
Seirèc Fourier fragmènwn sunart sewn

An f : [−π, π] → C eÐnai mia oloklhr¸simh sun�rthsh, gia k�je 0 ≤ r < 1, h
seir�

fr(t) ≡
∑
k∈Z

r|k|f̂(k)eikt

sugklÐnei apìluta kai omoiìmorfa gia k�je t ∈ [−π, π], �ra orÐzei suneq 
sun�rthsh fr : [−π, π] → C (parìlo pou gia r = 1 h seir�, dhlad  h seir�
Fourier thc f , mporeÐ na mhn sugklÐnei oÔte kat� shmeÐo). Pr�gmati h (dipl )

akoloujÐa (f̂(k)) eÐnai mhdenik  apì to L mma Riemann - Lebesgue �ra up�rqei

M < ∞ me |f̂(k)| ≤ M gia k�je k ∈ Z kai sunep¸c∑
k∈Z

∣∣∣r|k|f̂(k)eikt
∣∣∣ ≤ M

∑
k∈Z

r|k| < ∞.

'Eqoume

fr(t) =
∑
n∈Z

r|n|f̂(k)eint =
∑
n∈Z

r|n|
(

1

2π

∫ π

−π

f(s)e−insds

)
eint

=
∑
n∈Z

r|n|
1

2π

∫ π

−π

f(s)e−in(t−s)ds

=
1

2π

∫ π

−π

f(s)

(∑
n∈Z

r|n|e−in(t−s)

)
ds =

1

2π

∫ π

−π

f(s)Pr(t− s)ds

lìgw omoiìmorfhc sÔgklishc, ìpou

Pr(t) ≡
∑
n∈Z

r|n|eint =
−1∑

n=−∞

r−neint + 1 +
∞∑

n=1

rneint

=
∞∑

k=1

rke−ikt + 1 +
∞∑

n=1

rneint = 1 + 2
∞∑

n=1

rn cos nt

o pur nac tou Poisson. An gr�youme z = reit èqoume

Pr(t) =
∞∑

n=1

z̄k + 1 +
∞∑

n=1

zn =
z̄

1− z̄
+ 1 +

z

1− z

=
z̄

1− z̄
+

1

1− z
=

z̄(1− z) + (1− z̄)

(1− z̄)(1− z)
=

1− |z|2

|1− z|2
=

1− r2

1− 2r cos t + r2
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H sqèsh aut  deÐqnei ìti Pr(t) ≥ 0 gia k�je t. EpÐshc

P̂r(k) =
1

2π

∫ π

−π

Pr(t)e
−iktdt =

∑
n∈Z

r|n|
1

2π

∫ π

−π

ei(n−k)tdt = r|k|

gia k�je r ∈ (0, 1) kai k ∈ Z, efìson h seir� sugklÐnei omoiìmorfa. Eidikì-
tera,

1

2π

∫ π

−π

Pr(t)dt = r0 = 1.

An loipìn h f eÐnai Riemann oloklhr¸simh, �ra kai fragmènh, ja èqoume

|fr(t)| ≤ ‖f‖∞
1

2π

∫ π

−π

|Pr(t− s)|ds = ‖f‖∞
1

2π

∫ π

−π

Pr(s)ds = ‖f‖∞

(afoÔ h Pr eÐnai 2π-periodik  kai mh arnhtik ) gia k�je t kai r.

Er¸thma Xèroume ìti oi suntelestèc Fourier mi�c Riemann oloklhr¸simhc
sun�rthshc apoteloÔn tetragwnik� ajroÐsimh akoloujÐa (anisìthta Bessel).
To er¸thma eÐnai an isqÔei to antÐstrofo: An

∑
n∈Z |an|2 < ∞, mpor¸ �rage

na br¸ mia Riemann oloklhr¸simh sun�rthsh f ¸ste f̂(n) = an gia k�je
n ∈ Z?

H ap�nthsh eÐnai en gènei arnhtik :

Par�deigma 1 H seir�
∞∑

n=1

eint

n

(molonìti sugklÐnei gia k�je t 6= 2kπ, ìpwc èqoume apodeÐxei) den eÐnai seir�
Fourier kammi�c Riemann oloklhr¸simhc sun�rthshc.

Pr�gmati, ac upojèsoume ìti eÐnai h seir� Fourier mi�c Riemann oloklh-
r¸simhc sun�rthshc f . Ja èqoume tìte, sÔmfwna me ta parap�nw,

fr(t) =
∞∑

n=1

rn eint

n
=⇒ fr(0) =

∞∑
n=1

rn 1

n

�ra
∞∑

n=1

rn 1

n
= |fr(0)| ≤ ‖f‖∞ gia k�je 0 ≤ r < 1.
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Autì ìmwc apokleÐetai efìson
∑∞

n=1
1
n

= ∞.

(Pr�gmati, an eÐqame
∞∑

n=1

rn

n
≤ ‖f‖∞ gia k�je r < 1, tìte gia k�je r < 1 kai k�je

m ∈ N ja eÐqame
m∑

n=1

rn

n
≤ ‖f‖∞, �ra sup

0≤r<1

m∑
n=1

rn

n
≤ ‖f‖∞, dhlad 

m∑
n=1

1
n
≤ ‖f‖∞

gia k�je m ∈ N, �topo.)

ShmeÐwsh Ja deÐxoume argìtera ìti up�rqei mia sun�rthsh f pou eÐnai
tetragwnik� apolÔtwc oloklhr¸simh kat� Lebesgue, pou h seir� Fourier thc
eÐnai h parap�nw.
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