
10 SÔgkrish me to olokl rwma Riemann

Periorizìmaste t¸ra sthn perÐptwsh ìpou X = [a, b] ⊆ R, m to mètro Le-
besgue kai M(m) h oikogèneia twn Lebesgue metr simwn sunìlwn. Qrhsimo-
poi¸ntac touc sumbolismoÔc thc paragr�fou 6.2, èqoume∫ b

a

hP(t)dt = L(f,P),

∫ b

a

gP(t)dt = U(f,P).

ìpou

hP(t) =
n∑

i=1

mi(f)χIi
(t), gP(t) =

n∑
i=1

Mi(f)χIi
(t).

Epeid  oi sunart seic hP kai gP eÐnai klimakwtèc (�ra aplèc metr simec), to
olokl rwma Riemann kai to olokl rwma Lebesgue twn sunart sewn aut¸n
sumpÐptoun.

Epilègoume epagwgik� diamerÐseic P1 ⊆ P2 ⊆ . . . ⊆ Pn ⊆ . . . ¸ste h
{leptìthta} (dhlad  h apìstash dÔo diadoqik¸n shmeÐwn) thc Pn na eÐnai
mikrìterh apì 1

n
kai∫ b

a

hPn → sup
P

L(f,P) ≡
∫ b

a

f,

∫ b

a

gPn → inf
P

U(f,P) ≡
∫ b

a

f.

ParathroÔme ìti h akoloujÐa (hPn) = (hn) eÐnai aÔxousa kai h (gPn) = (gn)
eÐnai fjÐnousa kai ìti hn ≤ f ≤ gn gia k�je n. Jètoume h = supn hn kai
g = infn gn. Oi h, g eÐnai metr simec kai

h ≤ f ≤ g.

QwrÐc kammi� upìjesh gia thn f (ektìc tou ìti eÐnai fragmènh) apì to
Je¸rhma Monìtonhc SÔgklishc sumperaÐnoume ìti∫

hdm = lim
n

∫
hndm =

∫ b

a

f kai
∫

gdm = lim
n

∫
gndm =

∫ b

a

f.

Epomènwc h f eÐnai Riemann oloklhr¸simh an kai mìnon an isqÔei h isìthta∫
hdm =

∫
gdm.
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Efìson h ≤ g, h isìthta aut  isqÔei an kai mìnon an h(x) = g(x) sqedìn gia
k�je x ∈ [a, b].

Tìte èqoume kai h(x) = f(x) = g(x) sqedìn gia k�je x ∈ [a, b] opìte h f
eÐnai metr simh1, m�lista Lebesgue-oloklhr¸simh kai∫

fdm =

∫
hdm =

∫ b

a

f

dhlad  to olokl rwma Lebesgue thc f sumpÐptei me to olokl rwma Riemann.
ApodeiknÔetai ìti an to x ∈ [a, b] den an kei se kanèna apì ta diaqwristik�

shmeÐa kammi�c apì tic diamerÐseic Pn tìte h isìthta h(x) = f(x) = g(x)
isodunameÐ me thn sunèqeia thc f sto x.

Epomènwc, an up�rqei èna sÔnolo M1 ⊆ [a, b] mètrou mhdèn ¸ste h(x) =
f(x) = g(x) gia k�je x ∈ [a, b]\M1 kai an onom�soume M thn ènwsh tou M1 me
to (arijm simo) sÔnolo ìlwn twn shmeÐwn ìlwn twn diamerÐsewn Pn, n ∈ N,
tìte to M èqei mètro mhdèn kai h f eÐnai suneq c se k�je x ∈ [a, b] \ M ,
dhlad  sqedìn pantoÔ. An antÐstrofa h f eÐnai suneq c sqedìn pantoÔ,
dhlad  up�rqei èna sÔnolo N ⊆ [a, b] mètrou mhdèn ¸ste h f na eÐnai suneq c
se k�je x ∈ [a, b] \ N , tìte h isìthta h(x) = f(x) = g(x) isqÔei se k�je
x ∈ [a, b] \ N pou den eÐnai shmeÐo kammi�c apì tic diamerÐseic Pn, dhlad 
sqedìn pantoÔ. 'Epetai tìte ìti

∫
hdm =

∫
gdm, kai sunep¸c to olokl rwma

Riemann thc f sto [a, b] up�rqei.

Je¸rhma 10.1 Mia fragmènh sun�rthsh f : [a, b] → R eÐnai Riemann olo-
klhr¸simh an kai mìnon an eÐnai sqedìn pantoÔ suneq c, an dhlad  to sÔnolo
twn asuneqei¸n thc èqei mètro mhdèn. Tìte h f eÐnai Lebesgue oloklhr¸simh
kai ta dÔo oloklhr¸mata sumpÐptoun.

Parat rhsh 10.2 Ac tonÐsoume th diafor� an�mesa sthn ènnoia {sqedìn
pantoÔ suneq c} kai {sqedìn pantoÔ Ðsh me mia suneq  sun�rthsh}:

Gia par�deigma h sun�rthsh Dirichlet, dhlad  h qarakthristik  sun�rthsh
twn rht¸n, den eÐnai poujen� suneq c, all� eÐnai sqedìn pantoÔ Ðsh me th
suneq  sun�rthsh f(t) = 0. AntÐjeta h qarakthristik  sun�rthsh tou [1

3
, 2

3
]

1gia k�je c ∈ R, to sÔnolo {x ∈ [a, b] : f(x) < c} diafèrei apì to sÔnolo {x ∈
[a, b] : h(x) < c} kat� èna sÔnolo mètrou mhdèn, �ra eÐnai metr simo, giatÐ ta sÔnola
mètrou mhdèn an koun sthn M(m). [Pr�gmati, (bl. Par�grafo 7.2) an m∗(A) = 0,
tìte apì ton orismì tou m∗ gia k�je ε > 0 up�rqei èna sÔnolo U pou eÐnai arijm simh
ènwsh stoiqeiwd¸n anoikt¸n sunìlwn, �ra metr simo, ¸ste A ⊆ U kai m(U) < ε, �ra
d(A,U) = m∗(A∆U) < ε.]
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eÐnai sqedìn pantoÔ suneq c (afoÔ eÐnai asuneq c mìno sta shmeÐa 1
3
kai 2

3
),

all� den mporeÐ na eÐnai sqedìn pantoÔ Ðsh me mia suneq  sun�rthsh, giatÐ
èqei �lma sta duo aut� shmeÐa.

11 O q¸roc L2([−π, π])

11.1 Olokl rwsh migadik¸n sunart sewn

'Estw (X,M, µ) q¸roc mètrou. Mia sun�rthsh f : X → C ja lègetai
metr simh an to pragmatikì kai to fantastikì thc mèroc u = 1

2
(f + f̄), v =

1
2i

(f − f̄) eÐnai metr simec sunart seic. Den eÐnai dÔskolo na apodeiqjeÐ2 ìti
tìte h pragmatik  sun�rthsh |f | eÐnai metr simh.

H f ja lègetai oloklhr¸simh (f ∈ L(X,M, µ)) an oi u, v eÐnai olo-
klhr¸simec (an dhlad 

∫
|u|dµ < ∞ kai

∫
|v|dµ < ∞). Tìte orÐzoume∫

fdµ =

∫
udµ + i

∫
vdµ.

ApodeiknÔetai eÔkola ìti h apeikìnish f →
∫

fdµ eÐnai grammik , dhlad 
ìti

∫
(f + cg)dµ =

∫
fdµ + c

∫
gdµ gia k�je f, g ∈ L(X,M, µ) kai c ∈ C.

Apì tic sqèseic |u| ≤ |f |, |v| ≤ |f | kai |f | ≤ |u| + |v| faÐnetai ìti h f eÐnai
oloklhr¸simh an kai mìnon an h |f | eÐnai oloklhr¸simh. IsqÔei h anisìthta∣∣∣∣∫ fdµ

∣∣∣∣ ≤ ∫
|f |dµ

Apìdeixh K�je migadikìc arijmìc z gr�fetai z = c|z| ìpou |c| = 1. Gr�-
foume loipìn ∫

fdµ = c

∣∣∣∣∫ fdµ

∣∣∣∣
ìpou |c| = 1 kai èqoume∣∣∣∣∫ fdµ

∣∣∣∣ = c̄

∫
fdµ =

∫
c̄fdµ.

2An oi u kai v eÐnai metr simec to Ðdio isqÔei gia thn |f |2 = u2 + v2 (bl. Par�grafo 8).
Epomènwc gia k�je a ∈ R to sÔnolo Ma = {x : |f |2 > a2} eÐnai metr simo. Sunep¸c gia
k�je a ∈ R to sÔnolo Na = {x : |f | > a} eÐnai metr simo, diìti Na = Ma an a > 0 kai
Na = X an a ≤ 0.
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Jètoume Re c̄f = g, Im c̄f = h opìte c̄f = g + ih kai∣∣∣∣∫ fdµ

∣∣∣∣ =

∫
c̄fdµ =

∫
gdµ + i

∫
hdµ =

∫
gdµ

giatÐ
∣∣∫ fdµ

∣∣ ∈ R. 'Omwc |g| ≤ |c̄f | = |f | �ra
∫
|g|dµ ≤

∫
|f |dµ. Telik�

loipìn ∣∣∣∣∫ fdµ

∣∣∣∣ =

∫
gdµ ≤

∫
|g|dµ ≤

∫
|f |dµ. 2

11.2 O q¸roc L2([−π, π])

Orismìc 11.1 O q¸roc L2(X,M, µ) apoteleÐtai apì ìlec tic metr simec
sunart seic f : X → C pou ikanopoioÔn∫

|f |2dµ < ∞.

ParathroÔme ìti o L2(X,M, µ) eÐnai grammikìc q¸roc. Pr�gmati an∫
|f |2dµ < ∞ kai

∫
|g|2dµ < ∞ tìte gia k�je c ∈ C h sun�rthsh |f + cg|2

eÐnai metr simh kai

|f + cg|2 ≤ 2|f |2 + 2|cg|2

�ra
∫
|f + cg|2dµ ≤ 2

∫
|f |2dµ + 2|c|2

∫
|g|2dµ < ∞.

EpÐshc parathroÔme ìti an f, g ∈ L2(X,M, µ) tìte h sun�rthsh fg eÐnai
oloklhr¸simh, giatÐ |fg| ≤ |f |2+|g|2 �ra

∫
|fg|dµ ≤

∫
|f |2dµ+

∫
|g|2dµ < ∞.

'Askhsh 11.1 (a) DeÐxte ìti an a, b ∈ R kai f ∈ L2([a, b], m) tìte
f ∈ L([a, b], m). (Upìdeixh: Anisìthta Cauchy - Schwarz.)
(b) An f : (0, 1) → R eÐnai h sun�rthsh f(t) = t−1/2, exet�ste an h f eÐnai
Lebesgue oloklhr¸simh sto (0, 1) kai an f ∈ L2((0, 1), m).
(Upìdeixh: Efarmìste to Je¸rhma monìtonhc sÔgklishc gia thn akoloujÐa
(fn) ìpou fn(t) = 0 ìtan 0 < t < 1

n
kai fn(t) = f(t) ìtan 1

n
≤ t < 1.)

Parat rhsh 11.2 An periorisjoÔme sto di�sthma [−π, π] (  genikìtera
se èna sumpagèc uposÔnolo tou R) parathroÔme ìti k�je suneq c sun�rthsh
an kei ston L2([−π, π], m). To Ðdio isqÔei gia tic Riemann oloklhr¸simec,
  genikìtera gia tic fragmènec metr simec sunart seic. Up�rqoun ìmwc L2
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sunart seic pou den eÐnai fragmènec (pìso m�llon Riemann oloklhr¸simec):
èna par�deigma eÐnai h sun�rthsh g : [−π, π] → R me g(t) = t−1/4 gia k�je t 6=
0 kai g(0) = 0. EpÐshc, ìpwc prokÔptei apì thn prohgoÔmenh 'Askhsh, k�je
L2 sun�rthsh eÐnai oloklhr¸simh, en¸ den isqÔei to antÐstrofo. 'Eqoume
loipìn, an sumbolÐsoume me B([−π, π]) tic fragmènec metr simec sunart seic
kai me R([−π, π]) tic Riemann oloklhr¸simec,

C([−π, π]) ⊂ R([−π, π]) ⊂ B([−π, π]) ⊂ L2([−π, π], m) ⊂ L([−π, π], m)

kai kanènac apì touc egkleismoÔc den eÐnai isìthta.

An f, g ∈ L2([−π, π], m) (ìpou m to mètro Lebesgue) jètoume

d2(f, g) ≡ ‖f − g‖2 ≡
(

1

2π

∫ π

−π

|f − g|2dm

)1/2

.

(Sthn perÐptwsh pou oi f, g eÐnai suneqeÐc, to olokl rwma tautÐzetai me to
olokl rwma Riemann kai o orismìc sumpÐptei me autìn pou d¸same sthn
Par�grafo 5).

'Opwc sthn Par�grafo 5, apodeiknÔontai oi idiìthtec

‖λf‖2 = |λ| · ‖f‖2 (λ ∈ C, f ∈ L2)∣∣∣∣ 1

2π

∫ π

−π

fḡdm

∣∣∣∣ ≡ | 〈f, g〉 | ≤ ‖f‖2‖g‖2 (f, g ∈ L2)

‖f + g‖2 ≤ ‖f‖2 + ‖g‖2 (f, g ∈ L2)

‖f‖2 ≥ 0 (f ∈ L2).

'Omwc, an ‖f‖2 = 0 den prokÔptei f(t) = 0 gia k�je t ∈ [−π, π], all� mìnon
sqedìn gia k�je t.

'Ara h d2 den eÐnai metrik  ston q¸ro L2([−π, π], m). Gia na èqoume th
dom  metrikoÔ q¸rou, prèpei na {tautÐsoume} sunart seic pou diafèroun se
sÔnola mètrou mhdèn. Me austhr  majhmatik  diatÔpwsh, autì isodunameÐ
me to na jewroÔme ton q¸ro L2([−π, π], m) ìlwn twn kl�sewn isodunamÐac
sunart sewn tou q¸rou L2([−π, π], m), ìpou h kl�sh isodunamÐac miac f ∈
L2([−π, π], m) apoteleÐtai apì ìlec tic g ∈ L2([−π, π], m) pou eÐnai sqedìn
pantoÔ Ðsec me thn f (isodÔnama ikanopoioÔn d2(f, g) = 0).
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Orismìc 11.2 O q¸roc L2(X,M, µ) apoteleÐtai apì ìlec tic kl�seic iso-
dunamÐac metr simwn sunart sewn f : X → C (modulo isìthta µ-sqedìn
pantoÔ) pou ikanopoioÔn ∫

|f |2dµ < ∞.

Je¸rhma 11.3 (Riesz-Fischer) O q¸roc L2(X,M, µ), efodiasmènoc me
thn metrik  d2, eÐnai pl rhc metrikìc q¸roc.

(Gia thn apìdeixh, dec thn epìmenh par�grafo.)

Prìtash 11.4 O q¸roc twn apl¸n metr simwn sunart sewn eÐnai puknìc
ston L2(X,M, µ) wc proc thn d2, dhlad  gia k�je f ∈ L2(X,M, µ) up�rqei
mia akoloujÐa apl¸n metr simwn sunart sewn (sn) ¸ste ‖f − sn‖2 → 0.

Apìdeixh Gr�foume f = u+iv = (u+−u−)+i(v+−v−) ìpou oi u+, u−, v+, v−

eÐnai mh arnhtikèc kai an koun ston L2. K�je mia apì autèc proseggÐzetai
kat� shmeÐo apì mia aÔxousa akoloujÐa apl¸n metr simwn mh arnhtik¸n su-
nart sewn (Je¸rhma 8.7):

t+n ↗ u+, t−n ↗ u−, r+
n ↗ v+, r−n ↗ u−.

An loipìn jèsoume
sn = (t+n − t−n ) + i(r+

n − r−n )

tìte èqoume mia akoloujÐa apl¸n metr simwn sunart sewn ¸ste sn → f kat�
shmeÐo kai epiplèon

|sn|2 = (t+n − t−n )2 + (r+
n − r−n )2 ≤ (t+n + t−n )2 + (r+

n + r−n )2

≤ (u+ + u−)2 + (v+ + v−)2 = |f |2

�ra |f − sn|2 ≤ (|f |+ |sn|)2 ≤ 4|f |2.
Efìson h sun�rthsh 4|f |2 eÐnai oloklhr¸simh, apì to Je¸rhma Kuriarqhmè-
nhc SÔgklishc èpetai ìti∫
|f − sn|2dµ → 0. 2

Je¸rhma 11.5 O q¸roc twn suneq¸n 2π-periodik¸n sunart sewn eÐnai
puknìc upìqwroc tou L2([−π, π], m) wc proc thn metrik  d2.

Dhlad  gia k�je f ∈ L2([−π, π], m) up�rqei akoloujÐa (gn) suneq¸n 2π-
periodik¸n sunart sewn ¸ste∫

[−π,π]

|f − gn|2dm → 0.
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Apìdeixh AfoÔ oi aplèc metr simec sunart seic eÐnai puknèc apì thn proh-
goÔmenh Prìtash, arkeÐ na upojèsoume ìti h f eÐnai apl  metr simh. AfoÔ o
L2([−π, π], m) eÐnai grammikìc q¸roc, kai k�je apl  eÐnai grammikìc sundua-
smìc qarakthristik¸n, arkeÐ na upojèsoume ìti h f eÐnai h qarakthristik 
enìc metr simou sunìlou.

(i) 'Estw pr¸ta F ⊆ [−π, π] kleistì. Ja broÔme gn ∈ C([−π, π]) me
gn(−2π) = 1 = gn(2π) ¸ste ‖gn − χF‖2 → 0. 'Estw F1 = F ∪ {π,−π} kai

d(t) = inf{|t− s| : s ∈ F1} (t ∈ [a, b])

h apìstash tou t apì to F1. EÐnai gnwstì (afoÔ to F1 eÐnai kleistì) ìti h
d eÐnai suneq c kai ìti d(t) = 0 an kai mìnon an t ∈ F1. Gia k�je n ∈ N,
orÐzoume

gn(t) =
1

1 + nd(t)
(t ∈ [a, b]).

ParathroÔme ìti an t ∈ F1 tìte gn(t) = 1 gia k�je n kai an t /∈ F1 tìte
gn(t) → 0. Dhlad  gn(t) → χF1(t) gia k�je t, �ra gn(t) → χF (t) sqedìn gia
k�je t. EpÐshc |gn(t) − χF (t)|2 ≤ 4 gia k�je t, kai h stajer  sun�rthsh 4
eÐnai oloklhr¸simh sto [−π, π] (giatÐ m([−π, π]) < ∞). 'Epetai ìti∫

|gn − χF |2dm → 0

apì to Je¸rhma Kuriarqhmènhc SÔgklishc.
(ii) 'Estw t¸ra A ∈ M. Apì thn kanonikìthta tou m gia k�je n ∈ N

up�rqei èna kleistì sÔnolo Fn ⊆ A ¸ste m(A \ Fn) < 1
n2 . 'Eqoume∫

|χA − χFn|2dm =

∫
|χA\Fn|2dm = m(A \ Fn) <

1

n2
.

Apì to (i), up�rqei gn ∈ C([−π, π]) 2π-periodik  ¸ste ‖gn − χFn‖2 < 1
n
,

opìte
‖gn − χA‖2 ≤ ‖gn − χFn‖2 + ‖χFn − χA‖2 <

2

n
. 2

Pìrisma 11.6 O q¸roc twn trigwnometrik¸n poluwnÔmwn eÐnai puknìc
ston L2([−π, π], m) wc proc thn d2.

Apìdeixh An dojeÐ f ∈ L2([−π, π], m) kai ε > 0, brec mia 2π-periodik 
g ∈ C([−π, π]) ¸ste ‖f − g‖2 < ε. Apì to Je¸rhma tou Féjer (Je¸rhma
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4.2) xèroume ìti ‖g − σn(g)‖∞ → 0, opìte mporoÔme na dialèxoume èna trigw-
nometrikì polu¸numo σn(g) ¸ste ‖g − σn(g)‖∞ < ε. All� ‖g − σn(g)‖2 ≤
‖g − σn(g)‖∞, opìte ja èqoume ‖f − σn(g)‖2 < 2ε. 2

Pìrisma 11.7 O q¸roc C∞([−π, π]) twn aperiìrista paragwgÐsimwn su-
nart sewn eÐnai puknìc ston L2([−π, π], m) wc proc thn d2.

Apìdeixh Ta trigwnometrik� polu¸numa eÐnai aperiìrista paragwgÐsimec
sunart seic. 2

11.3 Seirèc Fourier sunart sewn kl�sewc L2

'Estw f ∈ L([−π, π], m). An ek(t) = eikt ìpou k akèraioc, parathroÔme ìti
h ek eÐnai suneq c, �ra metr simh kai |ek| = 1 �ra h fek eÐnai oloklhr¸simh.
To Ðdio isqÔei kai an f ∈ L2([−π, π], m).

Orismìc 11.3 (Suntelestèc Fourier) 'Estw f ∈ L([−π, π], m).
OrÐzoume

f̂(k) =
1

2π

∫ π

−π

fe−kdm =
1

2π

∫ π

−π

f(t)e−iktdm(t) (k ∈ Z)

an(f) =
1

π

∫ π

−π

f(t) cos(nt)dm(t), bn(f) =
1

π

∫ π

−π

f(t) sin(nt)dm(t) (n ∈ N)

Sn(f, t) =
k=n∑

k=−n

f̂(k)eikt (n ∈ N, t ∈ [−π, π]).

ParathroÔme ìti h sun�rthsh Sn(f) eÐnai trigwnometrikì polu¸numo, �ra
suneq c kai 2π-periodik  sun�rthsh, ìpoia ki an eÐnai h f ∈ L2([−π, π], m).

L mma 11.8 (Bèltisthc mèshc tetragwnik c prosèggishc)
'Estw f ∈ L2([−π, π]) kai n ∈ N. Tìte gia k�je trigwnometrikì polu¸numo
p bajmoÔ to polÔ n isqÔei

1

2π

∫ π

−π

|f − p|2dm ≥ 1

2π

∫ π

−π

|f − Sn(f)|2dm.

Isìthta isqÔei an kai mìnon an p = Sn.
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H Apìdeixh eÐnai lèxh proc lèxh h Ðdia me thn apìdeixh tou L mmatoc 5.3.

Prìtash 11.9 An h f ∈ L2([−π, π]), tìte

Sn(f)
d2−→ f

dhlad 

lim
n

1

2π

∫ π

−π

|Sn(f)− f |2dm = 0.

Apìdeixh Apì to Pìrisma 11.6 gia k�je ε > 0 mpor¸ na br¸ èna trigwno-
metrikì polu¸numo p ¸ste d2(f, p) < ε. An n eÐnai o bajmìc tou p, apì to
prohgoÔmeno L mma ja èqw d2(f, Sn(f)) ≤ d2(f, p) < ε. 2

Ac jumhjoÔme ìti me to Je¸rhma 3.2 eÐqame apodeÐxei ìti an dÔo suneqeÐc
2π-periodikèc sunart seic èqoun touc Ðdiouc suntelestèc Fourier, tìte eÐnai
Ðsec. Autì den isqÔei gia Lebesgue oloklhr¸simec sunart seic: mporeÐ na
diafèroun se èna sÔnolo mètrou mhdèn. Den mporeÐ ìmwc na diafèroun se èna
sÔnolo jetikoÔ mètrou:

Je¸rhma 11.10 (Monadikìthta) An f, g ∈ L2([−π, π]) kai ĝ(k) =

f̂(k) gia k�je k ∈ Z (isodÔnama an(f) = an(g) kai bn(f) = bn(g) gia k�-
je n ∈ N), tìte f(t) = g(t) sqedìn gia k�je t ∈ [−π, π], isodÔnama f ≡ g
ston L2([−π, π]).

Parat rhsh To je¸rhma monadikìthtac isqÔei kai gia sunart seic pou
an koun ston L([−π, π], m), h apìdeixh ìmwc xepern�ei touc stìqouc aut¸n
twn shmei¸sewn, gi�autì paraleÐpetai.

Apìdeixh Jewr¸ntac thn f − g sth jèsh thc f , arkeÐ na apodeÐxw ìti
An f ∈ L2([−π, π]) kai f̂(k) = 0 gia k�je k ∈ Z,
tìte f(t) = 0 sqedìn gia k�je t ∈ [−π, π].

Apì thn Prìtash 11.9 èqoume ìti

lim
n

1

2π

∫ π

−π

|Sn(f)− f |2dm = 0.

An ìmwc f̂(k) = 0 gia k�je k ∈ Z tìte Sn(f) = 0 gia k�je n ∈ N kai sunep¸c∫
|f |2dm = 0 �ra f(t) = 0 sqedìn gia k�je t. 2
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Prìtash 11.11 (Isìthta Parseval) An f ∈ L2([−π, π]), tìte

1

2π

∫ π

−π

|f |2 =
∞∑

k=−∞

|f̂(k)|2.

Apìdeixh 'Epetai apì thn antÐstoiqh isìthta gia trigwnometrik� polu¸numa

(Parat rhsh 5.5) kai apì to gegonìc ìti Sn(f)
d2−→ f , akrib¸c ìpwc sthn

perÐptwsh twn suneq¸n sunart sewn (Pìrisma 5.8).

Je¸rhma 11.12 (Riemann - Lebesgue) An f ∈ L([−π, π], m), tìte

lim
k→+∞

f̂(k) = lim
k→−∞

f̂(k) = 0.

Apìdeixh An f ∈ L2([−π, π], m), h apìdeixh eÐnai �mesh apì to gegonìc ìti

∞∑
k=−∞

|f̂(k)|2 =
1

2π

∫ π

−π

|f |2 < ∞

(m�lista arkeÐ, gia thn apìdeixh, h anisìthta Bessel).
'Omwc an f ∈ L([−π, π], m) \ L2([−π, π], m) oi suntelestèc Fourier thc f

den eÐnai tetragwnik� ajroÐsimoi (ìpwc ja doÔme sthn amèswc epìmenh Prì-
tash). Epomènwc qrei�zetai mia diaforetik  apìdeixh.

'Estw loipìn f ∈ L([−π, π], m). Gia k�je ε > 0 up�rqei g suneq c kai
2π-periodik  ¸ste 1

2π

∫ π

−π
|f−g|dµ < ε (autì apodeiknÔetai akrib¸c ìpwc sto

Je¸rhma 11.5). ParathroÔme ìti gia k�je k ∈ Z

|f̂(k)− ĝ(k)| =
∣∣∣∣ 1

2π

∫ π

−π

(f(t)− g(t))e−iktdm(t)

∣∣∣∣
≤ 1

2π

∫ π

−π

∣∣(f(t)− g(t))e−ikt
∣∣ dm(t) =

1

2π

∫ π

−π

|f − g| dm < ε

Efìson h akoloujÐa (ĝ(k)) eÐnai mhdenik  (afoÔ g ∈ L2) kai h (f̂(k)) eÐnai o-
moiìmorfa kont� sthn (ĝ(k)), ja eÐnai ki aut  mhdenik . Akribèstera: up�rqei
n ∈ N ¸ste |ĝ(k)| < ε gia k�je k ∈ Z me |k| ≥ n, opìte

|f̂(k)| ≤ |f̂(k)− ĝ(k)|+ |ĝ(k)| < 2ε

gia k�je k ∈ Z me |k| ≥ n, �ra

lim
k→+∞

f̂(k) = lim
k→−∞

f̂(k) = 0. 2
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Apì thn isìthta Parseval èpetai ìti gia k�je f ∈ L2([−π, π]) (�ra kai
gia k�je suneq  kai 2π-periodik  sun�rthsh), h akoloujÐa twn suntelest¸n
Fourier thc eÐnai tetragwnik� ajroÐsimh.

Apì thn plhrìthta tou q¸rou L2([−π, π]) wc proc thn d2 èpetai to akì-
loujo antÐstrofo thc parat rhshc aut c.

Prìtash 11.13 An
∑

n∈Z |cn|2 < +∞ tìte up�rqei f ∈ L2([−π, π]) ¸ste
f̂(k) = ck gia k�je k ∈ Z. M�lista an sn(t) =

∑n
k=−n cke

ikt isqÔei ìti
‖f − sn‖2 → 0.

Apìdeixh Sthn akoloujÐa (ck)k∈Z antistoiqoÔme thn trigwnometrik  seir�

∞∑
k=−∞

cke
ikt.

(Den endiaferìmaste an h seir� aut  sugklÐnei gia k�je t). Ja deÐxoume ìti
h seir� aut  sugklÐnei wc proc thn d2, opìte orÐzei èna stoiqeÐo tou q¸rou
L2([−π, π]). Apì thn plhrìthta tou q¸rou L2([−π, π]) wc proc thn d2, arkeÐ
na deÐxoume ìti ta merik� ajroÐsmata thc seir�c apoteloÔn basik  akoloujÐa.

'Estw ε > 0. Jètw an =
n∑

k=−n

|ck|2. AfoÔ
∑
n∈Z

|cn|2 < +∞, apì to krit rio

Cauchy èqoume ìti up�rqei no ∈ N ¸ste gia k�je m, n ∈ N me m > n ≥ no

na isqÔei |am − an| < ε dhlad 
∑

n<|k|≤m

|ck|2 < ε.

Apì thn isìthta Parseval èqoume

∑
n<|k|≤m

|ck|2 =
1

2π

∫ π

−π

∣∣∣∣∣∣
∑

n<|k|≤m

cke
ikt

∣∣∣∣∣∣
2

dt.

ParathroÔme ìmwc ìti gia k�je m, n ∈ N me m > n,

sn =
∑
|k|≤n

ckek �ra sm − sn =
∑

n<|k|≤m

ckek.

Sunep¸c

‖sm − sn‖2
2 =

1

2π

∫ π

−π

∣∣∣∣∣∣
∑

n<|k|≤m

cke
ikt

∣∣∣∣∣∣
2

dt =
∑

n<|k|≤m

|ck|2 < ε.
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Epomènwc h akoloujÐa (sn) eÐnai basik  ston q¸ro L2([−π, π]). Up�rqei
loipìn f ∈ L2([−π, π]) ¸ste d2(sn, f) → 0, dhlad 

1

2π

∫ π

−π

|f(t)− sn(t)|2dm(t) → 0.

'Epetai t¸ra apì thn anisìthta Cauchy-Schwarz ìti gia k�je k ∈ Z, an
n > |k|,

|f̂(k)− ck| =
∣∣∣∣ 1

2π

∫ π

−π

(f(t)− sn(t))e−iktdm(t)

∣∣∣∣2 ≤ ‖f − sn‖2‖ek‖2

kai epeid  ‖ek‖2 = 1 kai ‖f − sn‖2 → 0 èqoume telik� |f̂(k)− ck| = 0. 2

12 To Je¸rhma Riesz-Fischer

Je¸rhma 12.1 (Riesz-Fischer) 'Estw (fn) mia akoloujÐa sunart sewn
ston L2(X,M, µ) pou eÐnai basik  wc proc thn ‖.‖2. Tìte up�rqei f ∈
L2(X,M, µ) ¸ste fn → f wc proc thn ‖.‖2. M�lista h f eÐnai to ìrio
µ-sqedìn pantoÔ miac upakoloujÐac thc (fn).

Apìdeixh (i) Efìson oi diaforèc ‖fn − fm‖2 {teÐnoun sto 0}, up�rqei
upakoloujÐa (fnk

) ¸ste
∑

k ‖fnk+1
−fnk

‖2 < +∞. Ja deÐxoume ìti mia tètoia
upakoloujÐa sugklÐnei µ-σ.π. se mia f ∈ L2(X,M, µ).

Sugkekrimèna, epilègoume epagwgik� gnhsÐwc aÔxousa akoloujÐa (nk) ¸-
ste

‖fm − fn‖2 <
1

2k
(m,n ≥ nk) (*)

Gia eukolÐa jètoume hk = fnk
,

gk = |h2 − h1|+ . . . + |hk+1 − hk|

kai

g = sup
k

gk = lim
k

gk =
∞∑

k=1

|hk+1 − hk|.

'Estw φ ∈ L2(X,M, µ). Apì thn anisìthta Cauchy-Schwarz èqoume∫
|φ(hk − hk+1)|dµ ≤ ‖φ‖2‖hk − hk+1‖2 <

‖φ‖2

2k

12



gia k�je k ∈ N, �ra
∞∑

k=1

∫
|φ(hk − hk+1)|dµ ≤

∞∑
k=1

1

2k
‖φ‖2 = ‖φ‖2.

Tìte apì to Je¸rhma B. Levi,∫
|φg|dµ =

∫ ∞∑
k=1

|φ(hk+1 − hk)|dµ =
∞∑

k=1

∫
|φ(hk+1 − hk)|dµ ≤ ‖φ‖2 < ∞ .

'Epetai ìti h g eÐnai σ.π. peperasmènh, giatÐ an g(x) = +∞ se èna metr simo
sÔnolo E me jetikì (peperasmèno) mètro, jètontac φ = χE ja brÐskame∫

φgdµ = +∞. Me �lla lìgia, up�rqei A ∈ M me µ(Ac) = 0 ¸ste gia k�je
x ∈ A h akoloujÐa (gk(x)) na sugklÐnei se peperasmèno ìrio. Autì shmaÐnei
ìti gia k�je x ∈ A, h seir�

∞∑
k=1

(hk+1(x)− hk(x))

sugklÐnei apìluta, �ra sugklÐnei, se pragmatikì arijmì. All�

hk+1(x) = h1(x) + (h2(x)− h1(x)) + . . . + (hk+1(x)− hk(x)) ,

�ra h (hk(x)) sugklÐnei gia k�je x ∈ A, opìte jètontac

f(x) =

{
limk hk(x) = limk fnk

(x), an x ∈ A
0, an x ∈ Ac

èqoume mia metr simh sun�rthsh f sto X.

(ii) DeÐqnoume t¸ra ìti h f eÐnai to ìrio wc proc thn ‖.‖2 olìklhrhc thc
akoloujÐac (fn).

Dojèntoc ε > 0, epilègoume ko ¸ste 1
2ko < ε opìte apì thn (*) èqoume

‖fm − fn‖2 < ε (m, n ≥ nko).

Sunep¸c an k ≥ ko kai m ≥ nko tìte

‖fm − fnk
‖2 < ε.

'Estw m ≥ nko . AfoÔ |f − fm| = limk |fnk
− fm| sv.p. èqoume (L mma Fatou),∫

|f − fm|2dµ =

∫
lim inf

k
|fnk

− fm|2dµ ≤ lim inf
k

∫
|fnk

− fm|2dµ ≤ ε2.

Autì deÐqnei ìti f − fm ∈ L2, �ra f ∈ L2 , kai ìti

‖fm − f‖2 ≤ ε.
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