
6 Eisagwg  sto olokl rwma Lebesgue

6.1 Parathr seic sto olokl rwma Riemann

Ask seic 6.1 (i) An f = χQ up�rqei akoloujÐa (fn) apì R-oloklhr¸simec
sunart seic

• ¸ste fn(t) → f(t) gia k�je t ∈ [0, 1]?

• mporeÐte na breÐte tètoiec fn suneqeÐc?

• mporeÐte na breÐte tètoiec fn ¸ste
∫ 1

0
|fn − fm| → 0 kaj¸c n, m →∞?

(ii) An h f eÐnai R-oloklhr¸simh sun�rthsh sto [0, 1] kai
∫
|f(t)|dt = 0,

pìso {meg�lo} mporeÐ na eÐnai to sÔnolo

N(f) = {t ∈ [0, 1] : f(t) 6= 0};

• MporeÐ na eÐnai �peiro?

• Uperarijm simo?

• MporeÐ na perièqei anoikt� diast mata (ektìc tou kenoÔ)?

Parat rhsh 6.2 An fn → f omoiìmorfa sto [0, 1], tìte
∫

fn →
∫

f .
An ìmwc fn → f kat� shmeÐo, tìte den èpetai ìti

∫
fn →

∫
f . Par�deigma:

fn(t) = nt(1−t2)n : ed¸ fn(t) → 0 gia k�je t ∈ [0, 1], all�
∫ 1

0
fn → 1

2
. EpÐshc

an gn = nfn, p�li gn(t) → 0 gia k�je t ∈ [0, 1], all�
∫ 1

0
gn →∞.

'Askhsh 6.3 An
∫ 1

0
fn → 0, eÐnai al jeia ìti fn(t) → 0 gia k�je t ∈ [0, 1]?

An epiplèon fn(t) ≥ 0 gia k�je n kai t?
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6.2 UpenjÔmish: To olokl rwma Riemann

'Estw f : [a, b] → R fragmènh. Gia k�je diamèrish P tou [a, b]

P = {I1, I2, . . . , In}

se xèna an� dÔo diast mata Ik = [tk−1, tk), (k = 1, 2, . . . , n − 1) kai In =
[tn−1, tn] jètoume

Mi = Mi(f) = sup{f(s) : s ∈ Ii}
mi = mi(f) = inf{f(s) : s ∈ Ii} (i = 1, . . . , n).

kai

L(f,P) =
n∑

i=1

mi(f)(ti − ti−1)

U(f,P) =
n∑

i=1

Mi(f)(ti − ti−1).

Ta L(f,P) kai U(f,P) onom�zontai to k�tw kai �nw �jroisma
Riemann thc f wc proc th diamèrish P .

EÐnai safèc ìti L(f,P) ≤ U(f,P). Jewr¸ntac diadoqik� diamerÐseic me
ìlo kai perissìtera shmeÐa, ja parathr soume ìti ta k�tw ajroÐsmata me-
gal¸noun, paramènontac ìmwc ìla mikrìtera (  Ðsa) apì k�je �nw �jroi-
sma, en¸ ta �nw ajroÐsmata mikraÐnoun, paramènontac ìmwc ìla megalÔtera
(  Ðsa) apì k�je k�tw �jroisma. An up�rqei ènac kai monadikìc arijmìc
I an�mesa sta k�tw kai ta �nw ajroÐsmata, dhlad  tètoioc ¸ste na isqÔei
L(f,P) ≤ I ≤ U(f,Q) gia opoiesd pote dÔo diamerÐseic P kai Q tou [a, b],
tìte autìc o arijmìc onom�zetai to olokl rwma Riemann thc f sto [a, b].
Alli¸c, to olokl rwma Riemann thc f sto [a, b] den up�rqei. Ta ajroÐsmata
Riemann loipìn apoteloÔn k�tw kai �nw proseggÐseic1 tou oloklhr¸matoc
Riemann, ìtan autì up�rqei.

Prìtash 6.4 (Krit rio Riemann) 'Estw f : [a, b] → R fragmènh. H
f eÐnai oloklhr¸simh an kai mìnon an gia k�je ε > 0 up�rqei diamèrish Pε

tou [a, b] ¸ste
U(f,Pε)− L(f,Pε) < ε. (1)

1MporeÐ na diapist¸sei kaneÐc ìti, eÐte upologÐsei ta �nw kai k�tw ajroÐsmata qrhsi-
mopoi¸ntac hmi-�noiqta diast mata (ìpwc ed¸) eÐte ta upologÐsei qrhsimopoi¸ntac kleist�
diast mata, h Ôparxh kai h tim  tou oloklhr¸matoc thc f den ephre�zontai.
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IsodÔnama:
Gia k�je diamèrish P tou [a, b] orÐzoume klimakwtèc sunart seic hP , gP

wc ex c: k�je t ∈ [a, b] an kei akrib¸c se èna apì ta Ii kai jètoume

hP(t) = mi(f), gP(t) = Mi(f), t ∈ Ii (i = 1, . . . , n)

dhlad 

hP(t) =
n∑

i=1

mi(f)χIi
(t), gP(t) =

n∑
i=1

Mi(f)χIi
(t)

ìpou χA(t) =

{
1, t ∈ A
0, t /∈ A

h qarakthristik  sun�rthsh tou sunìlou

A. Diapist¸netai eÔkola ìti

hP(t) ≤ f(t) ≤ gp(t) gia k�je t ∈ [a, b]

kai

∫ b

a

hP(t)dt = L(f,P),

∫ b

a

gP(t)dt = U(f,P).

Epomènwc to krit rio Riemann anadiatup¸netai wc ex c:

Prìtash 6.5 'Estw f : [a, b] → R fragmènh. H f eÐnai oloklhr¸simh an
kai mìnon an gia k�je ε > 0 up�rqoun klimakwtèc sunart seic gε, hε : [a, b] →
R ¸ste gε ≤ f ≤ hε kai

∫ b

a
(hε − gε) < ε.

To olokl rwma loipìn thc f upologÐzetai (ìtan up�rqei) proseggÐzontac
thn f me klimakwtèc sunart seic kai upologÐzontac to ìrio twn oloklhrw-
m�twn touc. To prìblhma eÐnai ìti, an h f metab�lletai polÔ {apìtoma} sta

upodiast mata tou [a, b] mporeÐ h diafor�
∫ b

a
(hP − gP) na mhn gÐnetai potè

{mikr }, ìso kai na ekleptÔnei kaneÐc thn diamèrish tou [a, b]. Gia par�deigma
an f eÐnai h sun�rthsh Dirichlet, dhlad  h qarakthristik  twn rht¸n, tìte,
afoÔ k�je mh tetrimèno di�sthma perièqei kai rhtoÔc kai arr touc, èqoume

p�nta
∫ b

a
(hP − gP) = 1.

H basik  idèa gia to olokl rwma Lebesgue eÐnai h akìloujh: antÐ na
diamerÐzoume to pedÐo orismoÔ [a, b] thc f , diamerÐzoume to pedÐo tim¸n thc f se
xèna an� dÔo diast mata J1 = [m0, m1), J2 = [m1, m2), . . . , Jn = [mn−1, mn]
kai jewroÔme ta merik� ajroÐsmata
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Ll(f,P) =
n∑

i=1

mi−1µ(f−1(Ji))

Ul(f,P) =
n∑

i=1

miµ(f−1(Ji))

ìpou µ(f−1(Ji)) eÐnai to {m koc} tou uposunìlou2 f−1(Ji) ⊆ [a, b].
To prìblhma t¸ra brÐsketai ston orismì tou {m kouc} enìc sunìlou pou

den eÐnai di�sthma. To m koc enìc diast matoc me �kra s < t eÐnai bèbaia t−s,
kai epomènwc h pr¸th doulei� pou èqoume na k�noume eÐnai na epekteÐnoume
thn ènnoia tou m kouc se mia eurÔterh kl�sh sunìlwn.

7 Olokl rwma Lebesgue

7.1 Sunolosunart seic

H kl�sh twn sunìlwn pou eÐnai {metr sima}, dhlad  {èqoun m koc} eÐnai
(ìpwc ja deÐxoume) kleist  wc proc arijm simec en¸seic kai sumplhr¸mata.
Mia tètoia kl�sh sunìlwn onom�zetai σ-daktÔlioc:

Orismìc 7.1 (DaktÔlioi uposunìlwn) An X mh kenì sÔnolo, mia oi-
kogèneia R apì uposÔnola tou X lègetai daktÔlioc an

A, B ∈ R ⇒ A ∪B ∈ R kai A \B ∈ R.

'Enac daktÔlioc R lègetai �lgebra an X ∈ R.

An R daktÔlioc kai A1, . . . , An ∈ R èqoume

n⋃
k=1

Ak ∈ R

(epagwg ) kai
A1 ∩ A2 ∈ R

diìti A1 ∩ A2 = A1 \ (A1 \ A2).

2Dec to sq ma merathr.jpg sthn istoselÐda tou maj matoc.
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Orismìc 7.2 (σ-daktÔlioi) An X mh kenì sÔnolo, mia oikogèneia R apì
uposÔnola tou X lègetai σ-daktÔlioc an eÐnai daktÔlioc kai epiplèon

A1, A2, . . . ∈ R ⇒
∞⋃

n=1

An ∈ R.

Mia �lgebra sunìlwn pou eÐnai σ-daktÔlioc lègetai σ-�lgebra.

Orismìc 7.3 An R eÐnai daktÔlioc, mia sunolosun�rthsh ston R eÐnai
mia apeikìnish

φ : R→ [−∞,∞] ≡ R̄ ≡ R ∪ {−∞, +∞}

pou to sÔnolo tim¸n thc (a) den perièqei kai tic dÔo timèc −∞, +∞ kai (b)
perièqei kai pragmatikèc timèc.

H φ lègetai prosjetik  an

A, B ∈ R kai A ∩B = ∅ =⇒ φ(A ∪B) = φ(A) + φ(B).

H φ lègetai σ-prosjetik    arijm sima prosjetik  an

An ∈ R xèna an� dÔo kai
∞⋃

n=1

An ∈ R =⇒ φ(
∞⋃

n=1

An) =
∞∑

n=1

φ(An).

Ac jumhjoÔme ìti h ènwsh (antÐstoiqa, h tom ) miac oikogèneiac {Aγ : γ ∈ Γ}
uposunìlwn enìc sunìlou X orÐzetai wc ex c:⋃

γ∈Γ

Aγ ≡ {x ∈ X : up�rqei γ ∈ Γ ¸ste x ∈ Aγ}⋂
γ∈Γ

Aγ ≡ {x ∈ X : gia k�je γ ∈ Γ isqÔei x ∈ Aγ}.

Parat rhsh 7.1 'Amesec sunèpeiec thc prosjetikìthtac:

φ(∅) = 0

φ(A1 ∪ A2 ∪ . . . ∪ An) =
n∑

k=1

φ(Ak) an Ak ∈ R xèna an� dÔo

φ(A ∪B) + φ(A ∩B) = φ(A) + φ(B) gia k�je A, B ∈ R
an φ(A) ≥ 0 gia k�je A ∈ R tìte φ(A) ≤ φ(B) ìtan A ⊆ B, A,B ∈ R.
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Prìtash 7.2 An φ eÐnai σ-prosjetik  sunolosun�rthsh s�èna daktÔlio R
kai A1 ⊆ A2 ⊆ . . . eÐnai aÔxousa akoloujÐa stoiqeÐwn tou R me ∪nAn ∈ R,
tìte

lim
n

φ(An) = φ(∪nAn).

7.2 Kataskeu  tou mètrou Lebesgue

H kataskeu  ja gÐnei se trÐa st�dia:

1. OrÐzoume pr¸ta to m koc m miac peperasmènhc ènwshc xènwn an� dÔ-
o diasthm�twn: eÐnai to �jroisma twn mhk¸n twn diasthm�twn. 'Etsi
èqoume mia prosjetik  mh arnhtik  sunolosun�rthsh orismènh s�èna
daktÔlio E .

2. EpekteÐnoume to m se tuqaÐa uposÔnola, proseggÐzont�c ta {ap�èxw}
apì arijm simec en¸seic anoikt¸n stoiqeiwd¸n sunìlwn. Q�noume ìmwc
ètsi thn prosjetikìthta tou m.

3. DeÐqnoume ìti up�rqei ènac σ-daktÔlioc sunìlwn ìpou h sunolosun�r-
thsh m∗ (h epèktash tou m) eÐnai σ-prosjetik .

Epeid  h kataskeu  tou mètrou Lebesgue ston R eÐnai akrib¸c h Ðdia me thn
kataskeu  ston Rd, asqoloÔmaste apeujeÐac me ton Rd. 'Etsi, to m anti-
stoiqeÐ sto m koc gia d = 1, to embadìn gia d = 2 kai ton ìgko gia d = 3.

7.2.1 Pr¸to st�dio: to m sta stoiqei¸dh sÔnola

Orismìc 7.4 'Ena di�sthma ston Rd eÐnai èna sÔnolo thc morf c

I = {x = (x1, . . . , xd) ∈ Rd : ai ≤ xi ≤ bi, i = 1, . . . , d}

ìpou oi arijmoÐ ai ≤ bi eÐnai pragmatikoÐ kai oi anisìthtec mporeÐ na eÐnai
gn siec. OrÐzoume

m(I) = (b1 − a1)(b2 − a2) · · · (bn − an).

'Ena uposÔnolo A ⊆ Rd ja lègetai stoiqei¸dec an eÐnai peperasmènh ènwsh
diasthm�twn. H oikogèneia twn stoiqeiwd¸n sunìlwn sumbolÐzetai E . An
A ⊆ Rd eÐnai peperasmènh ènwsh xènwn an� dÔo diasthm�twn, A = I1∪. . .∪In,
orÐzoume

m(A) =
n∑

k=1

m(Ik).
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Ask seic 7.3 (a) H oikogèneia E eÐnai daktÔlioc, all� ìqi σ-daktÔlioc.
(b) K�je A ∈ E gr�fetai wc peperasmènh ènwsh xènwn an� dÔo diasthm�-
twn.
(g) An A ∈ E , h tim  tou m(A) eÐnai kal� orismènh apì thn (7.4), dhlad 
an

A = I1 ∪ . . . ∪ In = J1 ∪ . . . ∪ Jk

ìpou ta Ii kai Jj eÐnai xèna an� dÔo diast mata, tìte

n∑
i=1

m(Ii) =
k∑

j=1

m(Jj).

Epomènwc èqei orisjeÐ mia sunolosun�rthsh m ston daktÔlio E .
(d) H sunolosun�rthsh m eÐnai (profan¸c mh arnhtik  kai) prosjetik 
ston E .

'Askhsh 7.4 'Estw f : [a, b] → R Riemann-oloklhr¸simh. An E [a, b] eÐnai
ta stoiqei¸dh uposÔnola tou [a, b], ti ennooÔme me ton orismì

φ(A) =

∫
A

f(t)dt

ìtan A ∈ E [a, b]? EÐnai h φ kal� orismènh sunolosun�rthsh? EÐnai σ-
prosjetik ?

7.2.2 DeÔtero st�dio: upoprosjetik  epèktash se aujaÐre-
ta
sÔnola

Ja orÐsoume t¸ra mia epèktash m∗ tou m s�ìlo to dunamosÔnolo R(Rd). H
sunolosun�rthsh m∗ ja eÐnai mh arnhtik  kai monìtonh, ìqi ìmwc prosjetik .

H epèktash aut  sthrÐzetai sthn topologik  idiìthta thc kanonikìthtac
tou m.

Orismìc 7.5 'Estw φ mia mh arnhtik  prosjetik  sunolosun�rthsh ori-
smènh ston daktÔlio E ⊆ P(Rd). H φ lègetai omal    kanonik  (regu-
lar) an:

Gia k�je A ∈ E kai ε > 0 up�rqoun F, G ∈ E ìpou F kleistì kai G anoiktì,
me

F ⊆ A ⊆ G kai φ(G)− ε ≤ φ(A) ≤ φ(F ) + ε.
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'Askhsh 7.5 H sunolosun�rthsh m eÐnai kanonik .

Orismìc 7.6 (Exwterikì mètro) 'Estw µ mia omal  kai peperasmènh
sunolosun�rthsh orismènh ston daktÔlio E ⊆ P(Rd). An E eÐnai aujaÐreto
uposÔnolo tou Rd, orÐzoume

µ∗(E) = inf

{
∞∑

n=1

µ(An) : E ⊆
∞⋃

n=1

An, An anoikt� kai stoiqei¸dh

}
.

To µ∗ lègetai to exwterikì mètro (outer measure) pou antistoiqeÐ
sto µ.

Je¸rhma 7.6 (a) An A ∈ E , tìte µ∗(A) = µ(A).
(b) H µ∗ eÐnai (monìtonh kai) σ-upoprosjetik , dhlad  gia k�je akoloujÐa
(En) uposunìlwn tou Rd, èqoume

µ∗

(
∞⋃

n=1

En

)
≤

∞∑
n=1

µ∗(En).

7.2.3 TrÐto st�dio: orismìc tou σ-daktÔliou M(m)
ìpou to m∗ eÐnai σ-prosjetikì

Xekin�me me mia omal  sunolosun�rthsh µ (gia par�deigma, me to m) orismè-
nh ston daktÔlio E twn stoiqeiwd¸n uposunìlwn tou Rd. Me mia diadikasÐa
{pl rwshc} tou E wc proc mia {apìstash} metaxÔ sunìlwn pou orÐzetai a-
pì to µ∗, brÐskoume ton daktÔlio MF (µ) ìpou to µ∗ eÐnai σ-prosjetikì kai
epiplèon peperasmèno: eÐnai ta {peperasmèna metr sima} (finitely measura-
ble) sÔnola. An µ∗(Rd) < ∞ èqoume teleÐwsei. Aut  ìmwc eÐnai mia eidik 
perÐptwsh: p.q. m∗(Rd) = ∞. Sth genik  perÐptwsh, ta metr sima sÔnola
prokÔptoun wc arijm simec en¸seic sunìlwn apì ton MF (µ).

Orismìc 7.7 An A, B ∈ Rd h summetrik  diafor� twn A kai B eÐnai
to sÔnolo

S(A, B) ≡ A∆B ≡ (A \B) ∪ (B \ A)

= (A ∪B) \ (A ∩B).

Jètoume
d(A, B) = µ∗(A∆B).
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OrÐzoume tic oikogèneiec MF (µ) kai M(µ) wc ex c

A ∈MF (µ) ⇐⇒ up�rqei akoloujÐa (An), An ∈ E ¸ste d(An, A) → 0

B ∈M(µ) ⇐⇒ up�rqei akoloujÐa (Bn), Bn ∈MF (µ) ¸ste B =
⋃
n

Bn.

O stìqoc eÐnai na apodeÐxoume ìti

Je¸rhma 7.7 O M(µ) eÐnai σ-daktÔlioc kai to µ∗ eÐnai σ-prosjetikì ston
M(µ).

Ja qreiasjoÔn merikèc prokatarktikèc

Parathr seic 7.8

(i) S 4B = B 4 A, A4 A = 0 (2)

d(A, B) = d(B, A), d(A, A) = 0 (3)

A4B ⊆ (A4 C) ∪ (C 4B) (4)

d(A, B) ≤ d(B, C) + d(C, B) (5)

Apìdeixh Oi (2) kai (3) eÐnai �mesec apì touc orismoÔc.
H (4) prokÔptei apo tic

A \B ⊆ (A \ C) ∪ (C \B), B \ A ⊆ (C \ A) ∪ (B \ C)

pou epalhjeÔontai �mesa3.
Apì thn (4) prokÔptei h (5):

d(A, B) = µ∗(A4B) ≤ µ∗((A4 C) ∪ (C 4B)) ≤ µ∗(B 4 C) + µ∗(C 4B)

ìpou h pr¸th anisìthta isqÔei lìgw thc monotonÐac kai h deÔterh lìgw thc
σ-upoprosjetikìthtac tou µ∗. 2

(ii) (A1 ∪ A2)4 (B1 ∪B2)
(A1 ∩ A2)4 (B1 ∩B2)
(A1 \ A2)4 (B1 \B2)

 ⊆ (A1 4B1) ∪ (A2 4B2) (6)

3an x ∈ (A \ B) tìte   x /∈ C opìte x ∈ (A \ C)   x ∈ C opìte x ∈ (C \ B) (afoÔ
x /∈ B), �ra x ∈ (A \ C) ∪ (C \B)
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d(A1 ∪ A2, B1 ∪B2)
d(A1 ∩ A2, B1 ∩B2)
d(A1 \ A2, B1 \B2)

 ≤ d(A1, B1) + d(A2, B2) (7)

Apìdeixh ApodeiknÔetai eÔkola4 ìti
(A1 ∪ A2) \ (B1 ∪B2) ⊆ (A1 \B1) ∪ (A2 \B2). Epomènwc èqoume

(A1 ∪ A2)4 (B1 ∪B2) = [(A1 ∪ A2) \ (B1 ∪B2)] ∪ [(B1 ∪B2) \ (A1 ∪ A2)]

⊆ [(A1 \B1) ∪ (A2 \B2)] ∪ [(B1 \ A1) ∪ (B2 \ A2)]

= [(A1 \B1) ∪ (B1 \ A1)] ∪ [(A2 \B2) ∪ (B2 \ A2)]

= (A1 4B1) ∪ (A2 4B2). (*)

pou eÐnai h pr¸th apì tic sqèseic (6).
Oi �llec dÔo èpontai apì aut n, an parathr sei kaneÐc ìti

A4B = Bc 4 Ac

ìpou Bc to sumpl rwma tou B (pr�gmati, (A \B)c = B \ A.) 'Eqoume:

(A1 ∩ A2)4 (B1 ∩B2) = (A1 ∩ A2)
c 4 (B1 ∩B2)

c = (Ac
1 ∪ Ac

2)4 (Bc
1 ∪Bc

2)
∗
⊆ (Ac

1 4Bc
1) ∪ (Ac

2 4Bc
2) = (A1 4B1) ∪ (A2 4B2).

opìte
(A1 \ A2)4 (B1 \B2) = (A1 ∩ Ac

2)4 (B1 ∩Bc
2)

⊆ (A1 4B1) ∪ (Ac
2 4Bc

2) = (A1 4B1) ∪ (A2 4B2)

kai h apìdeixh twn (6) oloklhr¸jhke.
Oi anisìthtec (7) eÐnai t¸ra �mesec sunèpeiec twn (6), qrhsimopoi¸ntac

ìpwc prin thn monotonÐa kai thn upoprosjetikìthta tou µ∗. 2

Parat rhsh 7.9 Oi anisìthtec (3) kai (5) jumÐzoun idiìthtec miac me-
trik c. 'Omwc h d den eÐnai metrik  sto sÔnolo ìlwn twn uposunìlwn tou
Rd, pr¸ton giatÐ den paÐrnei p�nta peperasmènec timèc (p.q. an µ = m kai
A = Rd, B = ∅ èqoume d(A, B) = ∞). All� akìmh ki an periorisjoÔme ston
daktÔlio E (opìte d(A, B) < ∞ gia k�je A, B ∈ E), mporeÐ na up�rqoun
sÔnola A 6= B me d(A, B) = 0.

4An x ∈ (A1 ∪A2) \ (B1 ∪B2) tìte   x ∈ A1 opìte x ∈ (A1 \B1) (giatÐ x /∈ (B1 ∪B2))
  x ∈ A2 opìte x ∈ (A2 \B2).
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Par�deigma 7.10 An A ⊆ R arijm simo, tìte m∗(A) = 0, �ra d(A, ∅) =
0.

Apìdeixh 'Estw A = {a1, a2, . . .}. An ε > 0, jètoume
In = (an − ε

3·2n , an + ε
3·2n ). 'Eqoume A ⊆ ∪nIn kai

∑
n m(In) = 2ε

3
< ε. 2

Parat rhsh 7.11 An A, B ⊆ Rd kai èna toul�qiston apì ta µ∗(A), µ∗(B)
eÐnai peperasmèno, tìte

|µ∗(A)− µ∗(B)| ≤ d(A, B). (8)

Apìdeixh Upojètoume ìti 0 ≤ µ∗(B) ≤ µ∗(A) kai µ∗(B) < ∞. Epeid 
A ⊆ (A4B) ∪B èqoume

µ∗(A) ≤ µ∗(A4B) + µ∗(B) = d(A, B) + µ∗(B)

�ra µ∗(A)− µ∗(B) ≤ d(A, B) ( giatÐ µ∗(B) < ∞). 2

Apìdeixh tou Jewr matoc

B ma 1 To MF (µ) eÐnai daktÔlioc.

Apìdeixh An A, B ∈ MF (µ), prèpei na deÐxw ìti A ∪ B ∈ MF (µ) kai
A \B ∈MF (µ).

Apì ton orismì tou MF (µ) up�rqoun An, Bn ∈ E ¸ste d(An, A) → 0,
d(Bn, B) → 0. Epeid  o E eÐnai daktÔlioc, èqoume An∪Bn ∈ E kai An\Bn ∈ E ,
opìte apì thn (7) prokÔptei ìti

d(An ∪Bn, A ∪B) → 0, �ra A ∪B ∈MF (µ)

kai d(An \Bn, A \B) → 0, �ra A \B ∈MF (µ). 2

B ma 2 H µ∗ eÐnai mh arnhtik , peperasmènh kai prosjetik  stonMF (µ).

Apìdeixh An An ∈ E (opìte µ∗(An) = µ(An) < ∞) ¸ste d(An, A) → 0,
apì thn (8) èqoume

µ(An) = µ∗(An) → µ∗(A)

�ra µ∗(A) ≥ 0. EpÐshc

µ∗(A) ≤ d(A, An) + µ∗(An) < ∞

�ra µ∗(A) ∈ R.
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Tèloc, an A, B ∈MF (µ) kai An, Bn ∈ E me d(An, A) → 0 kai d(Bn, B) →
0, apì thn (8) èqoume µ(An) = µ∗(An) → µ∗(A) kai µ(Bn) → µ∗(B). OmoÐwc,
epeid  d(An ∪ Bn, A ∪ B) → 0 kai d(An ∩ Bn, A ∩ B) → 0 (lìgw twn (7)),
èqoume µ(An ∪ Bn) → µ∗(A ∪ B) kai µ(An ∩ Bn) → µ∗(A ∩ B). All� gia
k�je n, epeid  h µ eÐnai prosjetik  ston E èqoume

µ(An) + µ(Bn) = µ(An ∪Bn) + µ(An ∩Bn)

epomènwc µ∗(A) + µ∗(B) = µ∗(A ∪B) + µ∗(A ∩B).

Eidikìtera an A∩B = ∅ tìte µ∗(A) + µ∗(B) = µ∗(A∪B), kai h prosje-
tikìthta apodeÐqjhke. 2

B ma 3 O daktÔlioc MF (µ) apoteleÐtai apì ìla ta metr sima sÔnola pou
èqoun peperasmèno mètro:

MF (µ) = {A ∈M(µ) : µ∗(A) < ∞}.

Apìdeixh An A ∈ MF(µ) tìte µ∗(A) < ∞ apì to b ma 2. AntÐstrofa,
èstw A ∈ M(µ). To A mporeÐ na grafteÐ5 wc arijm simh ènwsh xènwn an�
dÔo sunìlwn pou an koun ston MF (µ) :

A =
∞⋃

n=1

An ìpou An ∈MF (µ), xèna an� dÔo.

Apì thn σ-upoprosjetikìthta tou µ∗ èqoume µ∗(A) ≤
∞∑

n=1

µ∗(An).

Apì thn �llh meri�, efìson to µ∗ eÐnai prosjetikì ston MF (µ) (B ma 2), gia
k�je n èqoume,

µ∗(A1) + µ∗(A2) + . . . + µ∗(An) = µ∗(A1 ∪ A2 ∪ . . . ∪ An) ≤ µ∗(A)

(h anisìthta èpetai apì th monotonÐa tou µ∗). Epomènwc
∞∑

n=1

µ∗(An) ≤ µ∗(A)

5Pr�gmati, èstw A = ∪nBn ìpou Bn ∈MF (µ). Jètoume C1 = B1, C2 = (B1 ∪B2),
. . . , Cn = (B1 ∪ . . . ∪Bn), . . .. Tìte Cn ∈MF (µ) diìti MF (µ) daktÔlioc, Cn ⊆ Cn+1 kai
∪k≤nCk = ∪k≤nBk gia k�je n. 'Ara to A eÐnai arijm simh ènwsh miac aÔxousac akoloujÐac
sunìlwn apì to MF (µ). An t¸ra jèsoume A1 = C1, . . . , An = Cn \ Cn−1, . . . tìte An ∈
MF (µ), xèna an� dÔo kai ∪k≤nAk = ∪k≤nCk = ∪k≤nBk gia k�je n, opìte A = ∪nAn.
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�ra telik� èqoume isìthta:

∞∑
n=1

µ∗(An) = µ∗(A).

An µ∗(A) < ∞ tìte èpetai ìti lim
n→∞

∞∑
k=n+1

Ak = 0.

Epomènwc, an Cn = A1 ∪ A2 ∪ . . . ∪ An, isqÔei ìti

d(A, Cn) = µ∗(A \ Cn) = µ∗

(
∞⋃

k=n+1

Ak

)
≤

∞∑
k=n+1

Ak → 0

(p�li lìgw σ-upoprosjetikìthtac tou µ∗). Epeid  Cn ∈MF (µ), gia k�je n u-
p�rqei Bn ∈ E ¸ste d(Bn, Cn) < 1

n
, opìte d(Bn, A) ≤ d(Bn, Cn)+d(Cn, A) →

0. DeÐxame loipìn ìti A ∈MF (µ).

B ma 4 To µ∗ eÐnai σ-prosjetikì ston M(µ).

Apìdeixh 'Estw D = ∪nDn ìpou Dn ∈ M(µ) eÐnai xèna an� dÔo kai D ∈
M(µ). An µ∗(Dn) < +∞ gia k�je n, tìte Dn ∈MF (µ) gia k�je n, opìte h
isìthta

µ∗(D) =
∑

µ∗(Dn)

èqei apodeiqjeÐ sto B ma 3.
An p�li up�rqei n me µ∗(Dn) = +∞, tìte epeid  µ∗(D) ≥ µ∗(Dn) èqoume

µ∗(D) = +∞ �ra p�li èqoume

µ∗(D) =
∑

µ∗(Dn).

B ma 5 O M(µ) eÐnai σ-daktÔlioc.
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Apìdeixh An An ∈M(µ), ex orismoÔ k�je An gr�fetai An = ∪kBn,k ìpou
Bn,k ∈MF (µ). 'Epetai ìti h ènwsh

∞⋃
n=1

An =B11 ∪B12 ∪B13 ∪ . . .

∪B21 ∪B22 ∪B23 ∪ . . .

∪B31 ∪B32 ∪B33 ∪ . . .

=B11 ∪ (B12 ∪B21) ∪ (B13 ∪B22 ∪B31) ∪ . . .

=B11 ∪

(
∞⋃

k=3

Ck

)
ìpou gia k�je k

Ck =
⋃

i+j=k

Bij ∈MF (µ)

(giatÐ to pl joc twn ìrwn thc ènwshc eÐnai peperasmèno). 'Ara ∪kCk ∈M(µ).
DeÐxame loipìn ìti ∪nAn ∈M(µ).

'Estw t¸ra A = ∪nAn kai C = ∪nCn ìpou An, Cn ∈MF (µ). Ja deÐxoume
ìti A \ C ∈M(µ). 'Eqoume, gia k�je n,

An ∩ C =
∞⋃

k=1

(An ∩ Ck).

Efìson k�je An ∩ Ck ∈MF (µ), èpetai ìti An ∩ C ∈M(µ). All�
µ∗(An ∩ C) ≤ µ∗(An) < ∞, �ra An ∩ C ∈MF (µ) apì to B ma 3.

Epomènwc An \ C = An \ (An ∩ C) ∈MF (µ) kai �ra telik�

A \ C =
∞⋃

n=1

(An \ C) ∈M(µ).

H apìdeixh tou jewr matoc oloklhr¸jhke!

Sto ex c ja sumbolÐzoume me µ ton periorismì tou µ∗ ston σ-daktÔlio
M(µ): prìkeitai gia thn σ-prosjetik  epèktash tou µ apì ton daktÔlio twn
stoiqeiwd¸n sunìlwn:

µ ≡ µ∗|M(µ).

Orismìc 7.8 To mètro Lebesgue ston Rd eÐnai h epèktash tou m ston σ-
daktÔlio M(m) twn Lebesgue-metr simwn sunìlwn.
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Parat rhsh 7.12 K�je anoiktì sÔnolo an kei ston M(µ), giatÐ gr�-
fetai wc arijm simh ènwsh diasthm�twn (Apìdeixh: �skhsh). Eidikìtera
Rd ∈ M(µ). 'Ara o σ-daktÔlioc M(µ) eÐnai sthn pragmatikìthta σ-�lgebra.
Epomènwc, k�je kleistì sÔnolo an kei epÐshc ston M(µ).

Parat rhsh 7.13 An A ∈ M(µ), gia k�je ε > 0 up�rqei kleistì sÔnolo
F kai anoiqtì sÔnolo G ¸ste F ⊆ A ⊆ G kai

µ(G \ A) < ε, µ(A \ F ) < ε.

Apìdeixh Apì ton orismì tou µ∗(A), up�rqoun anoiqt� stoiqei¸dh sÔnola
Vn ∈ E me A ⊆ ∪nVn kai

µ(A) = µ∗(A) >
∞∑

n=1

µ(Vn)− ε.

Jètoume G = ∪nVn: eÐnai anoiqtì sÔnolo. Apì thn upoprosjetikìthta tou
µ, µ(G) ≤

∑∞
n=1 µ(Vn) < µ(A) + ε �ra (afoÔ µ(G) = µ(G \ A) + µ(A))

µ(G \ A) = µ(G)− µ(A) < ε.
Efarmìzoume ta parap�nw sto Ac: brÐskoume kleistì sÔnolo F me Ac ⊆

F c kai µ(F c \ Ac) < ε, �ra F ⊆ A kai µ(A \ F ) < ε.

Orismìc 7.9 H σ-�lgebra twn sunìlwn Borel B(Rd) eÐnai o mikrìteroc
σ-daktÔlioc pou perièqei ta anoikt� sÔnola.

H B(Rd) prokÔptei apì ta anoikt� sÔnola me arijm simec en¸seic, tomèc kai
sumplhr¸mata. Epomènwc B(Rd) ⊆ M(µ) gia k�je kanonikì mètro orismèno
ston E .

Parat rhsh 7.14 Gia k�je A ∈ M(µ) up�rqoun sÔnola Borel F kai G
me F ⊆ A ⊆ G kai

µ(G \ A) = µ(A \ F ) = 0.

Efìson
A = (A \ F ) ∪ F

èpetai ìti k�je A ∈M(µ) eÐnai ènwsh enìc sunìlou Borel kai enìc mhdenikoÔ
sunìlou. Molonìti ta sÔnola Borel eÐnai metr sima wc proc ìla ta kanonik�
mètra (pou eÐnai orismèna ston E) ta mhdenik� sÔnola tou M(µ) exart¸ntai
en gènei apì to µ.
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Apìdeixh Gia k�je n ∈ N, brÐskoume èna kleistì Fn kai èna anoiktì Gn

me Fn ⊆ A ⊆ Gn kai µ(Gn \ A) < 1
n
, µ(A \ Fn) < 1

n
. Jètoume G = ∩Gn

kai F = ∪Fn. EÐnai sÔnola Borel kai isqÔei F ⊆ A ⊆ G kai µ(G \ A) ≤
µ(Gn \A) < 1

n
, µ(A \ F ) ≤ µ(A \ Fn) < 1

n
gia k�je n, �ra µ(G \A) = 0 kai

µ(A \ F ) = 0.

Parat rhsh 7.15 Ta mhdenik� sÔnola tou M(µ) apoteloÔn σ-daktÔlio
(kai ìqi σ-�lgebra, ektìc an µ = 0).

Eidik� sthn perÐptwsh tou mètrou Lebesgue, k�je arijm simo sÔnolo eÐnai
mhdenikì (ìpwc apodeÐxame). Up�rqoun ìmwc kai uperarijm sima mhdenik�
sÔnola, ìpwc gia par�deigma to sÔnolo Cantor.

'Askhsh 7.16 An m eÐnai to mètro Lebesgue ston R3, deÐxte ìti k�je epÐpedo
kai k�je eujeÐa èqei mètro mhdèn.
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