
4 Ajroisimìthta kat� Féjer

Parat rhsh 4.1 Up�rqei par�deigma suneqoÔc kai 2π-periodik c sun�rth-
shc f pou h seir� Fourier thc den sugklÐnei, oÔte kan kat� shmeÐo [Ap 30.35].

Ac jumhjoÔme ìti an mia akoloujÐa (sn) (arijm¸n   sunart sewn) su-
gklÐnei sto s, tìte kai h akoloujÐa (σn) twn mèswn ìrwn thc sugklÐnei sto
Ðdio ìrio, en¸ to antÐstrofo den isqÔei (par�deigma: sn = (−1)n). Dhlad 
paÐrnontac mèsouc ìrouc belti¸noume genik� th sÔgklish: mporoÔme apì mia
mh sugklÐnousa akoloujÐa na katal xoume se mia sugklÐnousa.

Ja deÐxoume ìti gia k�je suneq  kai 2π-periodik  sun�rthsh f , an anti-
katast sei kaneÐc thn (Sn(f)) apì thn akoloujÐa (σn(f)) twn mèswn ìrwn
thc, tìte h (σn(f)) sugklÐnei sthn f , kai m�lista omoiìmorfa.

Je¸rhma 4.2 ( Féjer) An f : R → C eÐnai suneq c kai 2π-periodik  su-
n�rthsh, tìte h akoloujÐa (σn(f)) ìpou

σm(f) =
1

m + 1

m∑
n=0

Sn(f) (m ∈ N)

sugklÐnei sthn f omoiìmorfa.

Gia thn apìdeixh, ja qreiasjoÔme merikèc parathr seic.

Parat rhsh 4.3 An t ∈ [−π, π], tìte

σm(f)(t) =
1

2π

∫ π

−π

f(t− s)Km(s)ds

ìpou
Km(x) =

1

m + 1

m∑
n=0

n∑
k=−n

exp(ikx) .

H akoloujÐa trigwnometrik¸n poluwnÔmwn (Km) lègetai pur nac tou Féjer.

Apìdeixh 'Eqoume

Sn(f)(t) =
k=n∑

k=−n

f̂(k) exp(ikt)

=
k=n∑

k=−n

(
1

2π

∫ π

−π

f(s) exp(−iks)ds

)
exp(ikt)

=
1

2π

∫ π

−π

(
k=n∑

k=−n

exp(ik(t− s))

)
f(s)ds
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�ra

σm(f)(t) =
1

m + 1

m∑
n=0

Sn(f)(t)

=
1

2π

∫ π

−π

(
1

m + 1

m∑
n=0

k=n∑
k=−n

exp(ik(t− s))

)
f(s)ds

=
1

2π

∫ π

−π

f(s)Km(t− s)ds.

An t¸ra sto teleutaÐo olokl rwma pragmatopoi soume thn allag  metablh-
t c x = t− s, prokÔptei

σm(f)(t)= − 1

2π

∫ t−π

t+π

f(t− x)Km(x)dx =
1

2π

∫ t+π

t−π

f(t− x)Km(x)dx

=
1

2π

∫ π

−π

f(t− x)Km(x)dx

diìti h oloklhrwtèa sun�rthsh eÐnai 2π-periodik 1. 2

Parat rhsh 4.4 An x 6= 2kπ, k ∈ Z tìte

Km(x) =
1

m + 1

(
sin(m+1

2
x)

sin x
2

)2

kai Km(0) =m + 1 .

Apìdeixh 'Estw x 6= 2kπ. Parat rhse ìti h par�stash

n∑
k=−n

exp(ikx)

1An g(x) = g(x− 2π), tìte∫ t+π

t−π

g(x)dx =
∫ π

t−π

g(x)dx +
∫ t+π

π

g(x)dx =
∫ π

t−π

g(x)dx +
∫ t+π

π

g(x− 2π)dx

(s=x−2π)
=

∫ π

t−π

g(x)dx +
∫ t−π

−π

g(s)ds =
∫ π

π

g(x)dx.
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eÐnai �jroisma gewmetrik c proìdou me pr¸ton ìro exp(−inx) kai teleutaÐo
exp(inx), epomènwc

n∑
k=−n

exp(ikx) =
exp(i(n + 1)x)− exp(−inx)

exp(ix)− 1

=
exp(i(n + 1

2
)x)− exp(−i(n + 1

2
x))

exp(ix
2
)− exp(−ix

2
)

=
sin(n + 1

2
)x

sin x
2

.

All�

m∑
n=0

sin(n +
1

2
)x =

1

2 sin x
2

m∑
n=0

2 sin
x

2
sin(n +

1

2
)x

=
1

2 sin x
2

m∑
n=0

(cos nx− cos(n + 1)x)

=
1

2 sin x
2

(1− cos(m + 1)x)

epomènwc

Km(x) =
1

m + 1

1

2 sin2 x
2

(1− cos(m + 1)x) =
1

m + 1

2 sin2(m+1
2

x)

2 sin2 x
2

.

Tèloc,

Km(0) =
1

m + 1

m∑
n=0

k=n∑
k=−n

exp 0 =
1

m + 1

m∑
n=0

(2n + 1) = m + 1 . 2

Parat rhsh 4.5 O pur nac tou Féjer èqei tic ex c idiìthtec2:

(a) Km(x) ≥ 0 gia k�je x.

(b) An δ ∈ (0, π), h akoloujÐa (Km) teÐnei sto 0 omoiìmorfa sto sÔnolo
[−π,−δ] ∪ [δ, π].

(g) 1
2π

∫ π

−π
Km(x)dx = 1 gia k�je m.

2bl. kai to sq ma (fejerk.pdf) sthn istoselÐda tou maj matoc
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Apìdeixh To (a) eÐnai profanèc apì thn prohgoÔmenh parat rhsh. Gia to
(b), parathroÔme ìti an δ ≤ |x| ≤ π, tìte

|Km(x)| = Km(x) =
1

m + 1

sin2(m+1
2

x)

sin2 x
2

≤ 1

m + 1

1

sin2 x
2

≤ 1

m + 1

1

sin2 δ
2

.

Epomènwc gia k�je ε > 0 an n0 > (ε sin2 δ
2
)−1, tìte gia k�je m ≥ no kai k�je

x ∈ [−π,−δ] ∪ [δ, π] ja èqoume |Km(x)| < ε.
To (g) èpetai apeujeÐac apì ton orismì tou Km, an parathr soume ìti

1
2π

∫ π

−π
exp(iks)ds = 0 ìtan k 6= 0. 2

H idèa thc apìdeixhc tou Jewr matoc Féjer eÐnai h ex c:
An δ > 0, gia arket� meg�lo m ∈ N to Km(s) eÐnai sqedìn 0 èxw ap�to

di�sthma [−δ, δ] (apì to (b)). Sunep¸c

σm(f)(t) =
1

2π

∫ π

−π

f(t− s)Km(s)ds ≈ 1

2π

∫ δ

−δ

f(t− s)Km(s)ds

ìpou to sÔmbolo ≈ shmaÐnei {perÐpou Ðso}. All� h f eÐnai omoiìmorfa su-
neq c, �ra an to δ eÐnai arket� mikrì, ìtan |s| < δ èqoume f(t − s) ≈ f(t).
Epomènwc

1

2π

∫ δ

−δ

f(t− s)Km(s)ds ≈ f(t)

(
1

2π

∫ δ

−δ

Km(s)ds

)
kai, p�li apì to (b),

1

2π

∫ δ

−δ

Km(s)ds ≈ 1

2π

∫ π

−π

Km(s)ds = 1

apì to (g). Sunep¸c telik� σm(f)(t) ≈ f(t).
Parat rhse ìti h idèa thc apìdeixhc (all� kai h austhr  apìdeixh pou

akoloujeÐ) qrhsimopoieÐ mìnon tic treic idiìthtec thc teleutaÐac parat rhshc
gia ton pur na tou Féjer.

Apìdeixh tou Jewr matoc Féjer
'Estw ε > 0. Epeid  h f eÐnai suneq c sto sumpagèc [−π, π], eÐnai omoiì-

morfa suneq c. Sunep¸c up�rqei δ > 0 ¸ste

|x− y| < δ =⇒ |f(x)− f(y)| < ε/2 ,
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isodÔnama

|s| < δ =⇒ |f(t− s)− f(t)| < ε/2 gia k�je t. (1)

Mpor¸ fusik� na upojèsw ìti δ<π. 'Eqoume t¸ra, qrhsimopoi¸ntac thn (g),

σm(f)(t)− f(t) =
1

2π

∫ π

−π

f(t− s)Km(s)ds−
(

1

2π

∫ π

−π

Km(s)ds

)
f(t)

=
1

2π

∫ π

−π

(f(t− s)− f(t))Km(s)ds = I1 + I2 ,

ìpou I1 eÐnai to olokl rwma sto [δ, δ],

I1 =
1

2π

∫ δ

−δ

(f(t− s)− f(t))Km(s)ds

kai I2 eÐnai to olokl rwma sto {upìloipo} sÔnolo, Y = [−π,−δ] ∪ [δ, π]:

I2 =
1

2π

∫
Y

(f(t− s)− f(t))Km(s)ds

=
1

2π

∫ −δ

−π

(f(t− s)− f(t))Km(s)ds +
1

2π

∫ π

δ

(f(t− s)− f(t))Km(s)ds .

'Eqoume

|I1| ≤
1

2π

∫ δ

−δ

|f(t− s)− f(t)|Km(s)ds (diìti Km(s) ≥ 0)

≤ ε

2

1

2π

∫ δ

−δ

Km(s)ds (apì thn 1)

≤ ε

2

1

2π

∫ π

−π

Km(s)ds =
ε

2
(apì thn (g)). (2)

EpÐshc

|I2| ≤ 2 sup{|f(x)| : |x| ≤ π} · 1

2π

∫
Y

Km(s)ds = 2‖f‖∞
1

2π

∫
Y

Km(s)ds .

All� apì thn (b) mpor¸ na brw mo ∈ N ¸ste, gia k�je m ≥ mo kai k�je s
me δ ≤ |s| ≤ π na isqÔei Km(s) < ε/(4‖f‖∞). Tìte ja èqoume
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|I2| ≤ 2‖f‖∞
1

2π

∫
Y

ε

4‖f‖∞
ds ≤ ε

4π

∫
Y

ds ≤ ε

2
(3)

(afoÔ Y ⊆ [−π, π]). Telik� loipìn, gia k�je m ≥ mo kai k�je t ∈ [−π, π],
èqoume apì tic (2) kai (3),

|σm(f)(t)− f(t)| ≤ |I1|+ |I2| ≤ ε . quad2

Parat rhsh 4.6 ApodeÐxame to Je¸rhma tou Féjer sth morf  pou ja mac
qreiasjeÐ, dhlad  gia suneqeÐc sunart seic. Mia genikìterh morf  tou eÐnai
h akìloujh

Je¸rhma 4.7 (Féjer, [Ap 30.34]) 'Estw f : R → C oloklhr¸simh kai
2π-periodik  sun�rthsh. An gia k�poio xo ∈ R ta pleurik� ìria f(xo−) kai
f(xo+) up�rqoun, tìte h akoloujÐa (σn(f, xo)) sugklÐnei kaj¸c n →∞ ston
mèso ìro 1

2
(f(xo−) + f(xo+)).

MporoÔme t¸ra �mesa na apodeÐxoume to

Je¸rhma 4.8 (Je¸rhma Monadikìthtac) An f kai g eÐnai suneqeÐc kai

2π-periodikèc sunart seic me ĝ(k) = f̂(k) gia k�je k ∈ Z (isodÔnama an(f) =
an(g) kai bn(f) = bn(g) gia k�je n ∈ N), tìte f = g.

Apìdeixh Efìson ĝ(k) = f̂(k) gia k�je k ∈ Z, èqoume

Sn(f, x) =
n∑

k=−n

f̂(k)eikx =
n∑

k=−n

ĝ(k)eikx = Sn(g, x)

gia k�je x kai n kai sunep¸c σn(f) = σn(g) gia k�je n.
All� apì to Je¸rhma Féjer èqoume f = limn σn(f) kai g = limn σn(g)

omoiìmorfa, �ra f = g. 2
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