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1 Arijmhtik  Kinht c Upodiastol c kai

Sumbolik  Upologistik  'Algebra

1.1 Oi arijmoÐ kinht c upodiastol c

Apì thn emf�nish twn pr¸twn upologist¸n èqoun eisaqjeÐ oi legìmenoi arijmoÐ
kinht c upodiastol c, h genik  morf  twn opoÐwn eÐnai:

x = ± (0.d1d2 . . . dt) · βe (1)

To β eÐnai h b�sh tou arijmhtikoÔ sust matoc ( β = 2, 10   16) kai o ekjèthc e
paÐrnei timèc apì L èwc U an�loga me to prìtupo pou qrhsimopoieÐtai. To t eÐnai to
pl joc twn shmantik¸n yhfÐwn kai onom�zetai ‘mantissa’. To sÔsthma leitourgÐac
twn upologist¸n eÐnai to legìmeno duadikì (binary), to opoÐo ousiastik� diajètei
dÔo katast�seic, 0 :den dièrqetai hlektrikì reÔma kai 1 :dièrqetai hlektrikì reÔma
apì k�poio tranzÐstor, to opoÐo apoteleÐ ton domikì lÐjo k�je epexergast . H
anwtèrw posìthta plhroforÐac 0   1 onom�zetai 1 bit. To prìtupo pou qrhsimo-
poieÐtai s mera apì ta perissìtera progr�mmata arijmhtik c kinht c upodiastol c
kai apì ìlec sqedìn tic gl¸ssec programmatismoÔ gia arijmhtikèc pr�xeic eÐnai to
IEEE 754-2008 1 kai pio sugkekrimèna to prìtupo binary64 . Se autì to prìtu-
po dipl c akrÐbeiac, èqoume ìti ènac arijmìc katalamb�nei 64 bits = 8 bytes sthn
mn mh tou upologist :

• 1 bit katalamb�nei to prìshmo 0→ (−1)0 = +1   1→ (−1)1 = −1

• 11 bits katalamb�nei o ekjèthc tou 2

• 52 bits katalamb�nei h mantissa

EpÐshc èqoume ìti β = 2, L = −1022, U = +1023 to opoÐo antistoiqeÐ se 16
shmantik� yhfÐa sthn sunhjismènh dekadik  anapar�stash twn arijm¸n. Se k�je
prìtupo {β, t, L, U} o plhsièsteroc arijmìc sto mhdèn eÐnai o arijmìc .1 · βL
kai o plhsièsteroc arijmìc sto +∞ eÐnai o βU . Sthn pr�xh p�ntwc, paÐrnontac
to dekadikì sÔsthma, èqoume ìti −∞ ≈ −10308, 0 ≈ 10−308 kai ∞ ≈ 10308.
ParadeÐgmata arijm¸n mhqan c:

• Me b�sh to β = 10

14.75 = 10 + 4 +
7

10
+

5

100
= 1 · 101 +4 · 100 +7 · 10−1 +5 · 10−2 = (14.75)10

• Me b�sh to β = 2

14.75 = 8+4+2+
1

2
+

1

4
= 1·23+1·22+1·21+0·20+1·2−1+1·2−2 = (1110.11)2

1 Institute of Electrical and Electronics Engineers, περισσότερες λεπτομέρειες εδώ.
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'Otan plhktrologeÐte ton arijmì −12345.678 se ènan upologist  me t = 8 autìc
metatrèpetai amèswc eswterik� sthn morf  −.12345678 · 105.

EpÐshc prèpei na èqete upìyin sac ìti to pl joc twn shmantik¸n yhfÐwn t enìc
upologist  eÐnai anex�rthto tou trìpou graf c tou arijmoÔ l.q. sthn ojình. San
par�deigma o arijmìc 12.345678 se ènan upologist  me t = 8 mporeÐ na emfanisteÐ
eÐte san .12345678 · 10+2 eÐte san 1.2345678 · 10+1. To teleutaÐo eÐnai autì pou
èqoume sunhjÐsei na lème episthmonik  graf , all� den prèpei na xeqn�te ìti ta
shmantik� yhfÐa eÐnai 8. E�n sto MATLAB gr�yete ton parap�nw arijmì en¸
èqete b�lei pr¸ta thn entol  >>format long h opoÐa deÐqnei touc arijmoÔc me
t = 16 shmantik� yhfÐa ja deÐte san ap�nthsh:

ans =

12.345677999999999

Pìsa apì ta anwtèrw yhfÐa mporoÔme na empisteujoÔme; H ap�nthsh eÐnai 8
xekin¸ntac apì to 1 en¸ to teleutaÐo prokÔptei me stroggulopoÐhsh, dhl.:
12.345677999999999 = 12.345678000000000
(me èntonh graf  deÐqnoume ta shmantik� yhfÐa). Sto Ðdio prìgramma e�n eÐqame
epilèxei >>format long e o Ðdioc arijmìc ja emfanizìtan swst� wc:

ans =

1.234567800000000e+001

T¸ra o upologist c emfanÐzei ton arijmì me 8 shmantik� yhfÐa, en¸ ta upì-
loipa 8 mèqri ta 16 diajèsima paÐrnoun thn tim  0. Blèpete loipìn ìti gia na èqete
komy� apotelèsmata prèpei na gnwrÐzete pwc antilamb�netai ènac upologist c ki-
nht c upodiastol c touc arijmoÔc. EpÐshc eÐnai fanerì ìti den eÐnai dunatìc o
qeirismìc enìc arijmoÔ thc morf c 10309 giatÐ antistoiqeÐ sto +∞ → Inf . Se
autèc tic peript¸seic to prìtupo binary64 èqei sugkekrimèno trìpo qeirismoÔ,
p.q.:

>> Inf+25

ans =

Inf

To MATLAB èqei tic entolèc
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>> realmin

ans =

2.225073858507201e-308

>> realmax

ans =

1.797693134862316e+308

pou dÐnoun ton mikrìtero kai ton megalÔtero jetikì arijmì, 2.225073858507201 ·
10−308 kai 1.797693134862316 · 10+308 antÐstoiqa. E�n k�poioc jewreÐ ìti eÐnai
ikanopoihmènoc me arijmoÔc se autì to eÔroc, tìte pijanìn na mhn katanoeÐ ton
skopì suggraf c tou parìntoc kefalaÐou. Ja doÔme ìmwc ìti to periorismèno
eÔroc twn arijm¸n mhqan c den eÐnai to monadikì touc prìblhma.

'Ena shmantikì er¸thma eÐnai to ex c:
Pìso kont� mporoÔme na plhsi�soume se ènan arijmì mhqan c;
Gia na apant soume se autì to er¸thma xekin�me apì ènan arijmì p.q. apì to 1
kai prosjètoume k�je for� ènan arijmì ε > 0 o opoÐoc diark¸c mikraÐnei mèqri
telik� stouc arijmoÔc mhqan c tou upologist  na isqÔsei 1 + ε = 1, dhl. tìte
to ε pou ja èqoume brei ja eÐnai h mikrìterh apìstash sthn opoÐa mporoÔme na
plhsi�soume kont� sto 1. Sto MATLAB gr�foume tic akìloujec entolèc:

>> e=1;

>> while (1+e)>1

em=e;

e=e/2;

end

>> em

em =

2.220446049250313e-016

Autì pou br kame eÐnai to èyilon thc mhqan c kai eÐnai exairetik� shmantikì diìti
kajorÐzei to sf�lma diakritopoÐhshc ìlwn twn arijmhtik¸n mejìdwn. Prèpei na
shmeiwjeÐ ìti akrib¸c to Ðdio ε diajètei l.q. to Mathematica 2, to opoÐo eÐnai
$MachineEpsilon = 2.22045 ∗ 10−16.
Qrhsimopoi¸ntac ìmwc sto Mathematica tic entolèc:

2
Σήμα κατατεθέν της Wolfram Research, Inc., Champaign, Illinois, USA.
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e = 1; i = 0; While[1 + e >1, e = e/(10ˆ308); i++]; {e, i} kai diakìptontac thn
ektèlesh met� apì 20.717 sec brÐskoume, se i = 3930 b mata, e = 1. · 10−1210440,
dhl. praktik� mporoÔme na plhsi�zoume osod pote kont� sto 1 arkeÐ na diajè-
toume upologistik  isqÔ/qrìno. Autì eÐnai èna pr¸to meg�lo �lma twn mejìdwn
thc Upologistik c Sumbolik c 'Algebrac ènanti twn mejìdwn thc Arijmhtik c
Kinht c Upodiastol c.

1.2 To sf�lma stic stoiqei¸deic arijmhtikèc pr�xeic

Ja anafèroume sunoptik� qwrÐc apodeÐxeic orismèna qr sima sumper�smata sqe-
tik� me to sf�lma pou gÐnetai ìtan k�noume tic sun jeic pr�xeic me arijmoÔc
mhqan c. O anagn¸sthc pou endiafèretai gia peraitèrw emb�junsh kaleÐtai na
anatrèxei eÐte sta biblÐa AkrÐbhc & Dougal c (2005), Stoer & Bulirsch (2002) ,
Hildebrand, Prausnitz & Scott (1970) eÐte sto �rjro Goldberg (1991).

1.2.1 H dhmiourgÐa tou sf�lmatoc stroggÔleushc (rounding)

'Otan ènac arijmìc eÐnai �jroisma dun�mewn tou 2, tìte eÐnai logikì na anamè-
noume ìti sthn duadik  anapar�stash den ja èqoume sf�lma, arkeÐ na brÐsketai
entìc twn orÐwn arijm¸n mhqan c tou protÔpou mac. To prìblhma eÐnai ìti den
qrhsimopoioÔme sthn kajhmerin  zw  to duadikì, all� to dekadikì sÔsthma. E-
�n anatrèxete sto diadiktuakì ergaleÐo thc IEEE gia thn metatrop  arijm¸n se
gl¸ssa mhqan c kai eis�gete orismènouc stoiqei¸deic rhtoÔc arijmoÔc ìpwc to
1
3

= .3333333333333333 . . . ja deÐte ìti den anaparÐstatai akrib¸c, all� katalam-
b�nei ìla ta diajèsima shmantik� yhfÐa3 me thn morf  0.010101010101 . . .. A-
nagkastik� to prìtupo binary64 ja proseggÐsei ton arijmì me b�sh to teleutaÐo
shmantikì yhfÐo tou. EÐjistai autì na gÐnetai me stroggulopoÐhsh (rounding)
proc ton plhsièstero akèraio me ton kanìna tou ‘5’, dhl. otid pote eÐnai <5
gÐnetai 0 kai otid pote eÐnai ≥ 5 gÐnetai 10, dhl. aux�netai o arijmìc sto epìme-
no dekadikì yhfÐo. E�n t = 8 kai eÐmaste sto dekadikì sÔsthma tìte o arijmìc
+0.123456784→ +0.12345678, en¸ o arijmìc +0.123456785→ +0.12345679.

K�je arijmìc x pou kat' apìluto tim  brÐsketai sto di�sthma
[
.1 · βL, βU

]
proseggÐzetai apì ton plhsièstero se autìn diajèsimo arijmì mhqan c, sumbolik�
fl(x). To sqetikì sf�lma aut c thc prosèggishc mporeÐ na deiqjeÐ ìti eÐnai:

|εx| =
∣∣∣∣fl(x)− x

x

∣∣∣∣ ≤ 1

2
β1−t (2)

blèpe AkrÐbhc & Dougal c (2005)   Stoer & Bulirsch (2002). EpÐshc mporoÔme
na apokìptoume ta dekadik� yhfÐa pou �perisseÔoun�, opìte ènac arijmìc strog-

3
Πηγαίνετε στο πλαίσιο “Significand” του “Double precision (64 bits)” και πολλαπλασιάστε

τον αριθμό με 2−2
όπου −2 ο εκθέτης.
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guleÔetai ston plhsièstero arjmì mhqan c kai tìte to sqetikì sf�lma eÐnai:

|εx| =
∣∣∣∣fl(x)− x

x

∣∣∣∣ ≤ β1−t (3)

OrÐzoume thn posìthta monadiaÐo sf�lma stroggÔleushc wc ex c:

u =

{
1
2
β1−t stroggÔleush

β1−t apokop 
(4)

Me ìlouc touc parap�nw orismoÔc, an jewr soume thn pr�xh *, o arijmìc
mhqan c pou ja prokÔyei sto tèloc k�nontac thn pr�xh x ∗ y ston upologist  ja
eÐnai z = fl(fl(x) ∗ fl(y)).

Par�deigma 1.1. Ac jewr soume ènan upologist  ìpou β = 10, t = 3 kai touc
arijmoÔc mhqan c x = 1 = .1 · 10+1, y = .003 = 3 · 10−3 = .3 · 10−2, z = .004 =
4 · 10−3 = .4 · 10−2. Tìte èqoume ìti y + z = .7 · 10−2 = 7 · 10−3 = .007, �ra
x+(y+z) = 1.007 = .101 ·10+1 = 1.01, lìgw stroggÔleushc tou 7 proc ta p�nw.
'Omwc èqoume akìmh ìti: x+y = 1.003 = .100 ·10+1 = 1.00, lìgw stroggÔleushc
tou 3 proc ta k�tw, �ra (x+y)+z = 1.003 = 1.00 6= x+ (y + z), dhl. h prìsjesh
paÔei na eÐnai prosetairistik .

Perissìtera paradeÐgmata p�nw sta �par�doxa� twn arijm¸n mhqan c mporeÐte
na breÐte sta agglik� k�nontac klik ki ed¸.

MporoÔme na upologÐsoume ta sf�lmata stroggÔleushc stic basikèc pr�xeic
kai na ta sugkrÐnoume me to u, dhl. to monadiaÐo sf�lma stroggÔleushc. Tìte
èqoume sunoptik� ta akìlouja sumper�smata:

1. Pollaplasiasmìc   DiaÐresh
Ston pollaplasiasmì   sthn diaÐresh dÔo arijm¸n to sqetikì sf�lma pou
prokÔptei eÐnai mikrìtero   Ðso tou 3u.

2. Prìsjesh omos mwn arijm¸n
Sthn prìsjesh omos mwn arijm¸n to sqetikì sf�lma eÐnai mikrìtero   Ðso
tou 2u.

3. Prìsjesh eteros mwn arijm¸n (afaÐresh)
Sthn prìsjesh eteros mwn arijm¸n to sqetikì sf�lma eÐnai mikrìtero  

Ðso tou |x|+|y||x+y| 2u.

Blèpoume loipìn ìti se k�je perÐptwsh pou ja qreiasteÐ na k�noume afaÐresh
arijm¸n arket� kontin¸n metaxÔ touc, epeid  tìte |x+ y| ≈ 0, to anwtèrw kl�-
sma tou sqetikoÔ sf�lmatoc gÐnetai polÔ meg�lo, me apotèlesma thn ap¸leia  
katastrof  thc ìpoiac akrÐbeiac. Ac upojèsoume ìti k�poioc jèlei na k�nei thn
pr�xh

√
x−√y me x ≈ y. Pwc ja apofÔgoume to meg�lo sf�lma pou prokÔptei ;
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Par�deigma 1.2. OrÐste sto MATLAB touc arijmoÔc x = 10025.01562 =
(100.1252) , y = 10024.81538 = (100.1242), opìte profan¸c

√
x −√y = 0.001 =

1. · 10−3 kai dokim�ste na breÐte to apotèlesma.

Mìlic k�nete thn pr�xh sto MATLAB brÐskete:

√
x−√y = 9.999550559882664 · 10−4

Ac pollaplasi�soume kai diairèsoume me thn �suzug  posìthta�
√
x +
√
y kai ac

upologÐsoume:

√
x−√y =

x− y√
x+
√
y

= 9.999550559808786 · 10−4

Dhlad  èqoume mÐa oriak  beltÐwsh thc akrÐbeiac apì to 10o dekadikì yhfÐo kai
met�.
E�n k�noume tic antÐstoiqec pr�xeic sto Mathimatica brÐskoume:

√
x−√y = 0.0009999550559882664

√
x−√y =

x− y√
x+
√
y

= 0.0009999550559808789

Ta apotelèsmata eÐnai sqedìn Ðdia. Gia na apofÔgoume autì to sf�lma sto Math-
imatica prèpei na metatrèyoume touc arijmoÔc se rhtoÔc kai katìpin na k�noume
sumbolik� pr�xeic me apìluth akrÐbeia:

x =

(
100 +

125

1000

)2

=
641601

64

y =

(
100 +

124

1000

)2

=
626550961

62500

√
x−√y =

1

1000
= 0.001

To tèqnasma thc metatrop c se rhtì prèpei na efarmìsoume gia na k�noume me
apìluth akrÐbeia thn Ðdia pr�xh kai sta progr�mmata Axiom 4 kai wxMaxima 5.
E�n qrhsimopoi soume to Maple 6 tìte mporoÔme na èqoume �mesa to apìluta
akribèc apotèlesma, qwrÐc na qreiasteÐ pr¸ta na metatrèyoume touc arijmoÔc x, y
se rhtoÔc.

4
Ελεύθερο λογισμικό, μπορείτε να το ‘κατεβάσετε’ από εδώ ή εδώ, ανάλογα με το λειτουργικό

που χρησιμοποιείτε.
5
Ελεύθερο λογισμικό, μπορείτε να το ‘κατεβάσετε’ από εδώ.

6
Σήμα κατατεθέν της Waterloo Maple Inc., Waterloo, Ontario, CANADA.
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1.2.2 To prìblhma thc anapar�stashc enìc dekadikoÔ arijmoÔ
apì ton plhsièstero rhtì

E�n qrhsimopoi soume sto MATLAB thn entol  >>format rat ¸ste na metatrè-
youme touc arijmoÔc se rhtoÔc ja èqoume:

x = 10025.01562 =
641601

64

y = 10024.81538 =
110273

11
√
x−√y =

22

22001
= 9.999550559882664 · 10−4

Dhlad  den kerdÐsame tÐpota se akrÐbeia. EpÐshc eÐdame ìti to MATLAB den ka-
t�fere na k�nei me akrÐbeia pr�xeic apl¸n rht¸n, ìpwc o upologismìc tou arijmoÔ
y anwtèrw, k�nontac m�lista èna apìluto sf�lma:

∣∣y(mat) − y∣∣ =

∣∣∣∣110273

11
− 626550961

62500

∣∣∣∣ =
1929

687500
= 0.002805818182

Se autì to shmeÐo ac sugkrÐnoume to MATLAB me èna prìgramma pou eÐnai
�kl¸noς� tou kai lègetai Octave7. K�nontac tic Ðdiec pr�xeic to apotèlesma eÐnai
pio akribèc, dedomènou ìti to sf�lma eÐnai treic t�xeic megèjouc mikrìtero:

∣∣y(oct) − y∣∣ =

∣∣∣∣651613

65
− 626550961

62500

∣∣∣∣ =
7

812500
= 0.000008615385

Prìkeitai �rage gia k�poio software bug, dhlad  gia sf�lma   astoqÐa tou phgaÐ-
ou k¸dika tou MATLAB   èqoume k�poia astoqÐa tou protÔpou IEEE 754-2008 /
binary64 ; Gia na apant soume se autì to er¸thma ja p�me xan� sto diadiktuakì
ergaleÐo metatrop c dekadik¸n se duadikoÔc arijmoÔc kai ja doÔme ìti:

100.125 = 64 + 32 + 4 + 125
1000

= 801
8

= 26 + 25 + 22 + 1
8

= 26 + 25 + 22 + 2−3

100.125 = (1100100.0010000000000000000000000000000000000000000000)2
100.124 = (1100100.0001111110111110011101101100100010110100001110)2

E�n p�roume t¸ra aut n thn duadik  anapar�stash, k�noume tic pr�xeic gia
ìlec tic dun�meic tou 2 pou èqoun suntelest  1 kai ajroÐsoume blèpoume ìti oi
arijmoÐ èqoun thn rht  prosèggish:

100.125 = 801
8

100.124 = 3522800071022215
35184372088832

7
Ελεύθερο λογισμικό το οποίο μπορείτε να ‘κατεβάσετε’ από εδώ με κλικ και ‘αποθήκευση’.
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To deÔtero apotèlesma se opoiad pote efarmog    prìgramma kai an to upo-
logÐsoume ja d¸sei akrib¸c 100.124. H diafor� twn rht¸n proseggÐsewn eÐnai
gia ta dÔo progr�mmata:∣∣∣(100.125)(mat) − (100.125)

∣∣∣ =

∣∣∣∣12115

121
− 3522800071022215

35184372088832

∣∣∣∣
=

140737488335

4257309022748672
= .00003305785123∣∣∣(100.124)(oct) − (100.124)

∣∣∣ =

∣∣∣∣25031

250
− 3522800071022215

35184372088832

∣∣∣∣
=

21

4398046511104000
= .4774847184 · 10−14

MporoÔme na k�noume ènan genikìtero èlegqo gia ton trìpo me ton opoÐo to
MATLAB   to Octave metatrèpoun aploÔc arijmoÔc se rhtoÔc. DhmiourgoÔme
touc arijmoÔc:

xi = 100 +
100 + i

1000
, i = 1, 2, . . . , 30 (5)

Ston PÐnaka 1 faÐnontai oi arijmoÐ xi kaj¸c kai oi antÐstoiqec proseggÐseic touc.
An upologÐsoume thn mèsh tim  kai thn tupik  apìklish twn laj¸n

e
(mat)
i = xi − x(mat)i kai e(oct)i = xi − x(oct)i èqoume ìti:

e(mat) = −.1950433939 · 10−5, σ(mat) = 0.00004089444627
e(oct) = −.4256585548 · 10−5, σ(oct) = 0.00002144390164

E�n k�noume to endeiknuìmeno statistikì F-test blèpoume ìti aporrÐptetai h mh-
denik  upìjesh thc isìthtac twn diakum�nsewn se epÐpedo statistik c shman-
tikìthtac 0.08%, epomènwc pr�gmati h diaspor� sf�lmatoc tou MATLAB eÐnai
megalÔterh apì thn diaspor� sf�lmatoc tou Octave.
EpÐshc k�nontac to statistikì t-test blèpoume ìti gÐnetai dekt  h mhdenik  upì-
jesh thc isìthtac twn mèswn tim¸n (to sf�lma tÔpou α eÐnai 78.5%), epomènwc
pr�gmati h mèsh tim  sf�lmatoc tou MATLAB eÐnai Ðsh me thn mèsh tim  sf�lma-
toc tou Octave.
E�n antÐ gia touc arijmoÔc xi thc 5 eÐqame epilèxei touc arijmoÔc:

yi = 100 +
96 + 2i

210
, i = 0, 1, . . . , 29 (6)

oi opoÐoi eÐnai �jroisma dun�mewn tou 2, dhl. anaparÐstantai akrib¸c sto duadikì
sÔsthma, �ra den up�rqei sf�lma8 sto prìtupo IEEE 754-2008 / binary64 , ja
èprepe na èqoume mhdenikì sf�lma sta progr�mmat� mac, pr�gma pou epitugq�netai
mìnon sto Octave, ìpwc faÐnetai ston PÐnaka 2.

8
Μπορείτε να εξηγήσετε γιατί ;
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PÐnakac 1: H anapar�stash twn rht¸n arijm¸n xi = 100 + 100+i
1000

, i = 1, . . . , 30

xi x
(mat)
i x

(oct)
i xi − x(mat)i xi − x(oct)i

100101
1000

9910
99

9910
99

− 1
99000

− 1
99000

50051
500

4905
49

50051
500

− 1
24500

0
100103
1000

6807
68

23324
233

1
17000

− 1
233000

12513
125

12513
125

12513
125

0 0
20021
200

20021
200

20021
200

0 0
50053
500

6607
66

50053
500

− 1
16500

0
100107
1000

24326
243

24326
243

1
243000

1
243000

25027
250

25027
250

25027
250

0 0
100109
1000

5506
55

21123
211

− 1
11000

− 1
211000

10011
100

10011
100

10011
100

0 0
100111
1000

100111
1000

901
9

0 − 1
9000

12514
125

12514
125

12514
125

0 0
100113
1000

6207
62

17720
177

3
31000

1
177000

50057
500

11413
114

50057
500

− 1
28500

0
20023
200

8710
87

20023
200

1
17400

0
25029
250

6908
69

25029
250

1
17250

0
100117
1000

9411
94

54764
547

− 1
47000

− 1
547000

50059
500

16119
161

50059
500

− 1
80500

0
100119
1000

4205
42

47957
479

− 1
21000

1
479000

2503
25

2503
25

2503
25

0 0
100121
1000

15719
157

28134
281

−3
157000

1
281000

50061
500

4105
41

50061
500

1
20500

0
100123
1000

6508
65

18723
187

− 1
13000

1
187000

25031
250

12115
121

25031
250

1
30250

0
801
8

801
8

801
8

0 0
50063
500

12716
127

50063
500

1
63500

0
100127
1000

6308
63

6308
63

1
63000

1
63000

12516
125

12516
125

12516
125

0 0
100129
1000

3104
31

3104
31

− 1
31000

− 1
31000

10013
100

10013
100

10013
100

0 0
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PÐnakac 2: H anapar�stash twn rht¸n arijm¸n yi = 100 + 96+2i
210

, i = 0, . . . , 29

yi y
(mat)
i y

(oct)
i yi − y(mat)i yi − y(oct)i

3203
32

3203
32

3203
32

0 0
51249
512

9409
94

51249
512

− 1
24064

0
25625
256

4104
41

25625
256

1
10496

0
51251
512

26126
261

51251
512

− 1
133632

0
12813
128

12813
128

12813
128

0 0
51253
512

2903
29

51253
512

1
14848

0
25627
256

25627
256

25627
256

0 0
51255
512

12113
121

51255
512

− 1
61952

0
6407
64

6407
64

6407
64

0 0
51257
512

51257
512

51257
512

0 0
25629
256

5306
53

25629
256

1
13568

0
51259
512

26931
269

51259
512

− 1
137728

0
12815
128

12815
128

12815
128

0 0
51261
512

4205
42

51261
512

1
10752

0
25631
256

25631
256

25631
256

0 0
51263
512

6508
65

51263
512

− 1
33280

0
801
8

801
8

801
8

0 0
51265
512

6308
63

51265
512

− 1
32256

0
25633
256

25633
256

25633
256

0 0
51267
512

10714
107

51267
512

1
54784

0
12817
128

12817
128

12817
128

0 0
51269
512

14119
141

51269
512

1
72192

0
25635
256

11716
117

25635
256

− 1
29952

0
51271
512

13719
137

51271
512

− 1
70144

0
6409
64

6409
64

6409
64

0 0
51273
512

51273
512

51273
512

0 0
25637
256

8312
83

25637
256

− 1
21248

0
51275
512

15723
157

51275
512

− 1
80384

0
12819
128

12819
128

12819
128

0 0
51277
512

13320
133

51277
512

1
68096

0

12



Katal goume loipìn sto sumpèrasma ìti o trìpoc pou qrhsimopoieÐ eswterik�
to MATLAB gia na metatrèyei ènan dekadikì ston plhsièstero rhtì den eÐnai
akrib c, diìti adunateÐ na parast sei rhtoÔc pou ekfr�zontai akrib¸c sto prì-
tupo IEEE 754-2008 / binary64 me apìluth akrÐbeia sto dikì tou perib�llon
ergasÐac. To Octave apì thn �llh pleur�, molonìti den eÐnai p�nta akribèc stouc
rhtoÔc, entoÔtoic anaparist� p�nta touc akribeÐc rhtoÔc arijmoÔc mhqan c me a-
pìluth akrÐbeia sto perib�llon ergasÐac tou.
Bèbaia, to telikì apotèlesma den eÐnai arket� diaforetikì, all� prèpei p�nta na
eÐmaste prosektikoÐ sto mègejoc tou sf�lmatoc stroggÔleushc sta endi�mesa
st�dia, diìti to fainìmeno thc apìsbeshc sf�lmatoc (error damping) den eÐmaste
sÐgouroi ìti èqei pragmatopoihjeÐ sthn akoloujÐa pr�xewn mhqan c pou exet�-
zoume k�je for�. H sÔgkrish twn apotelesm�twn twn dÔo programm�twn faÐnetai
sto 1.

(αʹ) MATLAB (βʹ) Octave

Sq ma 1: SÔgkrish apl¸n pr�xewn rht¸n se MATLAB kai Octave.

Ektìc apì thn anwtèrw perÐptwsh h opoÐa ousiastik� anafèretai se arnhtikèc
dun�meic tou 2, mporeÐte na beÐte k�poia �llh perÐptwsh gia thn opoÐa na up�rqei
pl rhc anapar�stash apì to Octave all� ìqi apì to MATLAB; E�n breÐte, tìte
mhn dist�sete na epikoinwn sete me ton gr�fonta9, ¸ste na up�rxei plhrèsterh

9
Δημήτριος Θ. Χριστόπουλος, dchristop@econ.uoa.gr
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diereÔnhsh tou jèmatoc.

1.2.3 H di�dosh (propagation) tou sf�lmatoc stroggÔleushc

Endiaferìmaste na exet�soume pwc �metadÐdetai� to sf�lma stroggÔleushc twn
arijm¸n pou summetèqoun se mÐa seir� apì pr�xeic mhqan c. EÐdame ìti den isqÔei
h prosetairistik  idiìthta sthn prìsjesh arijm¸n mhqan c. Parak�tw ja doÔme
analutik� pwc mporeÐ na exhghjeÐ kai autì to fainìmeno. E�n èqoume mÐa sun�r-
thsh n metablht¸n f (x1, x2, . . . , xν) tìte gnwrÐzoume ìti h metabol  thc mporeÐ
proseggistik� na parastajeÐ wc:

∆f ≈ ∂f

∂x1
dx1 +

∂f

∂x2
dx2 + . . .+

∂f

∂xν
dxν (7)

K�je par�stash pou prèpei na upologisteÐ me arijmoÔc mhqan c thn jewroÔme wc
sun�rthsh poll¸n metablht¸n kai orÐzoume san apìluto sf�lma ∆f thn diafor�
fl(f)− f   |fl(f)− f |.
Wc sqetikì sf�lma εf orÐzoume to phlÐko fl(f)−f

f
 
∣∣∣fl(f)−ff

∣∣∣, sun jwc ekfrasmèno
wc posostì %.
EpÐshc mporoÔme na apodeÐxoume, all� den eÐnai skìpimo na to k�noume ed¸ 10, ìti
gia to sqetikì sf�lma thc anwtèrw sun�rthshc èqoume ìti:

εf ≈
ν∑
i=1

xi
f

∂f

∂xi
εxi =

x1
f

∂f

∂x1
εx1 +

x2
f

∂f

∂x2
εx2 + . . .+

xν
f

∂f

∂xν
εxν (8)

Par�deigma 1.3. San genikì par�deigma jewroÔme ton upologismì twn riz¸n
thc deuterob�jmiac exÐswshc :

1

2
x2 + βx− 1

2
γ = 0 (9)

Oi rÐzec thc 9 eÐnai:

ρ1 = −β +
√
β2 + γ

ρ2 = −β −
√
β2 + γ

(10)

Jewr¸ntac thn sun�rthsh:

f (α, β) = −β +
√
β2 + γ (11)

10
Ο παρατηρητικός αναγνώστης ας προσέξει ότι ο τύπος που γράψαμε δεν είναι τίποτα άλλο

παρά ένα άθροισμα ελαστικοτήτων ως προς όλες τις μεταβλητές.
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UpologÐzoume to apìluto sf�lma gia thn rÐza ρ1:

∆f =

(
−1 +

β√
β2 + γ

)
dβ +

(
1

2
√
β2 + γ

)
dγ (12)

Apì thn morf  tou sf�lmatoc 12 parathroÔme ìti ja èqoume sÐgoura prìblhma
ìtan isqÔei γ ≈ −β2. UpologÐzoume kai to sqetikì sf�lma thc arijmhtik c
prosèggishc gia thn rÐza ρ1:

εf =

(
−β√
β2 + γ

)
εβ +

 γ

2
(
−β +

√
β2 + γ

)√
β2 + γ

 εγ

=
−β√
β2 + γ

εβ +
β +

√
β2 + γ

2
√
β2 + γ

εγ

(13)

lìgw kai thc 11. Epomènwc p�li èqoume prìblhma akrÐbeiac ìtan γ ≈ −β2.

Par�deigma 1.4. Na melethjeÐ h pr�xh f(x, y) = x+y+z wc proc thn di�dosh
tou sqetikoÔ sf�lmatoc twn x, y, z.
'Eqoume ìti f(x, y, z) = x + y + z kai to sqetikì sf�lma di�doshc upologÐzetai
eÔkola:

εf =
x

x+ y + z
εx +

y

x+ y + z
εy +

z

x+ y + z
εz (14)

Apì thn morf  14 blèpoume ìti k�je for� pou ènac prosjetèoc eÐnai meg�loc
sqetik� me to sunolikì �jroisma, tìte to sf�lma tou antÐstoiqou prosjetèou
megenjÔnetai sto telikì sf�lma. Gi autì to lìgo prèpei na apofeÔgoume na pro-
sjètoume polÔ meg�louc me polÔ mikroÔc arijmoÔc.
Lìgw autoÔ tou gegonìtoc ermhneÔetai kai to meg�lo sf�lma pou eÐdame na k�nei

to MATLAB ston upologismì tou rhtoÔ y =
(
100 + 124

1000

)2
sthn prohgoÔmenh

upo-enìthta 1.2.1.
EpÐshc t¸ra mporoÔme na ermhneÔsoume kai thn mh Ôparxh thc prosetairistikì-
thtac sthn prìsjesh arijm¸n mhqan c. E�n x + y >> z kai o ìroc x + y èqei
autotel¸c meg�lo sf�lma stroggÔleushc, tìte to sqetikì af�lma di�doshc sto
sf�lma thc pr�xhc (x + y) + z ja eÐnai x+y

x+y+z
εx+y + z

x+y+z
εz kai mporeÐ na eÐnai

megalÔtero apì to x
x+y+z

εx + y+z
x+y+z

εy+z pou antistoiqeÐ sthn pr�xh x+ (y + z).
To �llo sumpèrasma pou prokÔptei eÐnai ìti prèpei panta na k�noume thn prì-
sjesh tou mikrìterou me ton megalÔtero arijmì ki ìqi to antÐstrofo, giatÐ tìte
to telikì sf�lma eÐnai mikrìtero. Se èna �jroisma poll¸n prosjetèwn loipìn,
o algìrijmoc pou ja prèpei na anaptÔxoume ja eÐnai tètoioc ¸ste na k�nei tic
prìsjèseic se aÔxousa seir� twn prosjetèwn kai ìqi se fjÐnousa seir�.
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Anakefalai¸nontac parajètoume sugkentrwtik� touc kanìnec pou prèpei na ako-
loujoÔntai ¸ste na na up�rqoun oi mikrìterec dunatèc ap¸leiec akrÐbeiac.

GenikoÐ Kanìnec qeirismoÔ arijm¸n mhqan c.

1. QrhsimopoioÔme algebrikèc tautìthtec, teqn�smata kaj¸c kai trigwnome-
trikèc tautìthtec gia na metatrèyoume mÐa afaÐresh se sunduasmì �llwn
pr�xewn.

2. ApofeÔgoume na prosjètoume ènan meg�lo me ènan mikrì arijmì.

3. 'Otan èqoume na upologÐsoume èna �jroisma, anadiat�ssoume touc ìrouc
ètsi ¸ste h prìsjesh na gÐnetai me auxanìmenouc prosjetèouc.

4. 'Otan jèloume na lÔsoume èna prìblhma se èna plègma arijm¸n, frontÐzou-
me oi arijmoÐ autoÐ na eÐnai parast�simoi me apìluth akrÐbeia sto duadikì
sÔsthma.

5. 'Otan sqedi�zoume ènan algìrijmo lamb�noume upìyin mac ìlec tic anwtèrw
parathr seic.

Genikìtera an jewr soume tic pr�xeic mhqan c f(x, y) pou akoloujoÔn kai upo-
logÐsoume to sqetikì sf�lma, ja èqoume ton PÐnaka 3 apì ton opoÐo blèpoume
ìti h mình pr�xh pou praktik� mporeÐ na katastrèyei thn sunolik  akrÐbeia enìc
algorÐjmou pr�xewn mhqan c eÐnai h prìsjesh. E�n p�roume apìlutec timèc, tìte
gia thn prosjesh èqoume ìti:

|εf | ≤
∣∣∣∣ x

x+ y

∣∣∣∣ |εx|+ ∣∣∣∣ y

x+ y

∣∣∣∣ |εy|
E�n o ènac prosjetèoc eÐnai mikrìc men se sÔgkrish me ton �llo, èqei meg�lo
sqetikì sf�lma ìmwc, tìte eÐnai dunatìn na èqoume apaloif  sf�lmatoc error
damping, sto sunolikì apotèlesma. E�n ìmwc prosjètoume arijmoÔc me diafo-
retikì prìshmo, dhl. k�noume afaÐresh, tìte up�rqei meg�lh pijanìthta o ìroc
x + y stouc paronomastèc na gÐnei polÔ meg�loc ki ètsi na up�rxei shmnantik 
ap¸leia akrÐbeiac se mÐa kai mìnon pr�xh.

1.3 H Sumbolik  Upologistik  'Algebra

To 1954 emfanÐsthke apì thn IBM11 h arqaiìterh gl¸ssa programmatismoÔ, h
FORmulaTRANslation h opoÐa exakoloujeÐ na uposthrÐzetai akìmh. 'Enan qrì-
no met� �rqise na dhmiourgeÐtai sta plaÐsia enìc progr�mmatoc ulopoÐhshc para-
g¸gishc sunart sewn mèsw upologist  h ìqi kai tìso gnwst  gl¸ssa program-
matismoÔ LIStProcessing (LISP). H ulopoÐhsh thc pr¸thc èkdoshc xekÐnhse to

11International Business Machines, Armonk, New York, USA.
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f (x, y) εf

x · y εx + εy

x/y εx − εy
√
x 1

2
εx

x± y x
x±y εx ±

y
x±y εy (x± y 6= 0)

PÐnakac 3: Sqetikì sf�lma di�doshc basik¸n pr�xewn arijm¸n mhqan c

1958 mèsa apì to prìgramma Teqnht c NohmosÔnhc tou PanepisthmÐou M.I.T.12.
Prìkeitai basik� gia mÐa gl¸ssa pou qeirÐzetai Domèc List¸n me perieqìmeno eÐte
arijmhtikì eÐte alfabhtikì, h opoÐa mporeÐ na orÐzei kai na diaqeirÐzetai anadromi-
kèc sunart seic.

'Ena par�deigma, to opoÐo brÐsketai ed¸, me ton k¸dika (arister�) kai to apo-
tèlesma (dexi�) eÐnai autì pou akoloujeÐ:

(PLUS X (TIMES 3 Y) Z) → x+ 3y + z

'Ena apì ta pr¸ta progr�mmata pou proèkuyan apì thn efarmog  aut c thc
gl¸ssac  tan to Reduce to 1970, to opoÐo apì to 2008 eÐnai eleÔjero logismikì.
To 1971 xekÐnhse thn stadiodromÐa tou kai to Axiom, to opoÐo ègine eleÔjero
logismikì to 2001. P�li apì to M.I.T. sta tèlh thc dekaetÐac tou '60 èqoume thn
emf�nish tou DOE Macsyma, to opoÐo eÐnai o koinìc prìgonoc twn Mathimatica
kai Maple. Met� to 1998 od ghse sto eleÔjero logismikì Maxima, to opoÐo
uposthrÐzetai plèon wc wxMaxima. Akìmh pio analutik  parousÐash gia thn
gl¸ssa LISP mporeÐ kaneÐc na brei ed¸.

Prèpei na tonÐsoume ìti molonìti ìla ta emporik� Sust mata Upologistik c
'Algebrac (Computer Algebra Systems - CAS) èqoun thn rÐza touc se efar-
mogèc pou anaptÔqjhkan se LISP, entoÔtoic s mera eÐnai grammèna kat� to mega-
lÔtero mèroc touc se gl¸ssa programmatismoÔ C,C++. Gia par�deigma to Math-
imatica, ìpwc anafèretai ed¸, eÐnai grammèno perÐpou kat� 50% apì C,C++,LISP,
(gl¸ssa Mathimatica + algebrikoÐ upologismoÐ), en¸ to upìloipo 50% eÐnai to
legìmeno perib�llon Grafik c AllhlepÐdrashc Qr sth (Graphical User Interface
- GUI), to opoÐo eÐnai grammèno se gl¸ssa Mathimatica kai se JAVA13. To Maple
eÐnai qwrismèno se dÔo perib�llonta, to legìmeno klassikì fÔllo ergasÐac, to
opoÐo �trèqei� se C kai to tupikì fÔllo ergasÐac to opoÐo erg�zetai me JAVA.

To MATLAB mèqri to 2008 eÐqe enswmatwmèno pur na (kernel) tou Maple gia
na uposthrÐzei to legìmeno �KoutÐ ErgaleÐwn Sumbolik¸n� upologism¸n, dhlad 
to “Symbolics Toolbox”, all� èktote agìrase to MuPad, aporrìfhse thn etaireÐa

12Massachusetts Institute of Technology, Cambridge, Massachusetts, U.S.A..
13
Σήμα που ανήκει σήμερα στην Oracle Corporation , Redwood Shores, California, USA
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pou to par gage kai t¸ra plèon oi sumbolikoÐ upologismoÐ sto MATLAB gÐnontai
me to MuPad.

Ektìc apì th dunatìthta sumbolik¸n pr�xewn ìpwc a + a = 2a, ìla ta pro-
gr�mmata CAS èqoun ìpwc  dh parathr same thn legìmenh arijmhtik  oiasd pote
akrÐbeiac (arbritrary - precision arithmitic)   �peirhc akrÐbeiac arijmhtik  (infini-
te - precision arithmetic), dhl. mporoÔme na k�noume pr�xeic me oiad pote akrÐbeia
dekadik¸n yhfÐwn epijumoÔme, arkeÐ na diajètoume epark  upologistik  isqÔ kai
qrìno. Shmantikèc parathr seic:

• 'Ola ta progr�mmata CAS apofeÔgoun na metatrèpoun �mesa �rrhtouc arij-
moÔc, ìpwc l.q. π, e,

√
2   mh rhtèc sunart seic, p.q. sin(1), e−1, ln(2) se

arijmoÔc kinht c upodiastol c, all� dÐnoun to apotèlesma san sun�rthsh
aut¸n.

• EpafÐetai katìpin ston qr sth na zht sei dekadik  anapar�stash me ìsa
dekadik� yhfÐa epijumeÐ ekeÐnoc.

Gia par�deigma an gr�youme sto Mathimatica:

Sin[2*Pi*Sqrt[3]] + Exp[-5]*Log[7]

autì ja d¸sei to akribèc algebrikì apotèlesma:

Log[7]

e5
+ Sin

[
2
√

3π
]

An ìmwc gr�youme:

Sin[2*Pi*Sqrt[3]] + Exp[-5]*Log[7] // N

autì ja d¸sei to proseggistikì arijmhtikì apotèlesma:

-0.980536

Up�rqoun dÔo meg�lec oikogèneiec pakètwn logismikoÔ ta opoÐa k�noun sum-
bolikèc pr�xeic:

• Ta legìmena emporik� pakèta, ta opoÐa pwloÔntai wc proðìnta logismikoÔ
kai sun jwc diajètoun kai mÐa foithtik  èkdosh me meiwmènh tim . Sun -
jwc den epidèqontai allagèc ston phgaÐo k¸dik� touc. Merik  dunatìthta
epèmbashc up�rqei sto Maple. Se aut n thn kathgorÐa xeqwrÐzoun ta pro-
gr�mmata Mathimatica kai Maple.
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• Ta legìmena �eleÔjera progr�mmata�   alli¸c �logismikì anoiqtoÔ k¸dika�,
ta opoÐa diatÐjentai qwrÐc qrèwsh mèsw diadiktÔou kai epidèqontai allagèc
ston phgaÐo k¸dik� touc. Se aut n thn kathgorÐa xeqwrÐzoun to wxMaxima
(to opoÐo uposthrÐzei kai ellhnikì perib�llon ergasÐac) kai to Sage14. To
teleutaÐo pollèc forèc antagwnÐzetai se taqÔthta ta emporik� progr�mmata,
all� eÐnai kurÐwc grammèno gia to leitourgikì sÔsthma Linux15 kai den eÐnai
tìso filikì me ta Windows16

Perissìterec leptomèreiec gia ta Sust mata Upologistik c 'Algebrac (CAS)
kaj¸c epÐshc kai mÐa sÔgkrish metaxÔ touc mporeÐte na breÐte ed¸. Telei¸nontac
thn sunoptik  parousÐash twn (CAS) anafèroume ta basik� pleonekt mat� touc
ènanti twn paradosiak¸n porgramm�twn arijmhtik c kinht c upodiastol c.

Pleonekt mata twn Susthm�twn Upologistik c 'Algebrac
(CAS)

1. EÐnai ikan� na k�noun pr�xeic rht¸n arijm¸n me apìluth akrÐbeia.

2. Up�rqei h dunatìthta epilog c thc epijumht c akrÐbeiac dekadik¸n yhfÐwn
stouc �rrhtouc arijmoÔc, p.q. to π = 3.1415926253 . . . me ìsa dekadik�
yhfÐa epijumoÔme.

3. Dunatìthta sumbolik¸n pr�xewn,p.q. x+ x = 2x,
∫
xdx = x2

2
.

4. MporoÔn na lÔsoun akrib¸c sÔnjeta majhmatik� probl mata, p.q. Diafo-
rikèc Exis¸seic.

To meg�lo pleonèkthma bèbaia twn programm�twn arijmhtik c kinht c upo-
diastol c ìpwc to MATLAB eÐnai h taqÔthta epexergasÐac meg�lou megèjouc
arijmhtik¸n pin�kwn, k�ti pou eÐnai idiaÐtera qr simo sthn epexrgasÐa eikìnac,
 qou kai opoud pote jèloume na epexergastoÔme meg�lo ìgko dedomènwn. Autìc
eÐnai kai o lìgoc pou akìma kai ta (CAS) ìpwc to Maple l.q. èqoun anaptÔxei
perib�llon diasÔndeshc me to MATLAB gia thn taqÔtath ulopoÐhsh metasqhma-
tism¸n ìpwc o TaqÔc Metasqhmatismìc Fourier - (F.F.T.).

Tèloc, èna apì ta dunat� shmeÐa tou pl rouc pakètou MATLAB eÐnai h ika-
nìthta diasÔndeshc tou progr�mmatoc me k�je eÐdouc perifereiak�: mikrìfwna,
k�merec, hlektronik� mikroskìpia kai k�je eÐdouc hlektronik� episthmonik� ìr-
gana. Me autìn ton trìpo kai thn qr sh tou kat�llhlou “Toolbox” eÐnai dunat 
h eisagwg , epexergasÐa kai montelopoÐhsh tautìqrona me èna prìgramma.

14
Ελεύθερο λογισμικό, μπορείτε να το ‘κατεβάσετε’ από εδώ.

15
Σήμα κατατεθέν του Φινλανδού Linus Torvalds.

16
Σήμα κατατεθέν της Microsoft Corporation, Redmond, Washington, USA.
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1.4 Ask seic

1. Eis�gete sto MATLAB èqontac format rat touc rhtoÔc arijmoÔc:

p = 100 +
24

1000
= 100.024, p = 100 +

23

1000
= 100.023

kai k�nete tic pr�xeic p + q, p − q, pq, p
q
. UpologÐste ta apìluta sf�lmata

twn �nw pr�xewn, èqontac k�nei me to qèri   me èna CAS tic pr�xeic me
apìluth akrÐbeia. Ti parathreÐte; Pwc exhgeÐte to gegonìc ìti to MATLAB
anaparèsthse swst� mìnon ton p;.

2. GnwrÐzoume ìti h parak�tw seir� MacLaurin gia thn ekjetik  sun�rthsh:

e−x = 1− x+
1

2
x2 − 1

6
x3 +

1

24
x4 − 1

120
x5 +

1

720
x6 − 1

5040
x7 + . . .

sugklÐnei sthn pragmatik  tim  tou e−x gia k�je pragmatikì arijmì x kai
jèloume na upologÐsoume ton arijmì e−5 paÐrnontac touc anwtèrw 8 pr¸touc
ìrouc thc. Na k�nete tic pr�xeic me to MATLAB kai na sugkrÐnete to
apotèlesma me thn tim  exp(−5) tou Ðdiou progr�mmatoc. Katìpin na k�nete
tic pr�xeic gia x = 5 sthn akìloujh isodÔnamh par�stash:

e−x =
1

ex
=

1

1 + x+ 1
2
x2 + 1

6
x3 + 1

24
x4 + 1

120
x5 + 1

720
x6 + 1

5040
x7 + . . .

MporeÐte na exhg sete giatÐ t¸ra to apotèlesma eÐnai kont� sto pragmatikì;

3. Qrhsimopoi¸ntac pr¸ta fromat rat ki èpeita fromat long e na per�sete sto
MATLAB touc parak�tw rhtoÔc arijmoÔc:

α = 1063 +
431

1201
, β = 10 +

225

100000
, γ = 17 +

333

10007

Na k�nete tic pr�xeic me apìluth akrÐbeia kai na sugkrÐnete autì pou br kate
me thn èxodo tou MATLAB. EÐste ikanopoihmènoi apì to apotèlesma;

4. Qrhsimopoi¸ntac kat�llhlec algebrikèc   trigwnometrikèc tautìthtec na
breÐte trìpouc uplogismoÔ twn parak�tw parast�sewn sto MATLAB ¸ste
na èqoume thn mikrìterh dunat  ap¸leia akrÐbeiac:

(aþ) sin(u+ x)− sin(u), |x| << 1

(bþ) 1− cosx, |x| << 1

(gþ) ln(x)− ln(y), x, y >> 1

(dþ) ex−y, x, y >> 1
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5. Jewr ste ìti sto tri¸numo x2 − 2β · x + γ isqÔei β, γ > 0 kai β2 >> γ.
AfoÔ exhg sete giatÐ o tÔpoc twn riz¸n triwnÔmou ja emfanÐsei probl mata
akrÐbeiac, na breÐte ènan �llo isodÔnamo tÔpo o opoÐoc na mhn parousi�zei
tètoia probl mata. San efarmog , na lÔsete to tri¸numo me β = 106, γ = 10
qrhsimopoi¸ntac to MATLAB kai me touc dÔo trìpouc. Pìte parathreÐte
megalÔterh akrÐbeia;
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