
H seir� Fourier thc sun�rthshc f(t) = t, t ∈ (−π, π]

EpekteÐnoume thn f periodik� se olìklhro to R. UpologÐsame ìti h seir�
aut  isoÔtai me

S(f, t) =2
∞∑

k=1

(−1)k+1

k
sin kt = 2

(
sin t− 1

2
sin 2t +

1

3
sin 3t− 1

4
sin 4t + . . .

)
=2

∞∑
k=1

1

k
sin(kπ − kt)

epeid  sin(kπ − kt) =

{
sin kt , an k perittìc
− sin kt , an k �rtioc.

Epeid  ta ajroÐsmata
∑N

k=1 sin(kπ− kt) eÐnai (ìpwc èqoume deÐxei) omoiì-
morfa fragmèna, kai h ( 1

k
) fjÐnei proc to 0, apì to krit rio Dirichlet prokÔptei

ìti h seir� Fourier sugklÐnei se k�je t ∈ (−π, π). M�lista gia k�je δ > 0
sto di�sthma [−π + δ, π − δ] h sÔgklish eÐnai omoiìmorfh.

MporeÐ na apodeiqjeÐ ìti sugklÐnei sthn f |(−π,π). EpÐshc h seir� Fourier
sugklÐnei sto 0 gia t = π kai t = −π, dhlad  ìqi sto f(t) = π, all� sto
f(π−)+f(π+)

2
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To merikì �jroisma thc seir�c mèqri ton 8o ìro.
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To merikì �jroisma thc seir�c mèqri ton 12o ìro.

EÐnai �rage h sÔgklish omoiìmorfh sto (−π, π)? Apì to sq ma moi�zei ìti
h ap�nthsh eÐnai arnhtik . Moi�zei m�lista na up�rqei monÐmwc mia apìklish
metaxÔ twn grafhm�twn thc f kai thc Sn(f), molonìti h apìklish aut  {apo-
makrÔnetai proc ta �kra} kaj¸c n →∞. H mìnimh aut  apìklish onom�zetai
fainìmeno Gibbs.

H mìnimh Ôparxh miac apìklishc thc t�xhc tou 17% epalhjeÔetai wc ex c:

L mma 1 1 An tn = π(1− 1
n
), sn = −π(1− 1

n
), tìte

lim
n

Sn(f, tn) > Aπ kai lim
n

Sn(f, sn) > −Aπ

ìpou A > 1, 17.

Apìdeixh ApodeiknÔoume thn pr¸th anisìthta (h deÔterh apodeiknÔetai a-
n�loga). 'Eqoume

Sn(f, tn) =2
∞∑

k=1

1

k
sin(kπ − ktn) = 2

∞∑
k=1

1

k
sin(

kπ

n
) = 2

∞∑
k=1

π

n

(
n

kπ
sin(

kπ

n
)

)
.

ParathroÔme ìti to teleutaÐo �jroisma eÐnai to k�tw �jroisma Riemann gia
th sun�rthsh g(t) = sin t

t
, t ∈ (0, π]), g(0) = 1 pou antistoiqeÐ se diamèrish

tou [0, π] se n Ðsa upodiast mata (pl�touc π
n
).

1Apì to biblÐo tou T.W. Körner: Fourier Analysis, Cambridge University Press, 1992
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Sunep¸c to �jroisma autì sugklÐnei sto olokl rwma. 'Ara

Sn(f, tn) −→
n→∞

2

∫ π

0

sin t

t
dt.

Mènei na apodeiqjeÐ h anisìthta

2

π

∫ π

0

sin t

t
dt > 1, 17. (1)

To olokl rwma autì bebaÐwc up�rqei, afoÔ h g eÐnai suneq c sto [0, π], all�
den upologÐzetai stoiqeiwd¸c (bl. [Ap], prin thn Prìtash 24.2). MporeÐ ìmwc
eÔkola na brejeÐ mia arijmhtik  prosèggish sthn tim  tou, pr�gma pou arkeÐ
gia to prìblhm� mac.

Pr�gmati, h seir� Taylor sto 0 gia th sun�rthsh hmÐtono

sin t =
∞∑

k=0

(−1)k

(2k + 1)!
t2k+1

dÐnei

g(t) =
∞∑

k=0

(−1)k

(2k + 1)!
t2k.

H teleutaÐa aut  seir� sugklÐnei omoiìmorfa sto [0, π] (giatÐ?) kai epomènwc∫ π

0

g(t)dt =
∞∑

k=0

(−1)k

(2k + 1)!

∫ π

0

t2kdt =
∞∑

k=0

(−1)k

(2k + 1)!

π2k+1

2k + 1

=π

(
1− π2

3!3
+

π4

5!5
− π6

7!7
+ . . .

)
.

Epeid  h seir� aut  eÐnai enall�ssousa, to sf�lma sto n-ostì b ma den
xepern�ei thn apìluth tim  tou epìmenou ìrou, dhlad ∣∣∣∣∣

∫ π

0

g(t)dt−
n∑

k=0

(−1)k

(2k + 1)!

π2k+1

2k + 1

∣∣∣∣∣ ≤
∣∣∣∣ π2n+3

(2n + 3)!(2n + 3)

∣∣∣∣ .

An t¸ra upologÐsei kaneÐc to merikì �jroisma gia n = 4 kai qrhsimopoi sei
thn teleutaÐa anisìthta, apodeiknÔetai h anisìthta (1).
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