∞

∫

E
Gp

N = lim
N→∞

‖GN‖p
p ≤ Bp.

'Ara G ∈ Lp(E) ki epomènwc h G eÐnai σ.π. peperasmènh sto E. Autì shmaÐnei
ìti h seir�

∑∞
n=1 fn sugklÐnei σ.π. sto E. Jètoume F =

∑∞
n=1 fn. Profan¸c

|F | ≤ G. 'Ara F ∈ Lp(E). Epiplèon
∣∣∣∣∣F −

N∑

n=1

fn

∣∣∣∣∣

p

≤ (2G)p ∈ L1(E).

Efarmìzoume t¸ra to Je¸rhma KuriarqoÔmenhc SÔgklishc:

lim
N→∞

∥∥∥∥∥F −
N∑

n=1

fn

∥∥∥∥∥

p

p

= lim
N→∞

∫

E

∣∣∣∣∣F −
N∑

n=1

fn

∣∣∣∣∣

p

=
∫

E
lim

N→∞

∣∣∣∣∣F −
N∑

n=1

fn

∣∣∣∣∣

p

= 0.

'Ara h seir�
∑∞

n=1 fn sugklÐnei ston Lp(E) proc th sun�rthsh F . ¤

Mi� akoloujÐa sunart sewn mporeÐ na sugklÐnei shmeiak� all� na mh
sugklÐnei ston Lp. MporeÐ epÐshc na sugklÐnei ston Lp all� na mh sugklÐnei
shmeiak�.

Par�deigma 4.3.3 H akoloujÐa fn = χ(n,n+1) sugklÐnei shmeiak� sto R
proc th mhdenik  sun�rthsh. 'Omwc gia k�je p ∈ [1,∞) kai k�je n ∈ N,
‖fn‖p = 1.

Par�deigma 4.3.4 JewroÔme thn akoloujÐa sunart sewn fn : R→ R me

f1 = χ[0,1],

f2 = χ[0,1/2], f3 = χ[1/2,1],

f4 = χ[0,1/4], f5 = χ[1/4,1/2], f6 = χ[1/2,3/4], f7 = χ[3/4,1],

f8 = χ[0,1/16], f9 = χ[1/16,2/16], . . . . . . . . .
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EÔkola upologÐzoume ìti
∫

R
|fn| = 1

2k
, ìtan 2k ≤ n < 2k+1.

'Ara h {fn} sugklÐnei ston L1 proc th mhdenik  sun�rthsh. H {fn} den sugk-
lÐnei shmeiak� sto R kai m�lista h akoloujÐa arijm¸n {fn(x)} den sugklÐnei
gia kanèna x ∈ [0, 1] diìti up�rqoun �peira n gia ta opoÐa fn(x) = 0 kai
�peira n gia ta opoÐa fn(x) = 1.

An fn → f σ.π. kai |fn| ≤ g ∈ Lp, tìte |fn − f | ≤ 2g kai to Je¸rhma
KuriarqoÔmenhc SÔgklishc dÐnei ‖fn − f‖p → 0, dhlad  fn → f ston Lp.
Apì thn �llh meri�, h sÔgklish ston Lp sunep�getai thn σ.π. sÔgklish mi�c
upakoloujÐac, ìpwc deÐqnei to akìloujo.

Je¸rhma 4.3.5 An fn → f ston Lp(E), tìte up�rqei upakoloujÐa {fnk
}

tètoia ¸ste fnk
→ f σ.π..

Apìdeixh.
Apì thn upìjesh, limn→∞ ‖fn − f‖p = 0. Efarmìzontac ton orismì toÔ
orÐou gia ε = 1/2, 1/4, 1/8, . . . , sumperaÐnoume ìti up�rqei upakoloujÐa {fnk

}
tètoia ¸ste

∀k ∈ N, ‖fnk
− f‖p

p <
1
2k

.

Apì to Je¸rhma Levi,

∫

E

( ∞∑

k=1

|fnk
− f |p

)
=

∞∑

k=1

∫

E
|fnk

− f |p =
∞∑

k=1

‖fnk
− f‖p

p

≤
∞∑

k=1

1
2k

= 1 < ∞.

'Ara h seir�
∑∞

k=1 |fnk
− f |p sugklÐnei σ.π.. Epomènwc fnk

→ f σ.π.. ¤

4.4 O q¸roc L∞

Orismìc 4.4.1 'Estw f : E → R mi� metr simh sun�rthsh. Lème ìti h f
an kei sto q¸ro L∞(E), an up�rqei M ≥ 0 tètoio ¸ste |f | ≤ M σ.π. sto E.
O q¸roc L∞(E) eÐnai o q¸roc twn ousiastik� fragmènwn sunart sewn
sto E. Jètoume L∞ = L∞(R).
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'Estw f ∈ L∞(E). Tìte to sÔnolo

S = {M ≥ 0 : m({|f | > M}) = 0}
den eÐnai to kenì. Jètoume s = inf S. Tìte eÐte S = (s,∞), eÐte S = [s,∞).
Ja deÐxoume ìti s ∈ S, dhlad  S = [s,∞). IsqÔei

{|f | > s} =
∞⋃

n=1

{|f | > s +
1
n
}

kai
m({|f | > s +

1
n
}) = 0, ∀n ∈ N.

'Ara m({|f | > s}) = 0. Epomènwc s ∈ S, dhlad  to sÔnolo S èqei el�qisto.
Jètoume

‖f‖∞ = min{M ≥ 0 : m({|f | > M}) = 0}.
O arijmìc autìc onom�zetai ousiastikì supremum thc f . An f ∈ L∞(E),
tìte to sÔnolo A = {|f | > ‖f‖∞} èqei mètro mhdèn. 'Etsi an orÐsoume
f1 = fχE\A, tìte f ∼ f1 kai

‖f‖∞ = ‖f1‖∞ = sup |f1|.
Dhlad  k�je ousiastik� fragmènh sun�rthsh f eÐnai isodÔnamh me mi� frag-
mènh sun�rthsh f1. To ousiastikì supremum t c f eÐnai Ðso me to supremum
t c f1. EpÐshc eÐnai fanerì ìti an f ∈ L∞(E) kai A ⊂ E me m(A) = 0, tìte

‖f‖∞ ≤ sup
E\A

|f |.

Je¸rhma 4.4.2 O q¸roc L∞(E) efodiasmènoc me thn ‖ · ‖∞ eÐnai normikìc
q¸roc.
Apìdeixh.
'Estw ìti c ∈ R, f ∈ L∞(E). EÔkola diapist¸noume ìti ‖cf‖∞ = |c|‖f‖∞.
An ‖f‖∞ = 0, tìte

m({|f | > 0}) = 0.

Sunep¸c f = 0 σ.π.. Kai gia tic ousiastik� fragmènec sunart seic k�noume
th sÔmbash ìti duì sunart seic pou eÐnai σ.π. Ðsec jewroÔntai Ðsec.

Tèloc apodeiknÔoume ìti h ‖ · ‖∞ ikanopoieÐ thn trigwnik  anisìthta. An
f, g ∈ L∞(E), tìte jewroÔme sunart seic f1, g1 tètoiec ¸ste f1 ∼ f , g1 ∼ g,
kai ‖f‖∞ = sup |f1|, ‖g‖∞ = sup |g1|. Tìte f + g ∼ f1 + g1 kai

‖f+g‖∞ = ‖f1+g1‖∞ ≤ sup(|f1|+|g1|) ≤ sup |f1|+sup |g1| = ‖f‖∞+‖g‖∞.

92



¤
To epìmeno je¸rhma lèei ìti h sÔgklish ston L∞ tautÐzetai me thn σ.π.

omoiìmorfh sÔgklish.

Je¸rhma 4.4.3 DÐnontai sunart seic f, fn ∈ L∞(E), n = 1, 2, . . . . H
akoloujÐa {fn} sugklÐnei ston L∞(E) proc thn f an kai mìno an up�rqei
sÔnolo A ⊂ E tètoio ¸ste m(A) = 0 kai fn−→oµ f sto E \A.

Apìdeixh.
Jètoume gn = fn − f , An = {|gn| > ‖gn‖∞}, n ∈ N kai A = ∪nAn. IsqÔei
m(An) = 0, ∀n ∈ N. 'Ara m(A) = 0. An fn → f ston L∞(E), tìte

sup
E\A

|fn−f | = sup
E\A

|gn| ≤ sup
E\An

|gn| = ‖gn‖∞ = ‖fn−f‖∞ → 0, ìtan n →∞.

'Ara fn−→oµ f sto E \A.

Antistrìfwc, upojètoume ìti fn−→oµ f se èna sÔnolo E \A me m(A) = 0.
Tìte

‖fn − f‖∞ ≤ sup
E\A

|fn − f | → 0, ìtan n →∞.

'Ara fn → f ston L∞(E). ¤

Je¸rhma 4.4.4 O L∞(E) eÐnai q¸roc Banach .

Apìdeixh.
'Estw {fn} mi� akoloujÐa Cauchy ston L∞(E). JewroÔme ta sÔnola Ak =
{|fk| > ‖fk‖∞} kai Bn,m = {|fn − fm| > ‖fn − fm‖∞}, k, n, m ∈ N. 'Estw
A h ènwsh ìlwn aut¸n twn sunìlwn. Tìte m(A) = 0. 'Estw ε > 0. Tìte
up�rqei no ∈ N tètoio ¸ste

∀m,n ≥ no, ‖fn − fm‖∞ < ε.

Epomènwc
∀m,n ≥ no, ∀x ∈ E \A |fn(x)− fm(x)| < ε.

Apì to krit rio omoiìmorfhc sÔgklishc toÔ Cauchy, h {fn} sugklÐnei
omoiìmorfa sto E\A proc mi� sun�rthsh f . Epeid  ìlec oi fn eÐnai fragmènec
sto E \ A, h f eÐnai ki aut  fragmènh sto E \ A. 'Ara f ∈ L∞(E). Lìgw
toÔ Jewr matoc 4.4.3, fn → f ston L∞(E). ¤
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4.5 ∗ Jewr mata prosèggishc

Sthn par�grago aut  ja apodeÐxoume merik� jewr mata prosèggishc gia
sunart seic stouc q¸rouc Lp. Piì sugkekrimèna ja deÐxoume ìti gia mi�
sun�rthsh f ∈ Lp, 1 ≤ p < ∞, up�rqei mi� �llh sun�rthsh g pou eÐ-
nai aploÔsterh   èqei epiplèon idiìthtec (apl , klimakwt , suneq c) kai h
apìstash ston Lp metaxÔ f kai g eÐnai ìso mikr  jèloume. Tètoiou eÐdouc
jewr mata eÐnai exairetik� qr sima se polloÔc kl�douc t c An�lushc (ar-
monik , sunarthsiak  k.a.).

Je¸rhma 4.5.1 'Estw f ∈ Lp[a, b], 1 ≤ p < ∞. Gia k�je ε > 0, up�rqei
apl  sun�rthsh φ tètoia ¸ste

‖f − φ‖p < ε.

Apìdeixh.
Apì to Je¸rhma 2.5.1 up�rqoun aÔxousec akoloujÐec jetik¸n apl¸n sunart -
sewn {φ(1)

n } kai {φ(2)
n } tètoiec ¸ste

φ(1)
n −→σ f+, φ(2)

n −→σ f− sto [a, b].

Jètoume φn = φ
(1)
n −φ

(2)
n , n ∈ N. H {φn} eÐnai akoloujÐa apl¸n sunart sewn

kai |φn| ≤ |f |, ∀n ∈ N. EpÐshc |φn − f |p −→σ 0 sto [a, b] kai

|φn − f |p ≤ 2p|f |p ∈ L1[a, b].

Apì to Je¸rhma KuriarqoÔmenhc SÔgklishc,

lim
n→∞

∫

[a,b]
|φn − f |p = 0.

'Ara gia dojèn ε > 0, up�rqei no ∈ N tètoio ¸ste ∀n ≥ no,

‖φn − f‖p
p =

∫

[a,b]
|φn − f |p < εp.

Jètoume φ = φno kai èqoume ‖φ− f‖p < ε. ¤

Ja deÐxoume t¸ra ìti mi� sun�rthsh pou an kei sto q¸ro Lp[a, b] mporeÐ
na proseggisteÐ sto q¸ro autì apì mi� klimakwt  sun�rthsh. JumÐzoume
ìti mi� sun�rthsh ψ : [a, b] → R onom�zetai klimakwt  an up�rqei diamèrish
P = {a = xo, x1, . . . , xm = b} tètoia ¸ste h ψ na eÐnai stajer  se kajèna
apì ta diast mata (xi−1, xi). Oi klimakwtèc sunart seic apoteloÔn mi� eidik 
kathgorÐa apl¸n sunart sewn.
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Je¸rhma 4.5.2 'Estw f ∈ Lp[a, b], 1 ≤ p < ∞. Gia k�je ε > 0, up�rqei
klimakwt  sun�rthsh ψ tètoia ¸ste

‖f − ψ‖p < ε.

Apìdeixh.

B ma 1: ApodeiknÔoume pr¸ta to Je¸rhma ìtan f = χE , ìpou E èna
metr simo uposÔnolo toÔ [a, b]. 'Estw ε > 0. Lìgw toÔ Jewr matoc 1.4.4,
up�rqei anoiktì sÔnolo A tètoio ¸ste E ⊂ A kai m(A \ E) < εp/2p. To A
eÐnai arijm simh ènwsh xènwn anoikt¸n diasthm�twn (aj , bj). Epomènwc

(4.4) m(A) =
∞∑

j=1

(bj − aj) = m(E) + m(A \ E) < m(E) +
εp

2p
.

H seir�
∑∞

j=1(bj − aj) sugklÐnei. 'Ara up�rqei fusikìc N tètoioc ¸ste

∞∑

j=N+1

(bj − aj) <
εp

2p
.

'Estw ψ h qarakthristik  sun�rthsh toÔ sunìlou ∪N
j=1(aj , bj). Profan¸c

h ψ eÐnai klimakwt  sun�rthsh. Qrhsimopoi¸ntac thn anisìthta Minkowski
kai thn (4.4), blèpoume ìti

‖χE − ψ‖p ≤ ‖χE − χA‖p + ‖χA − ψ‖p

≤ m(A \ E)1/p + m
(∪∞j=N+1(aj , bj)

)1/p

<
ε

2
+

ε

2
= ε.

B ma 2: Sto B ma autì ja apodeÐxoume to je¸rhma gia f apl  sun�rthsh.
'Estw

f =
n∑

j=1

ajχEj

h kanonik  par�stash t c f . 'Estw ε > 0. Apì to B ma 1, up�rqoun kli-
makwtèc sunart seic ψj , j = 1, 2, . . . , n tètoiec ¸ste

‖χEj − ψj‖p <
ε∑n

j=1 |aj | , j = 1, 2, . . . , n.

Jètoume

ψ =
n∑

j=1

ajψj .
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H ψ eÐnai klimakwt  sun�rthsh kai isqÔei

‖f − ψ‖p ≤
n∑

j=1

|aj | ‖χEj − ψj‖p < ε.

B ma 3: Tèloc apodeiknÔoume to je¸rhma gia tuqoÔsa f ∈ Lp[a, b]. 'Estw
ε > 0. Apì to Je¸rhma 4.5.1, up�rqei apl  sun�rthsh φ me ‖f − φ‖p < ε/2.
Apì to B ma 2, up�rqei klimakwt  sun�rthsh ψ me ‖φ− ψ‖p < ε/2. 'Ara

‖f − ψ‖p ≤ ‖f − φ‖p + ‖φ− ψ‖p < ε.

¤

Je¸rhma 4.5.3 'Estw f ∈ Lp[a, b], 1 ≤ p < ∞. Gia k�je ε > 0, up�rqei
suneq c sun�rthsh g tètoia ¸ste

‖f − g‖p < ε.

Apìdeixh.
'Estw ε > 0. Apì to Je¸rhma 4.5.2, up�rqei klimakwt  sun�rthsh ψ tètoia
¸ste ‖f − ψ‖ < ε/2. Jètoume

M = sup{|ψ(x)| : x ∈ [a, b]}.

Kataskeu�zoume me ton profan  trìpo mi� tmhmatik� afinik  suneq  sun�rthsh
g : [a, b] → R me

m ({x ∈ [a, b] : ψ(x) 6= g(x)}) <
( ε

4M

)p

kai |g(x)| ≤ M . Tìte

‖ψ − g‖p =

(∫

[a,b]
|ψ − g|p

)1/p

≤ ((2M)pm(ψ 6= g))1/p <
ε

2
.

'Ara
‖f − g‖p ≤ ‖f − ψ‖p + ‖ψ − g‖p < ε.

¤
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Je¸rhma 4.5.4 'Estw f ∈ Lp(E), ìpou E ∈ M kai 1 ≤ p < ∞. Gia k�je
ε > 0, up�rqei suneq c sun�rthsh g h opoÐa eÐnai Ðsh me 0 èxw apì èna
fragmèno di�sthma kai isqÔei

‖f − g‖Lp(E) < ε.

Apìdeixh.
EpekteÐnoume thn f sto R jètontac f = 0 sto R \ E. DiakrÐnoume dÔo
peript¸seic:

PerÐptwsh 1: Up�rqei kleistì di�sthma [a, b] tètoio ¸ste f = 0 sto
R \ [a, b].

'Estw ε > 0. Lìgw toÔ Jewr matoc 4.5.3, up�rqei suneq c sun�rthsh
h : [a, b] → R me

(4.5) ‖f − h‖Lp[a,b] <
ε

2
.

'Estw
M = max{|h(x)| : x ∈ [a, b]}.

Ja kataskeu�soume t¸ra suneq  sun�rthsh g : R → R tropopoi¸ntac thn
h. 'Estw δ > 0 mikrìc jetikìc arijmìc. H g orÐzetai wc ex c:
(a) g = 0 sto R \ [a, b].
(b) g = h sto [a + δ, b− δ].
(g) H g eÐnai afinik  se kajèna apì ta diast mata [a, a + δ], [b − δ, b] kai
epÐshc eÐnai suneq c sto R.

O arijmìc δ epilègetai arket� mikrìc ètsi ¸ste

‖h− g‖Lp[a,b] =
(∫ b

a
|h− g|p

)1/p

≤ ((2M)p 2δ)1/p <
ε

2
.

Telik� èqoume

‖f − g‖Lp(E) =
(∫

E
|f − g|p

)1/p

=

(∫

E∩[a,b]
|f − g|p

)1/p

≤
(∫

[a,b]
|f − g|p

)1/p

= ‖f − g‖Lp[a,b]

≤ ‖f − h‖Lp[a,b] + ‖h− g‖Lp[a,b] < ε.

'Etsi to Je¸rhma apodeÐqjhke sthn PerÐptwsh 1.

PerÐptwsh 2: Den up�rqei kleistì di�sthma [a, b] tètoio ¸ste f = 0 sto
R \ [a, b].
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'Estw ε > 0. JewroÔme thn akoloujÐa sunar sewn fn = fχ[−n,n]. IsqÔei
fn ∈ Lp(E), n ∈ N, |fn|p ≤ |f |p ∈ L1(E) kai fn → f sto E. Apì to
Je¸rhma KuriarqoÔmenhc SÔgklishc,

lim
n→∞

∫

E
|fn|p =

∫

E
|f |p.

Apì thn 'Askhsh 4.6.9, fn → f sto q¸ro Lp(E), dhlad  ‖fn − f‖Lp(E) → 0.
Epilègoume no arkoÔntwc meg�lo ¸ste na èqoume

‖f − fno‖Lp(E) <
ε

2
.

Apì thn PerÐptwsh 1, up�rqei suneq c sun�rthsh g : R → R h opoÐa eÐnai
Ðsh me 0 èxw apì to di�sthma [−no, no] kai

‖fno − g‖Lp(E) <
ε

2
.

Telik� loipìn

‖f − g‖Lp(E) ≤ ‖f − fno‖Lp(E) + ‖fno − g‖Lp(E) < ε.

¤

4.6 Ask seic
4.6.1 An f ∈ Lp kai E ∈ M, deÐxte ìti o periorismìc t c f sto E an kei sto q¸ro

Lp(E).

4.6.2 'Estw f(x) = 1/x. Exet�ste gia poi� p ∈ (0,∞), sunart seic f, fχ(0,1),
fχ(1,∞), fχ[1,2] an koun ston Lp.

4.6.3 'Estw f(x) = x−1/2(1 + | log x|)−1. DeÐxte ìti f ∈ Lp(0,∞) an kai mìno an
p = 2.

4.6.4 'Estw f ∈ Lp, 0 < p < ∞. DeÐxte ìti gia α > 0, isqÔei

m({|f | > α}) ≤
(‖f‖p

α

)p

< ∞.

4.6.5 TÐ lèei to L mma 4.2.1 gia λ = 1
2 ?

4.6.6 DeÐxte ìti sthn anisìthta Hölder, isìthta isqÔei an kai mìno an up�rqoun
pragmatikoÐ c1, c2, ìqi kai oi dÔo Ðsoi me to mhdèn, tètoioi ¸ste c1|f |p = c2|g|q σ.π..
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4.6.7 Exet�ste pìte isqÔei h isìthta sthn ansìthta Minkowski.
Upìdeixh: H ap�nthsh eÐnai diaforetik  gia p = 1 kai gia 1 < p < ∞.

4.6.8 'Estw E ∈ M me m(E) < ∞. 'Estw f : E → R metr simh sun�rthsh.
Jètoume

En = {n− 1 ≤ |f | < n}, n ∈ N.

DeÐxte ìti f ∈ Lp(E), 0 < p < ∞ an kai mìno an

∞∑
n=1

npm(En) < ∞.

4.6.9 Upojètoume ìti 1 ≤ p < ∞, fn, f ∈ Lp kai fn → f σ.π.. DeÐxte ìti

‖fn − f‖p → 0 ⇔ ‖fn‖p → ‖f‖p.

Upìdeixh: 'Askhsh 3.7.16

4.6.10 An 1 < p < ∞, q = p/(p− 1), fn → f ston Lp kai gn → g ston Lq, deÐxte
ìti fngn → fg ston L1.

4.6.11 An fn → f ston Lp(E) kai fn → g σ.π. sto E, tìte f = g σ.π. sto E.

4.6.12 DÐnontai metr simo sÔnolo E me m(E) < ∞ kai arijmoÐ r, s me 0 < r <
s < ∞.
(a) An h f : E → R eÐnai metr simh sun�rthsh, deÐxte ìti

‖f‖r ≤ ‖f‖s m(E)1/r−1/s.

(b) DeÐxte ìti Ls(E) ⊂ Lr(E).
(g) DeÐxte ìti Ls([0, 1]) 6= Lr([0, 1]).

4.6.13 'Estw ìti 0 < p < ∞. OrÐzoume

f(x) =

{
0, x ≤ 0,

x−1/p(1 + | log x|)−2/p, x > 0.

DeÐxte ìti f ∈ Lp \ Lq gia q 6= p.

4.6.14 'Estw ìti 0 < p < q < ∞. BreÐte sunart seic f ∈ Lp \Lq kai g ∈ Lq \Lp.

4.6.15 'Estw 1 ≤ p < ∞. BreÐte sunart seic f, g ∈ Lp tètoiec ¸ste fg /∈ Lp.

4.6.16 'Estw ìti 0 < p < q < r < ∞. DeÐxte ìti k�je f ∈ Lq gr�fetai wc
�jroisma mi�c sun�rthshc toÔ Lp kai mi�c sun�rthshc toÔ Lr.
Upìdeixh: An E = {|f | > 1}, g = fχE kai h = fχEc .
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4.6.17 DeÐxte ìti an f ∈ Ls ∩Lr, 0 < r < s < ∞, tìte f ∈ Lp gia k�je p ∈ [r, s].

4.6.18 (a) DeÐxte ìti L∞(E) ⊂ L1(E) an kai mìno an m(E) < ∞.
(b) DeÐxte ìti an m(E) < ∞ kai f ∈ L∞(E), tìte

‖f‖∞ = lim
p→∞

‖f‖p.

Upìdeixh: An 0 < s < ‖f‖∞ kai A = {|f | > s}, tìte ‖f‖p ≥ sm(A)1/p → s.

4.6.19 An 1 < p < ∞, q = p/(p− 1) kai f ∈ Lp, deÐxte ìti |f |p−1 ∈ Lq kai

‖|f |p−1‖q = ‖f‖p−1
p .

4.6.20 'Estw ìti 1 < p < ∞.
(a) An f ∈ L∞ ∩ Lp, deÐxte ìti f ∈ Lq gia k�je q > p.
(b) An f ∈ L∞ ∩ Lp, ‖f‖∞ = limq→∞ ‖f‖q.

4.6.21 Upojètoume ìti m(E) = 1 kai f ∈ Lp(E) gia k�poio p > 0. DeÐxte ìti

log ‖f‖p ≥
∫

E

log |f |.

4.6.22 ApodeÐxte thn akìloujh genÐkeush thc anisìthtac Hölder: An p1, p2, . . . , pn

eÐnai jetikoÐ arijmoÐ me �jroisma Ðso me 1 kai f1, f2, . . . , fn metr simec sunart seic
sto E, tìte

∫

E




n∏

j=1

|fj |pj


 ≤

n∏

j=1

(∫

E

|fj |
)pj

.

4.6.23 ApodeÐxte mi� akìmh genÐkeush thc anisìthtac Hölder: An 1 ≤ p, q, r < ∞
kai r−1 = p−1 + q−1 kai f ∈ Lp, g ∈ Lq, tìte

‖fg‖r ≤ ‖f‖p ‖g‖q.

4.6.24 ApodeÐxte thn akìloujh anisìthta toÔ Liapounov: An 1 ≤ p, q < ∞,
0 ≤ α ≤ 1 kai r = αp + (1− α)q, tìte

‖f‖r
r ≤ ‖f‖αp

p ‖f‖(1−α)q
q .

4.6.25 DeÐxte ìti an {fn} eÐnai akoloujÐa ston Lp, 1 ≤ p < ∞, kai ‖fn‖p ≤ 1 kai
fn → f σ.π., tìte f ∈ Lp kai ‖f‖p ≤ 1.

4.6.26 DeÐxte ìti an h sun�rthsh f eÐnai omoiìmorfa suneq c sto R kai f ∈ Lp

gia k�poio p ∈ [1,∞), tìte

lim
x→∞

f(x) = lim
x→−∞

f(x) = 0.
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4.6.27 'Estw ìti 1 ≤ p < ∞. BreÐte suneq , mh fragmènh sun�rthsh f ∈ Lp.

4.6.28 DeÐxte ìti an f, g ∈ L∞, tìte fg ∈ L∞ kai

‖fg‖∞ ≤ ‖f‖∞ ‖g‖∞.

4.6.29 'Estw E ⊂ R me m(E) < ∞. 'Estw p ∈ [1,∞). DeÐxte ìti L∞(E) ⊂
Lp(E). DeÐxte ìti an f ∈ L∞, tìte ‖f‖p ≤ m(E)1−1/p‖f‖∞.

4.6.30 DÐnontai sunart seic f ∈ L∞(E) kai g ∈ Lp(E), 1 ≤ p < ∞. DeÐxte ìti
fg ∈ Lp(E) kai ‖fg‖p ≤ ‖f‖∞‖g‖p. Exet�ste pìte isqÔei h isìthta.

4.6.31 Upojètoume ìti fn → f ston Lp, 1 ≤ p < ∞ kai ìti {gn} eÐnai mi�
akoloujÐa ston L∞ me ‖gn‖∞ ≤ 1 kai gn → g σ.π.. DeÐxte ìti fngn → fg ston Lp.

4.6.32 DÐnetai akoloujÐa sunart sewn {φn} me tic idiìthtec:
(a) φn ∈ L1(R) kai

∫
R φn = 1 gia k�je n ∈ N.

(b) φn ≥ 0 gia k�je n ∈ N.
(g) Gia k�je δ > 0,

lim
n→∞

∫

{|t|<δ}
φn = 0.

DeÐxte ìti gia p > 1,
lim

n→∞
‖φn‖p = ∞.

4.6.33 'Estw f : R→ R metr simh sun�rthsh. H sun�rthsh katanom c t c f
eÐnai h sun�rthsh λf : (0,∞) → [0,∞] me

λf (α) = m({|f | > α}).
DeÐxte ìti
(a) H λf eÐnai fjÐnousa kai suneq c apì dexi�.
(b) An |f | ≤ |g|, tìte λf ≤ λg.
(g) An {fn} eÐnai mi� akoloujÐa metr simwn sunart sewn tètoia ¸ste fn−→σ f sto R
kai h akoloujÐa sunart sewn {|fn|} eÐnai aÔxousa, tìte h akoloujÐa sunart sewn
{λfn} eÐnai aÔxousa kai sugklÐnei shmeiak� sth λf .
(d) An 1 ≤ p ≤ ∞, tìte

∫

R
|f |p = p

∫ ∞

0

αp−1λf (α) dα.

Upìdeixh: ApodeÐxte to (d) pr¸ta gia aplèc sunart seic qrhsimopoi¸ntac ton oris-
mì t c sun�rthshc katanom c. Met� prosèggish kai Je¸rhma Monìtonhc SÔgk-
lishc.

4.6.34 'Estw {fn} mi� akoloujÐa sunart sewn me fn → f sto q¸ro Lp[a, b],
1 ≤ p < ∞. 'Estw {gn} mi� akoloujÐa metr simwn sunart sewn tètoia ¸ste
|gn| ≤ C gia k�je n ∈ N kai gn → g σ.π. sto [a, b]. DeÐxte ìti fngn → fg ston
Lp[a, b].
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4.6.35? 'Estw f ∈ L1. Gia t ∈ R, h metafor� t c f kat� t eÐnai h sun�rthsh
ft(x) = f(x + t), x ∈ R. DeÐxte ìti:
(a)

∫
R f =

∫
R ft.

(b) An h g eÐnai mi� fragmènh metr simh sun�rthsh, tìte

lim
t→0

∫

R
|g(f − ft)| = 0.

(g) IsqÔei

lim
t→0

∫

R
|f − ft| = 0.

4.6.36 An 1 ≤ p < ∞ kai f eÐnai mi� metr simh sun�rthsh sto R, jètoume

[f ]p =
(

sup
α>0

αpλf (α)
)1/p

.

O q¸roc Lp
w (asjen c Lp) apoteleÐtai apì tic sunart seic f gia tic opoÐec [f ]p <

∞. DeÐxte ìti an f ∈ Lp, tìte f ∈ Lp
w kai [f ]p ≤ ‖f‖p. DeÐxte epÐshc ìti h

sun�rthsh f(x) = x−1/pχ(0,∞) an kei ston Lp
w all� ìqi ston Lp.

4.6.37 (a) DeÐxte ìti gia 1 < p < ∞ kai a, b ≥ 0,

ap + bp ≤ (a + b)p ≤ 2p−1(ap + bp).

(b) DeÐxte ìti gia 0 < p < 1 kai a, b ≥ 0,

ap + bp ≥ (a + b)p ≥ 2p−1(ap + bp).

Upìdeixh: Jewr ste th sun�rthsh (1 + x)p/(1 + xp), x ∈ [0, 1].

4.6.38? Gia 0 < p < 1, deÐxte ìti:
(a) O Lp eÐnai dianusmatikìc q¸roc.
(b) H sun�rthsh dp(f, g) =

∫
R |f − g|p eÐnai metrik  ston Lp.

(g) O Lp eÐnai pl rhc metrikìc q¸roc.
(d) 'Estw ìti p−1 + q−1 = 1 (q < 0!). An f ∈ Lp kai f, g ≥ 0 kai 0 <

∫
R gq < ∞,

tìte
∫
R fg ≥ ‖f‖p ‖g‖q.

(e)An f, g ∈ Lp kai f, g ≥ 0, tìte ‖f + g‖p ≥ ‖f‖p + ‖g‖p.
(st) An E,F eÐnai dÔo xèna, metr sima sÔnola me peperasmèno, jetikì mètro, tìte

‖χE + χF ‖p > ‖χE‖p + ‖χF ‖p.

(z) An f, g ∈ Lp, tìte ‖f + g‖p ≤ 21/p(‖f‖p + ‖g‖p).

4.6.39? 'Estw ìti E = [0, 1], 0 < p < 1 kai f ∈ L1(E). DeÐxte:
(a) f ∈ Lp(E).
(b)

∫
E

log |f | ≤ log ‖f‖p.
(g) (

∫
E
|f |p − 1)/p ≥ log ‖f‖p.

(d) limp→0(
∫

E
|f |p − 1)/p =

∫
E

log |f |.
(e) limp→0 ‖f‖p = exp(

∫
E

log |f |).
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4.6.40? DeÐxte ìti an f ∈ L1[a, b] kai f 6= 0 σ.π. sto [a, b], tìte

lim
p→0+

(
1

b− a

∫ b

a

|f |p
)1/p

= exp

(
1

b− a

∫ b

a

log |f |
)

.

4.6.41 DeÐxte ìti to Je¸rhma 4.5.1 eÐnai isodÔnamo me thn Prìtash: 'Estw f ∈
Lp[a, b], 1 ≤ p < ∞. Up�rqei akoloujÐa apl¸n sunart sewn {φn} tètoia ¸ste

lim
n→∞

∫ b

a

|f − φn|p = 0.

Diatup¸ste kai apodeÐxte an�logec prot�seic isodÔnamec me ta jewr mata 4.5.2-
4.5.4.

4.6.42 DeÐxte me antipar�deigma ìti to Je¸rhma 4.5.3 den isqÔei gia p = ∞.

4.7 Shmei¸seic
Oi q¸roi Lp paÐzoun polÔ shmantikì rìlo se polloÔc kl�douc t c sÔgqronhc
An�lushc. O L2  tan o pr¸toc pou melet jhke lìgw t c shmasÐac tou sth jewrÐa
t¸n seir¸n Fourier. H plhrìthta toÔ L2 apodeÐqjhke to 1907 apì touc E. Fischer
kai F. Riesz. H apìdeixh aut  up rxe ènac apì toÔc pr¸touc jri�mbouc t c jewrÐac
toÔ Lebesgue. H basik  jewrÐa twn q¸rwn Lp anaptÔqjhke apì ton Riesz to 1910.

H anisìthta toÔ Hölder apodeÐqjhke anex�rthta apì touc Hölder kai Rogers.
To klasikì biblÐo [G.Hardy, J.Littlewood, G. Polya, Inequalities, Cambridge Uni-
v. Press 1952] perièqei pollèc sqetikèc anisìthtec. Mi� apìdeixh t c anisìthtac
Hölder me Migadik  An�lush up�rqei sto �rjro [L.A.Rubel, A complex-variables
proof of Hölder’s inequality, Proc. Amer. Math. Soc. 15 (1964), 999].

Perissìtera gia touc q¸rouc Lp up�rqoun sta biblÐa [10], [3], [7] kaj¸c kai
sto biblÐo [E.H.Lieb, M.Loss, Analysis, 2nd edition, Amer. Math. Soc. 2001].
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Kef�laio 5

Afhrhmènh jewrÐa mètrou
kai olokl rwshc

5.1 σ-'Algebrec
Orismìc 5.1.1 'Estw X èna mh kenì sÔnolo. 'Ena mh kenì sÔnolo A uposunìlwn
toÔ X onom�zetai �lgebra sto X, an èqei tic idiìthtec:
(a) An E ∈ A, tìte Ec := X \ E ∈ A.
(b) An E1, E2 ∈ A, tìte E1 ∪ E2 ∈ A.

Orismìc 5.1.2 'Estw X èna mh kenì sÔnolo. 'Ena mh kenì sÔnolo A uposunìlwn
toÔ X onom�zetai σ-�lgebra sto X, an èqei tic idiìthtec:
(a) An E ∈ A, tìte Ec ∈ A.
(b) An Ek ∈ A gia k�je k ∈ N, tìte ∪∞k=1Ek ∈ A.

Par�deigma 5.1.3 'Estw X èna mh kenì sÔnolo. Ta sÔnola P(X) kai {∅, X}
eÐnai σ-�lgebrec sto X.

Par�deigma 5.1.4 To sÔnolo M twn metr simwn uposunìlwn toÔ R eÐnai σ-�lgebra
sto R.

Par�deigma 5.1.5 'Estw X èna uperarijm simo sÔnolo. To sÔnolo

A = {E ⊂ X : E to polÔ arijm simo   Ec to polÔ arijm simo}

eÐnai σ-�lgebra. H idiìthta (a) eÐnai profan c. An Ek ∈ A, tìte eÐte ìla ta
Ek eÐnai to polÔ arijm sima, opìte kai h ènws  touc, eÐte èna toul�qiston eÐnai
uperarijm simo, ac poÔme to E1. Tìte to Ec

1 eÐnai to polÔ arijm simo. Epeid 
(∪∞k=1Ek)c ⊂ Ec

1, to (∪∞k=1Ek)c eÐnai to polÔ arijm simo kai sunep¸c ∪∞k=1Ek ∈ A.
'Ara h A èqei kai thn idiìthta (b).
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Par�deigma 5.1.6 'Estw A mi� σ-�lgebra sto sÔnolo X. 'Estw X1 ∈ A, X1 6= ∅.
To sÔnolo A1 = {E ∩X1 : E ∈ A} eÐnai σ-�lgebra sto X1.

EÔkola apodeiknÔetai ìti h tom  mi�c oikogèneiac σ-algebr¸n sto sÔnolo X
eÐnai σ-�lgebra sto X.

Prìtash 5.1.7 'Estw X èna mh kenì sÔnolo. An E eÐnai èna mh kenì sÔnolo
uposunìlwn toÔ X, tìte up�rqei mi� el�qisth σ-�lgebra A me E ⊂ A.

Apìdeixh.

'Estw Φ to sÔnolo twn σ-algebr¸n pou perièqoun to E. To Φ den eÐnai kenì
diìti E ⊂ P(X), dhlad  P(X) ∈ Φ. Jètoume

M(E) =
⋂

A∈Φ

A.

To M(E) eÐnai σ-�lgebra kai E ⊂ M(E). Epiplèon, an A eÐnai mi� σ-�lgebra me
E ⊂ A, tìte M(E) ⊂ A. ¤

H σ-�lgebra M(E) onom�zetai σ-�lgebra pou par�getai apì to E.

Prìtash 5.1.8 An E kai F eÐnai mh ken� sÔnola uposunìlwn toÔ X kai E ⊂ M(F),
tìte M(E) ⊂ M(F).

Apìdeixh.
H M(F) eÐnai σ-�lgebra kai E ⊂ M(F ). H M(E) eÐnai h el�qisth σ-�lgebra me
E ⊂ M(E). 'Ara M(E) ⊂ M(F). ¤

Par�deigma 5.1.9 'Estw E to sÔnolo ìlwn twn anoikt¸n sunìlwn toÔ R. H σ-
�lgebra M(E) onom�zetai Borel σ-�lgebra kai sumbolÐzetai me B. H B eÐnai
loipìn h el�qisth σ-�lgebra pou perièqei ìla ta anoikt� sÔnola sto R. K�je
sÔnolo pou an kei sth B onom�zetai sÔnolo Borel. EÐnai fanerì ìti k�je Fσ

sÔnolo kai k�je Gδ sÔnolo eÐnai sÔnolo Borel. Epeid  k�je anoiktì sÔnolo eÐnai
metr simo, o orismìc t c B sunep�getai ìti k�je sÔnolo Borel eÐnai metr simo.

Prìtash 5.1.10 JewroÔme ta akìlouja sÔnola uposunìlwn toÔ R.
(a) E1 = {(a, b) : a < b}.
(b) E2 = {[a, b] : a < b}.
(g) E3 = {(a, b] : a < b}.
(d) E4 = {[a, b) : a < b}.
(e) E5 = {(a,∞) : a ∈ R}.
(st) E6 = {(−∞, a) : a ∈ R}.
(z) E7 = {[a,∞) : a ∈ R}.
(h) E8 = {(−∞, a] : a ∈ R}.
IsqÔei M(Ej) = B gia j = 1, 2, . . . , 8.
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Apìdeixh.
Ja apodeÐxoume mìno ìti M(E1) = B. Ta upìloipa af nontai gia �skhsh.

Epeid  E1 ⊂ B, h Prìtash 5.1.8 sunep�getai M(E1) ⊂ B. Gia to antÐstrofo
ergazìmaste wc ex c: K�je anoiktì di�sthma thc morf c (−∞, a) an kei sthn
M(E1) diìti (−∞, a) = ∪n(−n, a). ParomoÐwc, k�je anoiktì di�sthma thc morf c
(a,∞) an kei sthn M(E1). An t¸ra A eÐnai tuqaÐo anoiktì uposÔnolo toÔ R, tìte
to A gr�fetai san arijm simh ènwsh anoikt¸n diasthm�twn t c morf c (−∞, a)  
(a,∞)   (a, b). 'Ara A ∈ M(E1). Apì thn Prìtash 5.1.8, B ⊂ M(E1). ¤

Par�deigma 5.1.11 SumbolÐzoume me B to sÔnolo ìlwn twn uposunìlwn toÔ R
pou èqoun mi� apì tic akìloujec morfèc:

E, E ∪ {∞}, E ∪ {−∞}, E ∪ {∞,−∞},

ìpou E ∈ B. To sÔnolo B eÐnai σ-�lgebra sto R. H B eÐnai h σ-�lgebra pou
par�getai apì ta anoikt� sÔnola toÔ R.

5.2 H ènnoia toÔ mètrou
Orismìc 5.2.1 'Estw A mi� σ-�lgebra sto sÔnolo X. Mi� sunolosun�rthsh µ :
A → [0,∞] onom�zetai mètro sto X an èqei tic idiìthtec:
(a) µ(∅) = 0,
(b) An {Ej} eÐnai mi� akoloujÐa apì xèna sÔnola thc A, tìte

µ




∞⋃

j=1

Ej


 =

∞∑

j=1

µ(Ej).

H tri�da (X, A, µ) onom�zetai q¸roc mètrou.

H idiìthta (b), h opoÐa onom�zetai arijm simh prosjetikìthta, sunep�getai
thn peperasmènh prosjetikìthta: An {Ej}, j = 1, 2, . . . , n eÐnai xèna sÔnola
thc A, tìte

µ




n⋃

j=1

Ej


 =

n∑

j=1

µ(Ej).

An gia èna mètro µ sto X, isqÔei µ(X) < ∞, to µ onom�zetai peperasmèno mètro.
Epeid  gia k�je E ∈ A, µ(X) = µ(E) + µ(Ec), an to µ eÐnai peperasmèno, tìte
µ(E) < ∞. An X = ∪∞n=1En me En ∈ A kai µ(En) < ∞, tìte to µ onom�ze-
tai σ-peperasmèno. 'Enac q¸roc mètrou (X, A, µ) me µ(X) = 1 lègetai q¸roc
pijanìthtac; to µ lègetai mètro pijanìthtac.

Par�deigma 5.2.2 To mètro Lebesgue m : M → [0,∞] eÐnai èna σ-peperasmèno
all� ìqi peperasmèno mètro sto R. An periorÐsoume to m sth σ-�lgebra B, to
m : B → [0,∞] eÐnai σ-peperasmèno all� ìqi peperasmèno mètro sto R.
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Par�deigma 5.2.3 Ac eÐnai X èna mh kenì sÔnolo kai p èna stoiqeÐo toÔ X. OrÐ-
zoume th sun�rthsh µp : P(X) → [0,∞] me

µp(E) =

{
0, an p /∈ E,

1, an p ∈ E.

To µ eÐnai mètro sto X kai onom�zetai mètro Dirac   shmeiak  m�za.

Par�deigma 5.2.4 An E eÐnai èna peperasmèno uposÔnolo toÔ N, subolÐzoume me
card(E) ton arijmì twn stoiqeÐwn toÔ E. Sto P(N) orÐzoume th sun�rthsh

µ(E) =

{
card(E), an to E eÐnai peperasmèno,

∞, an to E eÐnai �peiro.

To µ eÐnai èna σ-peperasmèno mètro sto N kai onom�zetai mètro arÐjmhshc.

Par�deigma 5.2.5 'Estw (X, A, µ) ènac q¸roc mètrou. 'Estw F èna mh kenì sÔno-
lo sthn A. JewroÔme th σ-�lgebra AF = {F ∩ E : E ∈ A} kai orÐzoume th
sun�rthsh µF : AF → [0,∞] me

µF (A) = µ(A), A ∈ AF .

To µF eÐnai mètro sto F . Lème ìti to µF eÐnai o periorismìc toÔ µ sto F .

Par�deigma 5.2.6 'Estw f : R→ R mi� metr simh, jetik  sun�rthsh. Gia E ∈ M,
orÐzoume

µf (E) =
∫

E

f.

Qrhsimopoi¸ntac apotelèsmata t c §3.2 (Parat rhsh 3 kai Je¸rhma Levi), blè-
poume ìti to µf eÐnai èna mètro orismèno sth σ-�lgebra M.

Diaisjhtik�, èna mètro sto X eÐnai mi� katanom  m�zac p�nw sto X. O ari-
jmìc µ(X) eÐnai h sunolik  m�za. Sthn perÐptwsh thc shmeiak c m�zac (Par�deigma
5.2.3), ìlh h m�za eÐnai sugkentrwmènh se èna shmeÐo toÔ X. Sto mètro arÐjmhshc
(Par�deigma 5.2.4), �peirh m�za eÐnai omoiìmorfa katanemhmènh p�nw sto N. Paro-
moÐwc to mètro Lebesgue sto R katanèmei omoiìmorfa �peirh m�za p�nw sto R. To
mètro Lebesgue periorismèno sto [0, 1] (bl. Par�deigma 5.2.5) katanèmei sunolik 
m�za Ðsh me 1 omoiìmorfa p�nw sto [0, 1]. Sto Par�deigma 5.2.6, h sun�rthsh f
paÐzei to rìlo thc grammik c puknìthtac.

Gia ta mètra pijanìthtac, mi� diaisjhtik  ermhneÐa eÐnai ìti ekfr�zoun thn pi-
janìthta na sumbeÐ k�ti. Bl. Ask seic 5.6.17, 5.6.18.

Oi basikèc idiìthtec twn mètrwn sunoyÐzontai st n parak�tw prìtash.
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Prìtash 5.2.7 'Estw (X, A, µ) ènac q¸roc mètrou.
(a) (MonotonÐa) An E, F ∈ A kai E ⊂ F , tìte µ(E) ≤ µ(F ).
(b) (Upoprosjetikìthta) An {Ej} ⊂ A, tìte µ(∪∞j=1Ej) ≤

∑∞
j=1 µ(Ej).

(g) (Sunèqeia apì k�tw) An {Ej} ⊂ A kai E1 ⊂ E2 ⊂ . . . , tìte µ(∪∞j=1Ej) =
limj→∞ µ(Ej).
(d) (Sunèqeia apì p�nw) An {Ej} ⊂ A kai E1 ⊃ E2 ⊃ . . . kai µ(E1) < ∞, tìte
µ(∩∞j=1Ej) = limj→∞ µ(Ej).

Apìdeixh.

(a) An E ⊂ F , tìte µ(F ) = µ(E) + µ(F \ E) ≥ µ(E).
(b) Jètoume F1 = E1 kai Fk = Ek \ (∪k−1

j=1Ej) gia k ≥ 2. Ta Fk eÐnai xèna kai
∪n

j=1Ej = ∪n
j=1Fj gia ìla ta n ∈ N. 'Ara, lìgw toÔ (a),

µ
(∪∞j=1Ej

)
= µ

(∪∞j=1Fj

)
=

∞∑

j=1

µ(Fj) ≤
∞∑

j=1

µ(Ej).

(g) Jètoume E0 = ∅ kai èqoume

µ




∞⋃

j=1

Ej


 = µ




∞⋃

j=1

(Ej \ Ej−1)


 =

∞∑

j=1

µ(Ej \ Ej−1) = lim
n→∞

n∑

j=1

µ(Ej \ Ej−1)

= lim
n→∞

µ




n⋃

j=1

(Ej \ Ej−1)


 = lim

n→∞
µ(En).

(d) Jètoume Fj = E1 \ Ej kai parathroÔme ìti F1 ⊂ F2 ⊂ . . . , µ(E1) =
µ(Fj) + µ(Ej) kai ∪∞j=1Fj = E1 \ (∩∞j=1Ej). Efarmìzoume to (g) kai prokÔptei

µ(E1) = µ(∩∞j=1Ej) + µ(∪∞j=1Fj) = µ(∩∞j=1Ej) + lim
j→∞

µ(Fj)

= µ(∩∞j=1Ej) + lim
j→∞

[µ(E1)− µ(Ej)].

Epeid  µ(E1) < ∞, mporoÔme na to afairèsoume opìte prokÔptei to (d). ¤

5.3 Metr simec sunart seic
Orismìc 5.3.1 'Estw A mi� σ-�lgebra sto sÔnolo X. Mi� sun�rthsh f : X → R
onom�zetai A-metr simh an gia k�je α ∈ R, to sÔnolo {x ∈ X : f(x) > α} an kei
sthn A.

An X = R kai A = M, tìte oi A-metr simec sunart seic eÐnai akrib¸c oi
Lebesgue metr simec sunart seic pou melet same sto Kef�laio 2. Oi perissìterec
apì tic idiìthtec twn Lebesgue metr simwn sunart sewn isqÔoun kai gia tic A-
metr simec sunart seic.
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'Opwc kai sta prohgoÔmena kef�laia, gia sunart seic f : X → R kai α ∈ R,
ja qrhsimopoioÔme toÔ sumbolismoÔc {f > α} = {x ∈ E : f(x) > α}, {f ≥ α},
{f < α}, {f ≤ α}, {f = α} klp. H akìloujh prìtash apodeiknÔetai ìpwc akrib¸c
kai h antÐstoiq  thc sto Kef�laio 2.

Prìtash 5.3.2 'Estw A mi� σ-�lgebra sto sÔnolo X. 'Estw f : X → R mi�
sun�rthsh. Oi akìloujec prot�seic eÐnai isodÔnamec: (a) H f eÐnai A-metr simh.
(b) ∀α ∈ R, {f ≥ α} ∈ A. (g) ∀α ∈ R, {f < α} ∈ A. (d) ∀α ∈ R, {f ≤ α} ∈ A.

Prìtash 5.3.3 Ac eÐnai A mi� σ-�lgebra sto sÔnolo X kai f : X → R mi�
sun�rthsh.
(a) An h f eÐnai A-metr simh, tìte to sÔnolo

E = {E ⊂ R : f−1(E) ∈ A}
eÐnai σ-�lgebra sto R kai B ⊂ E.
(b) H f eÐnai A-metr simh an kai mìno an gia k�je E ∈ B, isqÔei f−1(E) ∈ A.
Apìdeixh.
(a) Epeid  f−1(∅) = {x ∈ X : f(x) ∈ ∅} = ∅ ∈ A, isqÔei ∅ ∈ E. EpÐshc, an E ∈ E,
tìte f−1(E) ∈ A. 'Ara f−1(Ec) = (f−1(E))c ∈ A. Epomènwc Ec ∈ E. Tèloc, an
Ej ∈ E, tìte f−1(Ej) ∈ A kai sunep¸c f−1(∪∞j=1Ej) = ∪∞j=1f

−1(Ej) ∈ A. 'Ara
∪∞j=1Ej ∈ E. DeÐxame loipìn ìti h E eÐnai σ-�lgebra sto R.

'Estw t¸ra A èna anoiktì uposÔnolo toÔ R. An A = [−∞, a), tìte f−1(A) =
{f < a} ∈ A ki epomènwc A ∈ E. An A = (a,∞], tìte f−1(A) = {f > a} ∈ A

ki epomènwc A ∈ E. An A = (a, b), tìte f−1(A) = {f > a} ∩ {f < b} ∈ A

opìte p�li A ∈ E. Tèloc an A eÐnai èna tuqaÐo anoiktì uposÔnolo toÔ R, tìte
to A eÐnai arijm simh ènwsh diasthm�twn thc morf c pou mìlic exet�same kai �ra
A ∈ E. Epeid  h B eÐnai h σ-�lgebra pou par�getai apì ta anoikt� sÔnola toÔ R,
sumperaÐnoume ìti B ⊂ E.

(b) 'Estw ìti h f : X → R eÐnai A-metr simh. Sto (a) apodeÐxame ìti B ⊂ E.
Autì shmaÐnei ìti gia k�je E ∈ B, isqÔei f−1(E) ∈ A.

Antistrìfwc, upojètoume ìti gia k�je E ∈ B, isqÔei f−1(E) ∈ A. Efarmì-
zoume thn upìjesh gia E = [−∞, a) kai prokÔptei ìti {f < α} = f−1(E) ∈ A. 'Ara
h f eÐnai A-metr simh. ¤

StÐc akìloujec prot�seic (X, A, µ) eÐnai ènac q¸roc mètrou. Parajètoume tic
prot�seic qwrÐc apodeÐxeic diìti oi apodeÐxeic eÐnai ìmoiec me tic apodeÐxeic twn an-
tÐstoiqwn prot�sewn toÔ KefalaÐou 2.

Prìtash 5.3.4 'Estw f : X → R mi� sun�rthsh. Upojètoume ìti Xn eÐnai to polÔ
arijmhsÐmou pl jouc, xèna an� dÔo sÔnola t c A kai ìti X = ∪∞n=1Xn. JewroÔme
tic σ-�lgebrec An = {E ∩ Xn : E ∈ A}, n = 1, 2, . . . , kai upojètoume ìti gia
k�je n, o periorismìc gn := f |Xn eÐnai An-metr simh sun�rthsh. Tìte h f eÐnai
A-metr simh.
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Prìtash 5.3.5 An oi sunart seic f kai g eÐnai A-metr simec, tìte ta sÔnola
{f < g}, {f ≤ g} kai {f = g} an koun sthn A.

Prìtash 5.3.6 An c ∈ R kai oi sunart seic f, g eÐnai A-metr simec, tìte oi
sunart seic cf, f + g, fg eÐnai A-metr simec.

Prìtash 5.3.7 An {fn} eÐnai mi� akoloujÐa pragmatik¸n sunart sewn pou eÐ-
nai ìlec A-metr simec, tìte kai oi sunart seic supn fn, infn fn, lim supn→∞ fn,
lim infn→∞ fn eÐnai A-metr simec.

Lème ìti mi� idiìthta isqÔei µ-sqedìn pantoÔ (µ − σ.π.) an to sÔnolo twn
shmeÐwn toÔ X gia ta opoÐa den isqÔei èqei mètro µ Ðso me to 0. Oi sunart seic
f, g : E → R onom�zontai µ-isodÔnamec, an oi f kai g eÐnai µ − σ.π. Ðsec, dhlad 
an µ({f 6= g}) = 0. Lème ìti mi� akoloujÐa sunart sewn {fn} sugklÐnei µ − σ.π.
proc th sun�rthsh f , an up�rqei sÔnolo A ⊂ X tètoio ¸ste µ(A) = 0 kai h {fn}
sugklÐnei shmeiak� proc thn f sto sÔnolo X \A.

Mi� sun�rthsh φ : X → R onom�zetai apl  an eÐnai A-metr simh kai to sÔno-
lo tim¸n thc eÐnai peperasmèno. 'Estw φ mi� apl  sun�rthsh me sÔnolo tim¸n
{a1, a2, . . . , an}. Ta sÔnola Ai := {φ = ai}, i = 1, , 2, . . . , n, eÐnai mh ken�, A-
metr sima kai xèna an� dÔo. H φ mporeÐ na grafeÐ sth morf 

φ =
n∑

i=1

aiχAi .

H parap�nw par�stash t c φ (me ai diaforetik� an� dÔo kai Ai xèna an� dÔo)
onom�zetai kanonik  par�stash t c φ. To akìloujo basikì je¸rhma apodeiknÔe-
tai ìpwc to antÐstoiqì tou sto Kef�laio 2.

Je¸rhma 5.3.8 DÐnetai mi� A-metr simh sun�rthsh f : X → [0,∞]. Up�rqei
aÔxousa akoloujÐa apl¸n sunart sewn {φn} tètoia ¸ste φn−→σ f sto X.

5.4 To olokl rwma
H jewrÐa thc olokl rwshc sunart sewn pou orÐzontai se èna q¸ro mètrou anaptÔs-
setai me trìpo parìmoio me th jewrÐa toÔ oloklhr¸matoc Lebesgue sto R. 'Etsi ja
anafèroume me suntomÐa tìuc basikoÔc orismoÔc kai ja parajèsoume ta kuri¸tera
jewr mata qwrÐc apodeÐxeic.

'Estw (X, A, µ) ènac q¸roc mètrou. O orismìc toÔ oloklhr¸matoc gÐnetai se
trÐa b mata:
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B ma 1. Jetikèc, aplèc sunart seic.
An φ : X → [0,∞) eÐnai mi� apl  sun�rthsh me kanonik  par�stash

φ =
n∑

j=1

ajχAj ,

orÐzoume ∫

X

φdµ =
n∑

j=1

ajµ(Aj),

me th sÔmbash 0 · ∞ = 0. An to olokl rwma autì eÐnai peperasmèno, lème ìti
φ ∈ L1(µ).

B ma 2. Jetikèc sunart seic.
Gia mi� A-metr simh sun�rthsh f : X → [0,∞], orÐzoume

∫

X

f dµ = sup{
∫

X

φdµ : 0 ≤ φ ≤ f, φ ∈ L1(µ), φ apl }.

An
∫

X
f dµ < ∞, tìte gr�foume f ∈ L1(µ). Gia E ∈ A, orÐzoume

∫
E

f dµ =∫
X

fχE dµ.

B ma 3. Genik  perÐptwsh.
Gia mi� A-metr simh sun�rthsh f : X → R gia thn opoÐa toul�qiston mi� apì tic
f+ kai f− an kei ston L1(µ), orÐzoume

∫

X

f dµ =
∫

X

f+ dµ−
∫

X

f− dµ.

An f+ ∈ L1(µ) kai f− ∈ L1(µ), tìte lème ìti h f eÐnai oloklhr¸simh kai gr�foume
f ∈ L1(µ). To olokl rwma

∫
X

f dµ onom�zetai olokl rwma t c f wc proc to
mètro µ. 'Alloi sumbolismoÐ eÐnai

∫
X

f(x) dµ(x) kai
∫

X
f(x) µ(dx). An E ∈ A kai∫

E
|f | dµ < ∞, lème ìti h f eÐnai oloklhr¸simh sto E. An h f eÐnai oloklhr¸simh

sto E, orÐzoume
∫

E
f =

∫
X

fχE .

Basikèc idiìthtec toÔ oloklhr¸matoc

1. Grammikìthta. An c ∈ R kai f, g ∈ L1(µ), tìte cf ∈ L1(µ), f + g ∈ L1(µ) kai
∫

X

cf dµ = c

∫

X

f dµ,

∫

X

(f + g) dµ =
∫

X

f dµ +
∫

X

g dµ.

2. An f ∈ L1(µ), tìte h f eÐnai µ− σ.π. peperasmènh.
3. An f, g ∈ L1(µ) kai f ≥ g µ− σ.π., tìte

∫
X

f dµ ≥ ∫
X

g dµ.
4. An f, g ∈ L1(µ), ta epìmena eÐnai isodÔnama:
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(a) f = g µ− σ.π.. (b)
∫

X
|f − g| dµ = 0. (g) ∀E ∈ A,

∫
E

f dµ =
∫

E
g dµ.

5. Anisìthta Chebyshev: An h f ∈ L1(µ), tìte

∀α ≥ 0, µ({|f | ≥ α}) ≤
∫

X
|f | dµ

α
.

Jewr mata sÔgklishc

Je¸rhma 5.4.1 (Je¸rhma Monìtonhc SÔgklishc) An 0 ≤ f1 ≤ f2 ≤ . . . eÐnai
mi� aÔxousa akoloujÐa A-metr simwn sunart sewn sto X kai fn−→σ f sto X, tìte

∫

X

f dµ = lim
n→∞

∫

X

fn dµ.

Je¸rhma 5.4.2 (Beppo Levi) An fn : X → [0, +∞), n ∈ N, eÐnai mi� akoloujÐa
A-metr simwn sunart sewn, tìte

∫

X

( ∞∑
n=1

fn

)
dµ =

∞∑
n=1

(∫

X

fn dµ

)
.

Je¸rhma 5.4.3 (L mma toÔ Fatou) 'Estw fn : X → [0, +∞), n ∈ N, akoloujÐa
A-metr simwn sunart sewn. Tìte

∫

X

lim inf
n→∞

fn dµ ≤ lim inf
n→∞

∫

X

fn dµ.

Je¸rhma 5.4.4 (Je¸rhma KuriarqoÔmenhc SÔgklishc) DÐnetai mi� akolou-
jÐa sunart sewn fn ∈ L1(µ), n ∈ N. Upojètoume ìti:
(a) fn−→σ f σ.π. sto X.
(b) Up�rqei sun�rthsh g ∈ L1(µ) tètoia ¸ste ∀n ∈ N kai gia sqedìn k�je
x ∈ X, |fn(x)| ≤ g(x). Tìte f ∈ L1(µ) kai

∫

X

f dµ = lim
n→∞

∫

X

fn dµ.

Je¸rhma 5.4.5 'Estw fn ∈ L1(µ), n ∈ N. An
∑∞

n=1

∫
X
|fn| dµ < ∞, tìte h seir�

sunart sewn
∑∞

n=1 fn sugklÐnei σ.π. proc mi� sun�rthsh pou an kei ston L1(µ).
Epiplèon isqÔei

∫

X

( ∞∑
n=1

fn

)
dµ =

∞∑
n=1

∫

X

fn dµ.
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Par�deigma 5.4.6 'Estw (N, P(N), µ) o q¸roc toÔ mètrou arÐjmhshc (bl. Par�deigma
5.2.4). Profan¸c k�je sun�rthsh f : N→ R eÐnai P(N)-metr simh. 'Estw f : N→
[0,∞) mi� sun�rthsh. JewroÔme thn akoloujÐa sunart sewn fm : N→ [0,∞) me

fm(x) =

{
f(x), an x ∈ {1, 2, . . . ,m},
0, an x ∈ {m + 1,m + 2, . . . } = f(x)χ{1,2,...,m}.

Kajemi� apì tic fm eÐnai apl  sun�rthsh afoÔ paÐrnei peperasmènou pl jouc timèc.
EÔkola mporoÔme na gr�youme thn fm sa grammikì sunduasmì qarakthristik¸n
sunart sewn:

fm(x) =
m∑

k=1

f(k)χ{k}(x), x ∈ N.

EÐnai fanerì ìti h akoloujÐa {fm} eÐnai aÔxousa kai fm−→σ f sto N. 'Etsi to
Je¸rhma Monìtonhc SÔgklishc dÐnei

∫

N
f dµ = lim

m→∞

∫

N
fm dµ = lim

m→∞

m∑

k=1

f(k)µ({k})

= lim
m→∞

m∑

k=1

f(k) =
∞∑

k=1

f(k).

Mi� sun�rthsh f : N→ R an kei ston L1(µ) an oi seirèc

∞∑

k=1

f+(k) kai
∞∑

k=1

f−(k)

sugklÐnoun   isodÔnama, an
∑∞

k=1 |f(k)| < ∞. S' aut  thn perÐptwsh,

∫

N
f dµ =

∞∑

k=1

f+(k)−
∞∑

k=1

f−(k) =
∞∑

k=1

f(k).

Par�deigma 5.4.7 Ac eÐnai (X, A, µ) ènac q¸roc mètrou kai f : X → [0,∞) mi�
A-metr simh sun�rthsh. JewroÔme th sunolosun�rthsh µf : A → [0,∞] me

µf (E) =
∫

E

f dµ, E ∈ A.

Ja deÐxoume ìti to µf eÐnai mètro sto X. 'Estw {Ej} mi� akoloujÐa xènwn sunìlwn
t c A. Lìgw toÔ Jewr matoc Levi,

µf

(∪∞j=1Ej

)
=

∫

X

fχ∪jEj dµ =
∫

X

∞∑

j=1

fχEj dµ =
∞∑

j=1

∫

X

fχEj dµ =
∞∑

j=1

µf (Ej).

'Ara to µf eÐnai mètro sto X.
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'Estw t¸ra mi� A-metr simh sun�rthsh g : X → [0,∞]. Ja deÐxoume ìti

(5.1)
∫

X

g dµf =
∫

X

gf dµ.

Upojètoume arqik� ìti h g eÐnai h qarakthristik  sun�rthsh enìc sunìlou E ∈ A.
Tìte ∫

X

g dµf =
∫

X

χE dµf = µf (E) =
∫

E

f dµ =
∫

X

gf dµ.

'Ara h (5.1) isqÔei gia qarakthristikèc sunart seic. Lìgw grammikìthtac toÔ
oloklhr¸matoc, h (5.1) isqÔei kai gia jetikèc, aplèc sunart seic. 'Estw t¸ra
mi� A-metr simh, jetik  sun�rthsh g. Qrhsimopoi¸ntac to Je¸rhma 5.3.8 brÐsk-
oume aÔxousa akoloujÐa apl¸n sunart sewn φn me φn−→σ g sto X. To Je¸rhma
Monìtonhc SÔgklishc, efarmozìmeno duì forèc, dÐnei

∫

X

gf dµ = lim
n→∞

∫

X

φnf dµ = lim
n→∞

∫

X

φn dµf =
∫

X

g dµf .

'Etsi h (5.1) apodeÐqjhke.

Mi� A-metr simh sun�rthsh g : X → R an kei ston L1(µf ) an kai mìno an
g+f, g−f ∈ L1(µ). S' aut  thn perÐptwsh,

∫

X

g dµf =
∫

X

g+ dµf −
∫

X

g− dµf =
∫

X

g+f dµ−
∫

X

g−f dµ =
∫

X

gf dµ.

Par�deigma 5.4.8 Ac eÐnai X èna sÔnolo kai p èna shmeÐo toÔ X. JewroÔme to
mètro Dirac µp sto X (bl. Par�deigma 5.2.3) kai mi� sun�rthsh f : X → [0,∞).
Profan¸c h f eÐnai P(X)-metr simh kai isqÔei

(5.2)
∫

X

f dµp =
∫

{p}
f dµp +

∫

X\{p}
f dµp =

∫

{p}
f dµp =

∫

X

fχ{p} dµp.

H sun�rthsh fχ{p} paÐrnei to polÔ dÔo timèc: 0 kai f(p). 'Ara eÐnai apl  kai m�lista
isqÔei fχ{p} = f(p)χ{p}. 'Etsi h (5.2) dÐnei

(5.3)
∫

X

f dµp =
∫

X

f(p)χ{p} dµp = f(p)µp({p}) = f(p).

Epomènwc f ∈ L1(µp).

K�je sun�rthsh f : X → R an kei ston L1(µp) kai m�lista
∫

X

f dµp =
∫

X

f+ dµp −
∫

X

f− dµp = f+(p)− f−(p) = f(p).

115



5.5 ∗ Proshmasmèna mètra
Orismìc 5.5.1 'Estw A mi� σ-�lgebra sto sÔnolo X. Mi� sunolosun�rthsh ν :
A → [−∞,∞] onom�zetai proshmasmèno mètro an èqei tic idiìthtec:
(a) ν(∅) = 0.
(b) To ν paÐrnei to polÔ mÐa apì tic timèc ∞,−∞.
(g) An {Ej} eÐnai mi� akoloujÐa xènwn sunìlwn t c A, tìte

(5.4) ν




∞⋃

j=1

Ej


 =

∞∑

j=1

ν(Ej).

H tri�da (X, A, ν) onom�zetai q¸roc proshmasmènou mètrou.

Parat rhsh 5.5.2 1. K�je mètro eÐnai kai proshmasmèno mètro en¸ to antÐstro-
fo den isqÔei.
2. To aristero mèloc t c (5.4) eÐnai anex�rthto t c di�taxhc twn Ej . Epomènwc, an
to aristerì mèloc t c (5.4) eÐnai peperasmèno, tìte h seir� sto dexiì mèloc sugklÐnei
apolÔtwc.

Par�deigma 5.5.3 An µ1, µ2 eÐnai mètra orismèna sth σ-�lgebra A kai èna toul�qis-
ton eÐnai peperasmèno, tìte to µ1 − µ2 eÐnai proshmasmèno mètro.

Par�deigma 5.5.4 Ac eÐnai (X, A, µ) ènac q¸roc mètrou kai f : X → R mi� A-
metr simh sun�rthsh tètoia ¸ste mÐa toul�qiston apì tic f+, f− an kei ston L1(µ).
Tìte èna toul�qiston apì ta mètra µf+ , µf− eÐnai peperasmèno. 'Ara to µf :=
µf+ − µf− eÐnai proshmasmèno mètro sto X. Gia k�je E ∈ A, isqÔei

µf (E) = µf+(E)− µf−(E) =
∫

E

f+dµ−
∫

E

f−dµ =
∫

E

(f+ − f−)dµ =
∫

E

f dµ.

'Estw (X, A, ν) ènac q¸roc proshmasmènou mètrou. 'Ena sÔnolo P ∈ A onom�ze-
tai jetikì (gia to ν) an gia k�je sÔnolo P1 ⊂ P me P1 ∈ A, isqÔei ν(P1) ≥ 0.
'Ena sÔnolo N ∈ A onom�zetai arnhtikì (gia to ν) an gia k�je sÔnolo N1 ⊂ N
me E ∈ A, isqÔei ν(E) ≤ 0. 'Ena sÔnolo M ∈ A onom�zetai mhdenikì (gia to ν)
an gia k�je sÔnolo M1 ⊂ M me M1 ∈ A, isqÔei ν(M1) = 0.

L mma 5.5.5 (a) An to P eÐnai jetikì sÔnolo kai A eÐnai èna uposÔnolo toÔ P ,
tìte kai to A eÐnai jetikì sÔnolo.
(b) An P1, P2, . . . eÐnai jetik� sÔnola, tìte kai h ènws  touc eÐnai jetikì sÔnolo.
Apìdeixh.
To (a) eÐnai �mesh sunèpeia toÔ orismoÔ toÔ jetikoÔ sunìlou. Gia to (b) jewroÔme
jetik� sÔnola P1, P2, . . . kai jètoume Qn = Pn \ ∪n−1

j=1 Pj . Tìte Qn ⊂ Pn kai
sunep¸c ta Qn eÐnai jetik� sÔnola. EpÐshc ta Qn eÐnai xèna kai ∪nPn = ∪nQn. An
E ∈ A kai E ⊂ ∪∞n=1Pn, tìte

ν(E) = ν

(
E ∩

∞⋃
n=1

Qn

)
= ν

( ∞⋃
n=1

(E ∩Qn)

)
=

∞∑
n=1

ν(E ∩Qn) ≥ 0.
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L mma 5.5.6 'Estw (X, A, ν) ènac q¸roc proshmasmènou mètrou. An E ∈ A kai
0 < ν(E) < ∞, tìte up�rqei èna jetikì uposÔnolo P toÔ E me ν(P ) > 0.

Apìdeixh.
Ac upojèsoume ìti to E den perièqei kanèna jetikì uposÔnolo austhr� jetikoÔ
mètrou. Kataskeu�zoume akoloujÐa fusik¸n arijm¸n {nj} kai akoloujÐa {Ej} ⊂ A

wc ex c:
AfoÔ to E den eÐnai jetikì, ja èqei uposÔnolo me arnhtikì mètro. Jètoume

n1 = min{n ∈ N : ∃E1 ⊂ E, E1 ∈ A, ν(E1) < −1/n}.
To E \ E1 den eÐnai jetikì sÔnolo. 'Ara ja èqei uposÔnola arnhtikoÔ mètrou.
Jètoume

n2 = min{n ∈ N : ∃E2 ⊂ E \ E1, E2 ∈ A, ν(E2) < −1/n}.
SuneqÐzontac epagwgik� kataskeu�zoume akoloujÐec {nj}, {Ej} tètoiec ¸ste

nk+1 = min{n ∈ N : ∃Ek+1 ⊂ E \ ∪k
j=1Ej , Ek+1 ∈ A, ν(Ek+1) < −1/n}.

Jètoume P = E \ ∪∞j=1Ej . 'Ara

ν(E) = ν(P ) +
∞∑

j=1

ν(Ej).

Epeid  ν(Ej) < 0 kai ν(E) > 0, isqÔei ν(P ) > 0. EpÐshc, epeid  ν(E) < ∞, h
parap�nw seir� sugklÐnei apolÔtwc. 'Omwc

∑∞
j=1 1/nj <

∑
j=1 |ν(Ej)| < ∞. 'Ara

limj→∞ 1/nj = 0. An deÐxoume ìti to P eÐnai jetikì sÔnolo, tìte to E ja èqei
jetikì uposÔnolo, austrhr� jetikoÔ mètrou; �topo. Mènei loipìn na deÐxoume ìti
to P eÐnai jetikì sÔnolo. An to P den eÐnai jetikì, tìte ja èqei uposÔnolo B me
ν(B) < 0. Efìson nj →∞, mporoÔme na broÔme fusikì arijmì k ∈ N tètoio ¸ste
ν(B) < −1/(nk − 1). 'Omwc

B ⊂ P ⊂ E \ ∪k−1
j=1Ej

kai o nk eÐnai o mikrìteroc fusikìc ètsi ¸ste to E \ ∪k−1
j=1Ej na perièqei sÔnolo me

mètro mikrìtero toÔ −1/nk. 'Atopo. ¤

Je¸rhma 5.5.7 (Di�spashc toÔ Hahn) 'Estw (X, A, ν) ènac q¸roc proshmas-
mènou mètrou. Up�rqei èna jetikì sÔnolo P kai èna arnhtikì sÔnolo N tètoia ¸ste
X = P ∪N kai P ∩N = ∅. An P ′, N ′ eÐnai èna �llo tètoio zeÔgoc, tìte ta sÔnola
P4P ′ kai N4N ′ eÐnai mhdenik�.

Apìdeixh.
QwrÐc bl�bh t c genikìthtac upojètoume ìti to ν den paÐrnei thn tim  ∞. Jètoume

s = sup{ν(A) : A ∈ A, A jetikì sÔnolo}.
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To ∅ eÐnai jetikì sÔnolo. 'Ara s ≥ 0. JewroÔme akoloujÐa jetik¸n sunìlwn {An}
ètsi ¸ste

s = lim
n→∞

ν(An)

kai jètoume

P =
∞⋃

n=1

An.

Ja deÐxoume ìti ν(P ) = s. To P eÐnai jetikì sÔnolo lìgw toÔ L mmatoc
5.5.5. 'Ara ν(P ) ≤ s. Apì thn �llh meri�, p�li lìgw toÔ L mmatoc 5.5.5, epeid 
P \ An ⊂ P , to P \ An eÐnai jetikì sÔnolo kai sunep¸c ν(P \ An) ≥ 0. Epomènwc
gia k�je n ∈ N,

ν(P ) = ν(An) + ν(P \An) ≥ ν(An).

PaÐrnoume ìria gia n →∞ kai prokÔptei ν(P ) ≥ s. 'Ara s = ν(P ) < ∞.

Jètoume N = X\P . Ja deÐxoume ìti to N eÐnai arnhtikì sÔnolo. 'Estw E ⊂ N .
ArkeÐ na deÐxoume ìti ν(E) ≤ 0. An ν(E) > 0, tìte apì to L mma 5.5.6, up�rqei
jetikì sÔnolo A ⊂ E me ν(A) > 0. Apì to L mma 5.5.5 to P ∪ A eÐnai jetikì
sÔnolo kai epomènwc

s ≥ ν(P ∪A) = ν(P ) + ν(A) = s + ν(A) > s.

'Atopo.

Br kame loipìn èna jetikì sÔnolo P kai èna arnhtikì sÔnolo N tètoia ¸ste
X = P ∪N kai P ∩N = ∅. 'Estw P ′, N ′ èna �llo tètoio zèugoc. IsqÔei P \P ′ ⊂ P
kai P \P ′ ⊂ N ′. 'Ara to P \P ′ eÐnai kai jetikì kai arnhtikì sÔnolo, dhlad  mhdenikì.
Me ìmoio trìpo apodeiknÔetai ìti kai to P ′ \ P eÐnai mhdenikì. Tèloc to N4N ′

eÐnai mhdenikì diìti N4N ′ = P4P ′. ¤

H di�pash X = P∪N , ìpou ta P,N eÐnai xèna sÔnola, to P eÐnai jetikì kai to N
arnhtikì, onom�zetai di�spash Hahn gia to proshmasmèno mètro ν. H di�spash
aut  den eÐnai genik� monadik , all�, ìpwc prokÔptei apì Je¸rhma Di�spashc toÔ
Hahn, k�je �llh tètoia di�spash prokÔptei me metafor� mhdenik¸n sunìlwn apì
to P sto N kai apì to N sto P .

An upojèsoume t¸ra ìti µ, ν eÐnai dÔo mètra sto X, orismèna sthn Ðdia σ-
�lgebra A. Lème ìti ta µ, ν eÐnai amoibaÐa idi�zonta kai gr�foume µ ⊥ ν, an
up�rqoun sÔnola M, N ∈ A tètoia ¸ste M ∩N = ∅, M ∪N = X, ν(M) = 0 kai
µ(N) = 0. Dhlad , an ta µ, ν eÐnai amoibaÐa idi�zonta, tìte �zoÔne� se xèna sÔnola.

Je¸rhma 5.5.8 (Di�spashc toÔ Jordan) An (X, A, ν) eÐnai ènac q¸roc prosh-
masmènou mètrou, tìte up�rqoun monadik� mètra ν+, ν− sto X tètoia ¸ste ν =
ν+ − ν− kai ν+ ⊥ ν−.
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Apìdeixh.
'Estw X = P ∪N mi� di�spash Hahn gia to ν. OrÐzoume

ν+(E) = ν(E ∪ P ) kai ν−(E) = −ν(E ∩N), E ∈ A.

EÐnai profanèc ìti ν = ν+ − ν− kai ν+ ⊥ ν−.

T¸ra gia th monadikìthta: Ac upojèsoume ìti ν = µ+ − µ− kai µ+ ⊥ µ−.
AfoÔ ta µ+, µ− eÐnai amoibaÐa idi�zonta, ja up�rqoun sÔnola E, F ∈ A tètoia
¸ste E ∩F = ∅, E ∪F = X kai µ+(F ) = µ−(E) = 0. Tìte h X = E ∪F eÐnai mi�
�llh di�spash Hahn gia to proshmasmèno mètro ν. Apì to Je¸rhma Di�spashc
toÔ Hahn prokÔptei ìti to sÔnolo P4E eÐnai mhdenikì gia to ν. 'Ara gia k�je
A ∈ A,

µ+(A) = µ+(A ∩ E) = ν(A ∩ E) = ν(A ∩ P ) = ν+(A)

kai paromoÐwc ν− = µ−. ¤
H isìthta ν = ν+ − ν− pou prokÔptei apì to Je¸rhma 5.5.8 onom�zetai di�s-

pash Jordan gia to proshmasmèno mètro ν. H olik  metabol  toÔ ν eÐnai to
mètro |ν| := ν+ + ν−.

Par�deigma 5.5.9 Ac eÐnai (X, A, µ) ènac q¸roc mètrou kai f : X → R mi� A-
metr simh sun�rthsh tètoia ¸ste mÐa toul�qiston apì tic f+, f− an kei ston L1(µ).
EÐdame sto Par�deigma 5.5.4 ìti h sun�rthsh

µf (E) = µf+(E)− µf−(E) =
∫

E

f dµ, E ∈ A,

eÐnai proshmasmèno mètro sto X. JewroÔme ta sÔnola P = {f ≥ 0} kai N = {f <
0}. Profan¸c isqÔei P ∪N = X kai P ∩N = ∅. EpÐshc, an P1 ⊂ P kai N1 ⊂ N ,
tìte

µf (P1) =
∫

P1

f dµ ≥ 0 kai µf (N1) =
∫

N1

f dµ ≤ 0.

'Ara to P eÐnai jetikì sÔnolo kai to N eÐnai arnhtikì sÔnolo gia to proshmasmèno
mètro µf . Epomènwc mi� di�spash Hahn gia to µf eÐnai h X = P ∪N .

EÐnai fanerì ìti f+ = fχP kai f− = −fχN sto X. 'Ara

µf−(P ) =
∫

X

f−χP dµ =
∫

X

0 dµ = 0,

µf+(N) =
∫

X

f+χNdµ =
∫

X

0 dµ = 0.

Sunep¸c ta mètra µf+ , µf− eÐnai amoibaÐa idi�zonta. SumperaÐnoume loipìn ìti h
di�spash Jordan gia to µf eÐnai h µf = µf+ − µf− .

H olik  metabol  toÔ proshmasmènou mètrou µf eÐnai to mètro |µf | = µf+ +µf− .
'Ara gia E ∈ A,

|µf |(E) = µf+(E)− µf−(E) =
∫

E

f+dµ +
∫

E

f−dµ =
∫

E

|f | dµ,
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dhlad  |µf | = µ|f |. Telik� loipìn èqoume

(µf )+ = µf+ , (µf )− = µf− , |µf | = µ|f |.

Parat rhsh 5.5.10 EÐdame sta ParadeÐgmata 5.5.4, 5.5.9 ìti an (X, A, µ) eÐnai
ènac q¸roc mètrou kai f : X → R eÐnai mi� A-metr simh sun�rthsh tètoia ¸ste mÐa
toul�qiston apì tic f+, f− an kei ston L1(µ), tìte h sunolosun�rthsh

µf (E) = µf+(E)− µf−(E) =
∫

E

f dµ, E ∈ A,

eÐnai proshmasmèno mètro sto X. Antistrìfwc, ja deÐxoume ìti k�je proshmasmèno
mètro sto X eÐnai aut c t c morf c. 'Estw ν èna proshmasmèno mètro sto X. 'Estw
X = P ∪N mi� di�spash Hahn gia to ν. Jètoume µ = |ν| kai f = χP − χN . Tìte
gia E ∈ A,

∫

E

f dµ =
∫

E

(χP − χN ) dν+ +
∫

E

(χP − χN ) dν−

=
∫

E

χP dν+ −
∫

E

χN dν+ +
∫

E

χP dν− −
∫

E

χN dν−

=
∫

E

dν+ −
∫

E

dν− = ν+(E)− ν−(E) = ν(E).

H olokl rwsh sunart sewn wc proc èna proshmasmèno mètro ν orÐzetai me ton
profan  trìpo: Jètoume

L1(ν) = L1(ν+) ∩ L1(ν−)

kai gia f ∈ L1(ν), orÐzoume
∫

X

f dν =
∫

X

f dν+ −
∫

X

f dν−.

Ta proshmasmèna mètra mporoÔme na ta fantazìmaste san katanomèc hlek-
trik¸n fortÐwn (jetik¸n kai arnhtik¸n) mèsa se èna s¸ma X. O arijmìc ν(X) eÐnai
to sunolikì fortÐo. An X = P ∪N eÐnai mi� di�spash Hahn, to sÔnolo P eÐnai to
mèroc toÔ s¸matoc X pou perièqei ìla ta jetik� fortÐa, en¸ to N perièqei ìla ta
arnhtik� fortÐa.

5.6 Ask seic
5.6.1 'Estw A mi� �lgebra sto sÔnolo X. DeÐxte ìti ∅ ∈ A kai X ∈ A.

5.6.2 'Estw A mi� σ-�lgebra sto X. DeÐxte ìti an E1, E2, · · · ∈ A, tìte ∩∞k=1Ek ∈
A.
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5.6.3 DeÐxte ìti h tom  mi�c oikogèneiac σ-algebr¸n sto sÔnolo X eÐnai σ-�lgebra
sto X.

5.6.4 'Estw X èna mh kenì sÔnolo kai A mi� �lgebra sto X. DeÐxte ìti h A eÐnai
σ-�lgebra sto X an èqei thn idiìthta:
An Ek ∈ A, k ∈ N kai ta Ek eÐnai xèna an� dÔo, tìte ∪∞k=1Ek ∈ A.

5.6.5 'Estw X èna mh kenì sÔnolo kai A mi� �lgebra sto X. DeÐxte ìti h A eÐnai
σ-�lgebra sto X an èqei thn idiìthta:
An Ek ∈ A, k ∈ N kai E1 ⊂ E2 ⊂ . . . , tìte ∪∞k=1Ek ∈ A.

5.6.6 'Estw X èna mh kenì sÔnolo. 'Estw E èna mh kenì uposÔnolo toÔ X me
E 6= X. BreÐte th σ-�lgebra pou par�getai apì to {E}.

5.6.7 ApodeÐxte touc isqurismoÔc pou k�name sto Par�deigma 5.1.11.

5.6.8 ApodeÐxte thn Prìtash 5.1.10.

5.6.9 DeÐxte ìti to µp toÔ ParadeÐgmatoc 5.2.3 eÐnai pr�gmati mètro.

5.6.10 DeÐxte ìti to µ toÔ ParadeÐgmatoc 5.2.4 eÐnai pr�gmati σ-peperasmèno
mètro.

5.6.11 'Estw (X, A, µ) ènac q¸roc mètrou. 'Estw F èna mh kenì sÔnolo sthn A.
OrÐzoume th sun�rthsh ν : A → [0,∞] me

ν(A) = µ(A ∩ F ), A ∈ A.

DeÐxte ìti to ν eÐnai mètro sto X. DeÐxte ìti to ν eÐnai peperasmèno mètro an kai
mìno an µ(F ) < ∞.

5.6.12 'Estw X èna uperarijm simo sÔnolo. EÐdame sto Par�deigma 5.1.5 ìti to
sÔnolo

A = {E ⊂ X : E to polÔ arijm simo   Ec to polÔ arijm simo}

eÐnai σ-�lgebra. OrÐzoume sun�rthsh µ : A → {0, 1} me

µ(E) =

{
0, an E to polÔ arijm simo,

1, an Ec to polÔ arijm simo.

DeÐxte ìti to µ eÐnai mètro sto X.

5.6.13 'Estw (X, A, µ) ènac q¸roc mètrou. DeÐxte ìti an E, F ∈ A, E ⊂ F kai
µ(E) < ∞, tìte

µ(F \ E) = µ(F )− µ(E).
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5.6.14 'Estw (X, A, µ) ènac q¸roc mètrou. DeÐxte ìti gia E, F ∈ A,

µ(E) + µ(F ) = µ(E ∪ F ) + µ(E ∩ F ).

5.6.15 DeÐxte ìti an µ1, µ2, . . . , µn eÐnai mètra orismèna sthn Ðdia σ-�lgebra A kai
a1, a2, . . . , an ∈ [0,∞), tìte to

∑n
j=1 ajµj eÐnai epÐshc mètro orismèno sthn A.

5.6.16 DÐnontai q¸roi pijanìthtac (X, A, µj), j ∈ N. OrÐzoume µ : A → [0,∞] me

µ(E) =
∞∑

j=1

µj(E)
2j

, E ∈ A.

DeÐxte ìti h tri�da (X, A, µ) eÐnai q¸roc pijanìthtac.

5.6.17 JewroÔme to sÔnolo X = {1, 2, 3, 4, 5, 6}. Gia E ⊂ X, orÐzoume µ(E) =
card(E)/6. DeÐxte ìti h tri�da (X, P(X), µ) eÐnai q¸roc pijanìthtac.

5.6.18 'Estw E èna metr simo uposÔnolo toÔ R me 0 < m(E) < ∞. 'Estw ME

to sÔnolo twn metr simwn uposunìlwn toÔ E. Gia F ∈ ME , orÐzoume µ(F ) =
m(F )/m(E). DeÐxte ìti h tri�da (E, ME , µ) eÐnai q¸roc pijanìthtac.

5.6.19 'Estw A mi� σ-�lgebra sto sÔnolo X. 'Estw µ : A → [0,∞] mi� sun�rthsh
me tic idiìthtec:
(I1) µ(∅) = 0,
(I2) An E1, E2 ∈ A kai E1 ∩ E2 = ∅, tìte µ(E1 ∪ E2) = µ(E1) + µ(E2).
(a) DeÐxte ìti to µ eÐnai mètro an kai mìno an eÐnai suneqèc apì k�tw; (bl. Prìtash
5.2.7).
(b) An µ(X) < ∞, deÐxte ìti to µ eÐnai mètro an kai mìno an eÐnai suneqèc apì p�nw;
(bl. Prìtash 5.2.7).

5.6.20 'Estw A mi� σ-�lgebra sto sÔnolo X. 'Estw µ : A → [0,∞] mi� sun�rthsh
me tic idiìthtec:
(I1) µ(∅) = 0.
(I2) An E1, E2 ∈ A kai E1 ∩ E2 = ∅, tìte µ(E1 ∪ E2) = µ(E1) + µ(E2).
(I3) An {En} mi� akoloujÐa sunìlwn t c A, tìte µ(∪∞n=1En) ≤ ∑∞

n=1 µ(En).
DeÐxte ìti to µ eÐnai mètro sto X.

5.6.21 (a) 'Estw {an} mi� akoloujÐa me an ≥ 0 gia k�je n ∈ N. OrÐzoume
sun�rthsh µ : P(N) → [0,∞] me

µ(∅) = 0 kai µ(E) =
∑

n∈E

an, E 6= ∅.

DeÐxte ìti to µ eÐnai σ-peperasmèno mètro sto N.
(b) 'Estw (N,P(N), µ) q¸roc mètrou. DeÐxte ìti up�rqei akoloujÐa {an} me an ≥ 0
gia k�je n ∈ N, tètoia ¸ste gia k�je mh kenì uposÔnolo E toÔ N, isqÔei µ(E) =∑

n∈E an.
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5.6.22 DÐnetai akoloujÐa sunart sewn fn ∈ L1(µ) me fn−→oµ f sto X. DeÐxte ìti
an to µ eÐnai peperasmèno mètro, tìte

lim
n→∞

∫

X

fn dµ =
∫

X

f dµ.

5.6.23 Ac eÐnai (X, A, µ) ènac q¸roc mètrou kai f : X → [0,∞) mi� A-metr simh
sun�rthsh. JewroÔme to mètro µf toÔ ParadeÐgmatoc 5.4.7. DeÐxte ìti µf (E) =
0, ∀E ∈ A an kai mìno an h f eÐnai σ.π. Ðsh me th mhdenik  sun�rthsh.

5.6.24 'Estw (X, A, µ) ènac q¸roc peperasmènou mètrou. DeÐxte ìti:
(a) An E, F ∈ A kai µ(E4F ) = 0, tìte µ(E) = µ(F ).
(b) OrÐzoume E ∼ F , an µ(E4F ) = 0. Tìte h ∼ eÐnai sqèsh isodunamÐac sto
sÔnolo A.
(g) Gia E,F ∈ A, orÐzoume ρ(E,F ) = µ(E4F ). Tìte isqÔei

ρ(E, G) ≤ ρ(E, F ) + ρ(F, G).

5.6.25 BreÐte èna q¸ro mètrou (X, A, µ), èna sÔnolo E ∈ A me µ(E) = 0 kai èna
uposÔnolo B toÔ E me B /∈ A.

5.6.26 'Estw (X, A, µ) ènac q¸roc mètrou. To µ onom�zetai hmipeperasmèno an
gia k�je E ∈ A me µ(E) = ∞, up�rqei F ∈ A me F ⊂ E kai 0 < µ(F ) < ∞.
(a) DeÐxte ìti k�je σ-peperasmèno mètro eÐnai hmipeperasmèno.
(b) DeÐxte ìti an to µ eÐnai hmipeperasmèno kai an E ∈ A me µ(E) = ∞, tìte gia
k�je C > 0 up�rqei F ∈ A me F ⊂ E kai C < µ(F ) < ∞.

5.6.27 'Estw (X, A, µ) ènac q¸roc mètrou. OrÐzoume µo : A → [0,∞] me

µo(E) = sup{µ(F ) : F ⊂ E, F ∈ A, µ(F ) < ∞}.
DeÐxte ìti:
(a) To µo eÐnai hmipeperasmèno mètro.
(b) An to µ eÐnai hmipeperasmèno, tìte µ = µo. (Upìdeixh: 'Askhsh 5.6.26(b) ).
(g) Up�rqei mètro ν sto X me timèc mìno 0 kai ∞ tètoio ¸ste µ = µo + ν.

5.6.28 'Estw A mi� σ-�lgebra sto sÔnolo X. DeÐxte ìti an k�je sun�rthsh
f : X → R eÐnai A-metr simh, tìte A = P(X) kai antistrìfwc.

5.6.29 DÐnontai σ-�lgebra A sto sÔnolo X, A-metr simh sun�rthsh f : X → R
kai jetikìc arijmìc k. DeÐxte ìti h sun�rthsh

fk(x) =





f(x), an |f(x)| ≤ k,

k, an f(x) > k,

−k, an f(x) < −k.

eÐnai A-metr simh.
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5.6.30 DeÐxte ìti k�je monìtonh sun�rthsh f : R→ R eÐnai B-metr simh.

5.6.31 An h f eÐnai fragmènh kai A-metr simh sto X, deÐxte ìti up�rqei aÔxousa
akoloujÐa apl¸n sunart sewn {φn} tètoia ¸ste φn−→oµ f sto X.

5.6.32 'Estw A σ-�lgebra sto sÔnolo X. An h f : X → R eÐnai A-metr simh kai
h g : R→ R eÐnai B-metr simh, deÐxte ìti h g ◦ f eÐnai A-metr simh.

5.6.33? 'Estw f : [0, 1] → [0, 1] h sun�rthsh toÔ Cantor. Jètoume g(x) = f(x)+x.
(a) DeÐxte ìti h g apeikonÐzei amfimonìtima to [0, 1] epÐ toÔ [0, 2].
(b) DeÐxte ìti h g−1 eÐnai suneq c sto [0, 2].
(g) DeÐxte ìti an C eÐnai to sÔnolo tou Cantor, tìte m(g(C)) = 1.
(d) Epeid  to sÔnolo g(C) èqei jetikì mètro, ja perièqei èna mh metr simo sÔnolo
A. DeÐxte ìti to sÔnolo g−1(A) eÐnai metr simo all� ìqi Borel.
(e) DeÐxte ìti up�rqei metr simh sun�rthsh F kai suneq c sun�rthsh G sto R
tètoiec ¸ste h F ◦G den eÐnai metr simh.

5.6.34 An µ1, µ2 eÐnai mètra kai f ∈ L1(µ1) ∩ L1(µ2), deÐxte ìti f ∈ L1(µ1 + µ2)
kai ∫

X

f d(µ1 + µ2) =
∫

X

f dµ1 +
∫

X

f dµ2.

5.6.35 'Estw (X, A, µ) q¸roc peperasmènou mètrou. 'Estw f mi� A-metr simh
sun�rthsh. DeÐxte ìti an to ìrio

lim
n→∞

∫

X

fn dµ

up�rqei kai eÐnai peperasmèno, tìte eÐnai Ðso me µ({f = 1}).

5.6.36 DÐnontai mètro µ sto sÔnolo X kai sun�rthsh f ∈ L1(µ) me f > 0. DeÐxte
ìti

lim
n→∞

∫

X

f1/n dµ = µ(X).

5.6.37 'Estw (X, A, ν) ènac q¸roc proshmasmènou mètrou. 'Estw E ∈ A. DeÐxte
ìti |ν|(E) = 0 an kai mìno an gia k�je E1 ⊂ E me E1 ∈ A, isqÔei ν(E1) = 0.

5.6.38 DeÐxte ìti an ν eÐnai proshmasmèno mètro kai µ eÐnai mètro, tìte

|ν| ⊥ µ ⇔ (ν+ ⊥ µ kai ν− ⊥ µ).

5.6.39 BreÐte èna mètro µ sto R ètsi ¸ste m ⊥ µ.

5.6.40 JewroÔme to proshmasmèno mètro µf toÔ ParadeÐgmatoc 5.5.4 kai èna
sÔnolo E ∈ A. DeÐxte ìti to E eÐnai jetikì sÔnolo an kai mìno an f ≥ 0 σ.π.
sto E.
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5.6.41 'Estw ν èna proshmasmèno mètro sto sÔnolo X. DeÐxte ìti an −∞ <
ν(X) < ∞, tìte ta mètra |ν|, ν+, ν− eÐnai peperasmèna.

5.6.42 DeÐxte ìti an ν eÐnai èna proshmasmèno mètro kai λ, µ eÐnai mètra tètoia
¸ste ν = λ− µ, tìte λ ≥ ν+ kai µ ≥ ν−.

5.6.43 Duì proshmasmèna mètra ν1, ν2 den paÐrnoun thn tim  −∞. DeÐxte ìti
|ν1 + ν2| ≤ |ν1|+ |ν2|.
Upìdeixh: 'Askhsh 5.6.42.

5.6.44 'Estw ν èna proshmasmèno mètro sth σ-�lgebra A. DeÐxte ìti an to ν den
paÐrnei tic timèc ∞,−∞, tìte eÐnai fragmèno, dhlad  up�rqei M > 0 tètoio ¸ste
∀E ∈ A, |ν(E)| ≤ M .

5.6.45 'Estw (X, A, ν) q¸roc proshmasmènou mètrou. DeÐxte ìti:
(a) An {En} eÐnai aÔxousa akoloujÐa sunìlwn t c A, tìte

lim
n→∞

ν(An) = ν

( ∞⋃
n=1

En

)
.

(b) An {En} eÐnai fjÐnousa akoloujÐa sunìlwn t c A kai ν(E1) 6= ±∞, tìte

lim
n→∞

ν(An) = ν

( ∞⋂
n=1

En

)
.

5.6.46 'Estw µ o periorismìc toÔ mètrou Lebesgue sto di�sthma [0, 2π]. 'Estw
f(x) = sin x, x ∈ [0, 2π]. Gia to proshmasmèno mètro µf , breÐte th di�spash Hahn,
th di�spash Jordan kai thn olik  metabol .

5.6.47 'Estw (X, A, ν) q¸roc proshmasmènou mètrou. Swstì   L�joc?
(a) Gia E ∈ A, ν(E) = 0 an kai mìno an |ν|(E) = 0.
(b) 'Ena sÔnolo E ∈ A eÐnai kai jetikì kai arnhtikì an kai mìno an |ν|(E) = 0.
(g) 'Ena sÔnolo E ∈ A eÐnai jetikì an kai mìno an ν(E) ≥ 0.
(d) 'Ena jetikì sÔnolo den èqei kanèna arnhtikì uposÔnolo.
(e) An èna arnhtikì sÔnolo èqei èna jetikì uposÔnolo A, tìte ν(A) = 0.

5.6.48 'Estw (X, A, ν) q¸roc proshmasmènou mètrou. DeÐxte ìti:
(a) L1(ν) = L1(|ν|).
(b) An f ∈ L1(ν), tìte ∣∣∣∣

∫

X

f dν

∣∣∣∣ ≤
∫

X

|f | d|ν|.

(g) An E ∈ A,

|ν|(E) = sup
{∣∣∣∣

∫

E

f dν

∣∣∣∣ : |f | ≤ 1
}

.
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5.6.49 DÐnontai q¸roc proshmasmènou mètrou (X, A, ν) kai sÔnolo E ∈ A. DeÐxte
ìti:

ν+(E) = sup{ν(F ) : F ∈ A, F ⊂ E},
ν−(E) = − inf{ν(F ) : F ∈ A, F ⊂ E},

|ν|(E) = sup





n∑

j=1

|ν(Ej)| : n ∈ N, E1, E2, . . . , En ∈ A xèna, E = ∪n
j=1Ej



 .

5.6.50 BreÐte èna q¸ro proshmasmènou mètrou me dÔo diaforetikèc diasp�seic
Hahn.

5.7 Shmei¸seic
O Lebesgue anèptuxe th jewrÐa pou fèrei to ìnom� tou tìso sthn pragmatik  eujeÐa
ìso kai se eukleÐdeiouc q¸rouc megalÔterhc di�stashc. H afhrhmènh jewrÐa mètrou
kai olokl rwshc anaptÔqjhke sth dekaetÐa toÔ 1910 apì touc J. Radon, M. Fréchet,
K. Karajeodwr , kai �llouc. H jewrÐa aut  brÐsketai sth b�sh t c sÔgqronhc
An�lushc. MetaxÔ poll¸n �llwn efamog¸n thc eÐnai kai h axiwmatik  jemelÐwsh
t c jewrÐac Pijanot twn h opoÐa ègine apì ton A. Kolmogorov to 1933.

Sto kef�laio autì k�name mìno mi� sÔntomh eisagwg  sth jewrÐa aut . O
anagn¸sthc mporeÐ na breÐ perissìtero ulikì se proptuqiakì epÐpedo sta biblÐa [6],
[10]. Se metaptuqiakì epÐpedo up�rqei to exairetikì sÔggramma toÔ G. Folland [3].
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