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1 Grammik  'Algebra me to MATLAB

1.1 DianÔsmata kai PÐnakec

MporoÔme na eis�goume èna di�nusma gramm  me tic entolèc:

>> r=[10,20,30,40]

r =

10 20 30 40

>> r=[10 20 30 40]

r =

10 20 30 40

EpÐshc mporoÔme na eis�goume èna di�nusma st lh:

>> c=[15;25;35;45]

c =

15

25

35

45

>> c=[15

25

35

45]

H anastrof  (Transpose) gÐnetai me mÐa apìstrofo dÐpla sto di�nusma   ston
pÐnaka:

>> r’

ans =

10

20

30

40
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>> c’

ans =

15 25 35 45

IsqÔoun ìla ta gnwst� apì ton pollaplasiasmì pin�kwn, l.q. mporoÔme na k�-
noume thn pr�xh:

>> r*c

ans =

3500

afoÔ h pr�xh (1× 4) · (4× 1) gÐnetai, all� den mporoÔme na k�noume thn pr�xh:

>> r*r

??? Error using ==>mtimes
Inner matrix dimensions must agree.
diìti den tairi�zoun oi diast�seic twn pin�kwn ((1×4) · (1×4) den mporeÐ na gÐnei).
OmoÐwc mporoÔme na eis�goume ènan pÐnaka gr�fontac tic grammèc:

>> A=[1,2,3;4,5,6;7,8,9]

A =

1 2 3

4 5 6

7 8 9

>> A=[1 2 3;4 5 6;7 8 9]

A =

1 2 3

4 5 6

7 8 9

eÐte gr�fontac tic st lec:

>> A=[[1;4;7],[2;5;8],[3;8;9]]

A =

4



1 2 3

4 5 8

7 8 9

M�llon eÐnai protimìterh h graf  � kat� grammèc � diìti qrei�zontai ligìterec plh-
ktrolog seic, all� kalì eÐnai na gnwrÐzoume kai ton �llo trìpo eisagwg c pÐnaka.

Genikìc kanìnac sqhmatismoÔ pin�kwn sto MATLAB:
H qr sh tou erwthmatikoÔ   tou enter sto MATLAB shmaÐnei �llaxe gramm .

H qr sh tou kìmmatoc   tou kenoÔ sto MATLAB shmaÐnei �llaxe st lh.

E�n loipìn èqoume sthn epif�neia ergasÐac mac touc 2×2 pÐnakec A kai B, tìte gia
na kataskeu�soume touc pÐnakec C,D prèpei na d¸soume tic antÐstoiqec entolèc:

C =
[
A B

]
>> C=[A,B]

>> C=[A B]

D =

[
A

B

]
>> D=[A;B]

>> D=[A

B]

'Ena arijmhtikì par�deigma:

>> A=[1,2;3,4]

A =

1 2

3 4

>> B=[-1,7;4,8]

B =

-1 7

4 8

>> C=[A,B]
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C =

1 2 -1 7

3 4 4 8

>> C=[A B]

C =

1 2 -1 7

3 4 4 8

>> D=[A;B]

D =

1 2

3 4

-1 7

4 8

>> D=[A

B]

D =

1 2

3 4

-1 7

4 8

Oi stoiqei¸deic ètoimoi pÐnakec tou MATLAB brÐskontai ston PÐnaka 1. EpÐshc
an antÐ tou orÐsmatoc n b�loume to genikìtero m,n, tìte emfanÐzetai o antÐstoiqoc
mh tetragwnikìc pÐnakac. ParadeÐgmata:

>> eye(3)

ans =

1 0 0

0 1 0

0 0 1
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eye(n) MonadiaÐoc PÐnakac n× n
ones(n) PÐnakac n× n me stoiqeÐa mon�dec

zeros(n) Mhdenikìc PÐnakac n× n
rand(n) TuqaÐoc PÐnakac n× n - omoiìmorfh katanom  U(0, 1)

rand(n) TuqaÐoc PÐnakac n× n - kanonik  katanom  N(0, 1)

PÐnakac 1: Stoiqei¸deic 'Etoimoi PÐnakec MATLAB,

>> eye(3,2)

ans =

1 0

0 1

0 0

>> ones(3)

ans =

1 1 1

1 1 1

1 1 1

>> ones(2,3)

ans =

1 1 1

1 1 1

>> zeros(2)

ans =

0 0

0 0

>> zeros(2,4)
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ans =

0 0 0 0

0 0 0 0

>> rand(5)

ans =

0.3500 0.3517 0.2858 0.0759 0.1299

0.1966 0.8308 0.7572 0.0540 0.5688

0.2511 0.5853 0.7537 0.5308 0.4694

0.6160 0.5497 0.3804 0.7792 0.0119

0.4733 0.9172 0.5678 0.9340 0.3371

>> randn(5)

ans =

-1.7947 0.3035 -0.1941 0.9610 -1.2078

0.8404 -0.6003 -2.1384 0.1240 2.9080

-0.8880 0.4900 -0.8396 1.4367 0.8252

0.1001 0.7394 1.3546 -1.9609 1.3790

-0.5445 1.7119 -1.0722 -0.1977 -1.0582

DhmiourgoÔme ton omoiìmorfa katanemhmèno tuqaÐo pÐnaka 1000x 1000 frontÐzon-
tac na b�loume èna erwthmatikì sto tèloc gia na mhn emfanisteÐ sthn ojình:

>> A=rand(1000);

T¸ra me thn akìloujh entol  brÐskoume thn mèsh tim  gia tic mèsec timèc twn
1000 sthl¸n tou A, h opoÐa jewrhtik� prèpei na eÐnai 1

2
= 0.5. Pr�gmati:

>> mean(mean(A))

ans =

0.500306113473453

E�n k�noume to Ðdio gai ènan kanonik� katanemhmèno tuqaÐo pÐnaka 1000 × 1000
ja prèpei na broÔme mèsh tim  perÐpou mhdèn, ìpwc kai brÐskoume:

>> B=randn(1000);
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>> mean(mean(B))

ans =

0.001775366619321

Fusik� k�je for� pou ekteleÐte tic �nw entolèc ja èqete diaforetik� apotelè-
smata, afoÔ oi pÐnakec eÐnai sqedìn tuqaÐoi (� yeudo - tuqaÐoi � gia thn akrÐ-
beia). H Ôparxh entol¸n gia dhmiourgÐa tuqaÐwn pin�kwn eÐnai exairetik� qr -
simh ston sqediasmì statistik¸n peiram�twn kai ston èlegqo oikonomik¸n u-
podeigm�twn. H genikìterh morf  thc entol c dhmiourgÐac tuqaÐou pÐnaka eÐnai
rand(m,n,k,...)   randn(m,n,k,...), ìpou m,n, k, . . . oi diast�seic tou pÐnaka kai
h kat�lhxh randn(m,n,k,...) shmaÐnei kanonik  katanom  twn tuqaÐwn arijm¸n.
P.q. gia èna tuqaÐo di�nusma st lh 10× 1 gr�foume:

>> rand(10,1)

ans =

0.1493

0.2575

0.8407

0.2543

0.8143

0.2435

0.9293

0.3500

0.1966

0.2511

>> randn(10,1)

ans =

0.4882

-0.1774

-0.1961

1.4193

0.2916

0.1978

1.5877

-0.8045

0.6966
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0.8351

an�loga an jèloume omoiìmorfh   kanonik  katanom .
MporoÔme na orÐsoume dianÔsmata   pÐnakec me sugkekrimèno �b ma�, dhl. ta stoi-
qeÐa touc na isapèqoun. Autì gÐnetai wc ex c:

>> v=[1:2:10]

v =

1 3 5 7 9

>> A=[1:2:10;20:3:32]

A =

1 3 5 7 9

20 23 26 29 32

MporoÔme na epilèxoume ta pr¸ta 3 stoiqeÐa tou dianÔsmatoc v kai ta teleutaÐa
trÐa stoiqeÐa thc deÔterhc gramm c tou pÐnaka A:

>> v(1:3)

ans =

1 3 5

>> A(2,5:-1:3)

ans =

32 29 26

Ed¸ to -1 shmaÐnei arnhtikì b ma 1, dhl. xekÐna apì to tèloc kai emf�nise ta stoi-
qeÐa an� 1 mèqri to 3o stoiqeÐo. Up�rqei kai h dunatìthta qr shc tou bohj matoc
end pou upodeiknÔei thn teleutaÐa gramm  enìc pÐnaka. Ac orÐsoume ton pÐnaka A
ki ac qrhsimopoi soume to bo jhma autì:

>> A=[1,2,3,4,5;11,22,33,44,55;111,222,333,444,555]

A =
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1 2 3 4 5

11 22 33 44 55

111 222 333 444 555

>> A(end)

ans =

555

>> A(end,:)

ans =

111 222 333 444 555

>> A(end-1,:)

ans =

11 22 33 44 55

Genikìtera o sumbolismìc:
A(i, :)

shmaÐnei emf�nise ìla ta stoiqeÐa thc i-gramm c. O sumbolismìc:

A(:, j)

shmaÐnei emf�nise ìla ta stoiqeÐa thc j-st lhc. 'Otan antÐ gia to : b�loume mÐa
entol  k : l : m autì shmaÐnei emf�nise ta stoiqeÐa apì to k me b ma l èwc to m,
p.q. me thn entol :

>> A(2,1:2:end)

ans =

11 33 55

emfanÐsame apì th 2h gramm  tou A ìla ta stoiqeÐa me b ma 2 èwc to tèloc thc
2hc gramm c. E�n jèloume na krat soume sugkekrimènec mìno grammèc, èstw tic
1,5,8 kai st lec, èstw tic 3,6,9, apì èna pÐnaka, den èqoume par� na to zht soume
me thn entol  A([1 5 8],[3 6 9]).
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1.2 Pr�xeic me PÐnakec

Ektìc apì tic 4 pr�xeic thc arijmhtik c, oi opoÐec gÐnontai ìtan to epitrèpoun oi
diast�seic twn pin�kwn, p.q.:

>> A=ones(3,2)

A =

1 1

1 1

1 1

>> B=eye(2,4)

B =

1 0 0 0

0 1 0 0

>> A*B

ans =

1 1 0 0

1 1 0 0

1 1 0 0

>> B*A

??? Error using ==>mtimes
Inner matrix dimensions must agree.
(m numa l�jouc diìti den tairi�zoun oi diast�seic twn pin�kwn), sto MATLAB
èqoume kai �llec dunatìthtec.
'Estw λ ènac arijmìc kai A ènac pÐnakac. Tìte oi parak�tw pr�xeic stoMATLAB:

A+ λ, A− λ,A ∗ λ, A/λ
ìlec shmaÐnoun na gÐnei h antÐstoiqh pr�xh se ìla ta stoiqeÐa aij tou A. 'Omwc h
pr�xh:

Ak = A ∗ A ∗ · · · ∗ A
shmaÐnei na uy¸soume ton pÐnaka sthn k dÔnamh. MporoÔme ìmwc na qrhsimopoi-
 soume thn entol :
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A.^k →


ak1,1 ak1,2 . . . ak1,n

ak2,1 ak2,2 . . . ak2,n
...

...
. . .

...

akn,1 akn,2 . . . akn,n


me thn opoÐa mporoÔme na k�noume thn Ôywsh se dÔnamh gia k�je stoiqeÐo tou
pÐnaka, p.q. gia ton pÐnaka C akoloÔjwc èqoume:

>> C=[2:2:12;3:3:18]

C =

2 4 6 8 10 12

3 6 9 12 15 18

>> C.^2

ans =

4 16 36 64 100 144

9 36 81 144 225 324

>> C.^0.5

ans =

1.4142 2.0000 2.4495 2.8284 3.1623 3.4641

1.7321 2.4495 3.0000 3.4641 3.8730 4.2426

>> D=[1:1:5;2:4:20;3:3:15;4:4:20]

D =

1 2 3 4 5

2 6 10 14 18

3 6 9 12 15

4 8 12 16 20

>> D.^3

ans =

13



1 8 27 64 125

8 216 1000 2744 5832

27 216 729 1728 3375

64 512 1728 4096 8000

>> D.^(-1)

ans =

1.0000 0.5000 0.3333 0.2500 0.2000

0.5000 0.1667 0.1000 0.0714 0.0556

0.3333 0.1667 0.1111 0.0833 0.0667

0.2500 0.1250 0.0833 0.0625 0.0500

MporoÔme na upologÐsoume thn orÐzousa enìc pÐnaka A me thn entol  det(A) ,
par�deigma o legìmenoc tetragwnikìc pÐnakac Hilbert1, p.q. gia n = 10 èqoume:

H =



1 1/2 1/3 1/4 1/5 1/6 1/7 1/8 1/9 1/10

1/2 1/3 1/4 1/5 1/6 1/7 1/8 1/9 1/10 1/11

1/3 1/4 1/5 1/6 1/7 1/8 1/9 1/10 1/11 1/12

1/4 1/5 1/6 1/7 1/8 1/9 1/10 1/11 1/12 1/13

1/5 1/6 1/7 1/8 1/9 1/10 1/11 1/12 1/13 1/14

1/6 1/7 1/8 1/9 1/10 1/11 1/12 1/13 1/14 1/15

1/7 1/8 1/9 1/10 1/11 1/12 1/13 1/14 1/15 1/16

1/8 1/9 1/10 1/11 1/12 1/13 1/14 1/15 1/16 1/17

1/9 1/10 1/11 1/12 1/13 1/14 1/15 1/16 1/17 1/18

1/10 1/11 1/12 1/13 1/14 1/15 1/16 1/17 1/18 1/19


>> A=hilb(10);

>> det(A)

ans =

1/46202068362411145000000000000000000000000000000000000

>> format long e

1
΄Ορίζεται σαν ο n× n πίνακας H με στοιχεία που δίνονται από τη σχέση Hi,j =

1
i+j−1
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>> det(A)

ans =

2.164405264621389e-053

H akrib c tim  thc orÐzousac me th qr sh tou wxMaxima eÐnai:

1
46206893947914691316295628839036278726983680000000000

= 2.1641792264314919 10−53

MporeÐte na breÐte kai �llouc pÐnakec, parìmoiouc me ton pÐnaka Hilbert; E�n
nai, tìte epikoinwn ste me ton suggrafèa2 twn shmei¸sewn aut¸n.

1.2.1 AntÐstrofoc kai YeudoantÐstrofoc enìc PÐnaka

EpÐlush tetragwnikoÔ sust matoc n× n me to MATLAB

MÐa polÔ shmantik  pr�xh sta majhmatik� eÐnai h antistrof  enìc pÐnaka n × n,
ìtan autìc mporeÐ na antistrafeÐ. 'Ena aplì krit rio antistrof c eÐnai h orÐzousa
tou pÐnaka na mhn eÐnai mhdèn. Ja orÐsoume ton 3 × 3 tetragwnikì pÐnaka A, ja
upologÐsoume thn orÐzous� tou kai ton antÐstrofo autoÔ me di�forouc trìpouc
kai ja k�noume epal jeush ìti pr�gmati eÐnai antÐstrofoc tou A:

>> format rat

>> A=[1,-1,2;-1,1,0;2,0,-1]

A =

1 -1 2

-1 1 0

2 0 -1

>> det(A)

ans =

-4

>> Ainv1=A^(-1)

Ainv1 =

1/4 1/4 1/2

1/4 5/4 1/2

2
Δημήτριος Θ. Χριστόπουλος, dchristop@econ.uoa.gr
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1/2 1/2 0

>> A*Ainv1

ans =

1 0 0

0 1 0

0 0 1

>> Ainv2=inv(A)

Ainv2 =

1/4 1/4 1/2

1/4 5/4 1/2

1/2 1/2 0

>> A*Ainv2

ans =

1 0 0

0 1 0

0 0 1

'Ena grammikì sÔsthma n × n, dhl. n exis¸sewn me n agn¸stouc thc morf c
Ax = b   pio analutik�:

a1,1 a1,2 · · · a1,n

a2,1 a2,2 · · · a2,n
...

...
. . .

...

an,1 an,2 · · · an,n


︸ ︷︷ ︸

A

·


x1

x2
...

xn


︸ ︷︷ ︸

x

=


b1

b2
...

bn


︸ ︷︷ ︸

b

èqei monadik  lÔsh ìtan o A eÐnai antistrèyimoc kai aut  prokÔptei wc ex c:

Ax = b⇒ x = A−1b

An loipìn jewr soume èna opoiod pote di�nusma b mporoÔme na èqoume thn lÔsh
tou sust matoc wc ex c sto MATLAB:

>> format compact
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>> b=[12;4;6]

b =

12

4

6

>> sol=A^(-1)*b

sol =

7

11

8

>> sol=inv(A)*b

sol =

7

11

8

>> sol=A\b

sol =

7

11

8

Prosèxte thn emf�nish tou format compact me thn opoÐa apofeÔgoume na emfa-
nÐzontai kenèc grammèc an�mesa sthn ektèlesh di�forwn entol¸n. An jèloume
na emafanÐzontai kenèc grammèc plhktrologoÔme format loose. H diaforopoÐhsh
tou MATLAB apì ta �lla progr�mmata stic entolèc epÐlushc enìc tetragwnikoÔ
grammikoÔ sust matoc ègkeitai apl� sthn Ôparxh thc �arister c diaÐreshc �, A\b
anwtèrw.

EpÐlush mh tetragwnikoÔ sust matoc m× n me to MATLAB

Ac jewr soume t¸ra to genikìtero sÔsthma m exis¸sewn me n agn¸stouc thc
morf c Ax = b   pio analutik�:

a1,1 a1,2 · · · a1,n

a2,1 a2,2 · · · a2,n
...

...
. . .

...

am,1 am,2 · · · am,n


︸ ︷︷ ︸

A

·


x1

x2
...

xn


︸ ︷︷ ︸

x

=


b1

b2
...

bm


︸ ︷︷ ︸

b

Autì to sÔsthma mporeÐ na lujeÐ me thn qr sh tou genikeumènou antistrìfou  
yeudoantistrìfou   antistrìfou Moore - Penrose tou pÐnaka A. O yeudoantÐ-
strofoc enìc pragmatikoÔ pÐnaka A orÐzetai san ekeÐnoc o pÐnakac A† o opoÐoc
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ikanopoieÐ tic sqèseic:

AA†A = A

A†AA† = A†(
AA†

)T
= AA†(

A†A
)T

= AA†

Perissìtera gia ton yeudoantÐstrofo pÐnaka mporeÐte na breÐte ed¸. H lÔsh tou
sust matoc eÐnai t¸ra:

Ax = b⇒ x = A†b

H lÔsh aut  mporeÐ na deiqjeÐ ìti eÐnai h lÔsh me to mikrìtero eukleÐdio m koc
(akribèstera nìrma   st�jmh).

Par�deigma 1.1. 'Estw ìti èqoume na lÔsoume to sÔsthma:

x− y + 2z = 12

2x+ 3y − 2z = 4

UpologÐzoume me thn entol  pinv(A) tou MATLAB ton yeudoantÐstrofo, èpeita
thn lÔsh kai sto tèloc k�noume epal jeush:

>> A,b

A =

1 -1 2

2 3 -2

b =

12

4

>> Pinv=pinv(A)

Pinv =

27/77 17/77

-2/77 13/77

24/77 -2/77

>> sol=Pinv*b

sol =

56/11

4/11

40/11

>> A*sol

ans =

18
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12

4

Ja melet soume perissìtero analutik� ta Grammik� Sust mata sto Kef�laio
5, ìpou kai ja anaptÔxoume mìnoi mac algorÐjmouc epÐlushc aut¸n twn susthm�-
twn.
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1.3 An�lush Pin�kwn (Matrix Decomposition)

Pollèc forèc èqoume na lÔsoume k�poio prìblhma ìpou parousi�zetai ènac pÐna-
kac o opoÐoc den eÐnai tìso eÔkoloc ston qeirismì tou. MporoÔme ìmwc p�ntote
na broÔme ènan pio aplì ìmoio pÐnaka3 ètsi ¸ste o arqikìc pÐnakac na analÔetai
se ginìmeno �llwn stoiqeiwd¸n pin�kwn. Katìpin lÔnoume to prìblhm� mac gia
ton aploÔstero ìmoio pÐnaka kai sto tèloc epistrèfoume sto arqikì prìblhma me
thn bo jeia tou pÐnaka R. EpÐshc pollèc forèc mac endiafèrei apl� na paragonto-
poi soume ton pÐnak� mac se ginìmeno dÔo aploÔsterwn pin�kwn, ¸ste na lÔsoume
to prìblhm� mac se dÔo st�dia. Ed¸ ja parousi�soume sunoptik� tic basikèc
analÔseic (decompositions) pou mporoÔme na k�noume se ènan pÐnaka me th qr sh
tou MATLAB.

1. DiagwnopoÐhsh tetragwnikoÔ pÐnaka (omoiìthta me diag¸nio pÐnaka)

AP = PD ⇔ A = PDP−1, D diag¸nioc

O diag¸nioc pÐnakac èqei gia stoiqeÐa tic idiotimèc(eigenvalues) tou A:

D =



λ1 0 0 · · · 0

0 λ2 0 · · · 0
...

...
. . . . . .

...

0 0 · · · λn−1 0

0 0 · · · 0 λn


en¸ o diagwnopoi¸n pÐnakac R èqei, se antistoÐqish proc tic idiotimèc, gia
st lec ta antÐstoiqa idiodianÔsmata(eigenvectors) tou A. EÐnai qrhsimìtath
an�lush gia lÔsh poll¸n problhm�twn, p.q lÔsh sust matoc diaforik¸n
exis¸sewn. Sto MATLAB gÐnetai me eÐte thn entol  eig(A):

>> A=[1 0 0; 0 1 0; -4 8 -1]

A =

1 0 0

0 1 0

-4 8 -1

>> [P,D]=eig(A)

P =

0 1292/2889 0

0 0 528/2177

1 -2584/2889 2112/2177

3
΄Ο πίνακας Α είναι όμοιος με τον Β όταν υπάρχει αντιστρέψιμος πίνακας Ρ τέτοιος ώστε

AP = PB ⇔ A = PBP−1
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D =

-1 0 0

0 1 0

0 0 1

>> P*D*inv(P)-A

ans =

0 0 0

0 0 0

0 0 0

eÐte me thn entol  eig(A,’nobalance’):

>> [P,D]=eig(A,’nobalance’)

P =

0 -1/2 0

0 0 1/4

1 1 1

D =

-1 0 0

0 1 0

0 0 1

>> P*D*inv(P)

ans =

1 0 0

0 1 0

-4 8 -1

H pr¸th entol  k�nei k�poia epexergasÐa sta stoiqeÐa tou A kai gia autì
ìtan up�rqoun mikroÐ arijmoÐ pou proèrqontai apì ta sf�lmata stroggÔ-
leushc touc megejÔnei me apotèlesma na lÔnei �llo prìblhma telik�. Pro-
teÐnetai h deÔterh entol , h opoÐa ìmwc den uposthrÐzetai apì to Octave.

2. TrigwnopoÐhsh tetragwnikoÔ pÐnaka (omoiìthta me �nw trigwnikì pÐna-
ka)

AP = PT ⇔ A = PTP−1, T �nw trigwnikìc pÐnakac

Sto MATLAB gÐnetai thn entol  schur(A):

>> A=[1 0 0; 0 1 0; -4 8 -1]

A =

1 0 0

0 1 0

-4 8 -1
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>> [P,T]=schur(A)

P =

0 -1 0

0 0 1

1 0 0

T =

-1 4 8

0 1 0

0 0 1

>> P*T*inv(P)-A

ans =

0 0 0

0 0 0

0 0 0

H trigwnopoÐhsh eÐnai pollèc forèc to mìno pou mporÔme na k�noume me
k�poion tetragwnikì pÐnaka, ìtan autìc den èqei apl  dom 4. Se aut n
thn perÐptwsh mÐa morf  pou mporeÐ na p�rei o trigwnikìc pÐnakac eÐnai h
legìmenh kanonik  morf  Jordan, dhl.:

AP = PJ ⇔ A = PJP−1

J =



λ1 1 0 · · · 0

0 λ2 1 · · · 0
...

...
. . . . . .

...

0 0 · · · λn−1 1

0 0 · · · 0 λn


Dustuq¸c to basikì pakèto tou MATLAB den diajètei entol  gia eÔresh
kanonik c morf c Jordan enìc tetragwnikoÔ pÐnaka, all� eÐnai aparaÐthth h
qr sh tou SymbolicsToolbox gia to skopì autì.

3. LU paragontopoÐhsh opoioud pote pÐnaka

A = LU, L k�tw trigwnikìc, U �nw trigwnikìc

Sto MATLAB gÐnetai me thn entol  lu(A):

>> A=[1,3,3;-2,-5,1;0,1,7]

A =

1 3 3

4
Δηλαδή όταν δεν υπάρχουν τόσα ιδιοδιανύσματα όσες και οι ιδιοτιμές μαζί με την πολλαπλό-

τητά τους.
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-2 -5 1

0 1 7

>> [L,U] = lu(A)

L =

-1/2 1/2 1

1 0 0

0 1 0

U =

-2 -5 1

0 1 7

0 0 0

>> L*U-A

ans =

0 0 0

0 0 0

0 0 0

EÐnai axioshmeÐwto ìti to MATLAB den kat�fere na k�nei thn an�lush pou
jèlame, prosèxte ìti o L den eÐnai k�tw trigwnikìc. H swst  ap�nthsh me
th qr sh p.q. tou wxMaxima eÐnai:

L =


1 0 0

−2 1 0

0 1 1

 , U =


1 3 3

0 1 7

0 0 0


4. LUP paragontopoÐhsh opoioud pote pÐnaka

PA = LU ⇔ A = P−1LU, U �nw trigwnikìc, P antistrèyimoc,

O L eÐnai t¸ra k�tw trigwnikìc me diag¸nia stoiqeÐa Ðsa me 1. StoMATLAB
gÐnetai me thn entol  lu(A), gia ton Ðdio pÐnaka me prin èqoume:

>> [L,U,P] = lu(A)

L =

1 0 0

0 1 0

-1/2 1/2 1

U =

-2 -5 1

0 1 7

0 0 0

P =

0 1 0
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0 0 1

1 0 0

>> L*U-P*A

ans =

0 0 0

0 0 0

0 0 0

H paragontopoÐhsh LU eÐnai qr simh sthn epÐlush grammik¸n susthm�twn
se dÔo st�dia: {

Ax = b

A = LU

}
⇒

{
L (Ux) = b

Ux = y

}
⇒

{
Ly = b

Ux = y

}

To sÔsthma Ly = b lÔnetai me emprìc antikat�stash, dhl. brÐskoume pr¸ta
to y1 apì thn pr¸th exÐswsh kai sto tèloc to yn:

L1,1y1 = b1

L2,1y1 +L2,2y2 = b2
. . .

Ln,1y1 +Ln,2y2 + · · · +Ln,nyn = bn


en¸ katìpin to sÔsthma Ux = y lÔnetai me pÐsw antikat�stash, dhl. brÐ-
skoume pr¸ta to xn apì thn teleutaÐa exÐswsh kai sto tèloc to x1:

U1,1x1 +U1,2x2 + · · · +U1,nxn = y1

U2,2x2 + · · · +U2,nxn = y2
. . .

Un,nxn = yn


5. LDLT paragontopoÐhsh summetrikoÔ pÐnaka

A = LDLT , L k�tw trigwnikìc, D diag¸nioc

Sto MATLAB gÐnetai me thn entol  ldl(A):

>> A=[1,3,5;3,-2,4;5,4,7]

A =

1 3 5

3 -2 4

5 4 7
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>> [L,D] = ldl(A)

L =

5/7 -1/30 1

4/7 1 0

1 0 0

D =

7 0 0

0 -30/7 0

0 0 -77/30

>> L*D*L’-A

ans =

* * *

0 0 0

* 0 0

6. Cholesky paragontopoÐhsh summetrikoÔ jetik� orismènou5 pÐnaka

A = UTU, A summetrikìc kai jetik� orismènoc,U �nw trigwnikìc

H paragontopoÐhsh Cholesky eÐnai qr simh sthn epÐlush grammik¸n susth-
m�twn se dÔo st�dia:{

Ax = b

A = UTU

}
⇒

{
UT (Ux) = b

Ux = y

}
⇒

{
UTy = b

Ux = y

}
To sÔsthma UTy = b lÔnetai me emprìc antikat�stash (brÐskoume pr¸ta
to y1 kai sto tèloc to yn), en¸ katìpin to sÔsthma Ux = y me pÐsw an-
tikat�stash (brÐskoume pr¸ta to xn kai sto tèloc to x1), ìpwc kai sthn
paragontopoÐhsh LU. Sto MATLAB gÐnetai me thn entol  chol(A):

>> A=[2 -1 0 0; -1 2 -1 0; 0 -1 2 -1; 0 0 -1 2]

A =

2 -1 0 0

-1 2 -1 0

0 -1 2 -1

0 0 -1 2

>> U=chol(A)

U =

1393/985 -985/1393 0 0

0 1079/881 -881/1079 0

0 0 1351/1170 -1170/1351

0 0 0 2889/2584

5
΄Ενας n× n πίνακας Α λέγεται θετικά ορισμένος όταν ισχύει xTAx > 0,∀x ∈ Rn
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>> U’*U-A

ans =

* 0 0 0

0 * 0 0

0 0 0 0

0 0 0 *

Prosèxte thn èlleiyh akrÐbeiac tou MATLAB, to aster�ki sthn epal jeu-
sh. H pragmatik  tim  tou L me thn qr sh tou wxMaxima eÐnai:

L =


√
2 − 1√

2
0 0

0
√
3√
2
−
√
2√
3

0

0 0 2√
3
−
√
3
2

0 0 0
√
5
2


7. QR paragontopoÐhsh opoioud pote pÐnaka

A = QR, Q orjog¸nioc , R �nw trigwnikìc

Orjog¸nioc lègetai o pÐnakac Q ìtan QQT = I, ìpou I o antÐstoiqoc mona-
diaÐoc n×n pÐnakac. E�n oi st lec tou A eÐnai grammik� anex�rthtec , tìte
mporoÔme na apodeÐxoume 6 ìti to sÔsthma mporeÐ na grafeÐ sth morf :{

Rx = QT b

c = QT b

}
⇒ Rx = c

kai katìpin na lujeÐ me pÐsw antikat�stash.

Sto MATLAB gÐnetai me thn entol  qr(A):

>> A=[1,3,3,8;-2,-5,1,-8;0,1,7,8]

A =

1 3 3 8

-2 -5 1 -8

0 1 7 8

>> [Q,R]=qr(A)

Q =

1292/2889 505/1383 881/1079

-2584/2889 461/2525 881/2158

0 461/505 -881/2158

R =

6
Κοιτάξτε λ.χ. εδώ.

26

http://tutorial.math.lamar.edu/Classes/LinAlg/QRDecomposition.aspx


2889/1292 2279/392 1292/2889 3499/326

0 505/461 1756/229 2261/258

0 0 * *

>> Q*R-A

ans =

* * 0 *

0 * * *

0 0 * *

Prosèxte xan� thn èlleiyh akrÐbeiac tou MATLAB, sta aster�kia thc e-
pal jeushc. Oi pragmatikèc timèc twn Q,R me thn qr sh tou Mathimatica
eÐnai:

Q =


1√
5

√
2
15

− 2√
5

1√
30

0
√

5
6


R =

 √5 13√
5

1√
5

24√
5

0
√

6
5

7
√

6
5

8
√

6
5


Anakefalai¸nontac parousi�zoume ston PÐnaka 2 tic basikèc analÔseic stic opoÐ-
ec mporoÔme na proboÔme gia ènan pÐnaka A me to MATLAB.

An�lush Majhmatik� MATLAB

DiagwnopoÐhsh A = PDP−1 [P,D]=eig(A)

TrigwnopoÐhsh A = PTP−1 [P,T]=schur(A)

LU A = LU [L,U]=lu(A)

LUP PA = LU [L,U,P]=lu(A)

LDLT A = LDLT [L,D]=ldl(A)

Cholesky A = UTU U=chol(A)

QR A = QR [Q,R]=qr(A)

PÐnakac 2: An�lush Pin�kwn sto MATLAB
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1.4 Ask seic

1. 'Estw oi pÐnakec:

A =


1
8
−3

7
5
9
− 7

11
1
18

2
9

5
8

3
4

7
11
− 3

17
1
20

5
7

6
13

2
7
−1

8
1
4

 , B =


−2 1 11

3 0 −5
−6 −11 2

2 3 −7

 , v =


1

2

3

4


(aþ) Na k�nete tic akìloujec pr�xeic stoMATLAB afoÔ pr¸ta èqete jèsei

format rat:

A ·B,A23, BTA,BTB,Av, vTv, vvT , vTB, vTAv

(bþ) Na epanal�bete tic Ðdiec pr�xeic me to Octave kai na sugkrÐnete ta
apotelèsmata me aut� tou MATLAB.

(gþ) Na k�nete t¸ra me k�poio pakèto upologistik c �lgebrac tic Ðdiec pr�-
xeic me apìluth akrÐbeia kai na upologÐsete to apìluto kai to sqetikì
sf�lma tou MATLAB kai tou Octave. BrÐskete k�poia axioshmeÐwth
diafor� an�mesa sta dÔo progr�mmata;

2. DÐnontai oi pÐnakec :

A =



−1 2 5 8 −9
7 3 4 −2 6

1 0 3 2 8

7 4 −2 3 5

1 0 5 0 6


, b =



1

2

3

4

5


(aþ) Xekin¸ntac apì ton A na ex�gete me kat�llhlec entolèc tou MATLAB

ta akìlouja:

i. Ta trÐa pr¸ta stoiqeÐa thc deÔterhc gramm c tou

ii. Ta tèssera teleutaÐa stoiqeÐa thc trÐthc st lhc tou

iii. Olìklhrh thn tètarth gramm  autoÔ

(bþ) Na dhmiourg sete touc upopÐnakec:

i. Ton upopÐnaka pou prokÔptei me diagraf  thc deÔterhc gramm c
kai deÔterhc st lhc tou A

ii. Touc dÔo diag¸niouc upopÐnakec 3× 3 kai 2× 2 antÐstoiqa tou A

iii. Ton epauxhmèno pÐnaka [A|b]
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3. DÐnetai o pÐnakac:

A =



751
1386

625
1386

323
1386

−172
693

−151
693

3305
2772

3557
2772

821
1386

−4817
5544

−1751
5544

−142
63
−142

63
−263

252
1261
504

295
504

5
42

5
42

5
84

95
168

− 31
168

−1
3
−1

3
−1

6
5
12

5
12


(aþ) Na diagwnopoihjeÐ o pÐnakac me ìlec tic diajèsimec entolèc twn pro-

gramm�twn MATLAB kai Octave, p�ntote se format rat.

(bþ) Na gÐnei to Ðdio me k�poio pakèto CAS thc areskeÐac sac kai na sug-
krijoÔn ta apotelèsmata me ekeÐna tou a' erwt matoc.

(gþ) Na trigwnopoihjeÐ o pÐnakac me MATLAB, Octave kai k�poio CAS. Na
sugkrijoÔn ta apotelèsmata.

(dþ) Na gÐnei h LU paragontopoÐhsh tou A me MATLAB, Octave kai k�poio
CAS. Na sugkrijoÔn ta apotelèsmata.

(eþ) Na gÐnei h QR paragontopoÐhsh tou A me MATLAB, Octave kai k�poio
CAS. Na sugkrijoÔn ta apotelèsmata.

4. 'Estw o pÐnakac:

A =



106 87 38 34 16

87 102 49 60 24

38 49 34 48 12

34 60 48 97 16

16 24 12 16 16


(aþ) Na gÐnei h LDLT paragontopoÐhsh tou A meMATLAB kai k�poio CAS.

Na sugkrijoÔn ta apotelèsmata.

(bþ) Na gÐnei h paragontopoÐhsh Cholesky tou A me MATLAB, Octave kai
k�poio CAS. Na sugkrijoÔn ta apotelèsmata.
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