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Kef�laio 1Genikì Di�gramma
To kef�laio parousi�zei sunoptik� ti enìthte {Algebrik¸n algor�jmwn}, me èmfash se perioqè touproswpikoÔ ma endiafèronto. H èktash twn enot twn aut¸n �sw xepern� ta ìria enì examhnia�oumaj mato. To kef�laio katal gei me ènan kat�logo algebrik¸n logismik¸n.1.1 Anapar�stash kai poluplokìthta1. SÔgkrish algebrik¸n algor�jmwn apìluth akr�beia me proseggistikè arijmhtikè mejìdoukai to ant�stoiqo upologistikì kìsto.2. Stoiqe�a jewr�a algor�jmwn: upologistik� montèla, asumptwtik  poluplokìthta.3. Anapar�stash arijm¸n: akèraioi aperiìristh akr�beia, pragmatiko� floating point.4. Anapar�stash pin�kwn: pukn    arai .5. Anapar�stash poluwnÔmwn m�a kai poll¸n metablht¸n: pukn    arai .1.2 Apotelesmatik  akrib  arijmhtik 1. Basikè pr�xei metaxÔ akera�wn kai rht¸n: prìsjesh, pollaplasiasmì, dia�resh me upìloipo.Ant�strofo mèsw epanalhptik  mejìdou tou NeÔtwna.2. Basikè pr�xei metaxÔ poluwnÔmwn, sumperilambanomènou tou antistrìfou modx2n. Antistoi-q�a problhm�twn kai mejìdwn metaxÔ akera�wn kai poluwnÔmwn.3. Upologismì mia tim  (mèjodo Horner) kai perissotèrwn tim¸n poluwnÔmou.4. Upologismì suntelest¸n apì timè (parembol ). Epèktash se polu¸numa poll¸n metablht¸nkai ekmet�lleush araiìthta.5. TaqÔ Metasqhmatismì Fourier (FFT). Efarmog  ston pollaplasiasmì akera�wn. Epèktashsta polu¸numa.6. Kinèziko je¸rhma stou akera�ou. Aperiìristh akr�beia mèsw th arijmhtik  twn upolo�pwn.Epèktash sta polu¸numa m�a metablht . 5



6 KEF�ALAIO 1. GENIK�O DI�AGRAMMA7. Basikè pr�xei metaxÔ pin�kwn kai upologismì th or�zousa. P�nake me taqÔ pollaplasiasmìme di�nusma kai algìrijmoi << maÔrou koutioÔ >>.8. Mègisto Koinì Diairèth (MKD) stou akera�ou: algìrijmo tou Eukle�dh kai epèktas  tou.Efarmog  sta polu¸numa mia metablht . Gen�keush gia ton upologismì rht  prosèggish
Padé.9. Paragwntopo�hsh stou akera�ou, sta polu¸numa me suntelestè se peperasmèno s¸ma kai segenik� polu¸numa.1.3 Pragmatikè r�ze poluwnÔmou1. Antipar�jesh me to ant�stoiqo prìblhma gia migadikè r�ze kai ti up�rqouse arijmhtikè mejì-dou (p.q. epanalhptik  mèjodo Newton). Algebrikè epanalhptikè mèjodoi: p-adik  anÔywsh
Hensel.2. Akolouj�e Sturm gia mia metablht . Omoiìthte me ton upologismì tou MKD. Apomìnwsh kaiprosèggish pragmatik¸n lÔsewn.3. Kanìna Descartes, mèjodo Vincent / Uspensky.4. Gen�keush Sturm se polu¸numa poll¸n metablht¸n. Mèjodo pros mwn Ben-or,Kozen,Reif.Kulindrik  algebrik  upodia�resh.1.4 Ep�lush mh grammik¸n poluwnumik¸n susthm�twn1. Arijmì exis¸sewn w pro ton arijmì metablht¸n. Apì ta grammik� sta mh grammik� sust mata.2. 'Oria ston arijmì twn koin¸n riz¸n: klasik� ìria Bézout kai araiì ìrio (Bernstein).3. B�sei Groebner kai algìrijmo tou Buchberger. Antistoiq�e me ton Eukle�deio algìrijmo touMKD poluwnÔmwn mia metablht  kai th mèjodo apaleif  tou Gauss gia grammik� sust mata.4. Mèjodo th epilÔousa (  apale�fousa) poluwnÔmwn gia thn ep�lush susthm�twn. Klasik  kaiarai  epilÔousa. Anagwg  se èna prìblhma grammik  �lgebra. Antistoiq�e me (a) ti mejìdou
Sylvester kai Bézout gia mia metablht  kai (b) ton kanìna Cramer gia grammik� sust mata.5. Domhmènoi p�nake.1.5 Efarmogè1. Gewmetrik  montelopo�hsh: Algebrikopo�hsh (implicitization) parametrik  èkfrash mia kam-pÔlh   (uper)epif�neia. Tom  epifanei¸n. Kwnikè tomè kai metaxÔ tou koin� shme�a. OffsetkampÔlh.2. Kinhmatik  seiriak¸n kai par�llhlwn rompotik¸n mhqanism¸n: K�nhsh braq�ona rompìt me 6peristrofikoÔ bajmoÔ eleujer�a (6R).3. Epèktash th kinhmatik  twn rompìt ston upologismì twn diat�xewn mor�ou. Stajerìthta miamoriak  di�taxh.



1.6. LOGISMIK�A 74. Jewr�a kwd�kwn kai Kruptograf�a (sÔsthma RSA).5. Epexergas�a s mato kai eikìna. Teqnht  ìrash: Upologismì k�nhsh antikeimènou apì seir�eikìnwn stajer  k�mera.6. Upologistik  gewmetr�a kai kathgor mata (predicates). Autìmath apìdeixh gewmetrik¸n jew-rhm�twn.1.6 Logismik�Anafèroume endeiktik� orismèna logismik� se C/C++.1. Ta genik� pakèta pou kukloforoÔn, èqoun sun jw eÔqrhsto interface, all� e�nai plhrwtèa: Tapio pl rh e�nai ta Maple (http://www.maplesoft.com), Mathematica. Up�rqei ep�sh to Reduce
(http://ftp.rand.org/software and data/reduce), Axiom klp. Plhrwtèa pakèta me mikr  dwre�nèkdosh   dwre�n katìpin a�thsh e�nai ta Mupad, Magma (linux).2. Gia arijmhtik  akribe�a kai basikè pr�xei: LiDIA (http://www-jb.cs.uni-sb.de/linktop/LiDIA),
CORE (http://www.cs.nyu.edu/cs/faculty/yap), PARI,
SYNAPS (http://www-sop.inria.fr/galaad/software/synaps/) klp.3. Genikì arijmhtikì pakèto: Matlab. Gia thn arijmhtik  ep�lush mia ex�swsh, �sw to kalÔterologismikì ofe�letai stou Bini-Fiorentino pou ulopo�hsan ton algìrijmo Aberth sto pakèto
Mpsolve, prosb�simo kai mèsw th Synaps.Up�rqoun di�fore ulopoi sei arijmhtik¸n algor�jmwn gia thn ep�lush algebrik¸n susthm�-twn, ìpw aut� pou qrhsimopoioÔn mejìdou omotop�a (PHCpack [Verschelde]), arijmhtik  dia-thm�twn (Icos [Lebbah], Alias [Merlet], Intlab [Rump]), topologikì bajmì ( Chabis [Braq�th℄)klp.4. Ta isqurìtera algebrik� pakèta pou prosfèroun ep�lush exis¸sewn e�nai sun jw dwre�n. Taparak�tw ulopoioÔn ti b�sei Gröbner: Cocoa [Genova], FGb [Faugère, Paris], Macaulay
(http://www.math.uiuc.edu/Macaulay2) [Cornell], Singular [Kaiserslautern].Gia thn ep�lush me mejìdou pin�kwn, ìpw h apalo�fousa, up�rqei h SYNAPS (http://www-
sop.inria.fr/galaad/software/synaps/).Gia thn ep�lush stou pragmatikoÔ up�rqei to RS tou Rouillier, to opo�o diajètei prìsbash apìto Maple kai {sunerg�zetai} me to FGb se mia koin  platfìrma pou onom�zetai Gb-RS. Up�rqeiep�sh to pakèto SYNAPS::algebraic tou H. Tsigar�da.
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Kef�laio 2Jewrhtikì upìbajro
2.1 Eisagwg Oi algebriko� algìrijmoi aforoÔn se algebrik� probl mata kai, se ant�jesh me arijmhtikè kai ana-lutikè mejìdou, qarakthr�zontai apì apìluth akr�beia apotelèsmato:

det

[

1 2
2 3, 999 . . .

]

= −0, 000 . . . 1 < 0 < det

[

1 2
2 4, 000 . . . 01

]me ant�timo to sqetik� uyhlì upologistikì kìsto lìgw th pijan  èkrhxh tou megèjou twn (en-di�meswn) tim¸n. Parak�tw sunoy�zetai mia sÔgkrish twn algebrik¸n kai twn arijmhtik¸n mejìdwn.Algebriko� algìrijmoi - ènanti - (proseggistik¸n) arijmhtik¸n mejìdwnapìluth akr�beia ≫ akr�beia apotelèsmato (accuracy):perior�zetai apì to arijmhtikì sf�lmaèkrhxh endiamèswn tim¸n stajerìthta (stability)apotelèsmato w pro to arijmhtikì sf�lma
(intermediate swell) Bajmì akr�beia twn upologism¸n: metr�taiapì to pl jo twn qrhsimopoioÔmenwn yhf�wn (precision)uyhl  upologistik  poluplokìthta ≫ sun jw ikanopoihtik  taqÔthtaduadik  (Boolean) poluplokìthta arijmhtik  poluplokìthta:ìle oi pr�xei èqoun monadia�o (enia�o) kìstomègejo apotelèsmato (kat¸tero ìrio) conditioning == apìstash apì ekfulismènh kat�stash (singularity)P.q. upologismì or�zousa p�naka 2× 2:4poll/smo�, 3 MKD, 1 EKP, 1prìsjesh 2poll/smo�, 1prìsjesh

det

[

2/3 4/5
4/3 389/250

]

=
2

3
·289
250
−4

3
·4
5

==
11

375
det

[

0, 666 . . . 0, 8
1, 333 . . . 1, 556

]

= 1, 037333 · · ·−1, 0666 . . .H perioq  twn algebrik¸n algor�jmwn onom�zetai ep�sh {�lgebra me upologist } (computer algebra),{upologistik  �lgebra} (computational algebra), alli¸ {sumbolik  epexergas�a} (symbolic compu-
tation) diìti epexerg�zetai sÔmbola: metablhtè x, y, polu¸numa klp. Orismèna tupik� kai shmantik�parade�gmata: 9



10 KEF�ALAIO 2. JEWRHTIK�O UP�OBAJRO� pollaplasiasmì poluwnÔmwn: (x2 + 3) ∗ (x + 286)→ x3 + 286x2 + 3x + 858.� dia�resh poluwnÔmwn: x3 + 286x2 + 3x + 858/(x2 + 3)→ x + 286.� ep�lush poluwnÔmwn (kai argìtera susthm�twn): x3 + 286x2 + 3x + 858→ {−286,−i
√

3, i
√

3}.� MKD poluwnÔmwn: x3 + 286x2 + 3x + 858, 135x2 + 37659x − 286→ x + 286.2.2 Upologistik� montèlaB�sh e�nai h RAM (Random Access Machine) ìpou ìle oi parak�tw leitourg�e jewroÔntai pw ekte-loÔntai se qrìno �so me 1   k�poia stajer�: e�sodo / èxodo stoiqe�ou, prìsbash mn mh, sÔgkrish
(<,=, >), basikè pr�xei (�sw kai √·, ln, ab, mod, div). K�je stoiqe�o katalamb�nei q¸ro �so me 1  k�poia stajer�. Epekteinìmaste sthn random RAM e�n problèpetai kai paragwg  tuqa�wn tim¸n.Ma endiafèrei h real RAM (  arithmetic RAM) ìpou k�je stoiqe�o ∈ R anapar�statai me aperiìristhakr�beia. 'Omw autì e�nai mh realistikì!Par�deigma 2.2.1 2 prosjèsei a+b, g+d akera�wn< 2n an�gontai se m�a: (a∗2n+1+b)+(g∗2n+1+
d). Omo�w 2 pollapl. ac, bd an�gontai se ènan: (a∗2n+1+b)∗(c∗2n+1+d) = ac4n+2+(ad+bc)2n+1+bd.
2Gia mia akribèsterh melèth poluplokìthta, qrhsimopoioÔme thn Boolean (duadik ) RAM ìpou sek�je x ∈ R antistoiqe�tai to mègejo/m ko tou x: e�te se duadik� yhf�a bits (duf�a) sthn duadik anapar�stash dhl. ⌈log2 x⌉ (logarithmic cost function) yhf�a, e�te se lèxei (words) se mia orismènhanapar�stash.P.q: 21 = 101012 ⇒ mègejo(21) = 5 bits < 1 bit = mègejos(1).Gia x ∈ R to mègejo exart�tai apì thn akr�beia (precision) kai thn apìluth tim  |x|. Gia x ∈ Z(ant�stoiqa Q) exart�tai apì thn apìluth tim  |x| (arijmht /paronomast ).Jum�zoume sÔntoma tou sumbolismoÔ sthn an�lush th asumptwtik  sumperifor� twn algor�jmwn.
f(n) = O(F (n)) ⇔ ∃N,∃c : ∀n ≥ N : f(n) ≤ cF (n). P.q.: 67 ln n = O(log2 n), 562n34 =
O(2n), O(a + b) = O(max{a, b}).
f(n) = o(F (n)) ⇔ limn→∞(f(n)/F (n)) = 0 ⇔ ∀ǫ∃N,∀n > N, f(n) < ǫF (n). 'Ara jètonta ǫ = cbr�skoume f(n) = O(F (n)). To ant�strofo den isqÔei, de p.q. 13n3 lg n + 37n3.1 = O(n3.1).

f(n) = Ω(F (n)) ⇔ F (n) = O(f(n)), f(n) = Θ(F (n)) ⇔ [ f(n) = O(F (n)) & f(n) = Ω(F (n)) ],
f(n) = O∗(F (n))⇔ [ ∃ c : f(n) = O((log F (n))cF (n)) ].QrhsimopoioÔme OA(·) kai OB(·) pou sumbol�zoun ant�stoiqa thn arijmhtik  kai duadik  poluplokìthta.2.3 Anapar�stashXekin�me me thn anapar�stash arijm¸n. Akèraioi (Z) aperiìristh akr�beia (omo�w oi rhto� Q):pollaplè lèxei mn mh se l�sta (list)   p�naka (array): 210 = [00000100][00000000].Oi pragmatiko� arijmo� R anaparist¸ntai / prosegg�zontai w arijmo� kinht  upodiastol  (floating
point), �ra ìqi p�nta epakrib¸, w ex : ±m cp : ekjèth p ∈ [Pmin, Pmax), mantissa m ∈ [0, 2M ).
IEEE double: 64 bits = 1 (prìshmo) + 53 (=M) + 10 (ekjèth).



2.3. ANAPAR�ASTASH 11Suneq�zoume me thn anapar�stash pin�kwn. Pukn : 2-di�stato p�naka (array) M ìpou M [i, j] =stoiqe�o seir� i kai st lh j, an kei se Z, Q, R   e�nai polu¸numo. Sun jw kat� grammè (row-
major) dhl. di�nusma seir¸n me stoiqe�a ti dieujÔnsei (pointers) twn dianusm�twn twn stoiqe�wn.P.q. prìsjesh pin�kwn n×m apaite� nm prosjèsei.Arai : Di�nusma seir¸n me stoiqe�a dieujÔnsei (pointers) pro ti l�ste twn mh mhdenik¸n stoiqe�wn,ìpou k�je stoiqe�o akolouje�tai apì ton arijmì / de�kth th st lh. P.q. prìsjesh pin�kwn me a, bstoiqe�a ant�stoiqa kost�zei O(n + a + b).









7 0 5 0
0 7 0 5
4 0 0 0
0 4 0 0
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Telei¸noume me thn anapar�stash poluwnÔmwn. Me m�a metablht  Z[x]   C[x]: pukn  w p�naka (ar-
ray) twn suntelest¸n   arai  w l�sta twn mh mhdenik¸n ìrwn. P.q.: To −15x4+3x2−9 anapar�stataiw: (pukn ) [−15, 0, 3, 0,−9] kai me bajmì = 4, (arai ) [−15, 4]→ [3, 2]→ [−9, 0]. Parat rhse ep�shto x2000 − 1.Pollè metablhtè Z[x1, . . . , xn]: Basik  epilog  h taxinìmhsh twn ìrwn b�sei tou dianÔsmato touekjèth dhl. oi suntelestè agnooÔntai. Exet�zoume w par�deigma gia ti 2 dunatè taxinom sei topolu¸numo (x + y)2 + x + y + 1.Epagwgik : sun jw arai . JewroÔme to polu¸numo w pro m�a metablht  me suntelestè polu¸numasti upìloipe metablhtè. Auto� oi suntelestè me th seir� tou apojhkeÔontai epagwgik�. K�jestoiqe�o (record) perièqei ton arijmhtikì suntelest , ton ekjèth w pro thn trèqousa metablht  kièna de�kth (pointer) ston suntelest  pou e�nai o �dio èna �llo polu¸numo. P.q. me x > y, to parap�nwpolu¸numo gr�fetai x2 + x(2y + 1) + (y2 + y + 1) kai ful�ssetai w:
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⊗ δ
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⊗
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1
1
δ
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1
0
⊗



Katanemhmènh: m�a l�sta (�ra arai  anapar�stash) ìrwn diatetagmènwn an�loga me th di�taxh twndianusm�twn tou k�je ekjèth.Lexikografik  di�taxh (ìpw o thlefwnikì kat�logo). 'Estw x1 > x2 > · · · > xn tìte gia k�je 2dianÔsmata, (a1, a2, . . . an) > (b1, b2, . . . , bn) an kai mìno an ak > bk kai ai = bi gia k�je i < k. P.q.me x > y : x2 + 2xy + x + y2 + y + 1. K�je ìro d�netai apì to di�nusma ekjèth kai ton arijmhtikìsuntelest :
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Di�taxh sunolikoÔ bajmoÔ ki èpeita lexikografik : x2 + 2xy + y2 + x + y + 1.



12 KEF�ALAIO 2. JEWRHTIK�O UP�OBAJRO



Kef�laio 3Apotelesmatik  akrib  arijmhtik 
3.1 Basikè pr�xei akera�wnXekin�me me akèraiou m kou n duadik¸n yhf�wn,   duf�wn, bl. [AHU74, Akr89, vzGG99].H prìsjesh kai h afa�resh akera�wn me ≤ n yhf�a katal gei se èna apotèlesma me ≤ n+1 yhf�a, en¸apaite� ≤ n + 1 stoiqei¸dei duadikè pr�xei, �ra èqei kìsto ΘB(n).H pr�xh tou pollaplasiasmoÔ dÔo akera�wn, kajèna me ≤ n yhf�a, èqei w apotèlesma ènan akèraiome ≤ 2n yhf�a. O Sqolikì algìrijmo èqei duadik  poluplokìthta OB(n2). Up�rqei algìrijmoDia�rei kai Bas�leue [KO63] pou apod�detai ston Karatsuba:Je¸rhma 3.1.1 (Karatsuba-Ofman) O algìrijmo Dia�rei kai Bas�leue (Divide and Conquer)gia Pollaplasiasmì akera�wn m kou n èqei duadik  poluplokìthta OB(nlg 3) = OB(n1.585...).Apìdeixh. {DiairoÔme} tou dedomènou akera�ou se: a = a0 + 2n/2a1, b = b0 + 2n/2b1. Tìte,

ab = a0b0 + 2n/2(a0b1 + b0a1) + 2na1b1,ìpou (a0b1 + b0a1) = (a0 + a1)(b0 + b1) − a0b0 − a1b1. 'Estw M(n) to kìsto tou pollaplasiasmoÔkai A(n) autì th prìsjesh. M(n) = 3M(n/2) + 4A(n/2) + 2A(n) = 3M(n/2) + O(n) = O(nlg 3).OEDJe¸rhma 3.1.2 B�sei tou Taqèw MetasqhmatismoÔ Fourier, o Pollaplasiasmì akera�wn m kou
n èqei duadik  poluplokìthta OB(n log n log log n).Apìdeixh. De pollaplasiasmì poluwnÔmwn kai ton algìrijmo FFT, enìthta 3.5. OEDDia�resh (me upìloipo): Dedomènwn twn akera�wn a, b me megèjh 2n kai n duadik¸n yhf�wn ant�stoiqa,upolog�ste akèraiou q (phl�ko) kai r (upìloipo) me megèjh ≤ n+1 kai ≤ n ant�stoiqa, tètoiou ¸ste

a = bq + r ìpou 0 ≤ r < |b|.Gr�foume q = a quo b, r = a mod b. O sqolikì algìrijmo gia dia�resh me upìloipo kost�zei OB(n2)e�n oi dedomènoi akèraioi èqoun m ko n duf�a. 13



14 KEF�ALAIO 3. APOTELESMATIK�H AKRIB�HS ARIJMHTIK�HH pr�xh mod (modulus) apeikon�zei ènan akèraio a ston peperasmèno daktÔlio Zb = {0, 1, 2, . . . , b−1}pou or�zetai apì ton (jetikì) akèraio b. An b pr¸to tìte Zb pèra apì daktÔlio (+ me ant�strofo,
× epimerismèno w pro +) e�nai kai s¸ma (+,× me ant�strofo).P.q. Z5 = {0, 1, 2, 3, 4}, 1+4 = 5 ≡ 0 (mod 5), 2+3 = 5 ≡ 0, 1×1 = 1, 2×3 = 6 ≡ 1, 4×4 = 16 ≡ 1.'Estw D(n) h poluplokìthta th dia�resh (me upìloipo). R(n) = O(D(n)). D(n) = O(M(n) +
R(n))⇐ a/b = a(1/b).'Estw R(n) h poluplokìthta gia ant�strofo (o pl rh orismì èpetai), S(n) gia tetragwnismì akèraiou
n yhf�wn. S(n) = Θ(M(n)) ⇐ ab = 1

2((a + b)2 − a2 − b2). S(n) = O(R(n)) ⇐ a2 = 1
1

a
− 1

a+1

− a.'Ara, gr�foume apl� M = Θ(S) = O(R) = O(D), D = O(M + R) = O(R) epomènw M = Θ(S) =
O(R), R = Θ(D). Ja apode�xoume parak�tw pw R = O(M), katal gonta ètsi sto ex  je¸rhma:Je¸rhma 3.1.3 Oi duadikè poluplokìthte pollaplasiasmoÔ, dia�resh me upìloipo, ant�strofoukai tetragwnismoÔ M(n),D(n), R(n), S(n) sundèontai asumptwtik� me stajerè.Apomènei na melet soume ton upologismì tou antistrìfou ¸ste na de�xoumeR = O(M). O ant�strofotou a or�zetai kat� sÔmbash (¸ste na e�nai akèraio) w ta n shmantikìtera duadik� yhf�a ston rhtì
22n−1/a, metatopismèna dexi� kat� 2n duf�a. E�n a = 2n−1, qrhsimopoioÔme ta n + 1 shmantikìterayhf�a. Ed¸ upojètoume pw h met�jesh kat� 2n − 1 yhf�a g�netai qwr� epiplèon kìsto. 'Ara arke�na upologiste� to akèraio mèro tou 22n−1/a, sthn genik  per�ptwsh.P.q. a = [11], 1/a = [0, 0101 . . . ], 23/a = [10, 1 . . . ] �ra arke� na upolog�sw ton akèraio [10]. a =
[100], 1/a = [0, 01], 25/a = [1000].Apìdeixh. O Algìrijmo antistrìfou upolog�zei akolouj�a prosegg�sewn ti → t = prosèggish tou
1/a, ìpou t = ti + (1/a)(1 − tia) kai proseggistik�

ti+1 = ti + ti(1− tia) = 2ti − t2i a.H idèa e�nai pw aut  h prosèggish upolog�zetai epanalhptik� me pollaplasiasmoÔ, efarmìzonta thnepan�lhyh tou NeÔtwna, ìpw kai gia ton ant�strofo poluwnÔmou mia metablht  (enìthta 3.2). Poiae�nai h sÔgklish?
tia = 1− s⇒ ti+1a = 2tia− t2i a

2 = 2(1 − s)− (1− s)2 = 1− s2.An s ≤ 1/2, to pl jo twn swst¸n duadik¸n yhf�wn diplasi�zetai se k�je epan�lhyh. Dhl. èqon-ta upolog�sei to ti mod 22i , o algìrijmo upolog�zei to ti+1 mod 22i+1 . Aut  e�nai ousiastik� miaalgebrik  je¸rhsh th Neut¸neia epan�lhyh (h opo�a k�pote anafèretai kai w anÔywsh (lifting)
Hensel). 'Ara

R(n) ≤ R(n/2) + M(n/2) + M(n) + cn.Epomènw R(n/2) ≤ R(n/4)+M(n/4)+M(n/2)+cn/2 kai genik� R(n/2k−1) ≤ R(n/2k)+M(n/2k)+
M(n/2k−1)+ cn/2k−1. Gia k = lg n⇒ R(n) ≤ O(1)+M(n)+2M(n/2)+ · · ·+2M(2)+ cn(1+1/2+
· · ·+ 1/2k−1) ≤ O(1) + O(M(n))(1 + 1/2 + · · ·+ 1/2k−1) + O(n) ≤ O(M(n)).Enallaktik�, o Algìrijmo [AHU74, sec.8.1] anafèretai ston 22n−1/a kai katal gei sthn �dia an�lush.OEDP.q. a = [11], èstw t0 = [0, 01] tìte t1 = [0, 0101], t2 = [0, 01010101] kok. Parìmoia prosegg�zoume:
23/a me t0 = [10, 1], t1 = [10, 10101] kok.



3.2. BASIK�ES PR�AXEIS METAX�U POLUWN�UMWN M�IAS METABLHT�HS 153.2 Basikè pr�xei metaxÔ poluwnÔmwn m�a metablht Bibliograf�a: [AHU74, sel.278-289]. 'Estw polu¸numa p1(x), p2(x) m�a metablht  x me akèraiousuntelestè (  pragmatikoÔ sth real RAM). O (mègisto) bajmì tou (degree) sumbol�zetai me
d1, d2, ant�stoiqa, kai o arijmì twn ìrwn tou me t1, t2. 'Estw d = max{d1, d2}.To �jroisma èqei bajmì ≤ d kai ≤ t1 + t2 ìrou. Upolog�zetai me arijmhtik  poluplokìthta ΘA(d).To ginìmeno èqei bajmì d1 + d2 kai ≤ t1t2 ìrou. Algìrijmoi kai arijmhtikè poluplokìthteant�stoiqoi me autoÔ gia pollaplasiasmì akera�wn:

OA(d1d2), OA(dlg 3), OA(d log2 d), OA(d log d),qrhsimopoi¸nta, ant�stoiqa, ton sqolikì algìrijmo, Dia�rei kai bas�leue, genik  apot�mhsh kai pa-rembol   , tèlo, apot�mhsh kai parembol  me FFT. H poluplokìthta b�sei tou FFT e�nai pio mikr apì ì,ti stou akera�ou, diìti den up�rqei to prìblhma tou kratoÔmenou (carry). An�loga, se arai anapar�stash oi poluplokìthte e�nai OA(t1t2) kai OA(tlg 3).Antistoiq�a problhm�twn kai mejìdwn metaxÔ akera�wn kai poluwnÔmwn: K�je duadikì akèraio [cn−1

cn−2 . . . c0] antistoiqe� se èna kai monadikì {duadikì} polu¸numo cn−1x
n−1 + cn−2x

n−2 + · · · + c0.'Askhsh 3.2.1 Apode�xte pw h poluplokìthta pollaplasiasmoÔ me ton algìrijmo Dia�rei kai ba-s�leue e�nai OA(dlg 3).H dia�resh me upìloipo or�zetai apì p1(x) = p2(x)q(x) + r(x) : deg(r(x)) < deg(p2(x)). Tophl�ko q(x) = p1(x) quo p2(x) èqei bajmì d1 − d2 kai ≤ t1 − t2 + 1. Ta q, r e�nai monadik� efìson oisuntelestè twn poluwnÔmwn e�te br�skontai se s¸ma, e�te br�skontai se antimetajetikì daktÔlio pouperièqei mon�da kai to p2 e�nai monikì (monic) dhl. Monadia�ou Megistob�jmiou Suntelest .To ant�strofo or�zetai kat� sÔmbash w x2n quo p(x), ìpou to quo ekfr�zei ton upologismìtou phl�kou poluwnÔmwn. Upojètoume pw to p2 e�nai monikì, dhl. p2(0) = 1. 'Estw A(f) toAn�strofo polu¸numo enì poluwnÔmou f(x) bajmoÔ k, ìpou A(f) := xkf(1/x). Ex orismoÔ,
A(p1) = A(q)A(p2) + xd1−d2+1A(r) ≡ A(q)A(p2) mod xd1−d2+1 ⇒ A(q) ≡ A(p1)A(p2)

−1. Ja de�-xoume kataskeuastik� pw to A(p2)
−1 mod xd1−d2+1 up�rqei kai e�nai kal¸ orismèno, opìte arke� nato upolog�soume.To genikì prìblhma e�nai o upologismì g ∈ D[x] : fg ≡ 1 mod xk ìpou f ∈ D[x], f(0) = 1. Oepanalhptikì algìrijmo tou NeÔtwna an�gei to prìblhma se pollaplasiasmoÔ kai prosjafairèsei,ìpw kai sthn per�ptwsh tou upologismoÔ tou antistrìfou akera�ou sto Z (je¸rhma 3.1.3): EpilÔeithn ex�swsh φ(g) = 1/g − f ⇒ φ′ = −1/g2. H epan�lhyh qrhsimopoie� thn ex�swsh th efaptomènh

φ′(gi) = (y − φ(gi))/(x− gi) sto gi gia na upolog�sei th nèa tim  th metablht  q w ex :
gi+1 = gi − φ(gi)/φ

′(gi) = 2gi − fg2
i , i ≥ 0.L mma 3.2.2 Me tou parap�nw sumbolismoÔ, e�n h arqik  prosèggish e�nai g0 = 1 kai upolog�zwto gi+1 w 2gi − fg2

i mod x2i+1 , tìte fgi ≡ 1 mod x2i .Apìdeixh. H epagwgik  b�sh fg0 ≡ 1 mod x isqÔei ex upojèsew. To b ma e�nai 1 − fgi+1 ≡ 1 −
f(2gi−fg2

i ) mod x2i+1 . To deÔtero mèlo gr�fetai (1−fgi)
2 ≡ 0 mod x2i+1 diìti 1−fgi ≡ 0 mod x2iapì thn epagwgik  upìjesh. OED



16 KEF�ALAIO 3. APOTELESMATIK�H AKRIB�HS ARIJMHTIK�HJe¸rhma 3.2.3 Oi arijmhtikè poluplokìthte pollaplasiasmoÔ, tetragwnismoÔ, dia�resh me u-pìloipo kai ant�strofou sundèontai me stajerè.Exet�zoume t¸ra ton upologismì mia tim  dedomènou poluwnÔmou, bl. [BP94], [EP99, pp.1-15].Upologismì m�a tim  me ton kanìna tou Horner [NeÔtwn℄: p(a) = (· · · (cna + cn−1)a + · · · ) + c0: nprosjèsei, n pollaplasiasmoÔ: bèltisth.IsodÔnama p(a) = r(x) = p(x) mod (x − a) diìti p(x) = q(x)(x − a) + r(x),deg(r(x)) = 0 dhl.
r(x) = r(a). 'Ara h dia�resh me upìloipo, ìtan o diairèth e�nai grammikì, kost�zei O(n).Prìblhma 3.2.4 Me dedomèna k shme�a x0, . . . , xk−1 kai tou suntelestè tou poluwnÔmou p(x),bajmoÔ n, upolìgise k timè p(x0), . . . , p(xk−1).Aplè lÔsei: O Horner d�nei OA(kn). Pollaplasiasmì p�naka me di�nusma d�nei ep�sh OA(kn), all�h parak�tw prìtash belti¸nei aut  thn poluplokìthta. Me thn prìtash aut  ousiastik� mporoÔme naekmetalleutoÔme thn eidik  dom  tou parak�tw p�naka. Prìkeitai gia th dom  Vandermonde.Par�deigma 3.2.5 O upologismì th tim  tou p(x) sta shme�a x0, x1, x2 gr�fetai me qr sh pin�-kwn w ex :

p(x) = c2x
2 + c1x + c0 ⇒





1 x0 x2
0

1 x1 x2
1

1 x2 x2
2









c0

c1

c2



 =





p(x0)
p(x1)
p(x2)





2Prìtash 3.2.6 Up�rqei algìrijmo gia to prìblhma 3.2.4, tÔpou Dia�rei kai bas�leue, me sunolik poluplokìthta OA(n lg2 n), gia k = Θ(n).Apìdeixh. Genik  Idiìthta: Gia a, b, c ≥ 0, (a mod (bc)) mod b = a mod b.Apìdeixh: a mod bc = k ⇒ a = jbc + k, a mod b = m ⇒ a = ib + m. 'Ara k = ib + m − jbc ⇒
k mod b = m.QrhsimopoioÔme thn parak�tw tautìthta, kai genikeÔsei th tautìthta aut , h opo�a e�nai sunèpeiath parap�nw idiìthta:

p(x) mod (x− xi) = [p(x) mod
∏

j∈J

(x− xj)] mod (x− xi), i ∈ J ⊂ N.Ja doÔme p¸ mporoÔme na upolog�soume ìla ta ginìmena ∏j(x−xj) gr gora me th mèjodo fan-in stost�dio th sÔnjesh. Gia eukol�a stou upologismoÔ upojètoume n = k.St�dio sÔnjesh (fan-in): O upologismì ìlwn twn ∏j(x− xj) pou qreiazìmaste sto st�dio upodia�-resh xekin� me ta x− xj gia i = 0, . . . , n − 1 kai pr¸ta upolog�zoume n/2 ginìmena deutèrou bajmoÔ
(x−x2i)(x−x2i+1) gia i = 0, 1, . . . , n/2−1. 'Epeita n/4 ginìmena 4ou bajmoÔ (x−x4i)(x−x4i+1)(x−
x4i+2)(x− x4i+3) gia i = 0, 1, . . . , n/4− 1, kok. Ousiastik� kataskeu�zoume duadikì dèndro me fÔllata x− xj , kìmbou ta di�fora polu¸numa, kai r�za to ∏0≤i<n x− xj . To kìsto gia ton upologismìtwn n/2j poluwnÔmwn bajmoÔ 2j e�nai

OA((n/2j)M(2j−1)) = OA(nj), j = 1, . . . , lg n,



3.2. BASIK�ES PR�AXEIS METAX�U POLUWN�UMWN M�IAS METABLHT�HS 17ìpou M(t) = O(t log t) ekfr�zei to kìsto pollaplasiasmoÔ poluwnÔmwn bajmoÔ t mèsw FFT. Suno-lik  poluplokìthta = O(n(1 + 2 + · · ·+ lg n)) = O(n lg2 n). Parak�tw fa�netai sqhmatik� to dèndroupologismoÔ, ìpou k = lg n− j.
q = p mod

∏n−1
i=0 (x− xi)

p mod
∏n/2−1

i=0 (x− xi) p mod
∏n−1

i=n/2(x− xi)ep�pedo k, kìmbo m ∈ [0, 2k) : · · · p mod
∏(m+1)n/2k−1

i=mn/2k
· · ·

p mod (x− x0) p mod (x− x1) . . . p mod (x− xn−2) p mod (x− xn−1)St�dio Upodia�resh (fan-out): O upologismì tou q(x) = p(x) mod
∏n−1

i=0 (x − xi) odhge� stonupologismì tou poluwnÔmou p(x) mod
∏n/2−1

i=0 (x − xi) w q(x) mod
∏n/2−1

i=0 (x − xi) kai p(x) mod
∏n−1

i=n/2(x−xi) = q(x) mod
∏n−1

i=n/2(x−xi). 'Ara to kìsto e�nai th dia�resh me upìloipo (mod) tou
p kai dÔo forè tou q(x), dhl. sunolik� O(n log n), mèsw FFT. 'Etsi èqoume dÔo polu¸numa bajmoÔ
n/2 − 1. Sto epìmeno st�dio g�nontai 4 pr�xei mod me tètoia polu¸numa, �ra sunolikoÔ kìstou
4(n− 2)/2 ·O(log n).Sto st�dio k, upolog�zoume 2k polu¸numa w upìloipa dia�resh me diairèth to ginìmeno twn (x− xi),me i = mn/2k, . . . , (m + 1)n/2k − 1, ìpou m = 0, . . . , 2k − 1, ìpw sto parap�nw sq ma. 'Ara odiairèth e�nai bajmoÔ n/2k kai to upìloipo th dia�resh e�nai bajmoÔ n/2k−1 ìpou k = 0, 1, . . . , lg n.Epomènw to sunolikì kìsto an� ep�pedo sto dèndro e�nai 2kn/2k ·O(lg n).Sunolik� kataskeu�zoume èna duadikì dèndro me kìmbou pou antistoiqoÔn sta polu¸numa q(x), . . .(h r�za antistoiqe� sto q(x)) kai fÔlla pou antistoiqoÔn ston upologismì m�a tim  poluwnÔmoubajmoÔ=1. Poluplokìthta jewr¸nta pw ta polu¸numa-diairète èqoun upologiste� ek twn protèrwn:
T (n) = 2T (n/2) + 2O(n lg n) = 2nO(lg n) + 4(n/2)O(lg n) + · · · + 2k(n/2k−1)O(lg n) < 2nkO(lg n)�ra sunolik�, gia k = lg n, T (n) = O(n lg2 n). OEDAn den qrhsimopoi soume FFT gia ton pollaplasiasmì poluwnÔmwn, all� ènan algìrijmo me polu-plokìthta M , tìte h poluplokìthta tou fan-in, all� kai tou fan-out, e�nai OA(M log n).To prìblhma apot�mhsh epekte�netai kai sthn apot�mhsh twn parag¸gwn poluwnÔmou. Mia sqetik prìtash pou ja qreiastoÔme parak�tw e�nai h ex .Prìtash 3.2.7 Linnainmaa [76], Baur-Strassen [TCS’83], bl. [BP94, thm.2.1.3]. Sto montèlo twn
Straight-Line Programs, h poluplokìthta tou upologismoÔ th tim  mia rht  sun�rthsh poll¸nmetablht¸n x1, . . . , xk se èna shme�o, fr�ssei asumptwtik� to kìsto upologismoÔ th tim  stoshme�o autì, ìlwn twn parag ģwn pr¸th t�xh (w pro x1, . . . , xk) th sun�rthsh.3.2.1 Parembol Prìblhma 3.2.8 Parembol  (interpolation) e�nai to prìblhma tou upologismoÔ twn n + 1 sunte-lest¸n tou poluwnÔmou p(x) apì n + 1 timè ri = p(xi), i = 0, . . . , n gia dedomèna diaforetik� shme�a
xi, dhl. to ant�strofo tou probl mato upologismoÔ tim¸n, ìpou jewre�tai gnwstì o bajmì toupoluwnÔmou = n.Bibliograf�a: [EP99, pp.1-15] Sthn gl¸ssa twn pin�kwn, ep�lush enì grammikoÔ sust mato Van-
dermonde, me dedomèno to di�nusma ginomènou [p(x0), . . . , p(xn)].



18 KEF�ALAIO 3. APOTELESMATIK�H AKRIB�HS ARIJMHTIK�HPrìtash 3.2.9 Up�rqei algìrijmo me poluplokìthta OA(n lg2 n) gia to prìblhma 3.2.8.O tÔpo tou Lagrange: 'Estw L(x) =
∏

i=0,...,n(x − xi), L
′(x) h par�gwgo w pro x e�nai ′L(x) =

∑n
i=0

∏

j 6=i(x− xj). 'Ara, gia k�je xk isqÔei L′(xk) =
∏

j 6=k(xk − xj). Ep�sh, or�zoume
Li(x) =

∏

j=0,...,n,j 6=i

x− xj

xi − xj
.Apì ta xi, ri upolog�zoume to polu¸numo

p(x) = L(x)

n
∑

i=0

ri

L′(xi)(x− xi)
=

n
∑

i=0

ri

L′
i(xi)

∏

j 6=i

(x− xj) =

n
∑

i=0

riLi(x).H kataskeu  aut  dhl¸nei pw to p(x) ikanopoie� ta dedomèna p(xi) = ri. Epiplèon, e�nai to monadikìpolu¸numo bajmoÔ n me aut  thn idiìthta: An up�rqei deÔtero tètoio polu¸numo tìte h diafor� touèqei bajmì ≤ n kai n + 1 r�ze, �ra prìkeitai gia to mhdenikì polu¸numo. H parap�nw suz thshapodeiknÔei to ex :L mma 3.2.10 To p(x) e�nai to monadikì polu¸numo bajmoÔ n, to opo�o ikanopoie� p(xi) = ri, i =
0, . . . , n, �ra e�nai to zhtoÔmeno polu¸numo sto prìblhma 3.2.8.Apìdeixh. Apomènei na de�xoume pw o parap�nw upologismì g�netai me poluplokìthta OA(n lg2 n).Upolog�zoume to L(x) ìpw sto st�dio sunduasmoÔ (fan-in) parap�nw, èpeita to L′(x) kai tèlo titimè L′(xi) gia i = 0, . . . , n se OA(n lg2 n) sÔmfwna me thn parap�nw poluplokìthta.'Epeita, upolog�zoume to �jroisma twn rht¸n ekfr�sewn ston arqikì tÔpo gia to p(x) ìpw sto st�diosunduasmoÔ (fan-in). Gia k = 1, dhl. sta fÔlla tou dèndrou, xekin¸ me th rht  èkfrash

r0(x− x1)/L
′(x0) + r1(x− x0)/L

′(x1)

(x− x1)(x− x0)
.Sto ep�pedo k up�rqoun n/2k tètoie pr�xei gia k = 1, . . . , lg n. K�je �jroisma rht¸n ekfr�sewnbajmoÔ 2k apaite� 3 pollaplasiasmoÔ, mia prìsjesh poluwnÔmwn bajmoÔ to polÔ 2k−1:

a

b
+

a′

b′
=

ab′ + a′b

bb′
.'Ara se k�je ep�pedo tou dèndrou to sunolikì kìsto e�naiO(n/2k)M(2k−1) kai sunolik� o upologismìtou ajro�smato kost�zei OA(n lg2 n).O telikì pollaplasiasmì me to L(x) den e�nai par� h aplopo�hsh me ton paronomast  tou telikoÔajro�smato pou èqei upologiste� sthn r�za tou dèndrou. Epomènw den ektele�tai dia�resh, apl¸ oalgìrijmo epistrèfei ton arijmht . OEDTa Lj(x) apoteloÔn mia b�sh w pro thn opo�a to p(x) èqei suntelestè ta rj . H met�bash apì thnsun jh b�sh dun�mewn (1, x, x2, . . . ) se aut  th b�sh ekfr�zetai apì ènan p�naka Vandermonde. Hnèa aut  b�sh èqei endiafèrouse idiìthte arijmhtik  stajerìthta se gewmetrikè kai sqediastikèefarmogè.
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p(x) = det





x + 3 1 0
1 x 1
1 x 2



me timè p(0) = −1, p(1) = 3, p(2) = 9. L(x) = x3 − 3x2 + 2x,L′(x) = 3x2 − 6x + 2, L′(0) = 2, L′(1) =
−1, L′(2) = 2. p(x) = L(x)[−1/(2x) + 3/(−x + 1) + 9/(2x− 4)] = x2 + 3x− 1. 2Parak�tw (enìthta 3.3) exet�zetai èna ant�stoiqo prìblhma {parembol } akera�wn apì ti probolètou se peperasmèna s¸mata (Kinèziko upìloipo). Oi mèjodoi ep�lush sta dÔo probl mata e�nai ousia-stik� oi �die. Sugkekrimèna, h parembol  Newton pou parousi�zetai sthn 3.3 mpore� na qrhsimopoihje�kai sthn parembol  poluwnÔmwn m�a metablht .3.3 Kinèziko je¸rhmaBibliograf�a: [DST88, pp.218-21], [AHU74, pp.289-300], [EP99, pp.1-15].H enìthta parèqei mia jewrhtik  jemel�wsh th parembol  ìpw exet�sthke parap�nw gia polu¸numasto Q[x] kai ìpw, isodÔnama, efarmìzetai kai gia akera�ou. Ja doÔme p¸ h parembol  kat� Lagranged�nei mia kataskeuastik  lÔsh sto Je¸rhma tou Kinèzikou upolo�pou (Chinese remainder theorem)kai, enallaktik�, p¸ h parembol  kat� Newton d�nei mia �llh, auxhtik  lÔsh.K�nhtro / prìblhma: 'Ekrhxh endi�meswn tim¸n ston upologismì MKD akera�wn, poluwnÔmwn,   sthnep�lush grammik¸n susthm�twn. Gia par�deigma, an oi suntelestè grammikoÔ sust mato n×n èqounm ko L, oi r�ze èqoun m ko nL, all� up�rqoun (afele�) algìrijmoi pou qrhsimopoioÔn arijmoÔm kou 2nL. Genik�, h prosèggish qrhsimopoie�tai ìpou e�nai qr simh h parembol  poluwnÔmou apì titimè tou  , genikìtera, apì ti {probolè} tou. Ja doÔme thn ant�stoiqh ènnoia {probol } kai stouakera�ou, all� to je¸rhma genikeÔetai kai se daktul�ou.Je¸rhma 3.3.1 (Kinèzikou upolo�pou) 'Estw akèraioi pi ≥ 2 kai mi ∈ Zpi

= {0, 1, . . . , pi − 1} gia
i = 1, . . . , k, ìpou oi pi e�nai pr¸toi metaxÔ tou (relatively prime) an� dÔo dhl. i 6= j ⇒MKD(pi, pj) =

1. Tìte up�rqei monadikì akèraio a ∈ {0, 1, . . . ,∏k
i=1 pi − 1} tètoio ¸ste a mod pi = mi gia i =

1, . . . , k.Apìdeixh. H Ôparxh tou a apodeiknÔetai kataskeuastik� parak�tw mèsw th parembol  kat�
Lagrange   Newton. Gia th monadikìthta, èstw a′ 6= a me ti �die idiìthte. Or�zoume d = a− a′ 6= 0gia to opo�o

d ≡ 0 (mod pi), ∀i ⇒ d ≡ 0 (mod

k
∏

i=1

pi),pou ìmw e�nai �topo apì ton orismì tou d. OED'Ara k�je jetikì akèraio or�zetai pl rw apì ta upìloipa th dia�resh me k pr¸tou (metaxÔ tou)ìtan to ginìmeno twn pr¸twn e�nai megalÔtero apì ton akèraio. IsodÔnama, èna akèraio me prìshmo o-r�zetai pl rw apì tou k pr¸tou ìtan br�sketai sto di�sthma {−⌊12 ∏k
i=1 pi⌋, . . . , 0, . . . , ⌈12

∏k
i=1 pi⌉−

1}.'Ara, h arijmhtik  sto Z ektele�tai me apìluth akr�beia qrhsimopoi¸nta kur�w akèraiou peperasmènoum kou (mikrìterou apì tou pi) kai aperiìristou m kou mìno gia thn algorijmik  ektèlesh touKinèzikou jewr mato, w ex :



20 KEF�ALAIO 3. APOTELESMATIK�H AKRIB�HS ARIJMHTIK�H1. Probol  twn dedomènwn se epark  arijmì peperasmènwn swm�twn.2. Upologismì th epijumoÔmenh posìthta se k�je peperasmèno s¸ma (field).3. Efarmog  tou Kinèzikou jewr mato gia ton upologismì th akèraia posìthta.Ant�stoiqo je¸rhma isqÔei sto Q[x] me ti ex  antistoiq�e: pi → pi(x) pr¸ta metaxÔ tou an� dÔodhl. k�je pi(x), pj(x) èqoun mègisto koinì diairèth=1, mi → mi(x) polu¸numo bajmoÔ < bajmì
(pi(x)), a→ a(x) polu¸numo bajmoÔ < bajmì (

∏k
i=1 pi(x)).Telik�, h arijmhtik  ektele�tai me apìluth akr�beia kat'epèktash kai sto Q, Q[x] kai k�je Eukle�deiaperioq  (bl. orismì 4.1.3) qrhsimopoi¸nta kur�w stoiqe�a mikroÔ {megèjou} ìpw sto Z parap�nw.To je¸rhma m�lista genikeÔetai kai se antimetajetikoÔ daktul�ou me mon�da.L mma 3.3.2 'Estw a, p ∈ N. K�je stoiqe�o a ∈ Zp, tètoio ¸ste MKD(a, p) = 1, èqei ant�strofoston peperasmèno daktÔlio Zp.To l mma e�nai tetrimmèno gia k�je pr¸to p, opìte to Zp e�nai s¸ma. Alli¸, de�te thn �skhsh 3.3.7.Algìrijmo Lagrange: Sta polu¸numa, ìtan ta pi(x) e�nai grammik�, o upologismì twn mi(x) kai

a(x) e�nai apl� upologismì tim¸n kai ektèlesh parembol  ant�stoiqa, opìte br�skoume ton tÔpo thenìthta 3.2.1. Stou akèraiou o ant�stoiqo tÔpo e�nai:
a =

k
∑

i=1





(

mi
∏

j 6=i pj
mod pi

)

∏

j 6=i

pj



 mod
k
∏

j=1

pj.O paronomast  antistrèfetai modpi q�rh sto l mma 3.3.2. 'Eqonta upolog�sei ek twn protèrwn titimè pou e�nai anex�rthte tou a kai jewr¸nta tou pi stajeroÔ m kou, to kìsto e�nai OB(k log2 k).Algìrijmo Newton, stou akèraiou: auxhtikì dhl. stadiak� belti¸nei thn prosèggish upolo-g�zonta akèraiou pou ikanopoioÔn mia akìmh sqèsh a mod pi = mi. 'Estw ai = a mod
∏i

j=1 pj opìte
a0 = 0, a1 = m1, a = ak kai si tètoia ¸ste si

∏i−1
j=1 pj mod pi ≡ 1. Ta si e�nai kal¸ orismèna q�rhsto l mma 3.3.2.

ai = ai−1 + [(mi − ai−1)si mod pi]
i−1
∏

j=1

pjApìdeixh orjìthta:(1) ai mod pi ≡ ai−1 + mi − ai−1 mod pi ≡ mi.(2) ai mod
∏i−1

j=1 pj = ai−1 mod
∏i−1

j=1 pj.(3) H par�stash sthn agkÔlh [.℄ e�nai mikrìterh apì pi ⇒ [.]
∏i−1

j=1 pj ≤ (pi − 1)
∏i−1

j=1 pj . Epomènw
ai−1 <

i−1
∏

j=1

pj ⇒ ai <

i−1
∏

j=1

pj + pi

i−1
∏

j=1

pj −
i−1
∏

j=1

pj =

i
∏

j=1

pj.'Ara h upologizìmenh tim  lÔnei to prìblhma kai lìgw tou jewr mato e�nai h monadik . H mèjodo
Newton upolog�zei se k�je st�dio ènan arijmì {anex�rthto} apì tou prohgoÔmenou, ìpw dhl. tayhf�a se mia dekadik  (  duadik ) anapar�stash kai èqei kìsto pou fr�ssetai apì to ex :

M(k) + M(k − 1) + · · · + M(1) ≤ log k log log k(k + · · ·+ 1) = OB(k2 log k log log k).



3.3. KIN�EZIKO JE�WRHMA 21Par�deigma 3.3.3 D�nontai m1 = a mod 5 = 3,m2 = a mod 3 = 1,m3 = a mod 2 = 0. Me mèjodo
Lagrange upolog�zoume: (1/6) mod 5 = 1, (1/10) mod 3 = 1 �ra a = (3/6 mod 5)∗6+(1/10 mod 3)∗
10 + (0/15 mod 2) ∗ 15 = (3 ∗ 1 mod 5) ∗ 6 + (1 ∗ 1 mod 3) ∗ 10 + 0 = 28.Me mèjodo Newton upolog�zoume: s1 ∗ 1 mod 5 = 1 ⇒ s1 = 1, s2 ∗ 5 mod 3 = 1 ⇒ s2 = 2, s3 ∗
15 mod 2 = 1 ⇒ s3 = 1. 'Ara: a1 = 0 + (3s1 mod 5) ∗ 1 = 3(= m1), a2 = 3 + [(1 − 3)s2 mod 3] ∗ 5 =
13, a3 = 13 + [(0− 13)s3 mod 2] ∗ 15 = 28 = a. 2E�nai �mesh h prosarmog  th mejìdou Newton sto Q[x], me a0(x) = 0, a1(x) = m1(x) kai, an ai(x)ta endi�mesa polu¸numa, tìte èqoume:

ai(x) = ai−1(x) +

[

mi(x)− ai−1(x)
∏i−1

j=1 pj(x)
mod pi(x)

]

·
i−1
∏

j=1

pj(x).Par�deigma 3.3.4 (sunèqeia autoÔ th 3.2.1): Me grammik� pi(x) = x − xi kai timè mi, d�nontai
xi = 0, 1, 2,mi = −1, 3, 9. 'Ara
a1(x) = −1,
a2(x) = (−1) + [(3− (−1))/x mod (x− 1)]x = −1 + [4 mod (x− 1)]x = 4x− 1,diìti (1/x) mod (x− 1) = 1,
a3(x) = (4x− 1) + [9− (4x− 1)/x(x − 1) mod (x− 2)]x(x − 1)

= (4x− 1) + [(−2x + 5) mod (x− 2)]x(x− 1)diìti 1/(x(x − 1)) mod (x− 2) = 1
2 , dhl. x(x− 1) mod (x− 2) = x2 − x mod (x− 2) = 2,

a3(x) = = (4x− 1) + x(x− 1) = x2 + 3x− 1,diìti (−2x + 5) mod (x− 2) = 1.Gia thn antistrof  tou poluwnÔmou f(x) = x2−x ston peperasmèno daktÔlio mod pi = x−2 mporoÔmena lÔsoume èna grammikì sÔsthma: Gnwr�zoume (apì thn sqèsh Bézout kai thn epèktash tou Eukle�deioualgìrijmou) tou bajmoÔ twn s(x) = s (bajmì= 0 < deg pi(x)) kai tou phl�kou q = ax+b (bajmì=
1 < deg f(x) = 2) kai jètoume: s(x2 − x) = (ax + b)(x− 2) + 1, to opo�o d�nei to isodÔnamo grammikìsÔsthma: s = a,−s = −2a + b,−2b + 1 = 0, sunep¸ b = a = s = 1/2.Aut  h mèjodo e�nai genik . 'Otan to pi(x) e�nai grammikì, arke� na qrhsimopoi soume to gegonì pwh pr�xh mod isoduname� me apot�mhsh. 2Genik�, gia thn antistrof  poluwnÔmou f(x) se peperasmèno daktÔlio modpi(x) upolog�zoume thnsqèsh Bézout sthn epèktash tou Eukle�deiou algìrijmou (bl. to epìmeno kef�laio) me or�smata tapolu¸numa f(x), pi(x) ∈ Q[x], pou e�nai pr¸ta metaxÔ tou, opìte prokÔptei h sqèsh

s(x)f(x)− q(x)pi(x) = gcd(f, pi) = 1, ìpou deg s < deg pi,deg q < deg f.3.3.1 Ask sei'Askhsh 3.3.5 Upolog�ste thn or�zousa tou parak�tw p�naka me efarmog  tou Kinèzikou jewr ma-to kai tou fr�gmato Hadamard sthn tim  th:




2 5 −1
0 3 7
−2 1 −3



 .



22 KEF�ALAIO 3. APOTELESMATIK�H AKRIB�HS ARIJMHTIK�H'Askhsh 3.3.6 Upolog�ste to ginìmeno twn f(x) = 2x − 3 kai g(x) = x2 − x + 5 me apot�mhsh kaiefarmog  tou Kinèzikou jewr mato.'Askhsh 3.3.7 D¸ste mia kataskeuastik  apìdeixh tou l mmato 3.3.2 sthn per�ptwsh pou o p dene�nai pr¸to.'Askhsh 3.3.8 De�xte p¸ h mèjodo Newton mpore� na ekteleste� me pijanokratikì krit rio ter-matismoÔ gia na epitaqunje� [BEPP99].3.4 Polu¸numa se pollè metablhtè'Estw (n) to pl jo twn metablht¸n. Bibliograf�a: [BP94, pp.62-65], [EP99, pp.1-15], [Zip93].'Ajroisma poluwnÔmwn (arai  anapar�stash) me t1 kai t2 ìrou ant�stoiqa = Θ(t1 + t2).Pollaplasiasmì. 'Estw N =
∏n

i=1 Di,Di = 2di + 1, di fr�ssei apì p�nw ton bajmì twnpoluwnÔmwn w pro xi,D = maxi{Di}.� Mèjodo [Karatsuba-Ofman] an� metablht , se OA(Dn lg 3).� Metasqhmatismì Kronecker se mia metablht  tìte kìsto = OA(N lg N lg lg N) = O(Dnn lg D(lg n+
lg lg n)) :

x1 = y, xk+1 = yD1···Dk , k = 1, . . . , n− 1.Upologismì tim¸n/parembol : upolog�zoume 2n timè twn dedomènwn poluwnÔmwn, �ra ta
2n ginìmena tim¸n apoteloÔn timè tou ginomènou poluwnÔmou. Apì autè, me parembol , br�skoumetou suntelestè autoÔ tou poluwnÔmou me sunolikì kìsto OA(N lg N lg lg D).Gia arai� polu¸numa me t≪ Dn ìrou kai suntelestè se �peira s¸mata OA(t lg2 t lg lg t).Upologismì tim¸n (se plègma d1 × d1 × · · · × dn) kai parembol  (ìpou d = max{di} ): Me b�sh ton
FFT, arijmhtikè poluplokìthte O∗

A(dn) kai O∗
A(ndn) ant�stoiqa. Gia arai� polu¸numa me pl joìrwn = t≪ T = an¸tero ìrio:� k�je upologismì kost�zei O∗

A(T log t),� Me pijanologikì (probabilistic) algìrijmo (tuqaiìthta, randomized Monte Carlo), parembol 
= O∗

A(nd2t) [Zippel], efìson o bajmì an� metablht  d e�nai gnwstì. H parap�nw poluplo-kìthta sthr�zetai sthn qr sh domhmènwn pin�kwn, en¸ up�rqei kai nteterministik  èkdosh toualgor�jmou me megalÔterh, all� p�li poluwnumik , poluplokìthta.� Se �peira (  arket� meg�la) s¸mata, parembol  = O∗
A(ndT ) [Ben-Or, Tiwari’88], efìson tofr�gma T e�nai gnwstì. Qrhsimopoie� ton algìrijmo Berlekamp-Massey gia thn ep�lush grammi-k  anadromik  akolouj�a, en¸ h parap�nw poluplokìthta sthr�zetai sthn qr sh domhmènwnpin�kwn.



3.5. TAQ�US METASQHMATISM�OS FOURIER 233.5 TaqÔ Metasqhmatismì FourierPrìblhma 3.5.1 DiakritoÔ MetasqhmatismoÔ Fourier (eidik  per�ptwsh upologismoÔ poll¸n ti-m¸n poluwnÔmou): Me dedomèno polu¸numo p(x) = cn−1x
n−1 + cn−2x

n−2 + · · · + c0 upolog�zoume titimè tou se ìle ti n-ostè r�ze th mon�da stou migadikoÔ.H ep�lush g�netai me ton TaqÔ Metasqhmatismì (FFT, Fast Fourier Transform). De ep�sh: [AHU74,
pp.252-274], [EP99, pp.1-15]. Gia sqetik� arijmhtik� probl mata: [BP94].Mia shmantik  eukol�a e�nai na upojèsoume pw to n e�nai �rtio. Lìgw th anadrom , telik� jaqreiaste� na e�nai dÔnamh tou 2. Oi n r�ze e�nai

{1, ω = e2πi/n, ω2 = e4πi/n, . . . , ωn−1 = e2πi(n−1)/n}.Gia thn upodia�resh tou probl mato gr�foume
p(x) = (c0 + c2x

2 + · · · + cn−2x
n−2) + x(c1 + c3x

2 + · · ·+ cn−1x
n−2) = q(x2) + xs(x2)kai jètoume y = x2, ìpou ta q(y), s(y) e�nai bajmoÔ (n − 2)/2.Ekmetalleuìmaste ti idiìthte twn riz¸n tou 1 gia ton taqÔtero upologismì twn tim¸n: 'Otan x = ωjgia j = 0, . . . , n− 1 tìte to y = ω2j pa�rnei mìno n/2 diaforetikè timè. Dhlad  oi anadromiko� upo-logismo� twn q(ω2j), s(ω2j) arkoÔn gia na upologistoÔn ta p(ωj), p(ωn/2+j). Epiplèon ωj = −ωj+n/2,to opo�o mei¸nei sto  misu tou pollaplasiasmoÔ ×s(y), an�gonta ti misè prosjèsei q(y) + . . .se afairèsei gnwst¸n posot twn q(y)− . . . . 'Etsi or�zetai èna gr�fo anadromik¸n kl sewn gia titimè tou p(x), gnwstì kai w {petaloÔda}.'Ara to prìblhma upologismoÔ n tim¸n poluwnÔmou bajmoÔ n − 1 an�getai se dÔo probl mata n/2tim¸n poluwnÔmwn bajmoÔ (n − 2)/2 (dia�rei+bas�leue). H ep�lush tou arqikoÔ probl mato apìta dÔo upoprobl mata kost�zei n/2 pollaplasiasmoÔ kai n prosjafairèsei epomènw h sunolik poluplokìthta isoÔtai me

T (n) = 1, 5n + 2T (n/2) = 1, 5kn + 2kT (n/2k) = 1, 5n lg n + O(n) = OA(n lg n).Par�deigma 3.5.2 p(x) = 3x3 +2x2−x+5, n = 4, r�ze tou 1 e�nai {1, ω = i, ω2 = −1, ω3 = −ω}.Gr�foume
p(x) = (5 + 2x2) + x(−1 + 3x2) = q(y) + xs(y).Me dÔo pollaplasiasmoÔ kai 4 prosjafairèsei to prìblhma an�getai ston upologismì twn tim¸n twn

q(y), s(y) sta shme�a 1, ω2 = −1. Autì apaite� dÔo pollaplasiasmoÔ (2∗1, 3∗1) kai 4 prosjafairèsei
(5 + 2, 5 − 2,−1 + 3,−1 − 3), ekmetalleuìmenoi epagwgik� ti idiìthte twn riz¸n th mon�da. TosÔnolo twn pr�xewn e�nai 4 pollaplasiasmo� kai 8 prosjafairèsei sun 4 pr�xei gia ton epagwgikìupologismì twn q(y), s(y). To sÔnolo pr�gmati fr�ssetai apì 1, 5n lg n + n = 12 + 4. 2Prìblhma 3.5.3 To ant�strofo prìblhma (parembol ): Upologismì twn suntelest¸n poluwnÔmoubajmoÔ n− 1 apì ti timè tou sti n-ostè r�ze th mon�da.Ep�lush me ton algìrijmo IFFT (Inverse Fast Fourier Transform). Jumhje�te thn anapar�stash touprobl mato me p�nake Vandermonde. 'Estw Ω o p�naka n × n me stoiqe�a Ωij = [ωij/

√
n] gia
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i, j = 0, . . . , n − 1. To prìblhma tou metasqhmatismoÔ Fourier e�nai o upologismì tou dianÔsmato-st lh pT :

√
n

[

ωij

√
n

]

i,j=0,...,n−1







c0...
cn−1






=
[

ωij
]

i,j=0,...,n−1







c0...
cn−1






=







p(ω0)...
p(ωn−1)






= pT .Ant�strofo prìblhma e�nai lÔsh gia di�nusma-st lh c tou parap�nw sust mato, me dedomèno to p.'Ara c = (1/

√
n)Ω−1[p(ω0), . . . , p(ωn−1)]T kai dedomènou ìti Ω−1 = [ω−ij/

√
n] kai ω−1 e�nai mia n�ost r�za tou 1, to c upolog�zetai mèsw tou metasqhmatismoÔ Fourier (FFT) san ton upologismì tim¸n toupoluwnÔmou me suntelestè p(ωj) sti r�ze tou 1.Pollaplasiasmì poluwnÔmwn p(x)q(x) se OA(n lg n) mèsw upologismoÔ tim¸n kai parembol  (mèjo-do Toom):1. Upologismì tim¸n mèsw FFT (p(x) sta ai gia i = 1, . . . , 2n),2. FFT ( q sta ai gia i = 1, . . . , 2n),3. p(ai) ∗ q(ai)→ timè (pq)(ai) gia i = 1, . . . , 2n,4. tèlo parembol  mèsw IFFT ((pq)(ai) gia i = 1, . . . , 2n)→ suntelestè (pq)(x).3.6 P�nakeBibliograf�a: [DST88, pp.86-7], [AHU74, pp.226-35]. JewroÔme puknoÔ orjog¸niou p�nake n×m:H prìsjesh kai h afa�resh tètoiwn pin�kwn ekteloÔntai se OA(nm).JewroÔme tetr�gwnou p�nake n× n: pollaplasiasmì = ΩA(n2).1. Sqolikì algìrijmo = OA(n3).2. Dia�rei+bas�leue [Strassen’69] OA(nlg 7) = OA(n2.81).3. [Coppersmith-Winograd’90] OA(n2.376).O fhmismèno algìrijmo Dia�rei+bas�leue [Strassen’69] katèrriye to kubikì �nw fr�gma. Gia naoriste�, arke� to par�deigma pin�kwn 2× 2 pou pollaplasi�zontai me 7 pollaplasiasmoÔ kai {poll�}ajro�smata. Oi dedomènoi p�nake èqoun stoiqe�a aij, bij gia i, j = 1, 2 kai o p�naka-ginìmeno èqeistoiqe�a cij. 'Estw

m2 = (a11+a22)(b11+b22),m3 = (a11+a12)b22,m4 = a22(b21−b11),m5 = a11(b12−b22),m7 = (a21+a22)b11.Tìte: c11 = (a12 − a22)(b21 + b22) + m2−m3 + m4 c12 = m3 + m5

c21 = m4 + m7 c22 = m2 + m5 −m7 − (a11 − a21)(b11 + b12)
.L mma 3.6.1 H arijmhtik  poluplokìthta th antistrof  tetr�gwnou p�naka fr�ssetai apì aut ntou upologismoÔ or�zousa.



3.6. P�INAKES 25Apìdeixh. QrhsimopoioÔme ton tÔpo tou ant�strofou A−1 = 1
det AAa, ìpou o p�naka Aa èqei wstoiqe�o sthn jèsh (i, j) thn el�ssona or�zousa (i, j) tou A. O upologismì ìlwn twn elassìnwnorizous¸n g�netai me sunolik  poluplokìthta �sh me aut  th or�zousa, q�rh sto je¸rhma 3.2.7. Toteleuta�o efarmìzetai kai sthn per�ptwsh tou montèlou real RAM efìson o algìrijmo e�nai sqetik�aplì. OEDGia tetr�gwnou p�nake n × n me stajer� stoiqe�a, oi ex  upologismo� èqoun arijmhtikè polu-plokìthte pou sundèontai me stajerè: Pollaplasiasmì, antistrof , or�zousa, ep�lush Mx = b,paragontopo�hsh se k�tw/�nw trigwnikoÔ M = LU , paragontopo�hsh me anadi�taxh (permutation)gramm¸n M = LUP, ìpou b di�nusma di�stash = n,L kai U p�naka n × n trigwnikì k�tw kai �nwant�stoiqa, P p�naka anadi�taxh n×n dhl. k�je seir�/st lh perièqei mìno èna mh mhdenikì stoiqe�opou isoÔtai me 1.Oi ex  upologismo� èqoun arijmhtikè poluplokìthte pou fr�ssontai apì aut n tou pollaplasiasmoÔpin�kwn: Upologismì pur na, dhl. twn dianusm�twn {x : Mx = 0}, upologismì t�xh (rank), dhl.pl jou grammik� anex�rthtwn gramm¸n/sthl¸n.Orismì 3.6.2 Qarakthristikì polu¸numo n× n p�naka M e�nai to polu¸numo det(M − λI), ìpou

I o monadia�o p�naka n × n. H metablht  e�nai λ kai o bajmì = n. Oi r�ze tou qarakthristikoÔpoluwnÔmou lègontai idiotimè (eigenvalues) tou M . Sth dianusmatik  ex�swsh (M −λI)x = 0 oi r�zetou λ e�nai oi idiotimè, en¸ ta dianÔsmata x 6= 0 di�stash = n lègontai idiodianÔsmata.Je¸rhma 3.6.3 (Cayley-Hamilton) 'Estw χ(λ) = det(A − λI) to qarakthristikì polu¸numop�naka A, tìte χ(A) = 0.Prìtash 3.6.4 Idiìthte:(1) Up�rqoun ≤ n anex�rthta idiodianÔsmata.(2) Gia idiodianÔsmata x, y, to di�nusma kx gia stajer� k 6= 0 kaj¸ kai to di�nusma x+ y e�nai ep�shidiodianÔsmata me thn �dia idiotim , ètsi ta idiodianÔsmata pou antistoiqoÔn sthn idiotim  λ sqhmat�zounèna grammikì upìqwro pou kale�tai idiìqwro tou λ.(3) Gia diaforetikè idiotimè, ta ant�stoiqa idiodianÔsmata e�nai grammik¸ anex�rthta.Poluplokìthta qarakthristikoÔ poluwnÔmou < pollaplasiasmoÔ ∗ log2 n. Poluplokìthta idiodianu-sm�twn/idiotim¸n ≤ 25n3, me arijmhtik  prosèggish mìno.Pern�me t¸ra sthn or�zousa pin�kwn me sumbolik� stoiqe�a (  akèraiou). Gia ton upologismì th,up�rqei h mèjodo tou Bareiss [Bar68], h opo�a apofeÔgei th dhmiourg�a klasm�twn (ant�stoiqa rht¸n)
[Akr89, ch.5]:1. Prosarmosmènh apaloif  Gauss: pollapl/zoume thn gramm  j + 1 me ajj kai jewroÔme thn gramm 
j pollaplasiasmènh me a(j+1)j .2. AfairoÔme th nèa gramm  j apì th nèa gramm  j +1. Met� thn afa�resh twn gramm¸n dhmiourgoÔme0 sti jèsei (i, j), i > j.3. Epanalamb�nonta ta b mata 1, 2 sthn gramm  j + 2 dhmiourgoÔme 0 sti jèsei (i, j + 1), i > j + 1.4. ParathroÔme pw ta mh mhdenik� stoiqe�a th gramm  j + 2 diairoÔntai apì to ajj.Kat'epèktash, ta mh mhdenik� stoiqe�a th gramm  j+3 diairoÔntai apì thn or�zousa ∣∣∣

∣

aj,j aj,j+1

aj+1,j aj+1,j+1
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.'Ena p�naka [aij ]ij metatrèpetai w ex :
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26 KEF�ALAIO 3. APOTELESMATIK�H AKRIB�HS ARIJMHTIK�Hìpou [1, 2, j] = det [aik : i = 1, 2, 3, k = 1, 2, j].Melet�me t¸ra th Duadik  Poluplokìthta. Gia n × n p�naka A = [aij ]ij , èstw ai ta dianÔsmata sek�je gramm  (  st lh). Gia thn tim  th or�zousa, to fr�gma Hadamard e�nai to bèltisto genikìfr�gma:
|detA| ≤

n
∏

i=1

‖ai‖2 ≤ nn/2 max{|aij |}n,Me to Kinèziko je¸rhma petuqa�noume kìsto O∗
B(n3n log2 a + n2 log a) = O∗

B(n4 log2 a), ìpou a toapìluta megalÔtero stoiqe�o tou A. Diapist¸noume pw o kur�arqo ìro ofe�letai sti apotim seith or�zousa se peperasmèna ped�a: apaitoÔntai O∗(n log a) apotim sei apì to fr�gma Hadamard,kajem�a kìstou O∗
B(n3 log a) me ton aplì algìrijmo.H Mèjodo Bareiss, agno¸nta logarijmikoÔ par�gonte, èqei kìsto∑n

i=1 n2i log a = O∗
B(n4 log a).Sqetik� prìsfata, h poluplokìthta aut  belti¸jhke apì tou Kaltofen-Villard [KV01, KV05].'Askhsh 3.6.5 Sugkr�nete thn arijmhtik  kai duadik  poluplokìthta diaforetik¸n mejìdwn upolo-gismoÔ or�zousa p�naka m×m tou opo�ou ta stoiqe�a e�nai polu¸numa se m�a metablht , bajmoÔ d kaisuntelestè m kou L. Sugkr�nete toul�qiston dÔo mejìdou: thn apeuje�a an�ptuxh th or�zousakai thn parembol  tou poluwnÔmou th or�zousa.3.6.1 Domhmènoi p�nakeH enìthta melet� domhmènou (structured) p�nake, dhl. p�nake pou or�zontai apì èna pl jo stoiqe�wngrammikì w pro thn di�stas  tou. Bibliograf�a: [BP94, EP99].'Eqoume  dh dei tou p�nake Vandermonde pou or�zontai apì mia st lh tou, kaj¸ oi upìloipeperièqoun dun�mei tou. M�lista e�dame pw o pollaplasiasmì èno tètoiou p�naka me di�nusmaisoduname� me thn apot�mhsh poluwnÔmou mia metablht  bajmoÔ d se d + 1 shme�a, en¸ h ep�lushant�stoiqou grammikoÔ sust mato isoduname� me thn parembol  twn suntelest¸n tou poluwnÔmou.Amfìtere pr�xei g�nontai se OA(d log2 d), dhl. per�pou mia t�xh megèjou taqÔtera apì ti ant�stoiqepr�xei se genikoÔ p�nake. Autì e�nai kai h sunhjèsterh sumperifor�, se qontrikè grammè, giathn poluplokìthta domhmènwn pin�kwn.Orismì 3.6.6 Ena p�naka n×m kale�tai Toeplitz e�n ta stoiqe�a sthn jèsh (a + i, b + i), i > 0ìpou or�zontai, isoÔntai me autì sthn jèsh (a, b), dhl. o p�naka èqei stajerè diagwn�ou. Sunep¸arkoÔn n+m−1 stoiqe�a gia na oriste� o p�naka (p.q. ta stoiqe�a sthn pr¸th st lh, pr¸th gramm ).'Estw èna p�naka n ×m me k upop�nake ki ×m, ìpou ∑i ki = n kai k�je upop�naka or�zetai apì

ki suneqìmene grammè kai ìle ti st le tou arqikoÔ p�naka. E�n ìloi oi upop�nake e�nai Toeplitz,o sunolikì p�naka kale�tai Toeplitz kat� om�de (gramm¸n) (block Toeplitz).Idiìthte p�naka Toeplitz (aploÔ kai kat� om�de):� O pollaplasiasmì enì orjog¸niou k�tw trigwnikoÔ p�naka Toeplitz me èna di�nusma ekfr�zeiton pollaplasiasmì poluwnÔmwn, ìpou oi suntelestè twn poluwnÔmwn br�skontai ant�stoiqasthn pr¸th st lh tou p�naka kai sta stoiqe�a tou dianÔsmato. Omo�w gia ton pollaplasiasmìdianÔsmato apì arister� me ènan orjog¸nio �nw trigwnikì p�naka Toeplitz.



3.6. P�INAKES 27� 'Otan o p�naka e�nai Toeplitz kat� om�de gramm¸n, o pollaplasiasmì dianÔsmato apì arister�ekfr�zei to �jroisma ginomènwn poluwnÔmwn.� H antimet�jesh sthl¸n (kai gramm¸n efìson den parabi�zetai h omadopo�hsh) d�nei èna nèo p�naka
Toeplitz kat� om�de gramm¸n, me ti �die idiìthte.H poluplokìthta twn basik¸n pr�xewn se tètoiou p�nake mei¸netai kat� mia t�xh megèjou per�pou,mèsw tou FFT.'Askhsh 3.6.7 Epekte�nete thn parap�nw suz thsh sti ant�stoiqe pr�xei poluwnÔmwn poll¸nmetablht¸n. Exet�ste kai {arai�} polu¸numa pou or�zontai apì tou mh-mhdenikoÔ ìrou tou.
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Kef�laio 4Eukle�deio algìrijmo kaiefarmogè
4.1 Algebrikì upìbajroMelet�me orismène kathgor�e daktul�wn, qr sime sth sunèqeia.Orismì 4.1.1 Akèraia perioq  (integral domain) lègetai k�je antimetajetikì daktÔlio me mon�da
1, ìpou den up�rqei diairèth tou 0, dhl. ab = 0⇒ a = 0 ∨ b = 0.Orismì 4.1.2 Mia akèraia perioq  D kale�tai perioq  monadik  paragontopo�hsh (unique facto-
rization domain, UFD) ann k�je stoiqe�o epidèqetai {monadik } paragontopo�hsh. Pio tupik�,(a) k�je a ∈ D − {0, 1} paragontopoie�tai w a = c1 · · · cn, ìpou ta ci an�gwga,(b) an up�rqei ki �llh paragontopo�hsh a = d1 · · · dm, tìte m = n kai up�rqei mia 1-1 antisto�qishtwn ci, di tètoia ¸ste ci|di, di|ci.Orismì 4.1.3 Eukle�deio daktÔlio (Euclidean ring) lègetai k�je antimetajetikì daktÔlio Dìpou or�zetai mia sun�rthsh { diab�jmish } φ : D → N, t.¸. ab 6= 0 ⇒ φ(ab) ≤ φ(a) kai or�zetai hdia�resh a = bq + r me upìloipo r, ìpou r = 0   φ(r) < φ(b).'Ena Eukle�deio daktÔlio pou e�nai kai akèraia perioq  lègetai Eukle�deia perioq  (Euclidean do-
main).Par�deigma 4.1.4 O daktÔlio Zs, gia s = pq ∈ Z ìqi pr¸to, perièqei ta p, q pou e�nai diairètetou 0, �ra den e�nai akèraia perioq .To Z e�nai Eukle�deia perioq  me sun�rthsh diab�jmish thn apìluto tim . 'Estw s¸ma K. To Ke�nai Eukle�deia perioq  me sun�rthsh diab�jmish K 7→ 1. Ep�sh to K[x] e�nai Eukle�deia perioq  mesun�rthsh diab�jmish ton bajmì poluwnÔmou, p.q. Q[x] all� ìqi to Z[x]. 2ApodeiknÔetai ìti k�je Eukle�deia perioq  e�nai UFD.Sthn ierarq�a daktul�wn emfan�zetai kai h ex  perioq :Orismì 4.1.5 Perioq  kÔriwn idewd¸n (principal ideal domain, PID) or�zetai w èna daktÔlioìpou ìla ta ide¸dh e�nai kÔria, dhl. par�gontai apì èna stoiqe�o.29



30 KEF�ALAIO 4. EUKLE�IDEIOS ALG�ORIJMOS KAI EFARMOG�ESK�je Eukle�deia perioq  e�nai PID kai k�je PID e�nai UFD, opìte mia ierarq�a daktul�wn e�nai:� S¸ma (field),� Eukle�deia perioq ,� Perioq  kÔriwn idewd¸n (PID),� Perioq  monadik  paragontopo�hsh (UFD),� Akèraia perioq ,� Antimetajetikì daktÔlio.Mia par�llhlh, all� ligìtero ploÔsia ierarq�a perigr�fetai w ex : DaktÔlio me dia�resh (division
ring) lègetai k�je daktÔlio ìpou or�zetai h dia�resh. An isqÔei kai h antimetajetikìthta sthn dia�resh,tìte prìkeitai gia s¸ma. Par�deigma daktÔliou me dia�resh pou den e�nai s¸ma apotele� to sÔnolo twn
quaternions. 'Ena daktÔlio me dia�resh pou e�nai kai akèraia perioq  ja e�nai kai Eukle�deia perioq .4.2 Mègisto Koinì DiairèthMelet�me me to prìblhma tou Mègistou KoinoÔ Diairèth (MKD) akera�wn kai poluwnÔmwn mia meta-blht . Bibliograf�a: [DST88, pp.68-70], [AHU74, pp.300-13].Orismì 4.2.1 O mègisto koinì diairèth MKD(a, b) se mia Eukle�deio perioq  e�nai to mègistostoiqe�o th pou diaire� ta a kai b. Stou akèraiou prìkeitai gia to mègisto jetikì, sta polu¸numam�a metablht , autì me mègisto bajmì. To el�qisto koinì pollapl�sio EKP(a, b) e�nai to mikrìterostoiqe�o pou diaire� ta a, b.Mia jemeli¸dh idiìthta e�nai pw EKP(a, b) MKD(a, b) = ab.O Algìrijmo tou Eukle�dh e�nai o arqaiìtero algìrijmo se qr sh s mera, kai m�lista o arqaiìteropou d�nei kai trìpo epal jeush tou apotelèsmato mèsw th epèktas  tou. Dedomènwn twn akera�wn
a, b jètoume c0 = a, c1 = b. Gia i = 2, 3, . . . ekteloÔme ti diairèsei me upìloipo: ci−2 = ci−1qi + ci,ìpou o epìmeno akèraio sthn akolouj�a ci or�zetai w to upìloipo th dia�resh. H akolouj�atermat�zetai ìtan ck = 0 opìte kai o MKD(a, b) = ck−1. H apìdeixh th orjìthta sthr�zetai sthnidiìthta MKD(ci−2, ci−1) = MKD(ci−1, ci).Parathr ste pw h idiìthta aut  ja mporoÔse na qrhsimopoihje� w epagwgikì orismì th sun�rth-sh MKD, efìson or�soume thn epagwgik  b�sh. Apotele� fusik� kai ènan algìrijmo.Pern�me t¸ra sthn epèktash tou Eukle�deiou algìrijmou gia ton upologismì tou MKD w grammikoÔsunduasmoÔ twn arqik¸n akèraiwn. Or�zoume s0 = 1, s1 = 0, t0 = 0, t1 = 1. SÔmfwna me thn sqèsh
ci = ci−2 − ci−1qi, or�zoume epagwgik�

si = si−2 − si−1qi, ti = ti−2 − ti−1qi ⇒ MKD(a, b) = ask−1 + btk−1,to opo�o e�nai mia efarmog  th genikìterh sqèsh ci = c0si + c1ti. H teleuta�a apodeiknÔetaiepagwgik�. Oi sk−1, tk−1 lègontai suntelestè Bézout [vzGG99, sec.3.2]. Sto l mma 4.2.3 ja fr�xoumeto mègejo twn suntelest¸n Bézout.



4.2. M�EGISTOS KOIN�OS DIAIR�ETHS 31Par�deigma 4.2.2 MKD(612, 187) = 17 = 612 · 4 + 187 · (−13).

i ci qi si ti
0 612 1 0
1 187 0 1 612 = 3 ∗ 187 + 51
2 51 3 1 −3 187 = 3 ∗ 51 + 34
3 34 3 −3 10 51 = 1 ∗ 34 + 17
4 17 1 4 −13 34 = 2 ∗ 17 + 0
5 0 2

2L mma 4.2.3 Gia tou si, ti pou or�sthkan parap�nw, isqÔei pw deg si = deg c1−deg ci−1 kai deg ti =
deg c0 − deg ci−1.Apìdeixh. H apìdeixh th pr¸th sqèsh pern� apì ti sqèsei deg si =

∑i
j=3 deg qj > deg si−1.Gia mia leptomer  apìdeixh, de�te [vzGG99, L m.3.10]. OEDPar�deigma 4.2.4 p0 = x3 + 2x− 3, p1 = 3x2 + 2, MKD(p0, p1) = 1. Efarmìzoume ton Eukle�deioalgìrijmo sta polu¸numa me rhtoÔ suntelestè Q[x].

i pi qi si ti
0 x3 + 2x− 3 1 0
1 3x2 + 2 0 1
2 4

3x− 3 1
3x 1 −x

3
3 275/16 (9/4)x + (81/16) −(9/4)x − (81/16) (3/4)x2 + (27/16)x + 1
4 0 (64/825)x − (48/275)

2H poluplokìthta tou basikoÔ algor�jmou sto Z, sumperilambanomènou tou upologismoÔ si, ti gia ènasugkekrimèno i, e�nai
OB(M(n) log n) = OB(n log2 n log log n)me th mèjodo Dia�rei+bas�leue, ìpou n = mègisto m ko twn a, b kai M(n) =poluplokìthta pol-laplasiasmoÔ akera�wn m kou n. H mèjodo bas�zetai sto MKD poluwnÔmwn mia metablht  pousuzhte�tai eujÔ amèsw. Gia ton upologismì ìlwn twn si, ti to kìsto e�nai OB(n2). E�nai endia-fèron pw den up�rqoun isqur� k�tw fr�gmata. Ta kalÔtera fa�netai na e�nai Ω(log n) upologismo�upolo�pwn [vanDerDries-Moschovakis].Oi algìrijmoi tou Eukle�dh epekte�nontai �mesa se polu¸numa mia metablht  sto Q[x] [vzGG99,

ch.11], [BP94, sec.1.5]. Ed¸ h sun�rthsh diab�jmish e�nai o bajmì tou poluwnÔmou. O algìrijmoDia�rei+bas�leue se k�je f�sh tou mei¸nei sto  misu ton bajmì tou upolo�pou. Aut  h f�sh èqeiasumptwtik  poluplokìthta M(n), dhl. �sh me to kìsto pollaplasiasmoÔ kai n o mègisto bajmìtwn a(x), b(x). To sunolikì kìsto e�nai
OA(M(n) log n) = OA(n log2 n).Gia ton upologismì ìlwn twn si, ti to kìsto e�nai OA(n2).To kuriìtero prìblhma ed¸ e�nai h ekjetik  aÔxhsh tou megèjou twn (endi�meswn) suntelest¸n stonEukle�deio algìrijmo. Gi' autì èqoun melethje� mèjodoi pou genikeÔoun th basik  sqèsh, basismènesthn yeudo-dia�resh: 'Estw σ(p) o megistob�jmio suntelest  tou poluwnÔmou p.



32 KEF�ALAIO 4. EUKLE�IDEIOS ALG�ORIJMOS KAI EFARMOG�ESOrismì 4.2.5 Sthn yeudo-dia�resh αp(x) = q(x)s(x)+r(x), ìpou p(x), s(x) ∈ Z[x] me deg(p(x)) ≥
deg(s(x)) > deg(r(x)), èqoume α = σ(s)δ ∈ Z, ìpou δ = deg(p(x)) − deg(s(x)) + 1, ¸ste to yeudo-phl�ko q(x) ∈ Z[x], sunep¸ kai to yeudo-upìloipo r(x) ∈ Z[x]. Ta q(x), r(x) e�nai monadik�.'Estw p0(x) = a(x), p1(x) = b(x) kai gia i ≥ 2 : αipi−2(x) = pi−1(x)qi(x) + βipi(x) ìpou αi kai βistajerè. Gia ton pl rh orismì tou de bibliograf�a. Sunoptik�:� αi = βi = 1 ston Eukle�deio algìrijmo: d�nei to el�qisto βi all� to mègisto mègejo suntele-st¸n, dhl. ekjetikì sthn qeirìterh per�ptwsh [Zip93].� βipi(x) = yeudo-upìloipo sthn parap�nw yeudo-dia�resh ìpou to βi e�nai o MKD twn sunte-lest¸n tou yeudo-upolo�pou (�ra upolog�zetai w èna MKD akera�wn), dhl. to pi(x) e�nai ènaprwtogenè (primitive) polu¸numo: mègisto βi, el�qisto mègejo poluwnumik¸n suntelest¸n,all� uyhlì upologistikì kìsto. Autì o algìrijmo efarmìzetai epagwgik� kai me pollèmetablhtè Z[x1, . . . , xn].� To βi d�netai se sun�rthsh twn αj , βj gia j < i en¸ ta polu¸numa d�nontai apì k�poia upo-apalo�fousa (subresultant) (de enìthta 4.3 kai kef. 6). Sugkekrimèna, αi = cdi−2−di−1+1, ìpou

c o megistob�jmio suntelest  tou pi−1(x) kai deg pi = di. H jewr�a twn Habicht, Collins,
Brown apodeiknÔei pw to βi diaire� to yeudo-upìloipo twn pi−2(x), pi−1(x). Epitugq�nontaiendi�mese timè βi kai endi�meso mègejo suntelest¸n twn pi se sqèsh me ti �lle mejìdou.Sugkekrimèna, oi suntelestè twn pi èqoun m ko O∗

B(nL), ìpou L to mègejo twn suntelest¸nsta dedomèna polu¸numa. H mèjodo aut  petuqa�nei bèltisth duadik  poluplokìthta O∗
B(n3L)gia ton upologismì olìklhrh th akolouj�a [Lombardi-Roy-ElDin, Reischert].4.3 Apalo�fousa dÔo poluwnÔmwn'Estw p1 = ad1

xd1 + · · · + a0 kai p2 = bd2
xd2 + · · · + b0 se daktÔlio D[x], ìpou D mia Eukle�deiaperioq . Ja melet soume thn apalo�fousa twn poluwnÔmwn, pou d�nei mia sunj kh epilusimìthta tousust mato twn dÔo poluwnÔmwn. Parathr ste pw, gia tuqa�ou suntelestè, n + 1 polu¸numa se nmetablhtè den èqoun koinè r�ze (ed¸ n = 1).Orismì 4.3.1 H apalo�fousa R(p1, p2) twn poluwnÔmwn an kei sto D kai mhden�zetai ann ta po-lu¸numa èqoun toul�qiston mia koin  r�za sthn algebrik  j kh tou D.Or�zoume ton p�naka Sylvester S me st le pou antistoiqoÔn sta mon¸numa me dun�mei [0, 1, . . . , d1 +

d2−1]. Up�rqoun 2 om�de gramm¸n kai perièqoun pollapl�sia twn p1 kai p2 ep� ti ex  dun�mei tou
x: B1 = [0, 1, . . . , d2 − 1] kai B2 = [0, 1, . . . , d1 − 1] ant�stoiqa.

R(p1, p2) =

∣
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.



4.3. APALO�IFOUSA D�UO POLUWN�UMWN 33Je¸rhma 4.3.2 [Syl53] Upojètoume ìti ad1
kai bd2

e�nai mh mhdenikì dhl. deg pi = di, i = 1, 2. Tìte
detS = 0 an kai mìno an ta p1 kai p2 èqoun koin  r�za.Apìdeixh. 'Estw koin  r�za α. Tìte to mh mhdenikì di�nusma [1, α, α2, . . . , αd1+d2−1] br�sketai stonpur na tou S diìti to ginìmeno tou S ep� to di�nusma perièqei ti timè twn pollaplas�wn twn p1, p2sto α. 'Ara o S e�nai mh antistrèyimo.Ant�strofa: detS = 0 ⇒ up�rqei mh mhdenikì di�nusma w tètoio ¸ste wS = 0. JewroÔme pw to
w antiproswpeÔei 2 polu¸numa q1, q2 me suntelestè pou antistoiqoÔn sta B1 kai B2. Tìte to wSekfr�zei to polu¸numo p1q1 + p2q2 = 0 ⇒ p1q1 = −p2q2. Efìson autì to polu¸numo e�nai bajmoÔ
< d1 + d2, to el�qisto koinì pollapl�sio (EKP) twn p1, p2 e�nai bajmoÔ < d1 + d2. 'Omw, genik�,
deg gcd(p1, p2) = d1 + d2 − deg(EKP), �ra deg[gcd(p1, p2)] > 0 dhl. den e�nai stajerì, �ra up�rqeikoin  (migadik ) r�za. OEDPìrisma 4.3.3 Upì ti parap�nw pro�pojèsei, h apalo�fousa R(p1, p2) tou sust mato isoÔtai me
detS. Sunep¸, o bajmì th apalo�fousa w pro tou suntelestè twn p1, p2 isoÔtai me d2 kai d1ant�stoiqa. Tèlo, R(p1, p2) = 0⇔ deg gcd(p1, p2) ≥ 1.O p�naka Sylvester perièqei 2 upop�nake Toeplitz (me ìle ti st le) �ra e�nai Toeplitz kat� om�degramm¸n. O p�naka Toeplitz (kat� om�de) or�zetai sthn enìthta 3.6.1.H apalo�fousa upolog�zetai kai w or�zousa tou p�naka Bézout [1779℄. Upojètoume d1 ≥ d2 kai,qrhsimopoi¸nta mia nèa metablht  y, or�zoume polu¸numo sti metablhtè x, y:

∆(x, y) =
1

x− y

∣

∣

∣

∣

p1(x) p1(y)
p2(x) p2(y)

∣

∣

∣

∣

=

d1−1
∑

i=0

θi(x)yi.H dia�resh or�zetai diìti gia x = y h or�zousa mhden�zetai. To polu¸numo ∆(x, y) e�nai sunolikoÔbajmoÔ d0 +d1−1, summetrikì w pro x, y kai bajmoÔ d1−1 an� metablht , ìpou ta θi(x) polu¸numase mia metablht . Kataskeu�zoume t¸ra ton p�naka th apalo�fousa:
1 · · · · · · xd1−1

θ0...
θd2−1

p2(x)...
xd1−d2−1 p2(x)
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Je¸rhma 4.3.4 H or�zousa tou parap�nw p�naka M isoÔtai me thn apalo�fousa R(p1, p2).Apìdeixh. 'Estw α koin  r�za twn pi tìte ∆(α, y) = 0 kai ìla ta θi(α) mhden�zontai. Sunep¸up�rqei di�nusma (1, α, . . . , αd1−1) 6= 0 ston pur na tou M , �ra det M = 0, epomènw R | det M .Jumhje�te to pìrisma 4.3.3. To ∆(x, y), kai sunep¸ ta θi, e�nai ìla grammik� w pro tou suntelestèk�je pi. 'Ara o bajmì th or�zousa det M w pro tou suntelestè twn p1, p2 e�nai d2, d1 ant�stoiqa,�ra h or�zousa den perièqei parasitikì par�gonta epiplèon th apalo�fousa. OED



34 KEF�ALAIO 4. EUKLE�IDEIOS ALG�ORIJMOS KAI EFARMOG�ESH or�zousa tou S den all�zei an prosjèsoume thn j-ost  st lh th, pollaplasiasmènh me xj−1 gia
j = 2, . . . , d1 + d2, sthn pr¸th st lh. 'Omw o p�naka èqei all�xei kajìson h pr¸th st lh perièqeita polu¸numa p1(x), . . . , xd2−1p1(x), p2(x), . . . , xd1−1p2(x). An anaptÔxoume thn or�zousa w pro thnpr¸th st lh, sun�getai h ex  idiìthta: R(p1, p2) = p1(x)t(x)+p2(x)s(x), ìpou deg t < d2,deg s < d1.Epekte�noume t¸ra thn suz thsh sti upo-apalo�fouse (subresultants) duo poluwnÔmwn mia metablh-t , bl. [Mis93, ch.7], [Yap00]   [Zip93, sec.93]. Jewr ste thn i-ost  or�zousa

Ri(p1, p2) =
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∣

∣

∣
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p1(x) ai+1 · · · ad1... . . .
xd2−i−1p1(x) · · · ad1

p2(x) bi+1 · · · bd2... . . .
xd1−i−1p2(x) · · · bd2
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.O p�naka prokÔptei apì ton S an afairèsoume ti teleuta�e i grammè pou perièqoun suntelestètou p1, ti teleuta�e i grammè (pou perièqoun suntelestè tou p2), ti teleuta�e i st le (oi opo�eplèon perièqoun mìno mhdenik�) kai, tèlo, ti i aristerìtere st le pou br�skontai dexi� th pr¸th.O p�naka e�nai profan¸ tetr�gwno, me di�stash d1 + d2 − 2i.Orismì 4.3.5 H mhdenik  upo-apalo�fousa R0 e�nai h apalo�fousa R(p1, p2) = detS. Gia 0 < i ≤
min{d1, d2}, h i-ost  upo-apalo�fousa e�nai h or�zousa Ri. Gia i = min{d1, d2}, h upo-apalo�fousa Rie�nai h or�zousa tou p�naka pou perièqei mìno suntelestè tou p2 ìpou h pr¸th gramm  e�nai [p2, 0, . . . , 0].Gia min{d1, d2} < i < max{d1, d2} or�zoume Ri = 0.L mma 4.3.6 Oi suntelestè th upo-apalo�fousa Ri èqoun duadikì m ko O∗((d1 + d2)L), an to
L fr�ssei to duadikì m ko twn suntelest¸n twn pi(x).O bajmì th R0 = R w pro x e�nai mhdèn. An i = d2 < d1, o ant�stoiqo p�naka e�nai k�twtrigwnikì kai Rd2

(x) = p2(x)ad1−d2−1
d2

, �ra deg Rd2
(x) = d2.Je¸rhma 4.3.7 O bajmì th upo-apalo�fousa e�nai deg Ri(x) ≤ i gia i = 0, . . . ,min{d1, d2}.H basik  idiìthta twn upo-apaloifous¸n e�nai h parak�tw isodunam�a.Je¸rhma 4.3.8 Efìson ta p1, p2 ∈ K[x] gia K mia perioq  monadik  paragontopo�hsh (unique

factorization domain) me mon�da, ta p1, p2 èqoun èna koinì diairèth bajmoÔ k ⇔ Ri = 0, ∀i < k kai
Rk 6= 0.4.4 Rht  parembol  kat� PadéH upìloiph enìthta efarmìzei ton Eukle�deio algìrijmo sto prìblhma th rht  parembol    pro-sèggish kat� Padé.Orismì 4.4.1 'Estw polu¸numo f ∈ F [x] bajmoÔ ≤ N − 1. H rht  parembol    prosèggish kat�
Padé (k,N − k) tou poluwnÔmou f sun�statai sthn eÔresh poluwnÔmwn r, t ∈ F [x], bajm¸n ≤ k − 1kai ≤ N − k ant�stoiqa, ìpou t(0) 6= 0, tètoia ¸ste

r ≡ tf mod xN .



4.5. GRAMMIK�WS ANADROMIK�ES AKOLOUJ�IES 35Se pollè efarmogè to f e�nai apl¸ oi pr¸toi N ìroi mia seir� Taylor mia opoiasd pote analutik sun�rthsh. Dhl. or�zetai pl rw apì ti timè th sun�rthsh kai twn N − 1 pr¸twn parag¸gwnth sto 0, giautì kai mil�me gia << parembol  >>. To genikìtero prìblhma, ìpou d�nontai oi timèmia analutik  sun�rthsh se N opoiad pote shme�a xi kale�tai prosèggish Hermite. Tìte p0 =
∏N

i=1(x− xi). An ta xi e�nai ìla diaforetik�, tìte onom�zetai prosèggish Cauchy.To prìblhma lÔnetai me thn epèktash tou Eukle�deiou algìrijmou. Or�zoume to j w to pr¸to b ma(dhl. el�qisto j) ìpou deg pj < k, dhl. deg pj−1 ≥ k. An dialèxw p0 = xN , tìte deg tj = deg p0 −
deg pj−1 ≤ N − k. Ep�sh p1tj ≡ pj mod p0, opìte arke� na dialèxw p1 = f kai ta pj, tj e�nai sqedìnlÔsh th prosèggish Padé.Gia mia pl rh lÔsh apaite�tai t(0) 6= 0 ¸ste to polu¸numo t(x) na e�nai antistrèyimo modxN . AnMKD(pj, tj) = 1⇒MKD(p0, tj) = 1 diìti pj = p0sj+p1tj . 'Omw MKD(xN , tj) = 1⇒ tj(0) 6= 0, dhl.èqoume pl rh lÔsh an MKD(pj, tj) = 1. Ant�strofa, ìtan up�rqei pl rh lÔsh tìte MKD(pj, tj) = 1.Diìti alli¸, MKD(pj , tj) 6= 1 ⇒ MKD(xN , tj) 6= 1 ⇒ x|tj(x). De�xame loipìn pw èqoume pl rhlÔsh ann MKD(pj , tj) = 1.Par�deigma 4.4.2 Prosèggish Padé(2, 2), tou f = 1+ 2x+ 3x2 + 4x3 ∈ Z5[x], dhl. N = 4, k = 2.Gia aplopo�hsh twn pr�xewn jètw p1 = −f ≡ x3 + 2x2 + 3x + 4.

i pi qi si ti
0 x4 1 0
1 x3 + 2x2 + 3x + 4 x + 3 0 1
2 x2 + 2x + 3 x 1 4x + 2
3 4 4x2 + 3x + 2 4x x2 + 3x + 1
4 0 4x3 + 3x2 + 2x + 1 x4Gia j = 3, p3/t3 ≡ −1/(x−1)2 lÔnei to arqikì prìblhma diìti autì e�nai to el�qisto j ìpou deg pj < 2.Shmei¸ste pw t3 ≡ (x− 1)2.Epiplèon, gia j = 1, p1/t1 ≡ f lÔnei thn prosèggish Padé(4, 0) dhl. epitugq�nei apl¸ mia parembol poluwnÔmou, ìpou ìmw to dedomèno shme�o e�nai pollaplì (ki ìqi diaforetik� shme�a).Gia j = 4 den parèqei lÔsh se kanèna prìblhma Padé diìti x|t4 kai ìntw ja e�qame 0/(4x4). 2H Poluplokìthta gia thn anagn¸rish ki eÔresh lÔsh Padé e�nai OA(N log2 N). Se qrìno OA(N2)br�skoume gia poia k,N to ant�stoiqo prìblhma Padé(k,N − k) èqei lÔsh kai poia e�nai aut . Ashmeiwje� pw èna algìrijmo pou lÔnei thn prosèggish Padé mpore� na lÔsei to prìblhma tou MKD

[BP94, sec.1.5].4.5 Grammik¸ anadromikè akolouj�eXekin�me me grammik¸ anadromikè akolouj�e kai katal goume ston algìrijmo twn Berlekamp-
Massey. Sthn sunèqeia exet�zoume mia basik  efarmog , h opo�a afor� stou domhmènou kai araioÔp�nake.Orismì 4.5.1 [vzGG99, sec.12.3] 'Estw èna dianusmatikì q¸ro V ep� k�poiou s¸mato F . Hakolouj�a a = (a0, a1, a2, . . . ), me stoiqe�a ai ∈ V , kale�tai grammik¸ anadromik  (linearly recursive)an up�rqei N ∈ N kai

∃χ =
N
∑

j=0

cjx
j ∈ F [x], deg χ(x) = N :

N
∑

j=0

cjaj+i = 0, ∀ i ∈ N.



36 KEF�ALAIO 4. EUKLE�IDEIOS ALG�ORIJMOS KAI EFARMOG�ESTo χ(x) kale�tai qarakthristikì   genn twr (characteristic, generating, annihilating) polu¸numo th
a. To el�qisto (minimal) polu¸numo µa(x) th akolouj�a e�nai to qarakthristikì polu¸numo el�qi-stou bajmoÔ.Par�deigma 4.5.2 1. Gia thn a = (0, 0, . . . ) me V = F , k�je polu¸numo e�nai qarakthristikì.2. Gia thn Fibonacci me V = F = Q, a = (0, 1, 1, 2, 3, 5, . . . ) dhl. ai+2 = ai+1+ai, me qarakthristikìpolu¸numo χ(x) = x2 − x− 1. Autì e�nai kai el�qisto, diìti den paragwg�zetai.3. Gia k�poion tetr�gwno p�naka A ∈ V = FN×N , èstw h akolouj�a ai = Ai. Tìte, to qara-kthristikì polu¸numo tou p�naka χA = det(A − xI) e�nai kai qarakthristikì th akolouj�a,sÔmfwna me to je¸rhma Cayley-Hamilton. Ant�stoiqa, to el�qisto polu¸numo tou p�naka e�naikai el�qisto th akolouj�a, ìpou to pr¸to or�zetai w to polu¸numo me kÔrio suntelest  1 kaiaplè r�ze ti idiotimè tou A.4. 'Estw b ∈ V = FN , p�naka A ∈ FN×N kai h akolouj�a Krylov ai = Aib: opoiod poteqarakthristikì polu¸numo th (Ai) e�nai kai qarakthristikì polu¸numo th (ai = Aib). Ep�sh,

µAib|µAi .5. An epiplèon èqoume di�nusma u ∈ FN , tìte opoiod pote qarakthristikì polu¸numo th (Aib)e�nai kai qarakthristikì polu¸numo th (uT Aib). Ep�sh, µuT Aib|µAib.
2Ja sumbol�zoume me f ⊗ a mia nèa akolouj�a me i-stì stoiqe�o to ∑N

j=0 fjaj+i. Tìte èna polu¸numo
f 6= 0 e�nai qarakthristikì th akolouj�a a ann f ⊗ a = 0 ⇔ µa(x)|f(x). Gia thn apìdeixh touteleuta�ou me anagwg  se �topo, jewr ste to upìloipo th dia�resh, pou e�nai èna nèo qarakthristikìpolu¸numo bajmoÔ mikrìterou apì autìn tou µa(x).Stou p�nake, µ(x)|χ(x) en¸ isoÔntai an kai mìno an ìle oi idiotimè èqoun pollaplìthta = 1.L mma 4.5.3 'Estw h =

∑

i aix
i h genn tria sun�rthsh mia akolouj�a, èna polu¸numo f ∈

F [x], deg f = d, kai r := A(f) = xdf(1/x) to an�strofì tou. Tìte
f ⊗ a = 0⇔ rh ∈ F [x] : deg(rh) < d⇔ ∃g ∈ F [x],deg(g) < d : h = g/r.Ep�sh, f = µa ⇒ d = max{1 + deg g,deg r} kai MKD(g, r) = 1.Apìdeixh. f⊗a = 0⇔ f0ai + · · ·+fdad+i = 0, ìpou to teleuta�o �jroisma ekfr�zei ton suntelest tou xd+i sto rh gia k�je i ≥ 0. 'Ara rh = g ∈ F [x].Gia to deÔtero skèlo, [deg r ≤ d & deg g < d] ⇒ d ≥ max{·}. 'Omw, d > max{·} ⇒ deg r < d ⇒

f0 = 0 ⇒ x|f(x) ⇒ (f/x)(x) e�nai qarakthristikì polu¸numo th a, �ra to f(x) den e�nai el�qisto,to opo�o e�nai ant�jeto th upìjesh.Gia to teleuta�o skèlo, èstw u := MKD(g, r) kai ja de�xoume pw prìkeitai gia to stajerì polu¸numo.Eis�goume polu¸numo f ′ := f/A(u) bajmoÔ deg f ′ = d−deg u, ìpou r/u = A(f ′). T¸ra, (r/u)h = g/ue�nai polu¸numo (diìti u|g) bajmoÔ < d−deg u. 'Ara to polu¸numo f ′ ikanopoie� ti arqikè upojèsei(sthn jèsh tou f) kai me b�sh to pr¸to skèlo e�nai qarakthristikì. AfoÔ to f e�nai el�qisto, èqoume
d− deg u ≥ d⇒ deg u = 0. OEDMe dedomènou 2N ìrou mia akolouj�a ki enì �nw fr�gmato N ston bajmì tou el�qistou po-luwnÔmou, e�nai t¸ra eÔkolo na upolog�soume to el�qisto polu¸numo apì to parap�nw l mma: 'Estw
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h := a2N−1x

2N−1 + · · ·+ a0. H prosèggish Padé(N,N) tou h d�nei g, t ∈ F [x], deg g < N,deg t ≤ Ntètoia ¸ste h ≡ g/t mod x2N kai t(0) 6= 0. Jètonta d := max{1 + deg g,deg t}, o algìrijmoepistrèfei to an�strofo tou t w pro d, dhl. to xdt(1/x).Par�deigma 4.5.4 Sunèqeia tou parade�gmato 4.4.2. To dedomèno polu¸numo f antistoiqe� sthnakolouj�a (1, 2, 3, 4, . . . ) ⊂ Z5. H ap�nthsh f ≡ −1/(x − 1)2 mod x4 odhge� sto d := max{1, 2} = 2�ra µ(x) = A2((x − 1)2) = x2 + 3x + 1 pou ìntw e�nai qarakthristikì (ki el�qisto) th akolouj�a
(1, 2, 3, 4, 0, 1, 2, . . . ). 2H upìloiph enìthta efarmìzei ta parap�nw se domhmènou ki araioÔ p�nake pou diajètoun taqÔ pol-laplasiasmì me di�nusma me b�sh thn prosèggish tou Wiedemann, de [vzGG99]. H idèa e�nai pw to e-l�qisto polu¸numo µAib th akolouj�a Krylov upolog�zetai se qrìno OA(N)∆(N)+OA(N log2 N) =
OA(N)∆(N), ìpou ∆(N) h arijmhtik  poluplokìthta pollaplasiasmoÔ p�naka ep� di�nusma kai o pr¸-to prosjetèo afor� ston upologismì 2N ìrwn th akolouj�a, en¸ o deÔtero sthn efarmog  thepèktash tou Eukle�deiou algìrijmou gia thn prosèggish Padé. Gia tuqa�o di�nusma b, muAib = µA.'Estw p�naka A. An dialèxw tuqa�o trigwnikì p�naka B me mh-mhdenik  or�zousa, tìte me meg�lhpijanìthta to qarakthristikì ki el�qisto polu¸numo tou AB taut�zontai. Apì to polu¸numo autìupolog�zw thn or�zousa tou AB kai sunep¸ thn or�zousa tou A, se qrìno OA(N)∆(N).Gia auja�retou p�nake aut  h poluplokìthta e�nai O(N3), all� gia araioÔ kai domhmènou p�nakee�nai polÔ mikrìterh: An up�rqoun k mh-mhdenik� stoiqe�a an� gramm , tìte ∆(N) = OA(Nk), to opo�osuqn� e�nai sto o(N2) �ra ki h or�zousa sto o(N3). Gia p�nake Vandermonde, Toeplitz klp, èqoume
∆(N) sto OA(N log2 N), OA(N log N) ant�stoiqa.Pèra ap' thn or�zousa, poll� �lla probl mata grammik  �lgebra an�gontai se pollaplasiasmoÔp�naka ep� di�nusma me b�sh ta parap�nw. To arqikì par�deigma tou Wiedemann  tan h ep�lush tousust mato Ax = b ∈ FN , mèsw tou upologismoÔ tou el�qistou poluwnÔmou µ th akolouj�a Aib,gia antistrèyimo p�naka A. 'Estw nèo polu¸numo T (x) := −[µ(x)−µ0]/(xµ0). H lÔsh tou sust matoe�nai to di�nusma T (A)b.4.6 Stoiqe�a jewr�a arijm¸nL mma 4.6.1 An a, b, p ∈ Z, p pr¸to tìte (a + b)p ≡ ap + bp mod p.Apìdeixh. p |

(p
i

) gia ìla ta i = 1, . . . , p− 1 kai (a + b)p =
∑p

i=0

(p
i

)

aibp−i. OEDMia �mesh sunèpeia e�nai pw (a+ b)p
k ≡ apk

+ bpk

mod p, gia i ∈ N, to opo�o apodeiknÔetai epagwgik�w pro k.L mma 4.6.2 An a,m ∈ R, ìpou R mia Eukle�deia perioq , tìte to a e�nai antistrèyimo modm anno MKD e�nai (a,m) = 1.Apìdeixh. H antistreyimìthta shma�nei pw ∃ s ∈ Z : as ≡ 1 mod m⇔ ∃ s, t ∈ Z : as + tm = 1⇔
(a,m) = 1. OEDJe¸rhma 4.6.3 (Mikrì je¸rhma Fermat) An a, p ∈ Z, p pr¸to tìte ap ≡ a mod p. An epiplèon
p 6 |a tìte ap−1 ≡ 1 mod p.



38 KEF�ALAIO 4. EUKLE�IDEIOS ALG�ORIJMOS KAI EFARMOG�ESApìdeixh. Qrhsimopoi¸ epagwg  sto a ∈ Zp = {0, . . . , p − 1}. H b�sh a = 0 e�nai profan . Giato b ma, ap = [(a− 1) + 1]p ≡ (a− 1)p + 1p mod p, apì to l mma 4.6.1. Apì thn epagwgik  upìjesh,
ap ≡ (a− 1) + 1 = a mod p.H deÔterh prìtash e�nai �mesh sunèpeia th pr¸th katìpin efarmog  tou l mmato 4.6.2. OEDJe¸rhma 4.6.4 [Agrawal-Kayal-Saxena’02℄ An a, p ∈ Z, (a, p) = 1, tìte o p e�nai pr¸to ann
(x− a)p ≡ xp − a mod p.Apìdeixh. An o p e�nai pr¸to tìte p |

(p
i

)

, i = 1, . . . , p ⇒ (x − a)p ≡ xp − ap mod p kai toapotèlesma prokÔptei apì to mikrì je¸rhma tou Fermat.Ant�strofa, èstw pw up�rqei pr¸to q | p kai m�lista èstw k h megalÔterh dÔnam  tou t.¸. qk | p.Tìte qk 6 |
(p
q

), ep�sh (qk, ap−q) = 1 diìti alli¸ to q|a ⇒ (a, p) > 1. Sunep¸ o ìro (pq)xqap−q stoan�ptugma tou (x−a)p de mhden�zetai, en¸ den emfan�zetai sto dexiì mèlo, �ra h ex�swsh poluwnÔmwnden isqÔei. OEDTo pìrisma pou sun�getai e�nai pw an o p e�nai pr¸to tìte (x − a)p ≡ xp − a mod (xr − 1) mod p,gia k�je akèraio r < p.Prìtash 4.6.5 [Chebychev] To sÔnolo twn pr¸twn arijm¸n pou e�nai mikrìteroi   �soi me to 2k,gia k�poio k ∈ N, èqoun ginìmeno ≥ 2k.MporoÔme t¸ra na d¸soume thn genik  morf  tou poluwnumikoÔ algor�jmou 4.6 twn Agrawal-Kayal-
Saxena’02 gia anagn¸rish pr¸twn arijm¸n, ìpw diamorf¸jhke se sunergas�a me ton Lenstra.
Algorithm 1 Anagn¸rish pr¸twn arijm¸n me poluwnumik  poluplokìthtaH e�sodo e�nai akèraio n > 0.H èxodo ja e�nai h ap�nthsh << Pr¸to >>   << 'Oqi pr¸to >>.Ta b mata tou algor�jmou e�nai ta ex .1: Elègqoume an up�rqei t ∈ Z, k ∈ {1, . . . , ⌈lg n⌉} t.¸. tk = n, dhl. an to n e�nai tèleia dÔnamh. Annai, tìte o algìrijmo epistrèfei << 'Oqi pr¸to >> kai termat�zei.2: 'Estw N := 2n(n − 1)(n2 − 1) · · · (n4⌈lg n⌉2 − 1) kai r o el�qisto pr¸to pou den diaire� to N .Parathr¸ pw up�rqei k = O(lg5 n) : N ≤ 2k. Apì thn prìtash 4.6.5 sun�getai pw oi pr¸toipou e�nai ≤ 2k èqoun ginìmeno > N . 'Ara up�rqei toul�qiston èna pou den diaire� to N sunep¸

r = O(lg5 n).3: An o n e�nai pr¸to < r o algìrijmo epistrèfei << Pr¸to >>, en¸ an up�rqei pr¸to < r poudiaire� to n tìte epistrèfei << 'Oqi pr¸to >>.4: Gia k�je b ∈ {1, . . . , r}, elègqw an (x + b)n ≡ xn + b mod n mod (xr − 1). An up�rqei b ìpou denisqÔei h tautìthta poluwnÔmwn, tìte o algìrijmo epistrèfei << 'Oqi pr¸to >>.5: An ft�soume s' autì to st�dio, o n e�nai dÔnamh pr¸tou ki afoÔ den e�nai tèleia dÔnamh (apì to 1ost�dio) tìte o algìrijmo epistrèfei << Pr¸to >>.H orjìthta tou algor�jmou apodeiknÔetai eÔkola, ektì apì to teleuta�o b ma, ìpou prèpei na efar-moste� h parak�tw prìtash 4.6.8. Aut   tan kai h teqnik  me thn opo�a mei¸jhke h poluplokìthta se
O(log6 n), apì to arqikì fr�gma twn Agrawal-Kayal-Saxena.A anaferjoÔme sunoptik� sthn poluplokìthta gia na diapist¸soume pw e�nai poluwnumikoÔ kìstou,kai eidikìtera sto O(log6 n). To kìsto tou 2ou b mato 2 e�nai sto OB(lg5 n). To 3o b ma apaite� r



4.6. STOIQE�IA JEWR�IAS ARIJM�WN 39elègqou poluwnumikoÔ kìstou. Sto 4o b ma, g�nontai r èlegqoi mod(xr− 1), dhlad  poluwnumikoÔkìstou. H olokl rwsh th apìdeixh th poluwnumik  poluplokìthta af netai w �skhsh.Gia thn apìdeixh th prìtash 4.6.8 apaitoÔntai orismèna pio proqwrhmèna ergale�a th upologistik jewr�a arijm¸n. To basikìtero e�nai h sun�rthsh Euler. Ston daktÔlio Zm, gia opoiond pote akèraio
m, to pl jo twn stoiqe�wn {a : (a,m) = 1} ⊂ Zm sumbol�zetai φ(m) kai kale�tai sun�rthsh tou
Euler (totient function).'Askhsh 4.6.6 1. An p pr¸to ⇒ φ(p) = p− 1 kai φ(pk) = pk − pk−1.2. An n1, . . . , nk ∈ N∗, (ni, nj) = 1 ∀i 6= j ⇒ φ(n1 · · ·nk) = φ(n1) · · ·φ(nk).3. 'Estw oi pr¸toi p1, . . . , pk diairète tou n ∈ NN∗, tìte φ(n) = n(1− 1/p1) · · · φ(1− 1/pk).Prìtash 4.6.7 [Euler℄ n ∈ N∗, a ∈ Z, (a, n) = 1⇒ n|aφ(n) − 1.Prìtash 4.6.8 [Agrawal-Kayal-Saxena-Lenstra’02℄ 'Estw (n, r) = 1, (n, b− b′) = 1 ∀b 6= b′ ∈ S ⊂
Z kai ((x + b)n ≡ xn + b mod n mod (xr − 1) ∀b ∈ S. Jètoume v := min{k : nk ≡ 1 mod r}. An,

d|φ(r)/v ⇒
(|S|+ φ(r)− 1

|S|

)

≥ n2d⌊
√

φ(r)/d⌋,tìte to n e�nai dÔnamh pr¸tou.
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Kef�laio 5Ep�lush stou pragmatikoÔTo kef�laio autì pragmateÔetai thn eÔresh ìlwn twn pragmatik¸n lÔsewn mia poluwnumik  ex�swsh  sust mato exis¸sewn. To prìblhma autì sunant� plei�da efarmog¸n se tome� ìpw h upologistik gewmetr�a, o sqediasmì me upologist , h rompotik  kok.Shmei¸noume th meg�lh arijmhtik  ast�jeia (megalÔterh apì ti migadikè r�ze) twn pragmatik¸nriz¸n se sun�rthsh mia metabol  stou suntelestè. P.q. to polu¸numo tou Wilkinson p(x) =
(x + 1)(x + 2) · · · (x + 20) = x20 + 210x19 + · · ·+ 20! èqei 20 pragmatikè r�ze en¸ to p(x) + 2−32x19èqei mìno 10 pragmatikè r�ze kai oi upìloipe migadikè èqoun fantastikì mèro apìluth tim  > 0.8.S mera mìno me algebrikè mejìdou (dhl. sumbolik  epexergas�a) mpore� na luje� ikanopoihtik� autìto prìblhma.To basikì prìblhma pou exet�zetai sto kef�laio e�nai h apomìnwsh ìlwn twn pragmatik¸n riz¸n miaex�swsh se diast mata me rht� �kra, ètsi ¸ste k�je di�sthma na perièqei mia r�za kai ìle oi r�ze nabr�skontai se k�poio di�sthma. Ta diast mata aut� kaloÔntai { diast mata apomìnwsh }. Up�rqounoi ex  kathgor�e algor�jmwn akribe�a gia to prìblhma autì:� Oi algìrijmoi upodia�resh, pou upodiairoÔn èna arqikì di�sthma se mikrìtera, èw ìtou aut�perièqoun m�a   kam�a r�za. Oi algìrijmoi auto� diakr�nontai apì ton trìpo pou metroÔn r�ze seèna diast ma kai prìkeitai kur�w gia ti mejìdou Sturm kai Descartes. Ja melethjoÔn sthnenìthta 5.2 kai 5.3.� O algìrijmo twn suneq¸n klasm�twn (continued fractions) pou sthr�zetai sthn prosèggish twnpragmatik¸n arijm¸n apì èna suneqè kl�sma me akèraiou suntelestè [Akr89, Tsi06]. P.q.

2

3
= 0 +

1

1 + 1
2

,
√

2 = 1.41421 · · · = 1 +
1

2 + 1
2+ 1

2+···

.� Tèlo, up�rqoun mèjodoi pou bas�zontai sthn arijmhtik  diasthm�twn [Moo66, Mer00], Rump.5.1 Pragmatik� s¸mataGenik  bibliograf�a: [DST88, pp.105-11], [BPR03, Mis93] [Yap00, lect.VII].Xekin�me me stoiqe�a apì thn jewr�a pragmatik¸n swm�twn [Mis93]. Ma endiafèrei na melet soumes¸mata pou sumperifèrontai ìpw oi pragmatiko�, dhl. sta opo�a or�zontai oi anis¸sei kai diast mata,se ant�jesh me tou migadikoÔ arijmoÔ. 41



42 KEF�ALAIO 5. EP�ILUSH STOUS PRAGMATIKO�USOrismì 5.1.1 'Ena s¸ma (field) K kale�tai diatetagmèno ìtan perièqei èna uposÔnolo jetik¸n arij-m¸n R, kleistì w pro ti 2 pr�xei (∗,+), tètoio ¸ste gia k�je stoiqe�o x ∈ K,x 6= 0, e�te x ∈ Re�te −x ∈ R.P.q. R, Q, R(ǫ), Q(ǫ) kai Q( 3
√

2) ≡ Q[x]/〈x3 − 2〉. Ant�jeta, to C den e�nai diatetagmèno. Shmei¸stepw to 0 < ǫ≪ 1 e�nai èna apeiroel�qisto (infinitesimal) jetikì dhl. mporoÔme na jewr soume pw
ǫ→ 0+. To 1/ǫ, pou an kei sto R(ǫ), te�nei sto �peiro. Jum�zoume pw èna daktÔlio K(x) perièqeiìle ti rhtè ekfr�sei w pro x me suntelestè sto K, dhl. ìla ta kl�smata me arijmht  sto K[x]kai paronomast  sto K[x] \ {0}.Ta diatetagmèna s¸mata e�nai anagkastik� �peira kai ma parèqoun thn dunatìthta na melet soumeanisìthte kai diast mata. Dhl. a > b ⇔ a − b ∈ R. Ep�sh, a > b ⇒ a + c > b + c,∀c, en¸
a > b⇒ ac > bc, ∀c ∈ R.H basik  ènnoia or�zetai eujÔ amèsw kai melet� s¸mata pou, qwr� na e�nai apara�thta algebrik�kleist�, e�nai kleist� w pro thn Ôparxh twn pragmatik¸n riz¸n.Orismì 5.1.2 'Ena s¸ma K kale�tai kleistì pragmatikì ìtan e�nai diatetagmèno, k�je jetikì èqeimia jetik  tetragwnik  r�za, kai k�je ex�swsh perittoÔ bajmoÔ sto K[x] èqei mia r�za sto K.P.q. R, R(ǫ), R(ǫ1, ǫ2), all� ìqi to Q oÔte h algebrik  j kh Q, oÔte to Q( 3

√
2). Jumhje�te pw to Qperièqei ìle ti r�ze poluwnÔmwn sto Q[x].Apì tou orismoÔ prokÔptei pw gia k�je p(x) ∈ K[x], ìpou to K kleistì pragmatikì, pou e�nai mh-paragontopoi simo (an�gwgo) kai monikì (me monadia�o megistob�jmio suntelest ) èpetai pw deg p ∈

{1, 2}. Eidikìtera, èna deuterob�jmio polu¸numo e�nai an�gwgo ann h diakr�nousa e�nai arnhtik .L mma 5.1.3 To K e�nai kleistì pragmatikì ann e�nai diatetagmèno kai to K(
√
−1) e�nai algebrik�kleistì.Apìdeixh. 'Askhsh. OEDJe¸rhma 5.1.4 (Mèsh tim , Bolzano) 'Estw K èna kleistì pragmatikì s¸ma, p ∈ K[x], a < b ∈

K kai p(a)p(b) < 0. Tìte up�rqei c ∈ (a, b) : p(c) = 0.'Ena polu¸numo p(x) e�nai qwr� tetr�gwna e�n den èqei pollaplè r�ze dhl. e�n h paragontopo�hs tou se grammik� polu¸numa (∈ C[x]  , genikìtera, w pro thn algebrik  j kh tou s¸mato twnsuntelest¸n) den perilamb�nei kanènan par�gonta uywmèno se dÔnamh. K�je par�gwn uywmèno sedÔnamh k > 1 sto p(x) emfan�zetai sthn dÔnamh k−1 sthn par�gwgo p′(x). Gia k�je p(x), to polu¸numo
p(x)/ gcd(p(x), p′(x)) e�nai qwr� tetr�gwna kai me to �dio sÔnolo riz¸n ìpw to p(x).'Estw mia akolouj�a tim¸n (t1, . . . , tk). Or�zoume w to pl jo metabol¸n pros mou to pl jo meta-bol¸n sthn akolouj�a mh-mhdenik¸n pros mwn. P.q. pl jo metabol¸n th [−,+,+,−] = 2, pl jometabol¸n th [+, 0,+,−] = 1.'Askhsh 5.1.5 De�xte me antipar�deigma pw den isqÔei p�nta to ant�strofo sto Je¸rhma Mèshtim .



5.2. AKOLOUJ�IES STURM 435.2 Akolouj�e Sturm'Estw a ∈ R∪{−∞,+∞} kai mia akolouj�a poluwnÔmwn (p1, . . . , pk). Or�zoume w to pl jo metabo-l¸n pros mou th akolouj�a sto shme�o a, kai to sumbol�zoume V (a), to pl jo metabol¸n pros mousthn akolouj�a twn tim¸n [p1(a), . . . , pk(a)], ìpou p(±∞) = limx→±∞ p(x).Sthn sunèqeia melet�me akolouj�e poluwnÔmwn p�nw se pragmatik� diast mata.Orismì 5.2.1 Mia akolouj�a Sturm enì poluwnÔmou p ∈ K[x] sto [a, b] ⊂ K ∪ {−∞,+∞}, ìpou
K kleistì pragmatikì, e�nai mia akolouj�a (p1, p2, . . . , pk) me p1 = p e�n:1. p(a)p(b) 6= 0,2. ∀c ∈ [a, b], pk(c) 6= 0,3. ∀c ∈ [a, b] : pj(c) = 0⇒ pj−1(c)pj+1(c) < 0,4. ∀c ∈ [a, b] : p1(c) = 0 ⇒ up�rqoun diast mata [c1, c), (c, c2 ] tètoia ¸ste: u1 ∈ [c1, c) ⇒

p1(u1)p2(u1) < 0 kai u2 ∈ (c, c2]⇒ p1(u2)p2(u2) > 0.H pr¸th sunj kh den e�nai idia�tera shmantik  kai me l�gh prosoq  anaire�tai. H deÔterh kai h 4hperigr�foun thn sumperifor� th akolouj�a sthn arq  kai to tèlo th. H 3h sunj kh perigr�feithn sumperifor� twn endi�meswn poluwnÔmwn kai, efarmosmènh gia j = 2, shma�nei pw den up�rqounkoinè r�ze twn p = p1, p2 sto [a, b].To epìmeno je¸rhma de�qnei pw o parap�nw orismì den e�nai kenì, dhl. up�rqei toul�qiston miaakolouj�a Sturm. To je¸rhma or�zei ètsi thn apl  / kanonik  akolouj�a Sturm.Je¸rhma 5.2.2 ('Uparxh akolouj�a Sturm) 'Estw mia akolouj�a (p1, p2, . . . , pk) me p1 = p ∈ K[x]èna polu¸numo qwr� tetr�gwna kai K kleistì pragmatikì, p2 = p′ (par�gwgo) kai
pi = −(pi−2 mod pi−1), i = 3, . . . , k,ìpou k o el�qisto akèraio gia ton opo�o pk−1 mod pk = 0. H akolouj�a (pi) e�nai akolouj�a Sturm sedi�sthma [a, b] ìpou p(a)p(b) 6= 0 kai kale�tai apl  / kanonik  akolouj�a Sturm.Apìdeixh. (1) Kat' epilog  ta a, b den e�nai r�ze tou p.(2) MKD(p, p′) = mh mhdenik  stajer� diìti to p den èqei tetr�gwna. To pk e�nai pollapl�sio touMKD(p, p′) ep� mia mh mhdenik  stajer� �ra pk = stajer�.(3) ∃qi ∈ K[x] : pi−1 = piqi − pi+1 ⇒ pi−1(c) = 0 − pi+1(c). E�n pi−1(c) = 0   pi+1(c) = 0 tìte

∀j > i− 2, pj(c) = 0: �topo gia j = k.(4) Gia c tètoio ¸ste p(c) = 0 èqoume p′(c) 6= 0 (diìti p qwr� tetr�gwna) �ra up�rqei di�sthma (c1, c2)pou perièqei to c ìpou to p′ èqei stajerì prìshmo en¸ to p all�zei prìshmo sto c, dedomènou ìtiprìkeitai gia apl  r�za. To sq ma 5.1 de�qnei thn per�ptwsh ìpou p′(c) > 0 kai p(u1) < 0 < p(u2).Ant�stoiqo skeptikì isqÔei ìtan p′(c) < 0, opìte ja e�qame p(u1) > 0 > p(u2). OEDPìrisma 5.2.3 K�je akolouj�a (pi) = (p, p′, . . . ) ìpou aipi = bipi−2+pi−1qi+1 gia ai, bi ∈ K, aibi <
0, ìpou to p(x) ∈ K[x] e�nai qwr� tetr�gwna kai to K kleistì pragmatikì, e�nai akolouj�a Sturm sto
[a, b] ìpou p(a)p(b) 6= 0.
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cp(x)

p’(x)

Sq ma 5.1: Mia per�ptwsh sumperifor� twn p, p′.Apìdeixh. 'Opw parap�nw: �skhsh. OEDL mma 5.2.4 M�a akolouj�a pros mwn (σ, τ,−σ) èqei m�a allag  pros mou gia k�je σ, τ ∈ {+,−}.E�maste t¸ra ètoimoi na diatup¸soume to basikì je¸rhma th enìthta, pou ja ma epitrèyei na metr�meti diaforetikè pragmatikè r�ze enì poluwnÔmou se èna di�sthma, qwr� ìmw na upolog�zoume tipollaplìthtè tou.Je¸rhma 5.2.5 (Sturm) 'Estw mia akolouj�a Sturm (pi) = (p1, . . . , pk) sto [a, b] ⊂ K∪{−∞,+∞},ìpou p = p1 ∈ K[x] kai K kleistì pragmatikì. 'Estw V (c) to pl jo metabol¸n pros mou th (pi(c)),gia c ∈ K ∪ {−∞,+∞}, ìpou w tim  poluwnÔmou sto ±∞ eklamb�netai to ìriì tou. Tìte to pl jotwn diaforetik¸n pragmatik¸n riz¸n tou p1(x) sto [a, b] isoÔtai me V (a)− V (b).Apìdeixh. 'Estw a1 < · · · < am oi r�ze ∈ (a, b) 'OLWN twn poluwnÔmwn sthn (pi). Ja apode�xoumeepagwgik� pw V (a)−V (ci) = pl jo pragmatik¸n riz¸n sto (a, ci) gia tuqa�o ci ∈ (ai, ai+1) se k�je
i = 0, . . . ,m, ìpou a0 = a, am+1 = b.H b�sh th epagwg  gia c0 ∈ (a0, a1): den up�rqei kam�a r�za �ra, apì to je¸rhma mèsh tim  tou
Bolzano, den up�rqei kam�a allag  pros mou, dhl. V (a)−V (c0) = 0. Akìmh ki an ∃i ∈ (1, k) : pi(a) =
0, h isìthta isqÔei diìti pi−1(a)pi+1(a) < 0. Epomènw oi akolouj�e pros mou e�nai [· · · , σ, 0,−σ, · · · ]kai [· · · , σ, τ,−σ, · · · ], dhl. èqoun ki oi dÔo m�a metabol  pros mou, gia σ, τ ∈ {+,−}.Epagwgikì b ma: Upojètonta V (a)− V (ci) =pl jo riz¸n ∈ (a, ci) ja to apode�xoume gia ci+1 ìpou
ci < ai+1 < ci+1 < ai+2. Diakr�noume 2 peript¸sei an�loga me to an p(ai+1) 6= 0   p(ai+1) = 0.1. AfoÔ p(ai+1) 6= 0, tìte pj(ai+1) = 0, j ∈ (1, k). Q�rin th idiìthta (3) twn akolouji¸n Sturm,

pj+1(ai+1)pj−1(ai+1) < 0, sunep¸ èqoume ti akolouj�e pros mwn
[pj−1(ci), pj(ci), pj+1(ci)] = [σ, τ0,−σ],

[pj−1(ai+1), pj(ai+1), pj+1(ai+1)] = [σ, 0,−σ],

[pj−1(ci+1), pj(ci+1), pj+1(ci+1)] = [σ, τ1,−σ],gia σ, τ0, τ1 ∈ {+,−}. SÔmfwna me to l mma 5.2.4, up�rqei mia allag  pros mou se kajemi� apìti 3 akolouj�e. 'Ara, an mìno to pj mhden�zetai sto ci, èqoume V (ci+1) = V (ci). An up�rqei ki�llo polu¸numo pou mhden�zetai sto ai+1 to �dio epiqe�rhma de�qnei pw telik� V (ci+1) = V (ci).2. p(ai+1) = 0⇒ q�rin th idiìthta (4) twn akolouji¸n Sturm ta p1, p2 èqoun diaforetikì prìshmosto ci kai �dio sto ci+1. 'Eqoume p2(ai+1) 6= 0, �ra to p2 den all�zei prìshmo sto anoiqtì di�sthma
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(ci, ci+1), lìgw Bolzano. Apì thn sunj kh (4), oi akolouj�e pros mwn twn (p, p2, . . . ) sta cikai ci+1 e�nai, ant�stoiqa:

[−σ, σ, s], [σ, σ, s′],ìpou σ ∈ {+,−} kai s, s′ upakolouj�e pros mwn tètoie ¸ste V (σ, s) = V (σ, s′), ìpw apo-de�xame gia thn 1h per�ptwsh parap�nw. Shmei¸ste pw an pj(ai+1) = 0 gia j > 2 tìte s 6= s′,ìpw sthn 1h per�ptwsh: ìmw kai p�li V (σ, s) = V (σ, s′). Sunep¸, V (ci+1) = V (ci)− 1.OEDH apìdeixh tou epagwgikoÔ b mato aplopoie�tai gia aplè akolouj�e diìti gia k�je i < j < k,up�rqoun s(x), t(x): pk(x) = s(x)pi(x) + t(x)pj(x), ìpw ston Eukle�deio algìrijmo tou MKD (toopo�o af netai san �skhsh ston anagn¸sth). 'Ara pi(a) = pj(a) = 0 ⇒ pk(a) = 0, to opo�o e�nai�topo. 'Ara den up�rqoun dÔo polu¸numa pou mhden�zontai sto a.Je¸rhma 5.2.6 To je¸rhma 5.2.5 isqÔei gia thn akolouj�a (p, p′, p3, . . . , pk) ìpou pi = −(pi−2 mod
pi−1), i ≥ 3, pk = gcd(p, p′) kai to p(x) mpore� na èqei pollaplè r�ze sto di�sthma [a, b], ìpou
p(a)p(b) 6= 0.Apìdeixh. 'Askhsh. OEDTo parak�tw je¸rhma e�nai istorik� progenèstero, kajìti oi Budan, Fourier den qrhsimopoioÔsanakolouj�e upolo�pwn, all� parag¸gwn.Je¸rhma 5.2.7 (Budan-Fourier) 'Estw h akolouj�a (p = p0, p1, . . . , pd), me p ∈ K[x], to opo�odÔnatai na èqei pollaplè r�ze, ìpou pi = p(i) h i-ost  par�gwgo kai di�sthma [a, b] t.¸. p(a)p(b) 6= 0.Apode�xte pw V (a) − V (b) isoÔtai me to �jroisma tou pl jou twn diaforetik¸n pragmatik¸n riz¸ntou p(x) sto [a, b] sun k�poion �rtio fusikì arijmì.Apìdeixh. AkoloujoÔme thn apìdeixh tou jewr mato tou Sturm. Parathre�ste pw h akolouj�aikanopoie� ti sunj ke (1) kai (2) mia akolouj�a Sturm.ApodeiknÔoume pw isqÔei h sunj kh (4): profanè an to p e�nai qwr� tetr�gwna. Alli¸, an hpollaplìthta th p(c) = 0 e�nai perittì, tìte p′(c) = 0 me pollaplìthta �sh me �rtio arijmì kai taprìshma prin kai met� to c e�nai

[−,+], [+,+]   [+,−], [−,−].An h pollaplìthta e�nai �rtio, tìte h pollaplìthta th p′(c) = 0 e�nai perittì kai ta prìshmag�nontai
[−,−], [+,−]   [+,+], [−,+].Opìte h (4) isqÔei se ìle ti peript¸sei.Epikentr¸noume thn prosoq  ma sthn sunj kh (3) kai se mia r�za c k�poiou poluwnÔmou sthn ako-louj�a. H sunj kh (3) ikanopoie�tai an h pj(c) = 0 e�nai apl , opìte to pl jo allag¸n pros mou denall�zei.An h pollaplìthta th pj(c) = 0 isoÔtai me perittì > 1, tìte h pollaplìthta th pj+1(c) = p′j(c) = 0e�nai �rtio, �ra to pj+1 den all�zei prìshmo sto c kai, epiplèon, èqei diaforetikì prìshmo apì to

pj prin to c. To pj all�zei apì arnhtikì se jetikì   apì jetikì se arnhtikì sto c, opìte to pj−1parousi�zei el�qisto sto c  , ant�stoiqa, parousi�zei mègisto. Ta prìshma twn 3 poluwnÔmwn prin kaimet� to c e�nai
[−τ, τ,−τ ], [−τ,−τ,−τ ], τ ∈ {+,−}.



46 KEF�ALAIO 5. EP�ILUSH STOUS PRAGMATIKO�USopìte oi allagè pros mwn aux�nontai kat� 2. Autì odhge� to V (a)−V (b) sto na uperba�nei to pl jopragmatik¸n riz¸n kat� ènan �rtio fusikì arijmì.Ant�stoiqh an�lush an h pollaplìthta e�nai �rtio. H olokl rwsh th apìdeixh af netai w �skhsh.OEDJe¸rhma 5.2.8 (Milne) jewr ste mia akolouj�a Sturm enì poluwnÔmou p(x). Apode�xte pw1. V (∞) + V (−∞) = l − 1, ìpou l to m ko th akolouj�a,2. an prìkeitai gia apl  akolouj�a m kou d+1, ìpou d = deg p, tìte to V (∞) isoÔtai me to pl jotwn zeug¸n migadik¸n riz¸n tou p.Par�deigma 5.2.9 'Estw p = p1 = x2 + x + 1, p2 = 2x + 1, p3 = −3/4 mia apl  akolouj�a Sturm.Oi akolouj�e pros mwn sto ±∞ e�nai [+,−,−], [+,+,−]. To je¸rhma Sturm dhl¸nei pw up�rqoun
1 − 1 = 0 pragmatikè r�ze. To apotèlesma tou Milne isqÔei giat� 1 + 1 = 2 = l − 1, ìpou l = 3 tom ko th akolouj�a, en¸ up�rqei ìntw èna zeÔgo migadik¸n riz¸n. 2Stìqo e�nai h apomìnwsh ìlwn twn riz¸n dhl. o upologismì rht¸n diasthm�twn pou kajèna perièqeimia monadik  r�za. Perior�zoume to di�sthma ìpou br�skontai oi (pragmatikè) r�ze tou p(x) qrhsimo-poi¸nta to je¸rhma 5.2.10 kai to pìrism� tou. To je¸rhma afor� se ìle ti r�ze, akìmh ki an autèe�nai migadikè.Je¸rhma 5.2.10 K�je r�za α tou p(x) = xn + · · · + c0, pou e�nai monikì (dhl. me monadia�o megi-stob�jmio suntelest  cn = 1), fr�ssetai w ex :

[Cauchy 1829] : |α| < 1 + max
0≤i<n

{|ci|} , |α| ≤ max
0≤i<n

{

|nci|
1

n−i

}

,

[Zassenhaus] : |α| ≤ 2 max
0≤i<n

{

|ci|
1

n−i

}

,

[Yap00, lect.VI] : |α| ≤ 1
n
√

2− 1
max
0≤i<n

{∣

∣

∣

∣

∣

n−i
√

ci
( n
n−i

)

∣

∣

∣

∣

∣

}

,

[Landau] : |α| ≤
(

c2
0 + · · ·+ c2

n−1

)1/2
.Apìdeixh. To 1o fr�gma Cauchy jètei w �nw fr�gma to 1+ ‖(|c0|, . . . , |cn−1|)‖∞, ìpou o 2o ìroe�nai to mètro tou dianÔsmato (c0, . . . , cn−1) sth metrik  L∞. An |α| ≤ 1, isqÔei tetrimmèna. Alli¸èqoume

|α|n = | − cn−1α
n−1 − · · · − c0| ≤ max{|ci|}(|α|n−1 + · · ·+ 1) = max{|ci|}

|α|n − 1

|α| − 1
<

max{|ci|}|α|n
|α| − 1

,pou d�nei to fr�gma. Oi upìloipe apode�xei af nontai w �skhsh. Parathr ste pw to fr�gma
Landau e�nai ‖(c0, . . . , cn−1)‖2, dhl. to Eukle�deio mètro tou dianÔsmato (c0, . . . , cn−1). OED'Otan jewroÔme mìno ti jetikè r�ze, mia belt�wsh tou 2ou fr�gmato tou Cauchy up�rqei sto
[Kioustelidis], bl. [Tsi06]:

α ≤ 2 max
0≤i<n,ci<0

{

|ci|
1

n−i

}

,



5.2. AKOLOUJ�IES STURM 47ìpou to mègisto lamb�netai apì ìlou tou arnhtikoÔ suntelestè. Epiplèon fr�gmata up�rqounsthn bibliograf�a, bl. p.q. [Tsi06, Zip93].Or�zoume to an�strofo polu¸numo q(x) = xnp(1/x) kai exet�zoume ti mh-mhdenikè r�ze. 'Estw an¸-tero fr�gma ϕ sth mègisth r�za tou q(x), thn opo�a sumbol�zoume me α, dhl. q(α) = 0 = αnp(1/α)⇒
1/ϕ apotele� kat¸tero fr�gma sthn el�qisth r�za (= 1/α) tou p(x).Pìrisma 5.2.11

|α| > |c0|
1 + max1≤i≤n{|ci|}

, |α| ≥ 1/max1≤i≤n

{

∣

∣

∣

nci

c0

∣

∣

∣

1

n−i

}

,

|α| ≥ 1

2
max
1≤i≤n

{

∣

∣

∣

∣

ci

c0

∣

∣

∣

∣

1

n−i

}

, |α| ≥ |c0|/
(

c2
1 + · · ·+ c2

n

)1/2
.Af netai san �skhsh h {anastrof } tou fr�gmato tou Yap.Par�deigma 5.2.12 D�netai p = x3 + 2x − 3 = (x − 1)(x + 1/2 + i

√

11/2)(x + 1/2 − i
√

11/2).Akolouj�a Sturm:
p1 = p, p2 = p′ = 3x2 + 2, p3 = −(p1 mod p2) = −(4/3)x + 3, p4 = −(p2 mod p3) = −275/16.An¸tata ìria sti pragmatikè r�ze: Cauchy: 1+max {2, 3} = 4, max {61/2, 91/3} = max {2.45, 2.0801} =

2.45 (pou e�nai kai to kalÔtero �nw fr�gma), Zassenhaus: 2 ·max {1.414, 1.4423} = 2.8845.An¸tata ìria sti r�ze tou q(x) = x3p(1/x): Cauchy: 1 + max {1/3, 2/3} = 5/3,max {1, 2} = 2.
Zassenhaus: 2max {0.69, 2/3} = 1.3867. Epomènw to kalÔtero kat¸tero ìrio pou sun�getai e�nai
1/1.3867 = 0.7211.Af netai san �skhsh h qr sh twn fragm�twn twn Yap, Landau. ProkÔptei loipìn o parak�tw p�naka,ìpou met� to arqikì di�sthma (0, 3) epelèghsan ta shme�a 3/2, 3/4, 9/8 me aut  th seir�. 2

a = 0 3/4 1 9/8 3/2 3
p1(a) − − 0 + + +
p2(a) + + + + + +
p3(a) + + + + + −
p4(a) − − − − − −
V (a) = 2 2 1 1 1 1L mma 5.2.13 Gia thn el�qisth apìstash s (separation) opoioud pote zeÔgou (migadik¸n) riz¸nisqÔei − log s = O(dC).'Askhsh 5.2.14 Apode�xte to l mma 5.2.13 pw − log s = O(dC).KalÔtera, h parak�tw prìtash fr�ssei to ginìmeno twn apost�sewn metaxÔ riz¸n qrhsimopoi¸ntato mètro Mahler tou p(x):

M := |cd|
d
∏

i=1

max{1, |γi|},ìpou γi ìle oi migadikè r�ze tou p(x). 'Eqei apodeiqje� pw M2 ≤ c2
0 + · · · + c2

d ≤ 22C(d + 1)
[Landau’05], [Yap00, lect.IV].



48 KEF�ALAIO 5. EP�ILUSH STOUS PRAGMATIKO�USPrìtash 5.2.15 [Davenport’85-88, Mahler’64, Mignotte’95, Johnson’98] 'Estw polu¸numo p(x) ∈
Z[x], pijan¸ me pollaplè r�ze. JewroÔme dÔo sÔnola riz¸n tou {a1, . . . , ak}, {b1, . . . , bk} ⊂ C. An
|ai| > |ai+1|, |bi| > |bi+1|, |ai| > |bi| kai M to mètro Mahler tou p(x), tìte

k
∏

i=1

|ai − bi| ≥M1−dd−d/2(

√
3

d
)k.Kaj¸ M = O(Cd+1), to parap�nw ginìmeno Π fr�ssetai w ex : − lg Π = O(d2C +d log d). H mèshapìstash riz¸n ja  tan pio qr simh, all� apotele� èna sÔgqrono er¸thma anex�rthtou endiafèronto

[EGT10].Exet�zoume t¸ra thn poluplokìthta tou algìrijmou upodia�resh (subdivision) me b�sh ti akolouj�e
Sturm, me skopì thn apomìnwsh ìlwn twn riz¸n, ìpou C to mègisto duadikì m ko suntelest¸ntou p(x) kai me O∗(·) de�qnoume pw agnooÔme polu-logarijmikoÔ par�gonte w pro ti paroÔseposìthte.H pr¸th an�lush tou Heindel’71  tan O(d7C3), en¸ ègine O∗

B(d6C3) sto [BCL82]. H epit�qun-sh ston upologismì mia akolouj�a Sturm (prìtash 5.2.16) od ghse thn qronik  poluplokìthtasto O∗
B(d5C2), en¸ h qwrik  poluplokìthta mei¸jhke se O(d3C) sto [RZ01]. Me qr sh th prì-tash 5.2.15, ja de�xoume pw h duadik  poluplokìthta g�netai O∗

B(d4C2) [DSY05]. Sto [EMT08]enopoi jhke h apìdeixh me aut  gia th mèjodo Descartes kai apode�qjhke pw ston �dio qrìno upolo-g�zontai kai oi pollaplìthte.O algìrijmo, ant� na upolog�zei mia akolouj�a Sturm gia thn efarmog  tou jewr mato Sturm, dÔ-natai na upolog�sei mìno thn akolouj�a phl�kwn pou antistoiqoÔn se mia akolouj�a upolo�pwn (meantestrammèna prìshma). H akolouj�a phl�kwn upolog�zetai ep�sh kai apì thn akolouj�a twn upolo�-pwn. H bèltisth poluplokìthta epitugq�netai s mera me thn akolouj�a upolo�pwn Sturm-Habicht, hopo�a e�nai oikonomik  kai kat�llhlh gia ti pr�xei apot�mhsh pou qrei�zontai. H akolouj�a Sturm-
Habicht e�nai ousiastik� isodÔnamh me thn akolouj�a upo-apaloifous¸n pou exet�same sto kef�laio 4gia ton apotelesmatikì upologismì th eukle�deia akolouj�a.Prìtash 5.2.16 'Estw polu¸numo p(x) bajmoÔ d me suntelestè m kou C, to opo�o dÔnatai naèqei pollaplè r�ze. O upologismì th akolouj�a Sturm-Habicht tou p (kai p′) g�netai se O∗

B(d3C)kai par�gei polu¸numa me suntelestè m kou O(dC) [Lombardi, Roy, Safey El Din], [Reischert].O upologismì th akolouj�a phl�kwn Sturm-Habicht dÔo poluwnÔmwn bajmoÔ ≤ d, me suntelestèm kou C, èqei poluplokìthta O∗
B(d2C) kai par�gei polu¸numa me suntelestè m kou O(d2C) [Du-

Sharma-Yap]. Me dedomènh thn akolouj�a phl�kwn, h apot�mhsh th akolouj�a Sturm-Habicht serhtì m kou O(σ) kost�zei O∗
B(d2(C + σ)) [Lickteig-Roy, Reischert].O genikì algìrijmo upodia�resh e�nai o ex :'Estw S to sÔnolo twn I ta opo�a èqoun akrib¸ dÔo fÔlla, dhl. gia ta opo�a to pl jo metabol¸npros mwn e�nai 2 en¸ gia kajèna apì ta IL, IR e�nai 1. To pl jo |S| < d.L mma 5.2.17 To pl jo upodiairèsewn e�nai O∗(dC).Apìdeixh. ParathroÔme pw gia k�je di�sthma I sto sÔnolo S, up�rqoun pragmatikè r�ze a, b t.¸.

|a−b| ≤ |I|. QrhsimopoioÔme to fr�gma Davenport-Mahler-Mignotte ìpou fr�ssoume to mètro Mahler

M = O(2C
√

d). OED
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Algorithm 2 Upodia�resh gia thn apomìnwsh riz¸n me akolouj�e Sturm1: Or�zetai èna arqikì di�sthma I0 pou perièqei ìle ti pragmatikè r�ze apì èna �nw fr�gma, p.q.tou Cauchy, �ra ta �kra tou èqoun apìluth tim  ≤ 2C . Arqikopo�hse èna sÔnolo diasthm�twn
{I0}.2: Upolog�zetai h akolouj�a Sturm-Habicht   h ant�stoiqh akolouj�a phl�kwn se O∗

B(d3C)  
O∗

B(d2C). Oi suntelestè amfìterwn akolouji¸n èqoun m ko O(dC).3: Efìson to sÔnolo diasthm�twn den e�nai kenì, afa�rese k�poio di�sthma I kai ef�rmose to je¸rhma
Sturm. An to I br�sketai se b�jo h sto dèndro upodiairèsewn, tìte ta �kra tou I èqoun m ko
C + h. To kìsto upologismoÔ twn pros mwn th akolouj�a Sturm e�nai O∗

B(d2(C + h)) apì thnparap�nw prìtash.� An to pl jo riz¸n e�nai 0, sunèqise.� An to pl jo riz¸n e�nai 1, tÔpwse sthn èxodo I.� An to pl jo riz¸n e�nai > 1, upolìgise to mèso tou I se OB(C + h), ìrise nèa diast mata
IL, IR, prìsjesè ta sto sÔnolo diasthm�twn kai sunèqise.To b�jo h fr�ssetai apì to pl jo upodiairèsewn, �ra e�nai O∗(dC). Sunep¸ to b ma (3) toualgor�jmou èqei kìsto O∗(d3C).To telikì sumpèrasma e�nai pw h duadik  poluplokìthta e�nai O∗

B(d4C2) [Du-Sharma-Yap’05].Sth sunèqeia proqwr�me se genikeÔsei th jewr�a Sturm.Je¸rhma 5.2.18 [Tarski] 'Estw p, q ∈ K[x] pr¸ta metaxÔ tou, p qwr� tetr�gwna kai a < b pouden e�nai r�ze tou p. Tìte gia k�je akolouj�a Sturm (p, p′q, . . . ), V (a)− V (b) =

=
∑

p(ρ)=0,a<ρ<b

prìshmo (q(ρ)) = #{a < ρ < b : p(ρ) = 0, q(ρ) > 0}−#{a < ρ < b : p(ρ) = 0, q(ρ) < 0}.H apl  akolouj�a gia deg q > 1 e�nai (p, p′q,−p, . . . ).'Askhsh 5.2.19 Gia p, q ∈ K[x] qwr� tetr�gwna, p(a)p(b) 6= 0 kai thn apl  akolouj�a Sturm
(p, q, . . . ),

V (a)− V (b) =
∑

p(ρ)=0, a<ρ<b

prìshmo [ p′(ρ) q(ρ) ]..'Ena shmantikì prìblhma e�nai o upologismì pros mou poll¸n poluwnÔmwn (twn mel¸n th ako-louj�a) se èna shme�o. O trìpo upologismoÔ th akolouj�a mpore� na fane� qr simo. An, giapar�deigma, ta polu¸numa ikanopoioÔn aipi = bipi+2 + pi+1qi+1 gia aibi < 0 tìte, me dedomène ti ti-mè twn pi+2, pi+1 arke� na upolog�soume thn tim  tou qi+1 gia na broÔme thn tim  tou pi. O upologismìtwn pros mwn mpore� na g�nei kai sÔmfwna me tou Ben-Or,Kozen,Reif.Oi Ben-Or, Kozen, Reif melèthsan thn genikeumènh èkdosh tou jewr mato tou Tarski gia q1, . . . , qkkai prìteinan apotelesmatikoÔ trìpou gia ton upologismì tou pl jou ∑k
i=1 #{ρ ∈ (a, b) : p(ρ) =

0, qi(ρ) ⊗i 0}, ìpou k�je ⊗i ∈ {<,>} kai ta k diaforetik� ⊗i e�nai anex�rthta metaxÔ tou. Hpar�llhlh poluplokìthta tou algor�jmou twn Ben-Or, Kozen, Reif e�nai poluwnumik  w pro ta
log d, log k, ìpou d = deg p. H seiriak  poluplokìthta e�nai d3k an exairèsoume tou 3d upologismoÔpros mou poluwnÔmou. O Canny me�wse tou apaitoÔmenou upologismoÔ pros mou se dlog d.



50 KEF�ALAIO 5. EP�ILUSH STOUS PRAGMATIKO�US'Askhsh 5.2.20 Apode�xte to je¸rhma 5.2.8.'Askhsh 5.2.21 Gia k�je fr�gma parap�nw, bre�te èna polu¸numo gia to opo�o to fr�gma autì e�naikalÔtero apì ta upìloipa.'Askhsh 5.2.22 'Estw polu¸numo f = x3 − 13x + 12. D�netai h tautìthta f ′(x = 18/13) =
−1225/169. Upolog�ste mia akolouj�a Sturm kai apomon¸ste ti r�ze.'Askhsh 5.2.23 Apode�xte me epagwg  ston bajmì to je¸rhma 5.2.7.'Askhsh 5.2.24 Poia h sqèsh th apl  akolouj�a Sturm me thn akolouj�a upolo�pwn ston Eu-kle�deio algìrijmo?'Askhsh 5.2.25 H ènnoia th akolouj�a Sturm genikeÔetai me to na anairèsoume thn pro�pìjesh(1) tou orismoÔ 5.2.1. Tìte ta diast mata sthn pro�pìjesh (4) prèpei na an koun sto di�sthma [a, b],dhl. h pro�pìjesh (4) aplopoie�tai sthn per�ptwsh pou c = a   c = b. Apode�xte pw to je¸rhma 5.2.5isqÔei.5.3 Kanìna DescartesH mèjodo tou Descartes odhge� se ènan apì tou taqÔterou algìrijmou apomìnwsh pragmati-k¸n riz¸n, bl. [Akr89, chap.7]. Ma endiafèroun diatetagmèna s¸mata, sun jw Arqim deia, dhl. seantistoiq�a me tou fusikoÔ, p.q. R, Q.Orismì 5.3.1 'Ena diatetagmèno s¸ma kale�tai Arqim deio ìtan gia k�je stoiqe�o tou a up�rqeifusikì n = 1 + · · ·+ 1 tètoio ¸ste n > a.P.q. ta R, Q e�nai Arqim deia, en¸ ta R(ǫ), Q(ǫ) den e�nai Arqim deia diìti to 1/ǫ den fr�ssetai apìkanèna n ∈ N.L mma 5.3.2 To ginìmeno poluwnÔmwn me akolouj�a suntelest¸n qwr� metabolè pros mou e�naipolu¸numo me akolouj�a suntelest¸n qwr� metabol  pros mou.Apìdeixh. EÔkola anagìmaste sthn per�ptwsh ìpou ìloi oi dedomènoi suntelestè e�nai jetiko�. Kaitìte to l mma e�nai profanè. OED'Askhsh 5.3.3 [Budan] 'Estw p ∈ R[x], a < b ∈ R, pa(x) = p(x + a), pb(x) = p(x + b). Sumbol�-zoume me Va, Vb to pl jo enallag¸n pros mwn twn suntelest¸n twn pa, pb ant�stoiqa. Tìte Va ≥ Vb,kai h diafor� Va − Vb uperba�nei to pl jo riz¸n c ∈ (a, b) : p(c) = 0 kat� ènan �rtio.Je¸rhma 5.3.4 (Descartes) 'Estw polu¸numo p(x) ∈ K[x], ìqi apara�thta qwr� tetr�gwna, ìpouto K e�nai Arqim deio s¸ma. To pl jo metabol¸n pros mou stou suntelestè tou p(x) uperba�nei topl jo twn jetik¸n pragmatik¸n tou riz¸n (metr¸nta ti pollaplìthte) kat� ènan �rtio mh-arnhtikìakèraio.



5.3. KAN�ONAS DESCARTES 51Apìdeixh. Apì to je¸rhma tou Sturm   to l mma Budan. Upìdeixh gia epagwgik  apìdeixh wpro ton bajmì tou poluwnÔmou. Gia thn epagwgik  b�sh, stajerì polu¸numo (mhdenikoÔ bajmoÔ)èqei V = 0 enallagè pros mou stou suntelestè tou.Gia to epagwgikì b ma diakr�noume 3 peript¸sei:� To p(x) = (x2 + a2)q(x) èqei suntelestè id�ou pros mou ìpw sto q(x) ektì e�n k�poiomhdenikì   k�poio arnhtikì suntelest  g�nei jetikì. Kai sti duo peript¸sei, to V e�teparamènei stajerì e�te aux�netai kat� 2.� p(x) = (x + a)q(x), a > 0, ìpw parap�nw.� de�xte pw to pl jo metabol¸n pros mou suntelest¸n sto p = (x − a)q(x), ìpou a jetikìpragmatikì, isoÔtai me to �jroisma tou pl jou metabol¸n pros mou suntelest¸n sto q(x)sun ènan perittì. OED'Askhsh 5.3.5 Apode�xte to je¸rhma Descartes apì to je¸rhma 5.2.7 twn Budan-Fourier.Je¸rhma 5.3.6 (a) An to pl jo metabol¸n pros mou e�nai 0   1, tìte d�nei akrib¸ to pl jo twnjetik¸n riz¸n.(b) An ìle oi r�ze èqoun arnhtikì pragmatikì mèro, tìte ìloi oi suntelestè e�nai jetiko� kai topl jo metabol¸n pros mou e�nai 0.Apìdeixh. To (a) e�nai profanè. Gia to (b) de [Akr89, Lem.7.3.6]; mia apìdeixh qrhsimopoie� tol mma 5.3.2. OED'Askhsh 5.3.7 Bre�te polu¸numo ìpou ìloi oi suntelestè e�nai jetiko� kai up�rqei r�za me jetikìpragmatikì mèro. Ed¸ to pl jo metabol¸n pros mou ja e�nai 1.Pìrisma 5.3.8 [Yap00, lect.VII] An ìle oi r�ze poluwnÔmou e�nai mh-mhdenikè kai pragmatikè,tìte to pl jo metabol¸n pros mou stou suntelestè tou isoÔtai akrib¸ me to pl jo twn jetik¸nriz¸n.Apìdeixh. Upìdeixh: to pl jo metabol¸n pros mou stou suntelestè tou p(x) sun to pl jogia to p(−x) isoÔtai me deg p. OEDPar�deigma 5.3.9 Exet�zoume to par�deigma 5.2.9. Sto p(x) = x2 + x + 1, ìloi oi suntelestèe�nai jetiko� �ra den up�rqei enallag  pros mou �ra oÔte kai jetik  r�za. Sto p(−x) = x2 − x + 1h akolouj�a pros mwn suntelest¸n e�nai [+,−,+] �ra 0   2 arnhtikè r�ze. Gia na apode�xoume pwden up�rqoun pragmatikè r�ze ja qreiaste� upodia�resh tou diast mato (−∞, 0).Exet�zoume to par�deigma 5.2.12 me p = x3 + 2x − 3 = (x − 1)(x2 + x + 3). Ta prìshma [+, 0,+,−]èqoun mia enallag  �ra up�rqei m�a jetik  r�za. Sto p(x) ta prìshma [−, 0,−,−] dhl¸noun orj� pwden up�rqei arnhtik  r�za, kaj¸ up�rqoun 2 migadikè r�ze: −1/2±
√

−11/2. 2



52 KEF�ALAIO 5. EP�ILUSH STOUS PRAGMATIKO�USPar�deigma 5.3.10 'Estw p(x) = x3−x2−x+1 = (x− 1)2(x+1). Ta prìshma [+,−,−,+] upo-deiknÔoun 0   2 jetikè r�ze kai to jèma mpore� na dieleukanje� me upodia�resh tou (0,∞). Sto p(−x),ta prìshma [−,−,+,+] upodeiknÔoun akrib¸ m�a arnhtik  r�za. Gia ti jetikè r�ze, efarmìzoumeton algìrijmo me M = 3.� Upolog�zoume to f(x) = p(3x) = 27x3 − 9x2 − 3x + 1 me r�ze sto (0, 1).� Gia na ti metr soume, upolog�zoume to f∗(x) = x3 − 2x + 16 me 2 enallagè pros mou. Kaj¸
f(1/2) 6= 0 ekteloÔme ti parak�tw 2 anadromè.

2Parathr ste pw, parìlo pou to Je¸rhma Descartes sunajro�zei ti pollaplìthte twn riz¸n, ènaalgìrijmo upodia�resh gia thn apomìnws  tou den mpore� na diakr�nei mia dipl  apì 2 aplè r�ze.Sunep¸, sthn ep�lush ex�swsh me qr sh tou kanìna Descartes, ja upojèsoume pw up�rqoun mìnoaplè r�ze.L mma 5.3.11 'Estw f(x) ∈ Z[x]. O metasqhmatismì
f ′(y) = f(y + 1)metatrèpei ti r�ze tou f(x) se k�poio di�sthma (a, b) se r�ze tou f ′(y) sto di�sthma (a− 1, b− 1). Ometasqhmatismì

f∗(y) = (y + 1)df [1/(y + 1)]metatrèpei ti r�ze tou f(x) sto di�sthma (0, 1), se r�ze tou f∗(y) ∈ Z[x] sto di�sthma (0,∞). Oimetasqhmatismo�
f(y) = f(My), M > 1 kai f(y) = m−df(my), 0 < m < 1antistoiqoÔn se k�je jetik  r�za tou f(x) akrib¸ mia r�za tou f(y) sto (0, 1).Apìdeixh. O upologismì tou f∗(x) mpore� isodÔnama na g�nei se dÔo st�dia, mèsw twn metasqh-matism¸n g(y) = ydf(1/y) kai f∗(z) = g(z + 1). Gia to pr¸to st�dio jètoume x = 1/y dhl. oi r�ze

x ∈ (0, 1) tou f(x) antistoiqoÔn akrib¸ sti r�ze y ∈ (1,∞) tou g(y) ∈ Z[x]. Sto 2o st�dio y = z+1kai se k�je r�za y ∈ (1,∞) antistoiqe� akrib¸ m�a r�za z ∈ (0,∞). OEDH ulopo�hsh tou metasqhmatismoÔ f ′(x) apaite� O(n2) prosjèsei.Je¸rhma 5.3.12 [Vincent / Uspensky℄ Gia èna polu¸numo f(x) qwr� tetr�gwna kai qwr� migadik r�za ston d�sko me kèntro (0, 1/2) ki akt�na 1/2, h efarmog  tou metasqhmatismoÔ f∗(x) = xdf(1/x)ki èpeita f ′(x) = f(x + 1) odhgoÔn se polu¸numo me mhdenikì pl jo metabol¸n pros mou stousuntelestè.To je¸rhma twn Vincent / Uspensky apodeiknÔei pw up�rqei algìrijmo pou qrhsimopoie� tou 2parap�nw metasqhmatismoÔ kai odhge�, èpeita apì peperasmèno pl jo bhm�twn, se pl jo metabol¸npros mou ∈ {0, 1}. 'Omw to pl jo twn metasqhmatism¸n mpore� na e�nai ekjetikì.Me b�sh to je¸rhma twn Collins - Johnson apodeiknÔetai pw to pl jo twn metasqhmatism¸n e�naiasumptwtik� �so me autì pou apaite� h mèjodo upodia�resh me akolouj�e Sturm (all� oi pr�xei
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Algorithm 3 Upodia�resh se poluwnumikì qrìno me kanìna DescartesE�sodo: polu¸numo p(x) ∈ Z[x] qwr� tetr�gwna, bajmoÔ d kai M > 0 pou fr�ssei �nwjen tijetikè r�ze tou p(x) = 0.'Exodo: diast mata apomìnwsh twn jetik¸n riz¸n tou p(x) = 0.1: � An M ≥ 1, tìte èstw f(x)← p(Mx),� alli¸ f(x)←M−df(Mx).K�lese to b ma 2: gia k�je di�sthma (a, b) pou epistrèfetai apì thn kl sh aut , epèstreye todi�sthma (Ma,Mb).2: Upolìgise to f∗(y) ← (y + 1)df [1/(y + 1)] kai mètrhse to pl jo metabol¸n pros mou stousuntelestè tou f∗(y):� An e�nai 0, term�tise.� An e�nai 1, epèstreye to (0, 1).� An e�nai ≥ 2, sunèqise me to f(x) apì to b ma 1.3: An f(1/2) = 0, tìte f(x)← f(x)/(2x − 1) kai tÔpwse (M/2,M/2).4: Anadrom  tou algor�jmou sto b ma 2 me to f ′(y) ← 2df(y/2). K�je di�sthma (a, b) tou f ′epistrèfetai w (a/2, b/2).5: Anadrom  sto b ma 2 me to f ′′(z) ← f ′(z + 1). K�je di�sthma (a, b) tou f ′′ epistrèfetai w

((a + 1)/2, (b + 1)/2).aploÔstere). To je¸rhma twn kÔklwn twn Krandick-Mehlhorn’06 èrqetai na anane¸sei autoÔ toue�dou ta krit ria. O parak�tw algìrijmo 5.3 exisorrope� thn upodia�resh [Collins-Akritas], [BCL82,
p.90].Apìdeixh orjìthta tou algìrijmou 5.3, me b�sh to l mma 5.3.11. B ma 1. f ∈ Z[x] kai oi jetikèr�ze tou p antistoiqoÔn sti r�ze tou f sto (0, 1). To B ma 2 efarmìzei ton kanìna Descartes sto
f∗(y). B ma 4. Oi r�ze tou f ′(y) sto (0, 1) e�nai oi r�ze tou f(x) sto (0, 1/2). B ma 5. Oi r�ze tou
f ′′(z) sto (0, 1) e�nai oi r�ze tou f ′(x) sto (1, 2) dhl. tou f(x) sto (1/2, 1).Par�deigma 5.3.13 'Estw

p(x) = x2 − 4x + 3.To fr�gma Cauchy isoÔtai me 5. Efarmìzoume ton parap�nw algìrijmo kai, sto b ma 1, upolog�zoume
f = 25x2 − 20x + 3. Sto b ma 2, f∗ = 3x2 − 14x + 8 tou opo�ou oi suntelestè èqoun 2 enallagèpros mou. To f(1/2) < 0, opìte proqwr�me me to f .B ma 4. f ′ = 25x2 − 40x + 12. To f∗ = 12x2 − 16x− 3 èqei mia enallag  pros mou, �ra epistrèfetaito di�sthma (0, 1) kai h sun�rthsh pou ìrise to f ′ epistrèfei (0, 1/2). H arqik  sun�rthsh epistrèfei
(0, 5/2) pou apomon¸nei thn pr¸th r�za x = 1.B ma 5. f ′′ = 25x2 + 10x− 3. To f∗ = −3x2 + 4x + 32 èqei mia enallag  pros mou, �ra epistrèfetaito di�sthma (0, 1) kai h sun�rthsh pou ìrise to f ′′ epistrèfei (1/2, 1). H arqik  sun�rthsh epistrèfei
(5/2, 5) pou apomon¸nei thn 2h r�za x = 3. 2H poluplokìthta tou algìrijmou e�qe upologiste� sto O∗

B(d6C2) ìpou C to mègisto mègejo twnsuntelest¸n tou f [BCL82, RZ01]; de [Akr89, enìt.7.3.4] gia belti¸sei (upì thn pro�pìjesh pw



54 KEF�ALAIO 5. EP�ILUSH STOUS PRAGMATIKO�USoi r�ze e�nai aplè) pou kajistoÔn to kìsto an�logo tou d5. 'Ena �llo algìrijmo prot�jhke apìton Krandick ¸ste h di�sqish tou dèndrou twn efarmog¸n tou kanìna na g�netai kat� pl�to ant� giab�jo.Oi prìsfate ergas�e twn Rouillier-Zimmerman [RZ01] exhgoÔn p¸ èna beltiwmèno algìrijmometakine�tai metaxÔ opoiwnd pote kìmbwn tou gr�fou efarmog  tou kanìna. 'Etsi elaqistopoie�tai hapa�thsh mn mh, qwr� na megal¸nei h qronik  poluplokìthta pèran tou O∗
B(d6C2). H ulopo�hsh RSlÔnei polu¸numa tÔpou Chebychev bajmoÔ 500 se 168sec, en¸ h katan�lwsh mn mh gia thn ep�lushpoluwnÔmwn Wilkinson, Mignotte bajm¸n 500 kai 200 ant�stoiqa e�nai 0.3MB.Enallaktik�, melet�tai h graf  tou poluwnÔmou me b�sh ta polu¸numa Bernstein

Bd
i (x) =

(

d

i

)

xi(1− x)d−i, i = 0, . . . , d,dhl. f(x) =
∑

i biB
d
i (x). 'Etsi aplopoioÔntai oi parap�nw metasqhmatismo� kai to kìsto paramèneista ep�peda tou algor�jmou Collins-Akritas, an kai h katan�lwsh mn mh aux�netai. Sugkekrimèna, harijmhtik  poluplokìthta, upì thn pro�pìjesh pw ìle oi r�ze e�nai aplè, g�netai

OA(d2rλ), λ ≤ ⌈lg(2/s)⌉,ìpou d = deg f , r := #allag¸n pros mou sthn (b0, . . . , bd), λ to pl jo twn upodiairèsewn kai s hel�qisth apìstash metaxÔ dÔo riz¸n [MVY02].Pio prìsfata, h poluplokìthta mei¸jhke se O∗
B(d4C2) Eigenwillig-Sharma-Yap’06. Sto [EMT08]enopoi jke h apìdeixh gia ti mejìdou Descartes, Bernstein kai apede�qjh pw ston �dio qrìno upo-log�zontai kai oi pollaplìthte twn riz¸n. Oi parap�nw ergas�e (kai ant�stoiqe ulopoi sei) èqounan�gei ton kanìna Descartes se mia apotelesmatik  mèjodo apomìnwsh pragmatik¸n riz¸n.'Askhsh 5.3.14 Apomìnwse ti r�ze tou p = x3 − 2x2 − x + 2 me qr sh tou kanìna Descartes kaitou pr¸tou fr�gmato Cauchy.5.4 Algebriko� arijmo�Algebriko� arijmo� onom�zontai oi r�ze poluwnÔmou me (akèraiou  ) rhtoÔ suntelestè. Oi aploÔ-steroi algebriko� arijmo� e�nai ta apl� rizik� (radicals), p.q. √5, 3

√
17. 'Epeita èqoume ta epanalam-banìmena (fwliasmèna, nested) rizik�, p.q. √√5 + 3

√
17. Apì to je¸rhma tou Abel gnwr�zoume pwup�rqoun algebriko� arijmo�, p.q. oi r�ze th x5 + x + 1, pou den ekfr�zontai me rizik�.H anapar�stash enì algebrikoÔ arijmoÔ apaite� èna mh paragontopoi simo (irreducible) polu¸numoki èna di�sthma apomìnwsh (isolating) to opo�o perièqei mìno autìn ton algebrikì arijmì kai kanènan�llon. Oi akolouj�e Sturm kai o kanìna Descartes parèqoun èna ergale�o gia th melèth alge-brik¸n arijm¸n. SÔgqrone ereunhtikè anazht sei meletoÔn thn epèktash aut¸n twn ide¸n stouupologismoÔ me diast mata.Apì thn upìjesh el�qistou bajmoÔ èpetai pw Q(α) ≡ Q[x]/(f). Epomènw ta stoiqe�a tou Q(α)e�nai akèraia dianÔsmata di�stash d, ìpou d = deg f , w pro thn b�sh 1, α, . . . , αd−1. A upojè-soume pw to polu¸numo f pou or�zei ton algebrikì arijmì α e�nai el�qistou bajmoÔ, monikì (dhl.monadia�ou megistob�jmiou suntelest ) kai mh-paragontopoi simo (an�gwgo). O bajmì d kale�taibajmì tou algebrikoÔ arijmoÔ. H prosjafa�resh sto Q(α) an�getai sthn ant�stoiqh pr�xh sto Q[x],o pollaplasiasmì mpore� na apait sei kai mia pr�xh modf(x). H antistrof  algebrikoÔ arijmoÔ
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β ∈ Q(α) ≡ Q[x]/(f) an�getai ston Eukle�deio algìrijmo w ex . 'Estw g ∈ Q[x]/(f) to polu¸numopou antistoiqe� sto β, tìte up�rqoun polu¸numa s, t tètoia ¸ste sf + tg = 1⇒ t ≡ g−1 mod f .To f(−x) e�nai to el�qisto polu¸numo tou −α. To epìmeno je¸rhma d�nei ta el�qista polu¸numa piosÔnjetwn algebrik¸n arijm¸n.Je¸rhma 5.4.1 'Estw pw ta f(x), g(x) e�nai polu¸numa ep� mia akèraia perioq  (integral do-
main) me r�ze αi, βi, tìte� h apalo�fousa, w pro y, twn f(y), g(x∓y) e�nai èna polu¸numo w pro x me r�ze (ìqi apara�thtadiaforetikè) ta αi ± βj ,� h apalo�fousa twn f(y), ydeg gg(x/y) èqei r�ze (ìqi apara�thta diaforetikè) ta αiβj ,� en¸ h apalo�fousa twn f(y), g(xy) èqei r�ze ta αi/βj efìson f(0) 6= 0.� Ep�sh, h apalo�fousa twn f(y), xq − yp èqei r�ze ta α

p/q
i gia p, q ∈ Z.� Tèlo, to el�qisto polu¸numo twn arijm¸n pαi + q e�nai to pdeg ff((x− q)/p).Apìdeixh. De [BCL82, p.179,p.182] kai [Zip93, p.153]. OEDAn I, J e�nai diast mata (  orjog¸nia) apomìnwsh 2 algebrik¸n arijm¸n α, β me el�qista polu¸numata f, g, tìte to el�qisto polu¸numo kai to di�sthma (  orjog¸nio) apomìnwsh tou α+β upolog�zetaime ton parak�tw algìrijmo, efìson ergazìmaste ep� diatetagmènwn Arqim deiwn swm�twn. H teleuta�aupìjesh e�nai apara�thth ¸ste h upodia�resh na mei¸nei to ant�stoiqo di�sthma (  orjog¸nio, semegalÔterh di�stash).1. Upolog�zw thn apalo�fousa R(x) ìpw sto je¸rhma 5.4.1, upolog�zw mia paragontopo�hsh

R(x) = D1(x) · · ·Dk(x)k qwr� tetr�gwna kai ta diast mata (  orjog¸nia) apomìnwsh twnriz¸n twn Di(x).2. An to I + J tèmnei mìno èna apì ta parap�nw diast mata, tìte epistrèfw thn tom  aut  kai toant�stoiqo Di(x), alli¸ upodiair¸ ta I, J kai epanalamb�nw.'Estw f to el�qisto polu¸numo tou α. MporoÔme na metatrèyoume thn anapar�stash sto Q(α)enì algebrikoÔ arijmoÔ β = g(α) ∈ Q(α) se mia anapar�stash apì thn apalo�fousa R(x) twn
f(y), x− g(y), h opo�a or�zei to β. Aut  h allag  anapar�stash d�nei mia enallaktik  mèjodo gia tonupologismì tou pros mou tou g(α), h opo�a bas�zetai ston upologismì enì diast mato apomìnwshth r�za tou R(x) pou ma endiafèrei.Jewr same mèqri t¸ra duo diaforetikoÔ trìpou gia na ekfraste� èna algebrikì arijmì w r�zadedomènou poluwnÔmou, sugkekrimèna me èna di�sthma apomìnwsh kai me ènan de�kth pou dhl¸nei thnseir� tou arijmoÔ an�mesa sti pragmatikè r�ze tou poluwnÔmou. To parak�tw je¸rhma, gnwstì wL mma tou Thom, parousi�zei ènan tr�to trìpo anapar�stash.Je¸rhma 5.4.2 [Thom℄ Se k�je pragmatik  r�za ρ tou p(x) antistoiqe� mia monadik  akolouj�apros mwn twn tim¸n p′(ρ), p′′(ρ), . . . .



56 KEF�ALAIO 5. EP�ILUSH STOUS PRAGMATIKO�USMpor¸ loipìn na qarakthr�sw tou algebrikoÔ me to prìshmì tou sthn akolouj�a p′(ρ), p′′(ρ), . . .(Budan-Fourier). O upologismì twn pros mwn g�netai sÔmfwna me tou Ben-Or,Kozen,Reif gia qi =
p(i), de enìthta 5.2.Epistrèfoume t¸ra sth melèth enì s¸mato pou or�zetai w epèktash twn rht¸n apì ènan   perissì-terou algebrikoÔ arijmoÔ. 'Estw pw ma endiafèrei èna peperasmèno sÔnolo algebrik¸n arijm¸n,orismènwn apì polu¸numa me suntelestè s' èna �peiro s¸ma (dhl. pou perièqei to Z, kai �ra apo-kle�oume ta peperasmèna s¸mata Zp). Tìte, mporoÔme na anaqjoÔme sth melèth enì mìno algebrikoÔarijmoÔ, tou legìmenou prwtogenoÔ stoiqe�ou, se sun�rthsh tou opo�ou mporoÔme na ekfr�soumeìlou tou algebrikoÔ arijmoÔ. Pio tupik�, oi algebriko� arijmo� α1, . . . , αk èqoun prwtogenèstoiqe�o èna polu¸numo me r�za to α0 ann Q(α1, . . . , αk) = Q(α0). O upologismì tou prwtogenoÔstoiqe�ou 2 algebrik¸n arijm¸n an�getai sthn apalo�fousa 2 poluwnÔmwn mia metablht .Par�deigma 5.4.3 'Estw ta α1 =

√
2, β1 =

√
3 me el�qista polu¸numa f1 = x2 − 2, f2 = x2 − 3.An exet�soume thn apalo�fousa twn f1(y − x) = (y − x)2 − 3, f2(x) = x2 − 2, pa�rnoume R(y) =

y4 − 10y2 + 1, me r�za θ =
√

2 +
√

3 =
√

5 + 2
√

6. Autì e�nai to prwtogenè stoiqe�o tou Q[
√

2,
√

3]diìti α1 = (θ3 − 9θ)/2, β1 = (11θ − θ3)/2. 'Askhsh: dikaiolog ste ton orismì tou prwtogenoÔstoiqe�ou mèsw aut  th apalo�fousa kai ti ekfr�sei twn α1, β1 se sun�rthsh tou θ. 2Genikìtera, exet�zoume thn apalo�fousa R(y) twn f1(y − cx), f2(x) ìpou èqei apaleifje� to x, gia ctètoio ¸ste αi + cβj 6= αk + cβl gia ìla ta i, j, k, l. H pr¸th upo-apalo�fousa R1(x, y) twn parap�nwpoluwnÔmwn e�nai bajmoÔ 1 w pro x, th morf  R1(x, y) = d(y)x + n(y). MporoÔme t¸ra naor�soume rhtè sunart sei
r1(y) = y + c

n(y)

d(y)
, r2(y) = −n(y)

d(y)
∈ Z(y),oi opo�e ekfr�zoun ti lÔsei twn dedomènwn f1, f2 se sun�rthsh me to y. Epomènw prèpei na lÔsoumeto prwtogenè stoiqe�o R(y), pou e�nai ex�swsh bajmoÔ deg f1 deg f2 w pro y. Se k�je r�za y, oitimè twn r1(y), r2(y) d�noun to ant�stoiqo αi kai βj . Aut  e�nai h kataskeuastik  morf  ([Can88a,

lem.2.1]) tou jewr mato tou prwtogenoÔ stoiqe�ou [vdW50].Enallaktik�, ja mporoÔsame na qrhsimopoi soume thn u-apalo�fousa twn 2 poluwnÔmwn, bl. kef�laio6. Me �lla lìgia, thn apalo�fousa R(u), ìpou u = (u0, u1, u2), tou sust mato
f0 = u0 + u1x1 + u2x2, f1(x1), f2(x2) ⇒ R(u) =

∏

i,j

(u0 + αiu1 + βju2),ìpou h morf  th apalo�fousa prokÔptei apì ton tÔpo Poisson. O orismì tou prwtogenoÔ stoiqe�oukai rht¸n sunart sewn gia ta αi, βj g�netai ant�stoiqa me thn parap�nw suz thsh e�te anagìmenoi se 2polu¸numa mia metablht  kai th pr¸th upo-apalo�fous� tou, e�te qrhsimopoi¸nta kat�llhleparag¸gou th R(u).Genikìtera, h u-apalo�fousa odhge� sth mèjodo tou PrwtogenoÔ stoiqe�ou (primitive element) tou
Canny [Can88b], gnwst  kai w Pht  Monodi�stath Anapar�stash (Rational Univariate Represen-
tation) [Rou99], gia ton upologismì twn koin¸n pragmatik¸n riz¸n se genik  di�stash.Jumhje�te pw gia f1, . . . , fn ∈ Q[x1, . . . , xn] or�zw thn u-apalo�fousa aut¸n twn poluwnÔmwn kai tou
f0 := u0 + u1x1 + · · · + unxn apale�fonta ta xi. Tìte, me to i na antistoiqe� sti migadikè r�ze
(ρi1, . . . , ρin) ∈ Cn tou arqikoÔ sust mato f1, . . . , fn, èqoume
R(u) =

∏

i

(u0 + u1ρi1 + · · ·+ unρin) 7→ p(λ) =
∏

i

(a0 + λb0 + a1ρi1 + λb1ρi1 + · · ·+ anρin + λbnρin),



5.5. PRAGMATIK�ES R�IZES SE GENIK�H DI�ASTASH 57ìpou èqoume antikatast sei k�je ui me ai+λbi. To prwtogenè stoiqe�o ja e�nai to p(λ) kai oi r�ze tou
λi ∈ C antistoiqoÔn monadik� sti r�ze ρi ∈ Cn, gia mh-ekfulismèna ai, bi, w ex : Kataskeu�zoumerhtè ekfr�sei

∂R

∂uk
/

∂R

∂u0
7→ qk(λ), k = 1, . . . , n,me thn �dia antistoiq�a ui 7→ ai + λbi. ApodeiknÔetai t¸ra, me k�poie pr�xei, pw ìtan p(λi) = 0 tìte

qk(λi) = ρik.5.5 Pragmatikè r�ze se genik  di�stashMia epèktash th jewr�a Sturm prot�jhke apì ton Milne kai thn exet�zoume eujÔ amèsw. Mia�llh anex�rthth epèktash prot�jhke apì ton Pedersen kai ja thn doÔme parak�tw.'Estw pw melet¸ to pl jo pragmatik¸n riz¸n sust mato poluwnÔmwn p1, p2 ∈ R[x1, x2] sto 1okai 3o tetarthmìrio. Arke� na melet sw thn u-apalo�fousa twn p1, p2, u + x1x2. Genikìtera, gia tipragmatikè r�ze twn p1, . . . , pn ∈ R[x1, . . . , xn] sthn ènwsh ìlwn twn tetarthmor�wn ìpou x1 · · · xn >
0 melet¸ thn u-apalo�fousa R(u) twn p1, . . . , pn, u + x1 · · · xn: arke� na p�rw ti arnhtikè r�ze th
R(u) ¸ste u = −x1 · · · xn < 0. An ma endiafèroun ta tetarthmìria w pro thn arq  twn axìnwn
(a1, . . . , an) ∈ Rn, arke� na jèsw xi = yi − ai. Jumhje�te pw

R(u) =
∏

k

(

u +
∏

i

(ρki − ai)

)ìpou (ρk1, . . . , ρkn) ∈ Cn h k-ost  r�za twn p1, . . . , pn. An up�rqei migadik  suntetagmènh ρki tìte toginìmeno ∏i(ρki − ai) e�nai migadikì gia mh-ekfulismèna ai. Epilègw loipìn ta ai me tuqa�o trìpo.An ma endiafèroun oi pragmatikè r�ze se èna orjog¸nio parallhlep�pedo me ìyei par�llhle protou �xone, arke� na upolog�soume 2n tètoie apalo�fouse kai na sundu�soume ta apotelèsmata.Gia na metr sw ti pragmatikè r�ze se orjog¸nio sto R2 qrhsimopoi¸ diadoqik� (a1, a2) = ND(notiodutik ), NA, BA, BD koruf , me ant�stoiqe apalo�fouse kai pl jh pragmatik¸n riz¸n pousundu�zontai w ex : CN∆ − CNA + CBA − CB∆ ¸ste na d¸soun to dipl�sio tou pl jou stoorjog¸nio parallhlìgrammo.Exet�zoume t¸ra thn suggen  jewr�a twn Hermite, Pedersen. Melet�me sust mata poluwnÔmwn
p1, . . . , pm ∈ K[x] := K[x1, . . . , xn] me peperasmèno pl jo koin¸n riz¸n sto Cn, ìpou C perilamb�neithn algebrik  j kh tou ped�ou twn suntelest¸n K. Ed¸ ma endiafèrei kur�w h per�ptwsh K = R.'Estw I to ide¸de tou kai AK = K[x1, . . . , xn]/I o daktÔlio twn kl�sewn isodunam�a w pro toide¸de I (bl. kef�laio 6 gia orismoÔ). O daktÔlio AC melet�tai sto kef�laio 6, en¸ AC = AR⊗Cìpou h pr�xh ⊗ ousiastik� epekte�nei ti stajerè tou AR ¸ste na peril�boun migadikoÔ arijmoÔ,stou opo�ou or�zetai o suzug .Upograf  (signature) p�naka kale�tai parak�tw h diafor� tou pl jou twn jetik¸n idiotim¸n tou me�onto pl jo twn arnhtik¸n idiotim¸n. An gr�youme aut  thn diafor� w p− q tìte o bajmì tou p�nakaisoÔtai me p + q. 'Iqno (trace) p�naka kale�tai to �jroisma twn stoiqe�wn th diagwn�ou tou.'Estw pw or�zoume ton p�naka pollaplasiasmoÔ Ma enì poluwnÔmou a ∈ AC. Tìte mporoÔme naantistoiq�soume se k�je a ∈ AC to �qno toÔ Ma:

T : AC → C : a 7→ T (a) := �qno(Ma).



58 KEF�ALAIO 5. EP�ILUSH STOUS PRAGMATIKO�USGenikìtera, o parap�nw grammikì metasqhmatismì mpore� na oriste� kai w T : K[x] → K : a 7→�qno(Ma). 'Estw, ep�sh, o di-grammikì metasqhmatismì
Qh : AR ×AR → R : (a, b) 7→ T (hab) = �qno(Mhab),gia k�poio h ∈ R[x]. KaloÔme Qh ton p�naka (quadratic form) pou ekfr�zei autìn ton di-grammikìmetasqhmatismì, o opo�o e�nai pragmatikì summetrikì, epomènw diagwnopoi simo sto R.To parak�tw je¸rhma diatup¸jhke apì ton Hermite gia n = 1 [Her80] kai epekt�jhke se genikì napì ton Pedersen sthn didaktorik  tou diatrib  [Ped90] kai sto [PRS93].Je¸rhma 5.5.1 [Hermite,Pedersen℄ O bajmì tou Qh isoÔtai me to pl jo twn diaforetik¸n miga-dik¸n riz¸n α ∈ C tou sust mato p1 = · · · = pm = 0 t.¸. h(α) 6= 0. H upograf  tou Qh isoÔtaime thn diafor� tou pl jou twn pragmatik¸n riz¸n α tou sust mato t.¸. h(α) > 0 me�on to pl jopragmatik¸n riz¸n α t.¸. h(α) < 0 dhl. #{α : h(α) > 0} − #{α : h(α) < 0} ìpou α diatrèqei tipragmatikè r�ze tou sust mato p1 = · · · = pm = 0.Kataskeu�zoume t¸ra ton p�naka Q1 := [T (xa+b)]a,b, ìpou ta a, b ∈ D gia mia b�sh monwnÔmwn D tou

AR.Pìrisma 5.5.2 O bajmì tou Q1 isoÔtai me to pl jo twn diaforetik¸n migadik¸n riz¸n tou su-st mato p1 = · · · = pm = 0, pi ∈ R[x1, . . . , xn]. H upograf  tou Q1 isoÔtai me to pl jou twndiaforetik¸n pragmatik¸n riz¸n tou sust mato.H parap�nw jewr�a ulopoie�tai mèsw tou upologismoÔ tou p�naka pollaplasiasmoÔ Ma, o opo�o g�netaime b�sh ti mejìdou th epilÔousa   twn b�sewn Groebner. Sthn sunèqeia apaite� ton upologismìtou p�naka Qh. Kle�noume me èna sqetizìmeno je¸rhma to opo�o apofeÔgei ton upologismì tou p�naka
Qh.Je¸rhma 5.5.3 Sthn per�ptwsh kal¸ orismènwn susthm�twn, dhl. gia m = k, jewr ste thnIakwbian  J twn p1, . . . , pm, h opo�a e�nai h or�zousa enì p�naka m ×m. O bajmì kai h upograf tou p�naka Bézout th epilÔousa tou sust mato p1, . . . , pm, J (or�zetai sto kef�laio 6) parèqei ti�die plhrofor�e ìpw o Q1 sto pìrisma 5.5.2.5.6 Kulindrik  upodia�reshMelet�me to prìblhma th apaloif  twn posodeikt¸n (quantifier elimination) se pragmatikoÔ q¸-rou kai n diast�sei, to opo�o genikeÔei ta parap�nw erwt mata se pragmatikè r�ze poluwnÔmwn.S mera mìno me algebrikè mejìdou lÔnetai kai autì to prìblhma, pou èqei praktikè efarmogèsthn gewmetr�a se pragmatikoÔ q¸rou, rompotik  (sqediasmì k�nhsh, plo ghsh), beltistopo�hsh,upologistik� oikonomik� klp. De: [DST88, pp.111-7].H gen�keush th ènnoia tou shme�ou kai tou diast mato br�sketai sto ex : Hmi-algebrikì stoiqe�okale�tai k�je sÔnolo pou or�zetai apì poluwnumikè exis¸sei kai anisìthte: {x ∈ Rn : p1(x) = · · · =
pm(x) = 0, q1(x) > 0, . . . , qk(x) > 0} ⊂ Rn.Orismì 5.6.1 'Ena hmi-algebrikì sÔnolo e�nai e�te èna hmi-algebrikì stoiqe�o e�te to apotèlesmasunduasmoÔ dÔo (  perissotèrwn peperasmènou pl jou) stoiqe�wn met� apì ènwsh, tom    diafor�sunìlwn. 'Ena opoiod pote sÔnolo lègetai sundedemèno e�n metaxÔ 2 opoiwnd pote shme�wn tou up�rqeièna monop�ti pou ta en¸nei to opo�o br�sketai ex olokl rou mèsa sto sÔnolo autì.



5.6. KULINDRIK�H UPODIA�IRESH 59Hmi-algebrik  upodia�resh tou Rn (  uposunìlou) e�nai èna sÔnolo peperasmènou pl jou hmi-algebrik¸nstoiqe�wn, mh epikaluptìmena kai sundedemèna, twn opo�wn h ènwsh isoÔtai me to Rn (  to uposÔnolo).Shmeiak  lègetai mia hmi-algebrik  upodia�resh e�n se k�je hmi-algebrikì stoiqe�o antistoiq�zetaièna shme�o me suntetagmène rhtoÔ (  algebrikoÔ) arijmoÔ. Gia èna sÔnolo poluwnÔmwn, miahmi-algebrik  upodia�resh lègetai stajer  w pro prìshmo e�n se k�je stoiqe�o ìla ta dedomènapolu¸numa èqoun stajerì prìshmo.Prìtash 5.6.2 'Estw hmi-algebrikì sÔnolo A kai mia upodia�resh stajer  w pro prìshmo U giata polu¸numa pou or�zoun to A. Tìte k�je hmi-algebrikì stoiqe�o th U e�nai e�te xèno pro A e�teuposÔnolì tou.H melèth tou Rn (  uposunìlou tou) g�netai algorijmik� me diaforetikoÔ trìpou. 'Ena apì toupr¸tou apotelesmatikoÔ algor�jmou bas�zetai sti kulindrikè upodiairèsei:Orismì 5.6.3 [Collins'75℄ Kulindrik  lègetai mia upodia�resh U tou Rn e�n n = 0   n > 0 kaiup�rqei mia kulindrik  upodia�resh U ′ tou Rn−1 tètoia ¸ste gia k�je stoiqe�o Σ th U up�rqei ènastoiqe�o Σ′ th U ′ ¸ste Σ = {(x, xn) : x ∈ Σ′, xn ∈ (a, b)} ìpou ta a, b e�nai to ±∞   r�zepoluwnumik¸n exis¸sewn.Par�deigma 5.6.4 'Estw a, b r�ze poluwnÔmwn tìte mia kulindrik  upodia�resh e�nai R = (−∞, a)∪
{a} ∪ (a, b) ∪ {b} ∪ (b,∞) 2Algìrijmoi up�rqoun gia ton upologismì shmeiak  kulindrik  upodia�resh stajer  w pro prìsh-ma dedomènwn poluwnÔmwn: 'Estw m polu¸numa n metablht¸n sunolikoÔ bajmoÔ d me akèraiou sunte-lestè m kou H. Poluplokìthta: [Collins'75℄ = (2d)2

2n+8 , [McCallum’85, Davenport’85℄ (dm)2
n

H3.Genik�, to meionèkthma twn kulindrik¸n upodiairèsewn e�nai to meg�lo pl jo keli¸n pou dhmiourgoÔn.Kat¸tato ìrio [Davenport Heinz'87℄ Ω(22n

) (o ekjèth ekfr�zei thn sunduastik  poluplokìthta).Mia pio sÔgqronh algorijmik  prosèggish diat�xewn (arrangements) uperepipèdwn (pou or�zontai apìta dedomèna polu¸numa) stou pragmatikoÔ br�sketai sto bibl�o twn Benedetti-Risler kai se autì twn
Sharir-Agarwal [SA95]. Sto deÔtero d�netai to k�tw fr�gma Ω(mn) sto pl jo keli¸n sthn di�taxh mpragmatik¸n algebrik¸n epifanei¸n sto Rn. Ep�sh, to fr�gma O(m2n−4λs(m)) [Chazelle et.al’89,’91]sto pl jo anoiqt¸n keli¸n, ìpou s e�nai mia stajer� pou exart�tai apì ta d, n. K�je kel� fr�ssetaiapì to polÔ 2n epif�neie [SA95, Thm.8.21].



60 KEF�ALAIO 5. EP�ILUSH STOUS PRAGMATIKO�US



Kef�laio 6Ep�lush stou migadikoÔTo kef�laio autì pragmateÔetai thn eÔresh ìlwn twn migadik¸n lÔsewn mia poluwnumik  ex�swsh  sust mato exis¸sewn. Xekin�me me mia sÔntomh episkìphsh mejìdwn pou qrhsimopoioÔntai gia thnprosèggish ìlwn twn migadik¸n riz¸n poluwnÔmou. Sth sunèqeia melet�me sust mata me diaforetikoÔtrìpou, epikentr¸nonta to endiafèron ma sth mèjodo th apalo�fousa. KaloÔme ton anagn¸sth naparathr sei ti antistoiq�e kai diaforè metaxÔ th ep�lush stou migadikoÔ kai tou pragmatikoÔpou exet�sthkan sto prohgoÔmeno kef�laio.6.1 Ep�lush poluwnumik  ex�swsh'Estw polu¸numo p(x) me rhtoÔ suntelestè kai bajmì n. Oi (migadikè) r�ze e�nai arijmhtik� astaje�w pro ti metabolè stou suntelestè. P.q. h diataraq  tou xn se xn − 2−bn (sto bn-stì yhf�o)metab�llei ti r�ze apì 0 se 2−be2kπi/n (allag  sto b-stì yhf�o).Up�rqoun trei oikogèneie mejìdwn, ti opo�e exet�zoume parak�tw. Gia mia pl rh episkìphsh twnarijmhtik¸n mejìdwn, de [Pan97].Pr¸ta, oi Analutikè mèjodoi. Basismène sthn epanalhptik  mèjodo tou Newton gia thn eÔresh miar�za:
zi+1 = zi − [p(zi)/p

′(zi)]ai.ìpou h akolouj�a zi te�nei se m�a (migadik ) r�za tou poluwnÔmou h opo�a exart�tai apì to shme�oekk�nhsh z0 kai ai (= 1 sun jw) e�nai to b ma th epan�lhyh. H epan�lhyh sun�getai �mesa apìthn prosèggish Taylor gia to polu¸numo se mia r�za z: p(z) = p(zi) + (z − zi)p
′(zi) + (ìroi bajmoÔ

> 1 w pro (z − zi))⇒
0 ∼= p(zi) + (zi+1 − zi)p

′(zi).H arijmhtik  poluplokìthta e�nai polÔ ikanopoihtik  (sqedìn grammik  w pro n). KÔrio prìblh-ma h epilog  shme�ou ekk�nhsh, pou ephre�zei kai thn arijmhtik  stajerìthta kai thn r�za h opo�aprosegg�zetai. To qeirìtero: den up�rqei eggÔhsh gia to poia r�za prosegg�zetai.Gia èna sÔsthma k poluwnÔmwn p1, . . . , pk se k agn¸stou x1, . . . , xk, h akolouj�a twn zi e�nai miaakolouj�a dianusm�twn, h tim  tou sust mato sto zi e�nai èna di�nusma kai h tim  tou paronomast sto zi e�nai h or�zousa tou IakwbianoÔ p�naka me (l, j) stoiqe�o thn tim  (∂pl/∂xj)(zi).Gia thn tautìqronh prosèggish ìlwn twn riz¸n up�rqoun oi mèjodoi tÔpou Durand-Kerner kai �lle
[Pan97]. Gia thn r�za j, j = 1, . . . , n:

zi+1(j) = zi(j) − [p(zi(j))/Πk 6=j(zi(j) − zi(k))].61



62 KEF�ALAIO 6. EP�ILUSH STOUS MIGADIKO�USSunolik  poluplokìthta an�logh me O(n2)   O(n log n), an�loga me to anektì arijmhtikì sf�lma.P�li to kÔrio prìblhma e�nai to shme�o ekk�nhsh.DeÔtero, oi Gewmetrikè mèjodoi. 'Opw p.q. h mèjodo tou [Wey24], beltiwmènh apì ton [Pan97]gia ton upologismì ìlwn twn riz¸n. H mèjodo jewre� èna tetr�gwno sto migadikì ep�pedo kai toupodiaire� se 4 mikrìtera. Qrhsimopoie� èna test pou dhl¸nei e�n se k�poio dedomèno tetr�gwno denup�rqoun r�ze. Suneq�zei epagwgik� agno¸nta ta upotetr�gwna pou den perièqoun r�ze, mèqri naapomon¸sei epark¸ ti r�ze an� m�a   an� om�de (clusters). Tìte kale� mia analutik  mèjodo gia thngr gorh prosèggis  tou.Duadik  poluplokìthta = O(n2 log n log(bn)) ìpou 2−b e�nai to sqetikì sf�lma sthn prosèggish.Pleonèkthma: egguhmèna prosegg�zei 'OLES ti r�ze.Tr�ton, algìrijmoi tÔpou Dia�rei kai bas�leue. Me b�sh ton upologismì enì diaqwristikoÔ daktul�ou(kenoÔ riz¸n) sto migadikì ep�pedo, pou diaire� ti r�ze per�pou isomer¸. Duadik  poluplokìthta
= O(n log2 n log(bn)).6.2 'Ennoie algebrik  gewmetr�aMa endiafèrei h melèth kai ep�lush (mh grammik¸n) poluwnumik¸n (dhl. algebrik¸n) susthm�twn,to opo�o apotele� to jemeli¸de prìblhma th upologistik  algebrik  gewmetr�a. Bibliograf�a:
[CLO97, CLO05], [DST88, pp.95-105], [DEKP99, pp.10-13].To sÔnolo twn poluwnÔmwn K[x], ìpou to x sumbol�zei n metablhtè, e�nai antimetajetikì daktÔ-lio (ring), dhl. kleistì w pro thn prìsjesh kai ton pollaplasiasmì me ant�strofo mìno gia thnprìsjesh, ìpou to K e�nai to Z, Q, R   C.Orismì 6.2.1 'Ena ide¸de (ideal) I e�nai èna uposÔnolo tou poluwnumikoÔ daktul�ou R kleistìw pro thn prìsjesh mèsa sto ide¸de kai w pro ton pollaplasiasmì me opoiod pote mèlo toudaktul�ou, dhl.

a, b ∈ I, p ∈ R⇒ a + b, ap ∈ I.To endiafèron tou ide¸dou ègkeitai sto ìti opoiod pote polu¸numo an kei se ide¸de pou par�getaiapì èna sÔnolo poluwnÔmwn, mhden�zetai sti koinè r�ze autoÔ tou sunìlou.Mon¸numo xα ∈ C[x] kale�tai èna polu¸numo se n metablhtè x = (x1, . . . , xn) me èna mìnon ìro,suntelest  = 1 kai akèraio di�nusma α = (α1, . . . , αn) w ekjèth.Melet�me t¸ra thn basik  gewmetrik  ènnoia sth melèth susthm�twn poluwnumik¸n exis¸sewn.Orismì 6.2.2 'Estw n metablhtè kai èna peperasmèno sÔnolo poluwnÔmwn apì to K[x]. AlgebrikìsÔnolo (variety, zero-set) twn poluwnÔmwn onom�zetai to uposÔnolo tou K
n pou or�zetai w to sÔnolotwn koin¸n lÔsewn ìlwn twn poluwnÔmwn.Gia K �so me Z, Q, R, C, isqÔei K = C. Genik�, h algebrik  j kh (algebraic closure) K perièqeiìle ti r�ze poluwnÔmwn sto K[x]. Sugkr�nete to algebrikì sÔnolo me thn ant�stoiqh ènnoia sthdiaforik  gewmetr�a, pou e�nai h poikilìthta (manifold), gnwst  kai w {sÔnolo pollaplìthta}.Par�deigma 6.2.3 'Estw V (S) to algebrikì sÔnolo poluwnumikoÔ sunìlou S: V (x2 + 1) =

{±
√
−1}, V (Q[x1, . . . , xn]) = ∅, V (∅) = Cn. 2



6.2. �ENNOIES ALGEBRIK�HS GEWMETR�IAS 63Di�stash tou algebrikoÔ sunìlou kale�tai h gewmetrik  di�stas  tou, dhl. gia mh ken� sÔnola ènaakèraio metaxÔ 0 (peperasmèno sÔnolo shme�wn) èw n (an kai mìno an algebrikì sÔnolo = Cn).Par�deigma 6.2.4 � dim(V ) = 0 ⇔ V = shmeiosÔnolo: aut  e�nai h mình per�ptwsh to alge-brikì sÔnolo na èqei peperasmèno plhj�rijmo.� Di�stash peperasmènou sunìlou eujei¸n   epipèdwn = 1   2. Genik�, dim(V ) = 1⇔ V perièqeimia kampÔlh (�sw euje�a), dÔnatai na perièqei shme�a, all� ìqi sunist¸se di�stash ≥ 2.� dim(uperepipèdou) = n− 1 = dim V (f), gia opoiod pote f me tuqa�ou suntelestè.� dim(V ) = n⇔ V = Cn.
2Orismì 6.2.5 Dedomènou ide¸dou I se antimetajetikì daktÔlio R, to rizikì ide¸de tou I (radical

ideal) or�zetai w √I := {r ∈ R | rn ∈ I,∃n > 0}.Par�deigma 6.2.6 √(8) = (2),
√

(12) = (6),
√

(x3) = (x),
√

(x2, x− 2y, y3) = (x, y). 2Diaisjhtik�, to rizikì ide¸de antistoiqe� sto �dio algebrikì sÔnolo, ìpou ìmw oi r�ze e�nai ìleaplè.Gia k�je sÔnolo X ⊂ Cn or�zoume to sÔnolo J(X) := {f ∈ Q[x] : f(x) = 0, ∀x ∈ X}, to opo�o e�naiide¸de. Epiplèon isqÔoun ta ex  (�skhsh 6.2.10):� J(Cn) = ∅, J(∅) = Q[x],� X ⊂ Y ⇒ J(Y ) ⊂ J(X),� S ⊂ J(V (S)), X ⊂ V (J(X)),ìpou V (S) to algebrikì sÔnolo poluwnumikoÔ sunìlou S. MporoÔme t¸ra na diatup¸soume to basi-kìtero je¸rhma th algebrik  gewmetr�a poluwnÔmwn, pou e�nai to je¸rhma twn mhdenik¸n (Null-
stellensatz) tou Hilbert:Je¸rhma 6.2.7 (Hilbert’s Nullstellensatz) Gia k�je poluwnumikì ide¸de I isqÔei

J(V (I)) =
√

I.Ousiastik�, k�je ide¸de tou daktul�ou twn poluwnÔmwn or�zei èna monadikì algebrikì sÔnolo. K�jealgebrikì sÔnolo mpore� na oriste� apì èna ide¸de, monadikì an dialèxoume to {aploÔstero} ide¸de(qwr� pollaplè r�ze). To ide¸de autì e�nai to rizikì ide¸de (radical ideal), sÔmfwna me to je¸rhmatwn mhdenik¸n (Nullstellensatz) tou Hilbert.Melet�me t¸ra ton arijmì twn exis¸sewn w pro ton arijmì metablht¸n. 'Opw kai prohgoÔmena,èstw n o arijmì twn metablht¸n. Sta grammik� sust mata n × n, to algebrikì sÔnolo e�nai kenìan kai mìno an o p�naka M twn suntelest¸n èqei or�zousa= 0 (isodÔnama t�xh dhl. rank < n) kaiup�rqei mia asÔmbath ex�swsh 0 = β, β 6= 0. Bajmì(M) = ρ < n shma�nei pw to sÔsthma isodÔnamagr�fetai me ρ exis¸sei pou lÔnontai en¸ k�poia apì ti epiplèon n − ρ exis¸sei e�nai asÔmbath
0 = β. Ousiastik� èqoume perissìtere anex�rthte exis¸sei apì ρ = pl jo agn¸stwn w protou opo�ou epilÔoume.



64 KEF�ALAIO 6. EP�ILUSH STOUS MIGADIKO�USPar�deigma 6.2.8 x+2y = −1, 2x+4y = 0⇒ t�xh (M) = 1, en¸ met� thn apaloif  h 2h ex�swshg�netai 0 + 0 = 2. 2To algebrikì sÔnolo den e�nai kenì: to pl jo anex�rthtwn exis¸sewn e�nai �so me thn t�xh (M) =
ρ ≤ n. Upoper�ptwsh: ρ = n, tìte up�rqei monadik  lÔsh, shme�o sto Cn dhl. di�stash algebrikoÔsunìlou = 0. Upoper�ptwsh ρ < n, tìte up�rqei apeir�a lÔsewn kai n− ρ exis¸sei th morf  0 = 0,di�stash algebrikoÔ sunìlou=n− ρ = pl jo epiplèon metablht¸n.Par�deigma 6.2.9 x+2y = −1, 2x+4y = −2. Up�rqei apeir�a lÔsewn (−2y−1, y) gia opoiod pote
y (di�stash algebrikoÔ sunìlou = 1). 2Se dedomèno prìblhma, èna sÔnolo dedomènwn kale�tai genikì (generic), isodÔnama den apoteloÔn ei-dik�   ekfulismèna (degenerate, singular) dedomèna, ìtan leitourgoÔn se autì to prìblhma ìpw taperissìtera tètoia sÔnola. Sthn pr�xh genik� dedomèna upolog�zontai me meg�lh pijanìthta qrhsimo-poi¸nta tuqa�a epilog . Pio austhr�, to sÔnolo genik¸n dedomènwn èqei thn �dia di�stash me to q¸roìlwn twn dunat¸n dedomènwn, en¸ to sÔnolo ekfulismènwn dedomènwn èqei di�stash = 0 se autì toq¸ro.Efex  jewroÔme pw oi dedomène exis¸sei e�nai anex�rthte kai pw oi suntelestè e�nai geniko�.Sta (mh) grammik� sust mata:� Pl jo exis¸sewn > pl jo metablht¸n (uper-prosdiorismèno) ⇒ genik� den up�rqoun r�ze.� Pl jo exis¸sewn = pl jo metablht¸n (kal¸ orismèno) ⇒ genik� up�rqei peperasmèno pl -jo riz¸n, to opo�o fr�ssetai apì ta di�fora ìria (sta grammik� sust mata monadik  r�za).Di�stash algebrikoÔ sunìlou=0.� Pl jo exis¸sewn < pl jo metablht¸n (upo-prosdiorismèno) ⇒ apeir�a lÔsewn, di�stash su-nìlou > 0.'Askhsh 6.2.10 Apode�xte pw:1. gia k�je X ⊂ Cn, to J(X) e�nai ide¸de,2. J(Cn) = ∅, J(∅) = Q[x],3. X ⊂ Y ⇒ J(Y ) ⊂ J(X),4. S ⊂ J(V (S)), X ⊂ V (J(X)),ìpou V (S) to algebrikì sÔnolo poluwnumikoÔ sunìlou S.6.3 'Oria ston arijmì twn migadik¸n riz¸nMelet�me to ìrio Bézout kai to araiì ìrio Bernstein [Ber76]. 'Estw polu¸numa p1, . . . , pn sto C[x],ìpou to x = (x1, . . . , xn) sumbol�zei n metablhtè, to kajèna sunolikoÔ bajmoÔ deg pi.



6.3. �ORIA STON ARIJM�O TWN MIGADIK�WN RIZ�WN 65Orismì 6.3.1 O probolikì q¸ro Pn
C
,   aploÔstera Pn, e�nai to sÔnolo, di�stash n, twn kl�sewnisodunam�a twn dianusm�twn sto Cn+1 pou èqoun toul�qiston èna mh mhdenikì stoiqe�o, ìpou taut�zoumedianÔsmata pou diafèroun kat� èna mh mhdenikì stajerì pollapl�sio:

Pn := {(α1 : · · · : αn+1) ∈ Cn+1|(α1 : · · · : αn+1) 6= 0n+1, (α1 : · · · : αn+1) ∼ (λα1 : · · · : λαn+1), λ ∈ C∗}.O probolikì q¸ro Pn prob�lletai me 1-1 antistoiq�a ston Cn e�n jèsoume αn+1 = 1, kai prob�lletaisto �peiro e�n jèsoume αn+1 = 0.Je¸rhma 6.3.2 [Béz79] To pl jo twn koin¸n riz¸n sto Pn
C
gia sÔsthma poluwnÔmwn p1, . . . , pnme n metablhtè kai dedomènou sunolikoÔ bajmoÔ deg pi fr�ssetai apì to

n
∏

i=1

deg pi,ìpou oi pollaplè r�ze metroÔntai me thn pollaplìtht� tou. E�n oi suntelestè e�nai geniko� (dhl.arket� tuqa�oi) tìte to ìrio e�nai akribè.Up�rqoun belti¸sei ep� tou jewr mato ìtan ta polu¸numa gr�fontai w �jroisma omogen¸n ìrwn,ìpou k�je ìro èqei sugkekrimèno bajmì w pro èna uposÔnolo twn metablht¸n. 'Ena tètoio sÔsthmakale�tai polu-omogenè (m-homogeneous) [DE03, MSW94]. Eidikìtera:Orismì 6.3.3 'Estw mia diamèrish twn metablht¸n se m uposÔnola X1, . . . ,Xm. 'Ena polu¸numokale�tai polu-omogenè   m-omogenè an e�nai omogenè w pro k�je uposÔnolo Xi gia i = 1, . . . ,m.Me �lla lìgia, to polu¸numo omogenopoie�tai me thn eisagwg  mia teqnht  metablht  gia k�je upo-sÔnolo Xi. Parathr ste pw to polu¸numo e�nai sunep¸ kai omogenè. 'Ena sÔsthma pou apotele�taiapì polu-omogen  polu¸numa, w pro thn �dia diamèrish metablht¸n, kale�tai m-omogenè.'Estw h diamèrish twn metablht¸n X1, . . . ,Xm, ìpou to uposÔnolo Xi perièqei ni metablhtè kai
n1 + · · ·+nm = n to sÔnolo twn metablht¸n. 'Estw èna m-omogenè sÔsthma n poluwnÔmwn, ìpou to
i-stì polu¸numo èqei bajmì dij w pro ti metablhtè Xj , katìpin omogenopo�hsh me thn eisagwg th metablht  me arijmì nj + 1.Par�deigma 6.3.4 To f = c110x1x2y0 + c201x

2
1y1 + c111x1x2y1 + c001x

2
0y1 e�nai polu-omogenè wpro ta X1 = (x0, x1, x2), X2 = (y0, y1) me m = 2, ìpou n1 = 2, n2 = 1 kai d1 = 2, d2 = 1. 2Je¸rhma 6.3.5 [m-Bézout] To poluomogenè fr�gma m-Bézout fr�ssei to pl jo twn apomonw-mènwn riz¸n sto Pn1 × · · · × Pnm apì ton suntelest  tou yn1

1 · · · ynm

m sto nèo polu¸numo
n
∏

i=1

(di1y1 + · · ·+ dimym)Gia polu¸numa me tuqa�ou suntelestè, to fr�gma e�nai akribè.Ta polu-omogen  polu¸numa prosfèroun mia endi�mesh je¸rhsh metaxÔ th klasik  probolik  jew-r�a kai th jewr�a arai  apaloif . Parak�tw exet�zoume th jewr�a th arai  apaloif  (sparse,
or toric, elimination) pou genikeÔei ìla ta parap�nw ìria [CLO05].



66 KEF�ALAIO 6. EP�ILUSH STOUS MIGADIKO�USOrismì 6.3.6 'Estw polu¸numo n metablht¸n me m mh-mhdenikoÔ ìrou. JewroÔme ta akèraiadianÔsmata twn m ekjet¸n w shme�a ston n−di�stato q¸ro. To kurtì per�blhma twn m shme�wn(mikrìtero kurtì polÔedro pou perilamb�nei ta shme�a) kale�tai polÔedro tou NeÔtwna tou poluwnÔmou.Sunep¸ to polÔedro tou NeÔtwna exart�tai mìno apì èna uposÔnolo twn mh mhdenik¸n ìrwn, all� ìqiapì thn akrib  tim  twn suntelest¸n tou. To polÔedro tou NeÔtwna ekfr�zei thn {poluplokìthta}tou poluwnÔmou, me megalÔterh akr�beia ap'ì,ti o sunolikì bajmì.Par�deigma 6.3.7 Sto polu¸numo P (x, y) = 3x2− y + 2xy + 5x2y + 6x2y2− 2x3y2 antistoiqoÔmeto sÔnolo twn ekjet¸n pou emfan�zontai {(2, 0), (0, 1), (1, 1), (2, 1), (2, 2), (3, 2)}. 2'Estw mia ex�swsh f = c0 + c1x + · · · + cbx
b w pro x, bajmoÔ b. To polÔedro tou NeÔtwna ed¸e�nai to eujÔgrammo tm ma [0, b] kai o ìgko tou isoÔtai me to m ko b. Gnwr�zoume apì to Jemeli¸deJe¸rhma th 'Algebra pw to pl jo twn migadik¸n riz¸n th ex�swsh f = 0 isoÔtai me b. An èqoume2 exis¸sei me 2 agn¸stou x, y, oi opo�e èqoun to �dio polÔedro tou NeÔtwna (to opo�o onom�zoume

P ), tìte to dipl�sio tou ìgkou tou poluèdrou isoÔtai me to pl jo twn koin¸n migadik¸n riz¸n tousust mato, dhl. to pl jo twn zeug¸n (x, y) gia ta opo�a kai oi 2 exis¸sei mhden�zontai.
y

xSq ma 6.1: PolÔgwno tou NeÔtwna gia araiì polu¸numo 2 metablht¸n sunolikoÔ bajmoÔ 4 kai ant�-stoiqo polÔgwno tou NeÔtwna gia ant�stoiqo puknì polu¸numo me ton �dio sunolikì bajmì.Genik�, èna sÔsthma n exis¸sewn me n agn¸stou, ìpou ìla ta polÔedra tou NeÔtwna e�nai �dia, èqei topolÔ n!V migadikè r�ze, ìpou V o ìgko tou poluèdrou tou NeÔtwna. Autì apotele� eidik  per�ptwshtou parak�tw jewr mato 6.3.9.Genikìtera, up�rqoun ìria sto pl jo riz¸n sust mato poluwnÔmwn se sun�rthsh tou MiktoÔ ìg-kou twn ant�stoiqwn poluèdrwn tou NeÔtwna, akribèstera apì ta klasik� ìria tou Bézout, ta opo�aapoteloÔn sun�rthsh tou sunolikoÔ bajmoÔ. Gia na doÔme p¸ to polÔgwno tou NeÔtwna d�nei akri-bèsterh plhrofor�a apì ton sunolikì bajmì, jewr ste to par�deigma sto sq ma 6.1. E�nai safè pwto polÔgwno autì e�nai polÔ mikrìtero apì to ant�stoiqo polÔgwno (tr�gwno) tou NeÔtwna gia puknìpolu¸numo sunolikoÔ bajmoÔ 4, to opo�o fa�netai me diakekommène grammè.Par�deigma 6.3.8 'Estw ta polu¸numa c0+c1x+c2x
2y+c3xy, b0+b1x+b2y+b3xy, kai opoiad potemh-mhdenik� ci, bi. To sq. 6.2 de�qnei ta ant�stoiqa polÔgwna tou NeÔtwna.

2Dianusmatikì �jroisma (  �jroisma Minkowski) A+B dÔo sunìlwn (peperasmènwn   �peirwn) akèraiwndianusm�twn e�nai {α + β : α ∈ A, β ∈ B}. E�n A, B kurt� sÔnola tìte A + B kurtì. Or�zetai ep�sho miktì ìgko twn poluèdrwn, o opo�o mpore� na upologiste� mèsw tou ajro�smato Minkowski.To �jroisma Minkowski dÔo shmeiosunìlwn A,B e�nai to shmeiosÔnolo A + B pou perièqei ìla ta
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Sq ma 6.2: DÔo polÔgwna NeÔtwna, �jroisma Minkowski, mikt  upodia�resh, kai upologismì miktoÔìgkou.dianusmatik� ajro�smata a + b gia k�je a ∈ A, b ∈ B. To �jroisma Minkowski 2 polug¸nwn fa�netaisto sq ma 6.2 parak�tw. Sto �dio sq ma de�qnoume kai mia {mikt  upodia�resh} tou ajro�smato
Minkowski me thn opo�a upolog�zoume to Miktì ìgko kai, telik�, èna fr�gma sto pl jo riz¸n twnant�stoiqwn poluwnÔmwn. Sto par�deigma (sq ma 6.2) o Miktì ìgko isoÔtai me 3.Je¸rhma 6.3.9 [Ber76] O miktì ìgko twn n poluèdrwn NeÔtwna twn poluwnÔmwn fr�ssei to pl -jo twn koin¸n riz¸n sto (C−{0})n gia opoiod pote sÔsthma me dedomènou tou mh-mhdenikoÔ ìrou.Oi pollaplìthte sunupolog�zontai, en¸ sp�nia prosmetroÔntai r�ze sto �peiro. E�n oi suntelestèe�nai geniko� tìte to ìrio e�nai akribè.To ìrio Bernstein e�nai ep�sh gnwstì w ìrio Bernstein-Khovanskii-Kushnirenko.H qrhsimìthta tou or�ou dikaiologe�tai apì 2 par�gonte: (a) Tupik� e�nai polÔ kat¸tero tou or�ou
Bézout, (b) exart�tai mìno apì ta polÔedra tou NeÔtwna twn poluwnÔmwn opìte e�nai sun�rthsh thdom  twn poluwnÔmwn kai th araiìtht� tou (kale�tai kai araiì ìrio).Gia apolÔtw pukn� polu¸numa (mh mhdeniko� ìloi oi dunato� ìroi) ta ìria Bernstein kai Bézoutsump�ptoun. Up�rqei mia epèktash [HS97] sto Cn.Par�deigma 6.3.10 Sth domik  biolog�a, melet�me ti diamorf¸sei tou kukloexan�ou, dhl. enìdaktul�ou èxi shmeiak¸n maz¸n, me 6 peristrefìmenou bajmoÔ eleujer�a. Apì thn gewmetr�a apo-st�sewn   thn Eukle�deio gewmetr�a, kataskeu�zoume èna sÔsthma 3 × 3 pou perigr�fei ti dunatèdiamorf¸sei:

fi = βi1 + βi2t
2
j + βi3t

2
k + βi4tjtk + βi5t

2
j t

2
k, {i, j, k} = 0, 1, 2.Oi metablhtè t0, t1, t2 antistoiqoÔn sthn efaptìmenh th mis  gwn�a twn 3 algebrik¸ anex�rthtwngwni¸n, oi opo�e kajor�zoun mia diamìrfwsh.To fr�gma Bézout isoÔtai me 43 = 64.To poluomogenè fr�gma m-Bézout fr�ssei to pl jo riz¸n sto P1 × P1 × P1. Oi bajmo� twn po-luwnÔmwn sti metablhtè t0, t1, t2 e�nai ant�stoiqa (0, 2, 2), (2, 0, 2), (2, 2, 0). To fr�gma isoÔtai me tonsuntelest  tou y1y2y3 sto

∏

i

(di1y1+di2y2+di3y3) = · · ·+(2y2+2y3)(2y1+2y3)(2y1+2y2)+· · · = · · ·+2y2·2y1·2y3+2y3·2y1·2y2+· · ·



68 KEF�ALAIO 6. EP�ILUSH STOUS MIGADIKO�USdhl. to fr�gma e�nai 16.Tèlo, jewroÔme ta 3 polÔedra tou NeÔtwna Q0, Q1, Q2. E�nai kai ta 3 tetr�gwna, me m ko akm  2,pou br�skontai se diaforetik� ep�peda, dhl. sto ep�pedo twn t1t2, twn t0t2 kai twn t0t1 ant�stoiqa. To�jroisma Minkowski Q0 + Q1 + Q2 e�nai kÔbo me m ko akm  4 kai ìgko 43 = 64. O Miktì 'Ogkotwn 3 poluèdrwn e�nai, apì ton tÔpo egkleismoÔ-apokleismoÔ,
V (Q0 + Q1 + Q2)−

∑

i6=j

V (Qi + Qj) +
∑

i

V (Qi) = 43 − 3 · 4 · 2 · 2 + 0 = 16,ìpou k�je �jroisma Qi + Qj e�nai orjog¸nio parallhlep�pedo me m ko akm¸n 4, 2, 2. 26.4 Mèjodo th apalo�fousaH apalo�fousa (  epilÔousa) (resultant or eliminant) parèqei mia Sunj kh Ôparxh riz¸n se ènauper-prosdiorismèna sÔsthma n + 1 poluwnÔmwn se daktÔlio K[x1, . . . , xn]. De: [CLO05].Orismì 6.4.1 H apalo�fousa R tou sust mato n + 1 poluwnÔmwn se n metablhtè kai me sum-bolikoÔ suntelestè e�nai èna polu¸numo me akèraiou suntelestè kai metablhtè tou sumbolikoÔsuntelestè tou arqikoÔ sust mato. 'Otan oi sumboliko� suntelestè l�boun sugkekrimène timè,
R = 0 an kai mìno an to arqikì sÔsthma èqei koin  r�za.O parap�nw orismì e�nai hjelhmèna asaf  w pro ton q¸ro twn koin¸n riz¸n. Ja doÔme parak�tw,pw h Ôparxh probolik¸n riz¸n ekfr�zetai apì thn probolik  (klasik ) apalo�fousa, en¸ h torik apalo�fousa ekfr�zei thn Ôparxh riz¸n se èna torikì algebrikì sÔnolo.Gia sust mata dÔo poluwnÔmwn me n = 1, h suz thsh th apalo�fousa br�sketai sthn enìthta 4.3ìpou or�zetai o p�naka Sylvester S. Jum�zoume to je¸rhma 4.3.2:Je¸rhma 6.4.2 'Estw 2 polu¸numa sto Z[x]. Upojètoume ìti toul�qiston èna ek twn megistob�j-miwn ìrwn twn poluwnÔmwn e�nai mh mhdenikì. Tìte det S = 0 an kai mìno an ta polu¸numa èqounkoin  r�za.O p�naka Sylvester perièqei 2 upop�nake Toeplitz �ra e�nai Toeplitz kat� om�de gramm¸n.6.4.1 Grammik� sust mata n + 1 poluwnÔmwn'Estw grammikì sÔsthma n + 1 poluwnÔmwn pou gr�fetai w Ax = b, x ∈ Cn, b ∈ Cn+1, ìpou o
A e�nai o p�naka twn suntelest¸n twn n + 1 poluwnÔmwn kai di�stash (n + 1) × n. To sÔsthmaèqei koin  r�za an kai mìno an to stajerì di�nusma b an kei ston q¸ro twn sthl¸n tou p�naka A ⇔t�xh(M) < n + 1 ⇔ det M = 0, ìpou o p�naka M = [Ab] e�nai (n + 1) × (n + 1) kai isoÔtai me tonp�naka A twn suntelest¸n epauxhmèno me th st lh b.'Estw Mij o upop�naka n×n pou prokÔptei apì to M sb nonta th gramm  kai th st lh pou perièqounto stoiqe�o (i, j). 'Otan detM(n+1)(n+1) 6= 0 tìte lÔnoume to ant�stoiqo uposÔsthma me ton kanìna
Cramer ¸ste αj = (−1)j det M(n+1)j/det M(n+1)(n+1). Aut  e�nai r�za kai th teleuta�a ex�swsh ankai mìno an

c(n+1)1α1 + . . . + c(n+1)nαn = bn+1 ⇔
⇔ c(n+1)1(−1) det M(n+1)1 + . . . + c(n+1)n(−1)n detM(n+1)n = bn+1 det M(n+1)(n+1)

⇔ det M = 0

(6.1)epeid  parathroÔme pw prìkeitai gia to an�ptugma th detM w pro thn teleuta�a seir�.



6.4. M�EJODOS THS APALO�IFOUSAS 69Par�deigma 6.4.3 x + 2y = −1, 2x + 3y = 0, x + y = 1⇒ t�xh (M) = 2, koin  r�za = (3,−2). 2Aut  h or�zousa detM isoÔtai me thn apalo�fousa tou grammikoÔ sust mato. Oi st le tou MantistoiqoÔn sti dun�mei tou x en¸ oi grammè perièqoun ta polu¸numa pi. An t�xh (M) = n tìteup�rqei monadik  r�za, alli¸ apeir�a lÔsewn.Gia α = [α1, . . . , αn, 1], Mα = di�nusma tim¸n poluwnÔmwn sto shme�o α �ra (an�mesa) sta mh-mhdenik� dianÔsmata pou br�skontai ston pur na tou M up�rqei to di�nusma pou apotele�tai apì tisuntetagmène th koin  r�za.Parat rhsh: o pollaplasiasmì apì arister� dianÔsmato w = [w1, . . . , wn+1] ep� M d�nei èna ginìmenodi�nusma pou antiproswpeÔei to Σi=1,...,n+1wipi.6.4.2 Genik� sust mata n + 1 poluwnÔmwnJumhje�te ton orismì 6.4.1, pou or�zei thn apalo�fousa R enì uper-prosdiorismènou sust mato n+1poluwnÔmwn se n metablhtè w to { mikrìtero } polu¸numo stou suntelestè twn n+1 poluwnÔmwn,to opo�o ekfr�zei thn epilusimìthta tou uper-prosdiorismènou sust mato.Je¸rhma 6.4.4 TÔpo Poisson: R = C
∏

α∈A pk(α), ìpou A e�nai to sÔnolo koin¸n riz¸n twn
p1, . . . , pk−1, pk+1, . . . , pn+1 kai C mia stajer� anex�rthth apì tou suntelestè tou pk.Pìrisma 6.4.5 O bajmì th apalo�fousa w pro tou suntelestè tou pk(x) d�netai apì to ìriosto pl jo koin¸n riz¸n twn p1, . . . , pk−1, pk+1, . . . , pn+1.Orismì 6.4.6 H klasik  apalo�fousa [Euler,Cayley,Sylvester,Bézout℄ afor� sti probolikè mi-gadikè r�ze sunep¸ o bajmì th w pro tou sumbolikoÔ suntelestè tou arqikoÔ sust matoexart�tai apì to ìrio Bézout, en¸ ston tÔpo Poisson to A perilamb�nei ìle ti migadikè probolikèr�ze.Sth jewr�a arai  apaloif , melet�me torik� algebrik� sÔnola T pou or�zontai apì ta polÔedra touNeÔtwna. Genik�, k�je T perièqei to (C−{0})n w puknì uposÔnolo kai br�sketai mèsa sto PN , ìpou
N to pl jo ìyewn sto �jroisma Minkowski twn poluèdrwn tou NeÔtwna. 'Ara to T mpore� na tèmneiton probolikì q¸ro sto �peiro gia sugkekrimènou, mh genikoÔ suntelestè.Orismì 6.4.7 [CLO05, GKZ94, PS93] H arai  apalo�fousa ekfr�zei thn Ôparxh riz¸n se ènatorikì algebrikì sÔnolo T sunep¸ o bajmì th sunart�tai apì to ìrio Bernstein en¸ A ⊂ T .Ant�jeta me ti prohgoÔmene eidikè peript¸sei m�a metablht  kai grammik¸n susthm�twn, den up�r-qei genikì tÔpo gia thn apalo�fousa se sun�rthsh twn suntelest¸n. Prìsfata, kataskeu�sthkanoi apalo�fouse orismènwn nèwn kathgori¸n susthm�twn w or�zouse [DE03, Khe03].Genik�, p�ntw, arkoÔmaste ston upologismì pollaplas�wn th w or�zouse pin�kwn pou genikeÔounton p�naka suntelest¸n grammikoÔ sust mato kai ton p�naka Sylvester. Epidi¸koume sunep¸ nakataskeu�soume tetr�gwnou p�nake M gia tou opo�ou:� h or�zousa detM den e�nai genik� mhdèn,



70 KEF�ALAIO 6. EP�ILUSH STOUS MIGADIKO�US� h or�zousa detM diaire�tai apì thn apalo�fousa, �ra apotele� mia anagka�a sunj kh Ôparxhriz¸n,� o p�naka M èqei to mikrìtero dunatì mègejo kai oi epiplèon parasitikè r�ze pou mhden�zoun
detM qwr� na e�nai r�ze tou sust mato e�nai shmeiakè dhl. di�stash= 0, eid�llw apaitoÔntaieidikè epiprìsjete pr�xei pin�kwn.Up�rqoun oi ex  basiko� tÔpoi pin�kwn:

Bézout   Dixon [Dix08, EM00], ìpou ta stoiqe�a e�nai polu¸numa w pro tou sumbolikoÔ arqikoÔsuntelestè, epomènw èqoun mikrìtero mègejo kai suqn� ligìtere exairèsei.
Sylvester pou sthn genik  per�ptwsh ereun jhke apì to [Mac02] gia thn klasik  apalo�fousa kaitou [CE93, CE00, D’A02, Stu93, Stu94] (tÔpo Newton) gia thn arai .Ubridikì apotele� sunduasmì twn 2 parap�nw, p.q. [DD01].6.4.3 Kataskeu  pin�kwn tÔpou SylvesterMa endiafèroun p�nake apalo�fousa tÔpou Sylvester. H bèltisth (dhl. el�qisth) di�stas  touisoÔtai me ton sunolikì bajmì th apalo�fousa. S' aut  thn per�ptwsh h or�zous� tou d�nei thnapalo�fousa w polu¸numo stou arqikoÔ suntelestè. 'Ara o p�naka twn suntelest¸n grammikoÔsust mato kai o p�naka Sylvester e�nai oi mikrìteroi dunato�.O p�naka kataskeu�zetai w gen�keush tou p�naka Sylvester me n + 1 om�de gramm¸n, m�a an� polu¸-numo. Oi grammè sthn om�da i = 1, . . . , n + 1 ekfr�zoun ta pollapl�sia tou dedomènou poluwnÔmou
pi ep� èna sÔnolo apì mon¸numa Bi. Oi st le ston p�naka antistoiqoÔn sta mon¸numa C, ètsi ¸ste

n+1
∑

i=1

|Bi| = |C|, det M 6= 0, R|det M.O p�naka tÔpou Sylvester èqei thn gnwst  idiìthta pollaplasiasmoÔ me di�nusma apì dexi�: èstw
v èna di�nusma pou perièqei ti timè twn monwnÔmwn C se k�poio n−di�stato shme�o α. Tìte Mvekfr�zei ti timè twn poluwnÔmwn twn gramm¸n sto α. E�n α e�nai koin  r�za twn n + 1 poluwnÔmwn,tìte v an kei ston pur na tou M . Aut  h idiìthta odhge� sto parak�tw:L mma 6.4.8 'Estw tetr�gwno p�naka M tÔpou Sylvester, dhl. me grammè pou antistoiqoÔn seginìmena twn n + 1 poluwnÔmwn ep� mon¸numa sti n metablhtè. H or�zousa detM diaire�tai apì thnprobolik    thn torik  apalo�fousa tou sust mato.Apìdeixh. An to poluwnumikì sÔsthma èqei koin  r�za α, tìte kataskeÔase to di�nusma v pouperièqei ti timè twn monwnÔmwn twn sthl¸n sto α. To ginìmeno Mv perièqei ti timè twn poluwnÔmwnsto α, �ra prìkeitai gia to mhdenikì di�nusma.Sthn probolik  per�ptwsh, ta mon¸numa sthl¸n perièqoun to 1, �ra v 6= 0. Sthn torik  per�ptwsh,
α ∈ (C∗)n, �ra v 6= 0. Epomènw det M = 0 ìpote mhden�zetai h probolik    torik  apalo�fousa.OEDOmo�w apì arister� jewroÔme pw to v perièqei tou suntelestè n+1 poluwnÔmwn qi se antistoiq�ame ta mon¸numa Bi. To vM perièqei tou suntelestè tou Σi=1...n+1piqi se antistoiq�a me ta mon¸numa
C.



6.4. M�EJODOS THS APALO�IFOUSAS 71Aut  h idiìthta faner¸nei mia genikeumènh dom  Toeplitz. O p�naka tÔpou Sylvester perièqei n + 1upop�nake me dom  mh-grammik  Toeplitz, �ra e�nai mh-grammikì Toeplitz kat� om�de gramm¸n ìpouk�je om�da antistoiqe� se èna polu¸numo, kai kale�tai quasi-Toeplitz. ParathroÔme pw h antimet�jeshsthl¸n (kai gramm¸n efìson den parabi�zetai h omadopo�hsh) d�nei èna nèo p�naka quasi-Toeplitz, meti �die idiìthte.P�naka MacaulayMelet�me ton algìrijmo Macaulay gia ton p�naka th probolik  apalo�fousa. O algìrijmo geni-keÔei thn kataskeu  Sylvester. 'Estw Bi to sÔnolo monwnÔmwn pou pollaplasi�zei to polu¸numo fi.Ta Bi ja e�nai ìla uposÔnola tou sunìlou monwnÔmwn B me sunolikì bajmì mèqri
ρ := (

n
∑

i=0

di)− n.Jètoume:
B1 = {xa/xd1

1 |a1 ≥ d1}, B2 = {xa/xd2

2 |a1 < d1, a2 ≥ d2}, . . . , Bn+1 = {xa|ai < di, i = 1, . . . , n}.ApodeiknÔetai eÔkola pw ta Bi e�nai xèna metaxÔ tou kai diamer�zoun to B. Ep�sh ta mon¸numa stoginìmeno xafi, gia k�je xa ∈ Bi, an koun sto B. 'Ara or�zetai tetr�gwno p�naka M me grammè kaist le pou antistoiqoÔn sto B. H di�stash tou M isoÔtai me thn plhjikìthta tou B:
dim M = |B| =

(

n + ρ

n

)

.Blèpoume pw |Bn+1| =
∏

i di dhl. isoÔtai me to fr�gma Bézout gia to sÔsthma f1 = · · · = fn = 0,�ra isoÔtai me ton bajmì th apalo�fousa w pro tou suntelestè tou fn+1.L mma 6.4.9 detM 6= 0 ìtan oi suntelestè twn fi br�skontai se genik  jèsh. Epiplèon, k�je kÔria
(principal) upo-or�zousa e�nai mh-mhdenik .Apìdeixh. Jètoume fi = xdi

i gia i = 1, . . . , n kai f0 = 1. Parathr ste pw t¸ra M = I �ra
detM = 1. H olokl rwsh th apìdeixh af netai w �skhsh. OEDTo ep�teugma tou Macaulay  tan na or�sei upop�naka M ′ t.¸. R = detM/det M ′ [Mac02].'Askhsh 6.4.10 Efarmìste ton algìrijmo Macaulay sthn per�ptwsh n = 1 kai sthn per�ptwshgrammik¸n poluwnÔmwn: perigr�yte tou p�nake M,M ′ pou prokÔptoun.'Askhsh 6.4.11 Efarmìste ton algìrijmo Macaulay kai perigr�yte tou p�nake M,M ′ pou pro-kÔptoun gia to sÔsthma

fi = aix + biy + cixy + di, i = 0, 1, 2.



72 KEF�ALAIO 6. EP�ILUSH STOUS MIGADIKO�USP�nake th torik  apalo�fousaMelet�me algìrijmou kataskeu  pin�kwn Newton gia thn torik  apalo�fousa. Oi grammè sthnom�da i = 1, . . . , n + 1 or�zontai apì ta Bi, ìpou Bi an kei sto dianusmatikì �jroisma twn poluèdrwntou NeÔtwna twn �llwn n poluwnÔmwn. Oi st le antistoiqoÔn sta mon¸numa C, uposÔnolo toudianusmatikoÔ ajro�smato ìlwn twn n + 1 poluèdrwn tou NeÔtwna.O algìrijmo [CE93, CE00] qrhsimopoie� to dianusmatikì �jroisma twn poluèdrwn tou NeÔtwna kaikataskeu�zei p�nake me di�stash �sh me to pl jo twn akèraiwn shme�wn se mia apeiroel�qisth diat�-raxh autoÔ tou ajro�smato. Up�rqei ep�sh h belt�wsh twn [CP93, Stu94].O algìrijmo [EC95] e�nai auxhtikì (incremental) kai dokim�zei diadoqikoÔ orjog¸niou p�nakemèqri na breje� k�poio me pl rh t�xh (rank) gia genikoÔ suntelestè, opìte kai epilègetai ènatetr�gwno upop�naka genik� mh antistrèyimo. Tupik�, o auxhtikì d�nei mikrìterou p�nake apì tonprohgoÔmeno algìrijmo.O p�naka Newton taut�zetai me ton p�naka twn suntelest¸n, ton p�naka Sylvester   Macaulay e�n,ant�stoiqa, to sÔsthma e�nai grammikì, perièqei 2 polu¸numa,   ta polu¸numa e�nai apolÔtw pukn�.Par�deigma 6.4.12 (sunèqeia parade�gmato 6.3.10) Melet�me ti diamorf¸sei tou kukloexan�oume algebrikì sÔsthma 3× 3 (parathr ste thn ar�jmhsh twn exis¸sewn f1, f2, f3):
fi = βi1 + βi2t

2
j + βi3t

2
k + βi4tjtk + βi5t

2
j t

2
k, {i, j, k} = 1, 2, 3.Gia th qr sh th apalo�fousa jewroÔme ta 3 polu¸numa w polu¸numa se 2 metablhtè t1, t2 kaisuntelestè cij ∈ Q[t3]:

f1 = c11 + c12t2 + c13t
2
2 = 0,

f2 = c21 + c22t1 + c23t
2
1 = 0, (6.2)

f3 = c31 + c32t
2
2 + c33t1t2 + c34t

2
1 + c35t

2
1t

2
2 = 0.O bajmì th arai  apalo�fousa sta c1j e�nai MO(f2, f3) = 4, ìpou ta ant�stoiqa polÔedra NeÔtwnae�nai èna eujÔgrammo tm ma ki èna tetr�gwno sto R2. Omo�w kai gia to bajmì sta c2j . O bajmìth arai  apalo�fousa sta c3j e�nai 4 diìti ta f1, f2 èqoun polÔgwna NeÔtwna 2 k�jeta eujÔgrammatm mata. Ara o bèltisto p�naka tÔpou Sylvester ja e�qe mègejo 12× 12.Kai oi 2 parap�nw algìrijmoi (me qr sh upodia�resh tou ajro�smato Minkowski ki o auxhtikì)par�goun ton parak�tw p�naka 16× 16:Oi st le tou p�naka antistoiqoÔn stou ex  ìrou:

[

1, t2, t
2
2, t

3
2, t1, t1t2, t1t

2
2, t1t

3
2, t

2
1, t

2
1t2, t

2
1t

2
2, t

2
1t

3
2, t

3
1, t

3
1t2, t

3
1t

2
2, t

3
1t

3
2

]

.

2Kle�noume thn enìthta me stoiqe�a qr sima gia ton auxhtikì algìrijmo, eidik� ton èlegqo enì u-poy fiou p�naka gia to an apotele� p�naka th arai  apalo�fousa. 'Estw orjog¸nio p�naka Mdiast�sewn a× c, a ≥ c, kataskeuasmèno apì ton auxhtikì algìrijmo me pl rh t�xh o opo�o sune-p¸ ma parèqei ènan p�naka Newton c×c. 'Estw T èna antistrèyimo p�naka t×a. Tìte o t×c p�naka
TM èqei ti idiìthte enì p�naka apalo�fousa kai ep�sh parèqei ènan p�naka Newton. Jumhje�te(enìthte 3.6, 4.5) pw µ(λ)|χ(λ) = det(M−λI) en¸ ta duo polu¸numa (el�qisto kai qarakthristikì)isoÔntai an kai mìno an ìle oi idiotimè èqoun monadia�a pollaplìthta. Fusik�, detA = 0 an kai mìnoan e�nai mhdèn o stajerì ìro tou χ(x)  , isodÔnama, tou µ(x).
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56.4.4 Ep�lush sust mato n× nQrhsimopoioÔme ton p�naka th apalo�fousa gia thn arijmhtik  prosèggish ìlwn twn riz¸n. Seorismèna shme�a parak�tw esti�zoume ston p�naka Newton, en¸ ant�stoiqa mporoÔn na qrhsimopoihjoÔnkai oi �lloi tÔpoi p�naka apalo�fousa. Genik�, up�rqoun dÔo trìpoi ¸ste na anaqjoÔme se èna uper-prosdiorismèno sÔsthma:� Prosjètoume mia grammik  ex�swsh p0 = x1u1 + · · ·+ xnun + u0 ìpou ta u1, . . . , un e�nai tuqa�estajerè (  par�metroi) kai to u0 e�nai mia par�metro sto s¸ma twn suntelest¸n, �ra ta stoiqe�atou p�naka th apalo�fousa e�nai stajerè kai to u0 (  kai ta u1, . . . , un). To polu¸numo
p0 lègetai u-polu¸numo kai h ant�stoiqh apalo�fousa lègetai u-apalo�fousa. 'Ara M(u0) =
M0 + M1u0 ìpou M0,M1 perièqoun mìno stajerè.Pleonèkthma: diaqwr�zei ti pollaplè r�ze w pro k�poio xi tou arqikoÔ sust mato efìson
p0(α) 6= p0(α

′), gia diaforetikè r�ze α 6= α′. Meionèkthma: aux�nei ton arijmì twn exis¸sewn.� KrÔboume th metablht  xn sto ped�o twn suntelest¸n ¸ste ta n polu¸numa jewroÔntai mèlh toudaktul�ou (C[xn])[x1, . . . , xn−1] dhl. se n−1 metablhtè. Ta stoiqe�a tou p�naka e�nai stajerè  polu¸numa tou xn bajmoÔ mèqri d, opìte o p�naka gr�fetai M(xn) = M0 + M1xn + · · ·+ Mdx
d
nìpou oi p�nake Mi perièqoun mìno stajer� stoiqe�a. Profan¸ ant� gia to xn mporoÔme naepilègoume k�poia �llh metablht .'Askhsh 6.4.13 Apode�xte, me qr sh th u-apalo�fousa, pw h ep�lush kal¸ orismènou algebri-koÔ sust mato an�getai sthn paragontopo�hsh enì poluwnÔmou.Se sunèqeia th parap�nw �skhsh, mporoÔme na upolog�soume mia suntetagmènh k�je pragmatik r�za lÔnonta èna polu¸numo se mia metablht . O upologismì twn upìloipwn suntetagmènwn me{ anÔywsh } prot�jhke apì ton Canny [Can88b] kai e�nai s mera gnwst  w mèjodo tou Prwto-genoÔ stoiqe�ou (primitive element)   w Rht  Monodi�stath Anapar�stash (Rational Univariate

Representation), bl. kai [Rou99]. H mèjodo parousi�zetai sthn enìthta 5.4.



74 KEF�ALAIO 6. EP�ILUSH STOUS MIGADIKO�USPar�deigma 6.4.14 Parousi�zoume èna par�deigma ìpou krÔboume th metablht  x gia duo dedomènapolu¸numa se duo agn¸stou: p1 = y(x + 1) + x2 + 2x− 1, p2 = −y2 + 2y + x2 + 3x− 1 ∈ (Z[x])[y].O p�naka Sylvester d�netai parak�tw ki èqei dexiì pur na th morf  (1, y, y2):
S =





x2 + 2x− 1 x + 1 0
0 x2 + 2x− 1 x + 1

x2 + 3x− 1 2 −1



⇒ det S = −x3 − 2x2 + 3x⇒ x ∈ {0,−3, 1}.Gia k�je lÔsh tou x o pur na tou ant�stoiqou p�naka d�nei y = 1, 1,−1.Efìson to fr�gma Bézout e�nai 4, autì shma�nei pw up�rqei probolik  r�za tou sust mato poubr�sketai sto probolikì �peiro P2 \ C2, dhl. gia z = 0 ìpou z h metablht  omogenopo�hsh. Me �llalìgia, y�qnoume ti r�ze ìtan mhden�zontai oi megistob�jmioi ìroi k�je ex�swsh, xy+x2 = −y2+x2 =
0. An x = 0⇒ y = 0 pou den apotele� dekt  lÔsh. An x 6= 0⇒ y = −x kai oi lÔsei sto �peiro e�nai
(x : −x : 0), dhl. èna monodi�stato sÔnolo. 2Par�deigma 6.4.15 'Estw kal¸ orismèno grammikì sÔsthma fi = ci0x0 + · · · + cinxn − bi, i =
0, . . . , n. Autì ekfr�zetai w Ax = b, ìpou x ∈ Cn+1, b ∈ Cn+1. KrÔbonta th metablht  x0, èqoume

[ci0x0 − bi cij]











1
x1...
xn











= 0 ∈ Cn+1.'Ara, isodÔnama, x0[ci0]− [bi]+[cij ][x1, . . . , xn]T = 0, dhlad , [ci0 cij ][x0, x1, . . . , xn]T = [bi]. H ex�swshaut  gr�fthke Ax = b sthn enìthta 6.4.1. 2Me b�sh thn jewr�a th apalo�fousa, ma endiafèroun oi timè th paramètrou   th krummènhmetablht  gia ti opo�e mhden�zetai h or�zousa tou p�naka th apalo�fousa. Kai oi 2 mèjodoienopoioÔntai kai an�goun thn ep�lush tou arqikoÔ sust mato sthn ep�lush tou grammikoÔ sust mato
M(x) = M0 + M1x + · · · + Mdx

d, (d = 1 sthn pr¸th per�ptwsh), ìpou èstw m h di�stas  tou.Diapist¸noume ed¸ to pleonèkthma th mejìdou th apalo�fousa gia thn ep�lush susthm�twn.Sta parak�tw, èstw I o monadia�o p�naka th di�stash pou apaite�tai. Oi timè tou x pou mhden�zounthn or�zousa detM(x) e�nai oi timè tou u0   tou xn sti r�ze tou arqikoÔ sust mato.� Md antistrèyimo: E�n d = 1,M(x) = 0 isoduname� me det(−M−1
1 M0 − Ix) = 0 opìte oi r�zetou x an koun sto sÔnolo twn idiotim¸n tou −M−1

1 M0 di�stash m. Gia megalÔtera d, èqoume
M(x) = Mdx

d + · · ·+ M1x + M0. H upìjesh |Md| 6= 0 odhge� sto:
detM(x) = det Md det(INxd + · · ·+ M−1

d M1x + M−1
d M0)kai o M(x) e�nai mh-antistrèyimo ann to x isoÔtai me ti idiotimè tou suntrofikoÔ p�naka(companion matrix) C, di�stash dm. To �dio prìblhma gr�fetai det(C0 + C1x) = 0 me

detC1 6= 0, dhl. det(−C−1
1 C0 − Ix) = 0. Ta idiodianÔsmata vα tou arqikoÔ p�naka antistoiqoÔnsta idiodianÔsmata tou C w ex , ìpou β mia idiotim  tou arqikoÔ p�naka:

M(β)vα = 0⇔





















0 IN 0... . . .
0 0 IN

−M−1
d M0 · · · · · · −M−1

d Md−1











− βINd





















vα

βvα...
βd−1vα











= 0.



6.4. M�EJODOS THS APALO�IFOUSAS 75� detMd = 0: ta x sta opo�a mhden�zetai h det(M0 + M1x) = 0, gia d = 1, lègontai genikeumèneidiotimè kai upolog�zontai arijmhtik� me kìsto mia kubik  sun�rthsh th di�stash, all� meyhlìterh stajer� kai qeirìterh arijmhtik  akr�beia ap' ì,ti oi aplè idiotimè. Gia megalÔtera
d, or�zontai p�nake A0, A1 di�stash dm, tètoioi ¸ste to �dio prìblhma genikeumènwn idiotim¸ngr�fetai det(A0 + A1x) = 0, me det A1 = 0. Gia mia idiotim  β kai to ant�stoiqo idiodi�nusma vαèqoume:
M(β)vα = 0⇔





















0 IN . . .
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IN . . .
IN

Md































vα
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βd−1vα











= 0.P¸ br�skoume t¸ra ta upìloipa stoiqe�a twn dianusm�twn pou apoteloÔn r�ze tou arqikoÔ sust -mato? QrhsimopoioÔme thn idiìthta tou p�naka th apalo�fousa sqetik� me ton pollaplasiasmì ep�di�nusma apì dexi�, pou ma odhge� ston upologismì tou pur na tou m×m p�naka M(x). EnopoioÔmeti peript¸sei gia k�je d gr�fonta to prìblhma isodÔnama w ton upologismì twn dianusm�twn vtètoia ¸ste (C0 + C1x)v = 0, ìpou di�stash pin�kwn = md.'Estw v ston pur na dhl. (−C−1
1 C0 − Ix)v = 0 efìson o C1 e�nai antistrèyimo, opìte arke� oupologismì twn idiodianusm�twn tou −C−1

1 C0, di�stash md. An detC1 = 0 tìte upolog�zoume tagenikeumèna idiodianÔsmata (C0 + C1x)v = 0.Tèlo, ta stoiqe�a tou v e�nai tÔpou αb gia mon¸numo b, �ra mporoÔme na upolog�soume ti suntetag-mène th r�za α me orismène diairèsei. P.q.: gia 2−di�stato α, pa�rnoume dÔo stoiqe�a me ekjète
(1, 2) kai (1, 3), �ra to phl�ko d�nei thn 2h suntetagmènh.Ta dianÔsmata α pou upolog�zoume apì ta (genikeumèna) idiodianÔsmata e�nai sun jw perissìteraapì ti r�ze tou arqikoÔ sust mato, diìti o p�naka th apalo�fousa den èqei sun jw thn bèltisth(dhl. el�qisth) di�stash. Epomènw upolog�zoume ti timè twn arqik¸n poluwnÔmwn sta α pou èqoumeupolog�sei kai aporr�ptoume aut� sta opo�a ta polu¸numa de mhden�zontai.O p�naka th apalo�fousa d�nei peraitèrw plhrofor�a. Mia shmantik  plhrofor�a afor� ston p�nakapollaplasiasmoÔ (multiplication table) ston daktÔlio phl�ko K[x]/I, ìpou K[x] o arqikì daktÔliotwn poluwnÔmwn kai I to ide¸de pou or�zoun ta f1, . . . , fn.A perioristoÔme, pro to parìn, sthn per�ptwsh pou h di�stash tou algebrikoÔ sunìlou V (I) e�naimhdèn kai to I e�nai rizikì, dhl. I =

√
I. IsodÔnama, to sÔsthma f1 = · · · = fn = 0 èqei memonwmèner�ze kai aplè. O daktÔlio phl�ko K[x]/I gr�fetai kai K[x] mod I kai perièqei ti kl�sei isoduna-m�a twn upolo�pwn kat� thn dia�resh me to I. Apì thn antimetajetik  �lgebra gnwr�zoume pw, ìtan

dimV (I) = 0, to K[x]/I e�nai dianusmatikì q¸ro p�nw sto K.Je¸rhma 6.4.16 Upojètoume pw I =
√

I , dim V (I) = 0. 'Estw f0 ∈ K[x] t.¸. na èqei diaforetikètimè sti r�ze tou sust mato f1 = · · · = fn = 0. 'Estw B0 ∈ Nn to sÔnolo monwnÔmwn poupollaplasi�zoun to f0 sthn kataskeu  Macaulay. Tìte to B0 e�nai b�sh tou dianusmatikoÔ q¸rou
K[x]/I p�nw sto K.Apìdeixh. 'Estw m =

∏n
i=1 deg(fi) to fr�gma Bézout tou sust mato. Tìte |B0| = m kai jètoume

B0 = {b1, . . . , bm}.Ja qrhsimopoi soume ton p�naka M ′, megèjou m×m, pou prokÔptei apì to sumpl rwma Schur stonp�naka Macaulay, ìpw e�dame parap�nw. Jumhje�te pw oi idiotimè tou M ′ e�nai th morf  f0(α),ìpou α ∈ Cn mia r�za tou kal¸ orismènou sust mato.



76 KEF�ALAIO 6. EP�ILUSH STOUS MIGADIKO�USEx upojèsew oi idiotimè f0(α) e�nai diaforetikè, �ra up�rqoun m idiodianÔsmata grammik¸ anex�r-thta th morf  [αb1 , . . . , αbm ]. Dedomènou ìti to sunolikì pl jo idiodianusm�twn e�nai m, èpetai pwìla ta idiodianÔsmata e�nai th morf  [αb1 , . . . , αbm ].An to B0 den e�nai b�sh tou dianusmatikoÔ q¸rou, tìte up�rqoun k1, . . . , km ∈ K tètoia ¸ste
∑m

i=1 kix
bi = 0 (mod I), �ra gia k�je r�za α èpetai pw ∑m

i=1 kiα
bi = 0. Jewr ste ton p�nakame st le ta idiodianÔsmata tou M ′, o opo�o e�nai antistrèyimo lìgw anexarths�a twn sthl¸n tou.H parap�nw sqèsh shma�nei pw an pollaplasiaste� k�je gramm  me ki, to �jroism� tou mhden�zetai,dhl. o p�naka den e�nai antistrèyimo, pr�gma �topo. OEDOi parap�nw idiìthte èqoun mia bajÔterh ermhne�a, h opo�a sthr�zetai sto gegonì pw, ìpw jadoÔme parak�tw, oi p�nake th apalo�fousa mporoÔn na ekfr�soun pollaplasiasmì poluwnÔmwn. Axekin soume loipìn me ton pollaplasiasmì poluwnÔmwn kai ti pr�xei twn ant�stoiqwn pin�kwn. 'Estwp�naka Mf pou ekfr�zei ton pollaplasiasmì me to polu¸numo f(x) modulo ènan dedomèno ide¸de I,dhlad :

[g]T Mf = [gf mod I]T ,ìpou [g], [gf mod I] to di�nusma-st lh twn suntelest¸n tou g(x), g(x)f(x) mod I ant�stoiqa.L mma 6.4.17 To ginìmeno Mf1
Mf2

isoÔtai me Mf1f2
kai to �jroisma Mf1

+Mf2
isoÔtai me Mf1+f2

.'Askhsh 6.4.18 Melet ste ton p�naka Macaulay sthn per�ptwsh th u-apalo�fousa. Apode�xtepw me apaloif  kat� Gauss prokÔptei tetr�gwno p�naka di�stash �sh me to fr�gma Bézout touarqikoÔ kal¸ prosdiorismènou sust mato, o opo�o ekfr�zei ton pollaplasiasmì poluwnÔmou modto ide¸de tou sust mato.6.5 B�sei GroebnerAkoloujoÔme thn parous�ash sto [CLO97, ch.2]. K�je mon¸numo antistoiqe� se èna monadikì akèraiodi�nusma, �ra ja sumbol�zoume ta mon¸numa kai w akèraia dianÔsmata.Orismì 6.5.1 Di�taxh monwnÔmwn n metablht¸n kale�tai mia pl rh di�taxh twn ant�stoiqwnakèraiwn dianusm�twn (gia k�je 2 dianÔsmata or�zetai sqèsh <, =   >) tètoia ¸ste gia dianÔsmata
α, β, γ, α > β ⇒ α + γ > β + γ kai ìla ta dianÔsmata jetik¸n akera�wn e�nai > 0.Orismì 6.5.2 Lexikografik  di�taxh: α >lex β ann αi = βi gia i < k kai αk > βk.Ant�strofh lexikografik : α >ilx β ann αk < βk kai αi = βi gia i > k.Bajmwt  lexikografik : α > β ann |α| > |β|   |α| = |β| kai α >lex β, ìpou |α| e�nai h 1-nìrma toudianÔsmato dhl. to �jroisma twn stoiqe�wn tou.Ant�strofh bajmwt  lexikografik : α > β ann |α| > |β|   |α| = |β| kai α >ilx β.Par�deigma 6.5.3 Lexikografik� x > y > z ⇒ x2 > y > z2, x3 > x2z > xy2 > z2.Bajmwt  lexikografik : x > y > z ⇒ x2 > z2 > y, x2z2 > xy2z > x3 > z2. 2JewroÔme th dia�resh me upìloipo poluwnÔmwn me n metablhtè x1, . . . , xn, ìpou up�rqoun s diairètekai diairetèo to polu¸numo f : f = q1f1 + · · ·+ qsfs + r. Efìson èqw or�sei mia di�taxh monwnÔmwn, oalgìrijmo diaire� k�je ìro tou f me to megalÔtero mon¸numo k�je fi w pro th di�taxh. An o ìrotou f den diaire�tai, ton prosjètoume sto trèqon upìloipo ¸ste na p�roume telik� to polu¸numo r.



6.5. B�ASEIS GROEBNER 77Epomènw, an r 6= 0, kanèna ìro tou den an kei sto ide¸de pou par�getai apì ta arqik� mon¸numatwn fi. O algìrijmo termat�zei kai to apotèlesma e�nai kal¸ orismèno gia dedomènh di�taxh, all� to
r den e�nai monadik� orismèno efìson exart�tai apì th seir� pou exet�zw ta fi. An ta fi apoteloÔsanmia b�sh Gröbner tìte to upìloipon ja  tan monadikì, gia th dedomènh di�taxh monwnÔmwn.Par�deigma 6.5.4 f = x2y + xy2 + y2, f1 = xy − 1, f2 = y2 − 1 : f = f1(x + y) + (y2 + x + y)diìti to arqikì (lexikografik�) mon¸numo x2y diaire�tai apì to arqikì xy tou f1. Ep�sh, y2 +x+ y =
f2 + (x + y + 1), �ra f = f1(x + y) + f2 + (x + y + 1), ìpou to phl�ko den perièqei ìrou sto ide¸detwn arqik¸n monwnÔmwn twn fi. An all�xw th seir� diairèsewn (pr¸ta to f2, met� to f1), katal gwse diaforetik� phl�ka kai upìloipo. 2Ide¸de monwnÔmwn kale�tai k�je ide¸de pou par�getai apì k�poio peperasmèno   mh peperasmènosÔnolo monwnÔmwn.L mma 6.5.5 xb ∈ 〈xa : a ∈ A ⊂ Nn〉 ⇔ ∃ c ∈ A : xc | xb.'Askhsh 6.5.6 Apode�xte to l mma.L mma 6.5.7 f ∈ I := 〈xa : a ∈ A ⊂ Nn〉 ⇔ ∀ mon¸numo xb tou f, xb ∈ I.'Askhsh 6.5.8 Apode�xte to l mma.Pìrisma 6.5.9 〈xa : a ∈ A ⊂ Nn〉 = 〈xb : b ∈ B ⊂ Nn〉 ann ta duo ide¸dh perièqoun akrib¸ ta �diamon¸numa (qwr� kami� anafor� sta polu¸numa).H sunj kh ousiastik� lèei pw arke� na elègxoume an to A par�gei to B kai antistrìfw.'Askhsh 6.5.10 Apode�xte to l mma.Je¸rhma 6.5.11 [L mma Dickson℄ K�je I := 〈xa : a ∈ A ⊂ Nn〉 èqei mia peperasmènh b�sh,uposÔnolo tou A.Apìdeixh. Epagwg  sto n = pl jo twn metablht¸n. Gia n = 1, b�sh e�nai to xa me a ton el�qistoekjèth sto A.Epagwgikì b ma: èstw èna ide¸de monwnÔmwn I ⊂ K[x1, . . . , xn−1, y], J := 〈xai : ∃xaiymi ∈ I〉,ìpou ai ∈ Nn−1,mi ∈ N. To J e�nai ousiastik� h {probol } tou I se mia di�stash ligìtero, opìteefarmìzetai h epagwgik  upìjesh kai up�rqei peperasmènh b�sh monwnÔmwn ¸ste J = 〈xa1 , . . . , xas〉.K�je xai antistoiqe� se èna xaiymi ∈ I. Jètw m := max{m1, . . . ,ms} ki or�zw Jk := 〈xb : ∃xbyk ∈
I〉, ∀k ∈ [0,m). Shmei¸ste pw or�zetai omo�w kai to Jm, ìpou Jm ⊂ J kai mpore� na èqw Jm 6= J .An B(l) e�nai h peperasmènh b�sh monwnÔmwn tou ide¸dou monwnÔmwn l kai B(l)yt sumbol�zei tosÔnolo twn stoiqe�wn th b�sh pollaplasiasmèna me to yt, epijum¸ na apode�xw pw

I =
〈

B(J)ym ∪
(

∪m−1
k=0 B(Jk)y

k
)〉

.H apìdeixh an�getai se duo sqèsei uposunìlwn. H sqèsh I ⊃ 〈· · · 〉 e�nai profan . Gia to ant�strofo,jewr¸ xayt ∈ I. An t ≥ m⇒ xa ∈ J ex orismoÔ tou J kai ym|yt, �ra xayt ∈ 〈· · · 〉. An t < m⇒ xa ∈
Jt ⇒ xb|xa gia k�poio xb ∈ B(Jt) apì to l mma 6.5.5 kai sunep¸ xayt ∈ 〈· · · 〉.'Eqoume brei loipìn mia peperasmènh b�sh gia to I ki arke� plèon na de�xoume pw ta stoiqe�a than koun sto A. Apì to l mma 6.5.5, gia k�je stoiqe�o th xb up�rqei xa ∈ A : xa|xb. 'Ara to Ipar�getai apì ìla ta ant�stoiqa xa. OED



78 KEF�ALAIO 6. EP�ILUSH STOUS MIGADIKO�USPar�deigma 6.5.12 'Estw èna ide¸de monwnÔmwn, pou gia q�rin aplousteÔsew d�netai apì miapeperasmènh b�sh. Parìlo pou tupik� den qrei�zetai to l mma tou Dickson, a to efarmìsoume:
I = 〈x2y5, x3y, x3y2, x2y3, x2y4〉, J = 〈x2, x3, x4〉 = 〈x2〉, m = 3, J0 = ∅, J1 = 〈x3〉, J2 = 〈x3〉. Ed¸
J3 = 〈x2〉 = J . Sunep¸ I = 〈x2y3, x3y, x3y2〉. Parathr ste pw den prìkeitai gia thn el�qisth b�shdiìti I = 〈x2y3, x3y〉.Par�deigma gia n = 3: I = 〈x3yz2, x2y2z〉, J = 〈x3y, x2y2〉, m = max{2, 1} = 2, J0 = ∅, J1 =
〈x2y2〉, J2 = 〈x3y, x2y2〉. Sunep¸ I = 〈x2y2z, x3yz2, x2y2z2〉. Parathr ste pw prìkeitai gia miab�sh megalÔterh apì thn arqik .To teleuta�o b ma th apìdeixh tou l mmato tou Dickson br�skei, gia k�je mon¸numo sta x2y2z, x3yz2, x2y2z2to ant�stoiqo sthn arqik  b�sh A dhl. ta x2y2z, x3yz2, x2y2z. 'Ara prokÔptei h b�sh me thn opo�axekin same. 2T¸ra mporoÔme na proqwr soume sto je¸rhma tou Hilbert sqetik� me thn peratìthta th b�sh k�jeide¸dou, pou sthr�zetai sto l mma tou Dickson.Upojèste pw or�zoume mia di�taxh monwnÔmwn. Tìte gia k�je polu¸numo up�rqei o arqikì tou ìro(initial term), pou sumbol�zetai A(f), kaj¸ kai to arqikì tou mon¸numo M(f) opìte A(f) = cM(f)gia k�poio c 6= 0. Parathr ste pw A(f + g) = A(f) + A(g).'Estw mh mhdenikì ide¸de I: oi arqiko� tou ìroi or�zoun to sÔnolo A(I) = {cxa| ∃f ∈ I : cxa = A(f)}.An ta f1, . . . , fs e�nai mia b�sh tou ide¸dou I, tìte profan¸, to ide¸de monwnÔmwn pou par�gounoi ìroi A(fi) an kei sto ide¸de monwnÔmwn pou par�gei to sÔnolo A(I), dhl. 〈A(f1), . . . , A(fs)〉 ⊂
〈A(I)〉. Ja doÔme pw ta duo ide¸dh isoÔntai ann ta f1, . . . , fs e�nai mia b�sh Gröbner.Je¸rhma 6.5.13 [Hilbert℄ K�je ide¸de I ⊂ K[x1, . . . , xn] èqei mia peperasmènh b�sh.Apìdeixh. Apì to l mma tou Dickson, gia k�poia gi ∈ I,

〈A(g1), . . . , A(gt)〉 = 〈A(I)〉,�ra 〈g1, . . . , gt〉 ⊂ I. EpijumoÔme na de�xoume pw ta gi apoteloÔn b�sh. Gia k�je f ∈ I qrhsimopoi¸ton algìrijmo th dia�resh w pro k�poia di�taxh monwnÔmwn opìte f = q1g1+ · · ·+qtgt +r. 'Eqoume
r ∈ I ⇒ A(r) ∈ 〈A(I)〉 = 〈A(g1), . . . , A(gt)〉 ⇒ A(r) diaire�tai apì k�poio A(gi). Sunep¸ to r denperièqei kanènan ìro dhl. r = 0 kai k�je f ìntw par�getai apì ta gi. OEDTo je¸rhma twn auxanìmenwn alus�dwn idewd¸n th Noether e�nai isodÔnamo me to je¸rhma 6.5.13 tou
Hilbert:Je¸rhma 6.5.14 [Noether℄ Gia k�je alus�da idewd¸n I1 ⊂ I2 ⊂ · · · up�rqei N ≥ 1 ìpou h alus�dastajeropoie�tai dhl. IN = IN+1 = · · · .MporoÔme t¸ra na or�soume ti b�sei Gröbner kai na melet soume ti idiìthtè tou. Onom�sthkanètsi apì to foitht  tou Gröbner, ton Buchberger, o opo�o ti melèthse jewrhtik� kai algorijmik�,xekin¸nta sth dekaet�a tou '60. Onom�sthkan kai standard bases, apì ton Hironaka, thn �dia epoq .Orismì 6.5.15 Gia mia dedomènh di�taxh monwnÔmwn kai ide¸de I, mia b�sh tou 〈g1, . . . , gt〉 = Ikale�tai b�sh Gröbner ann 〈A(g1), . . . , A(gt)〉 = 〈A(I)〉.



6.6. ALG�ORIJMOS BUCHBERGER 79L mma 6.5.16 'Estw G = {g1, . . . , gt} mia b�sh Gröbner tou I ⊂ K[x1, . . . , xn] kai f ∈ K[xi].Up�rqei monadikì upìloipo r ∈ K[xi] apì th dia�resh tou f me ta gi tètoio ¸ste oi ìroi tou r na mhndiairoÔntai apì tou A(gi) kai na up�rqei g ∈ I : f = g + r.Apìdeixh. 'Askhsh. OEDL mma 6.5.17 'Estw G = {gi}i mia b�sh Gröbner tou I. Tìte f ∈ I ⇔ f mod G = 0.Aut  h idiìthta mpore� qrhsimopoie�tai k�pote w orismì th b�sh Gröbner p.q. [DST88]. Akìmh kais' aut  thn per�ptwsh ta phl�ka qi den e�nai monadik� diìti exart¸ntai apì th seir� efarmog  twn gi.Apìdeixh. 'Askhsh. OED6.6 Algìrijmo BuchbergerGia leptomèreie bl. [CLO97, ch.2], [DEKP99].Orismì 6.6.1 'Estw polu¸numa f, g kai mia di�taxh monwnÔmwn. Jètw xγ = EKP twn arqik¸nmonwnÔmwn twn f, g, dhl. γi = max{αi, βi} ∈ N an xa, xb ta ant�stoiqa arqik� mon¸numa. Tìteor�zoume w S-polu¸numo twn f, g to
S(f, g) :=

xγ

A(f)
f − xγ

A(g)
g.Sto S(f, g) èqoun aplopoihje� oi arqiko� ìroi A(f), A(g). An ta f, g  tan grammik� kai antistoiqoÔsanse grammè k�poiou p�naka me st le orismène apì èna diatetagmèno sÔnolo monwnÔmwn (jumhje�tetou p�nake th apalo�fousa, p.q.) tìte h pr�xh pou or�zei to S(f, g) e�nai o grammikì sunduasmìtwn duo aut¸n gramm¸n sthn apaloif  tou Gauss.Par�deigma 6.6.2 S(x3 + 2, x2−x+ 1) = x2−x+ 2, S(x2y− y, xy2 + x) = −x2− y2. S(x(2,1,2) +

x(2,1,1), x(1,2,2)) = x(2,2,1) w pro th lexikografik  di�taxh: parathroÔme pw to arqikì mon¸numotou S(f, g) den e�nai apara�thta mikrìtero apì ta arqik� mon¸numa twn f, g. 'Omw, e�n M(f)|xb =
M(g)⇒ γ = b tìte to arqikì mon¸numo tou S(f, g) e�nai mikrìtero tou xb. 2To parak�tw l mma isqur�zetai pw k�je aplopo�hsh arqik¸n monwnÔmwn se grammikì sunduasmìpoluwnÔmwn ekfr�zetai apì k�poio sÔnolo S-poluwnÔmwn. 'Estw M(f) to arqikì mon¸numo tou f .L mma 6.6.3 'Estw f :=

∑

i cix
α(i)gi, gia k�poie stajerè ci. Upojètw pw èqw polu¸numa gi kaidi�nusma δ ∈ Nn t.¸. xα(i)M(gi) = xδ gia k�je ci 6= 0. Upojètw pw M(f) e�nai mikrìtero tou xδ sthdi�taxh monwnÔmwn. Tìte,

∃cjk : f =
∑

j,k

cjkx
δ−γ(j,k)S(gj , gk), xγ(j,k) = EKP (M(gj),M(gk)).Parathr ste pw M(S(gj , gk)) < xγ(j,k) ⇒ to arqikì mon¸numo tou ajro�smato ∑j,k e�nai mikrìterotou xδ.



80 KEF�ALAIO 6. EP�ILUSH STOUS MIGADIKO�USJe¸rhma 6.6.4 'Estw I = 〈gi〉i. Ta {gi}i apoteloÔn b�sh Gröbner w pro mia sugkekrimènhdi�taxh monwnÔmwn ann S(gi, gj) mod {gi}i = 0, ∀i 6= j, ìpou to upìloipo upolog�zetai w pro thn�dia di�taxh monwnÔmwn.Apìdeixh. [⇒] apì to l mma 6.5.17.
[⇐] Gia f ∈ I arke� na de�xoume pw A(f) ∈ 〈A(gi)〉. T¸ra, f =

∑

i higi kai jètw δ := maxi{deg(higi)} ∈
Nn ìpou deg(higi) ∈ Nn. Upojètw pw apì ìle ti dunatè grafè tou f w poluwnumikoÔ sundua-smoÔ, èqw epilèxei aut n pou d�nei to el�qisto δ ∈ Nn.An M(f) = xδ ⇒ xδ =

∑

i h′
iM(gi) ⇒ xδ ∈ 〈A(gi)〉 gia k�poia polu¸numa h′

i (me support uposÔnolotou support twn hi). Ed¸ to je¸rhma apode�qjhke.Alli¸, ja katal xw se �topo. 'Estw pw up�rqei to ex  upo-�jroisma sto f , to mìno pou suneisfèreimon¸numa xδ:
T :=

∑

t

A(ht)gt : M(htgt) = xδ,ìpou to arqikì mon¸numo tou ajro�smato e�nai M(
∑

t) < δ. Apì to l mma 6.6.3 èpetai pw up�rqounstajerè cjk t.¸. to parap�nw �jroisma T =
∑

j,k cjkx
δ−γ(j,k)S(gj , gk) ìpou M(S(gj , gk)) < xγ(j,k),qrhsimopoi¸nta tou parap�nw sumbolismoÔ. Ex upojèsew, S(gj , gk) mod {gi}i = 0 �ra

S(gj , gk) =
∑

i

aigi : M(aigi) ≤M(S(gj , gk)),apì ton algìrijmo dia�resh, gia k�poia polu¸numa ai. Dhl. sto �jroisma tou S(gj , gk) up�rqounprosjetèoi me arqik� mon¸numa pou den aplopoioÔntai, dhl. isqÔei M(aigi) = M(S(gj , gk)) gia k�poio
i. To parap�nw upo-�jroisma gr�fetai

T =
∑

j,k

cjkx
δ−γ(j,k)

∑

i

aigi,dhl. to arqikì tou mon¸numo e�nai th morf  xδ−γ(j,k)M(aigi) ≤ xδ−γ(j,k)M(S(gj , gk)) < xδ. Tìtekanèna prosjetèo sto T den e�nai bajmoÔ δ, to opo�o e�nai ant�jeto me thn upìjesh. OEDMporoÔme t¸ra na diatup¸soume ton algìrijmo tou Buchberger. Me dedomèno sÔnolo F = {f1, . . . , fs},o algìrijmo upolog�zei mia b�sh Gröbner G = {g1, . . . , gt} tou ide¸dou I = 〈fi〉i t.¸. F ⊂ G.1. Arqikopoi¸ G′ ← F .2. Epanalamb�nw ta ex  b mata: (a) G← G′.(b) Gia k�je p 6= q ∈ G, S ← S(p, q) mod G. An S 6= 0 tìte G′ ← G′ ∪ {S}.H epan�lhyh suneq�zetai mèqri ìtou G = G′.Je¸rhma 6.6.5 O algìrijmo termat�zei kai e�nai orjì.Apìdeixh. Ek kataskeu  F ⊂ G. AfoÔ S ∈ I tìte G ⊂ I. E�n termat�sei o algìrijmo, tìte k�je
S mod G = 0 �ra prìkeitai gia mia b�sh Gröbner sÔmfwna me to je¸rhma 6.6.4.Giat� termat�zei o algìrijmo? jewr ste to ide¸de monwnÔmwn 〈A(g)〉g∈G to opo�o megal¸nei austhr�ann to G megal¸nei austhr� dhl. G ⊂ G′ : G 6= G′ ⇒ 〈A(g)〉g∈G ⊂ 〈A(g′)〉g′∈G′ , 〈A(g)〉 6= 〈A(g′)〉.Gia na apode�xoume thn anisìthta jewroÔme S ∈ G′ 6= G dhl. S mod G 6= 0 �ra A(S) 6∈ 〈A(g)〉 en¸
A(S) ∈ 〈A(g′)〉.Mia alus�da idewd¸n de mpore� na megal¸nei austhr� ep' �peiron kai k�pote termat�zei, apì to je¸rhmath Noether. 'Ara kai h alus�da twn G termat�zei kai sunep¸ ki o algìrijmo. OED



6.6. ALG�ORIJMOS BUCHBERGER 81Par�deigma 6.6.6 F = {f1 = x3 − 2xy, f2 = x2y − 2y2 + x} me bajmwt  lexikografik  di�taxh.To F den e�nai b�sh Gröbner diìti to f3 := S(f1, f2) = −x2 èqei arqikì mon¸numo x2 6∈ 〈x3, x2y〉.Upolog�zoume
f4 := S(f1, f3) = −2xy, f5 := S(f2, f3) = −2y2 + xkai diapist¸noume pw plèon ìla ta S-polu¸numa mhden�zontai mod{f1, . . . , f5}. Parathr ste pw

A(f1) ∈ 〈A(fi)〉i≤2. Autì shma�nei pw mia mikrìterh b�sh Gröbner e�nai to sÔnolo {f2, . . . , f5}.Epiplèon A(f2) ∈ 〈A(fi)〉i≤3 �ra mia akìmh mikrìterh b�sh Gröbner e�nai to {f3, f4, f5}.Prìkeitai gia mia el�qisth b�sh Gröbner an metatrèyw ta polu¸numa se monik�. 'Alle b�sei Gröbnerme ton �dio plhjikì arijmì e�nai th morf  {x2 + cxy, xy, y2 − x/2}, gia k�je stajer� c. 2O algìrijmo tou Buchberger an�getai ousiastik� se autìn tou Eukle�dh gia n = 1.Par�deigma 6.6.7 F = {f1 = x3 + 2x− 3, f2 = 3x2 + 2} d�nei f3 := S(f1, f2) = (4/3)x− 3 dhl. toupìloipo f1 mod f2. Diapist¸noume pw f1 mod {f2, f3} = 0 �ra to f1 den e�nai apara�thto sth b�sh.T¸ra S(f2, f3) = (27/4)x + 2, dhl. to upìloipo th dia�resh me ton arqikì mìno ìro tou phl�kou.Suneq�zonta parathroÔme pw arke� na krat�me èna mìno polu¸numo sth b�sh, ki autì e�nai telik�o MKD. Autì isqÔei �llwste apì thn genik  parat rhsh pw o daktÔlio K[x] e�nai perioq  kÔriwnidewd¸n (principal ideal domain, bl. orismì 4.1.5) gia opoiod pote s¸ma K. IsodÔnama, ìla ta ide¸dhtou e�nai kÔria, dhl. par�gontai apì èna stoiqe�o, to opo�o e�nai o MKD(f1, . . . , fs). 2Orismì 6.6.8 Mia el�qisth b�sh Gröbner G e�nai mia b�sh Gröbner t.¸. ìloi oi suntelestè twnarqik¸n ìrwn poluwnÔmwn sthn G na e�nai 1 (dhl. me monik� polu¸numa) kai gia k�je g ∈ G isqÔei
A(g) 6∈ 〈A(g′)〉 gia g′ ∈ G− {g}.An den isqÔei k�poia pro�pìjesh tou orismoÔ tìte upolog�zoume mia {mikrìterh} b�sh.Orismì 6.6.9 Mia anagmènh (reduced) b�sh Gröbner G e�nai mia b�sh Gröbner t.¸. ìloi oi sun-telestè twn arqik¸n ìrwn poluwnÔmwn sthn G na e�nai 1 (dhl. me monik� polu¸numa) kai gia k�je
g ∈ G kai mon¸numo m tou g isqÔei m 6∈ 〈A(g′)〉 gia g′ ∈ G− {g}.Je¸rhma 6.6.10 Gia k�je ide¸de kai dedomènh di�taxh monwnÔmwn, up�rqei monadik  anagmènhb�sh Gröbner.Sunep¸ duo ide¸dh isoÔntai ann èqoun thn �dia anagmènh b�sh Gröbner, gia sugkekrimènh di�taxhmonwnÔmwn.H qrhsimìthta twn b�sewn Gröbner sth melèth kai ep�lush algebrik¸n susthm�twn e�nai profan ,akìmh ki an prìkeitai gia uper-   upì-prosdiorismèna sust mata. H basik  idiìthta e�nai pw to sÔnololÔsewn tou arqikoÔ sust mato isoÔtai me to sÔnolo lÔsewn th b�sh, afoÔ prìkeitai gia to �dioide¸de. An mia b�sh perièqei mia stajer� tìte to sÔsthma den èqei lÔsei sthn algebrik  j kh tous¸mato twn suntelest¸n.Alli¸, se mia lexikografik  b�sh (me di�taxh x1 > · · · > xn) lÔnoume to teleuta�o polu¸numo w pro
xn ki antikajistoÔme ti lÔsei sta upìloipa. To amèsw prohgoÔmeno polu¸numo perièqei t¸ra mia me-tablht  xn−1 kok. Prìkeitai gia mia gen�keush th ant�stoiqh diadikas�a back-substitution sta gram-mik� sust mata. Tupik�, gia mia b�sh Gröbner G, or�zoume ta uposÔnola Gi := G ∩K[xi+1, . . . , xn].Gia k�je i lÔnoume ta g ∈ Gi w pro xi+1 diìti ta xi+2, . . . , xn èqoun p�rei sugkekrimène timè. Anup�rqei i gia to opo�o kanèna polu¸numo sto Gi den perièqei to xi+1 tìte up�rqoun �peire lÔsei, oiopo�e mporoÔn na ekfrastoÔn parametrik� me thn par�metro xi+1.



82 KEF�ALAIO 6. EP�ILUSH STOUS MIGADIKO�USPar�deigma 6.6.11 (Sunèqeia tou parad. 6.6.6) Elègqoume e�n h b�sh G = {f3 = −x2, f4 =
−2xy, f5 = −2y2 + x}, pou e�qame upolog�sei sto par�d. 6.6.6 me th bajmwt  lexikografik  di�taxh,e�nai ep�sh mia lexikografik  b�sh. ParathroÔme pw ìla ta S-polu¸numa (w pro th lexikografik di�taxh) d�noun upìloipo 0, ektì tou f6 := S(f1, f5) mod G = 4y3. T¸ra ìla ta S-polu¸numa mhden�-zontai mod{f3, f4, f5, f6} �ra prìkeitai gia mia lexikografik  b�sh. 'Ara h mình lÔsh tou sust matoe�nai y = 0 = x. 2Mia shmantik  efarmog  e�nai h algebrikopo�hsh parametrik  (uper)epif�neia xi = fi(t1, . . . , tm).QrhsimopoioÔme th lexikografik  di�taxh t1 > · · · > tm > x1 > · · · > xn opìte h b�sh Gröbnerperièqei w teleuta�o polu¸numo to g ∈ K[x1, . . . , xn]. H algebrik  èkfrash th epif�neia e�nai to g  k�poio par�gwn tou, e�n to g isoÔtai me mia dÔnamh fd   paragontopoie�tai g = fdh. An up�rqounperissìtera gi ∈ K[x1, . . . , xn] tìte h epif�neia an kei sthn tom  twn ant�stoiqwn algebrik¸n sunìlwn
∩iV (gi).Par�deigma 6.6.12 �Estw sfa�ra me parametrik  anapar�stash

x = cos θ cos φ =
1− s2

1 + s2

1− t2

1 + t2
, y = sin θ cos φ =

2s

1 + s2

1− t2

1 + t2
, z = sin φ =

2t

1 + t2
.Sth lexikografik  b�sh Gröbner èqoume g = (x2 + y2 + z2 − 1)2 diìti h arqik  parametropo�hshkalÔptei th sfa�ra duo forè. 2Kle�noume me orismèna apotelèsmata ta opo�a perigr�foun to K[x]/I, x = (x1, . . . , xn). 'Estw miab�sh Gröbner G ide¸dou I ⊂ K[x] kai polu¸numo f ∈ K[x].Pìrisma 6.6.13 Up�rqei monadikì upìloipo f mod G pou onom�zetai kanonik  morf  (normal form)tou f sto K[x]/I kai gr�fetai w K-grammikì sunduasmì monwnÔmwn sto sumpl rwma tou 〈A(g)〉g∈G(dhl. monwnÔmwn {k�tw} apì th sk�la twn arqik¸n monwnÔmwn). 'Ara to K[x]/I e�nai isìmorfo meton dianusmatikì q¸ro D sto K pou par�getai apì ta {xa 6∈ 〈A(g)〉g∈G }.Sunep¸, an f ′ = f mod I, èqoume f + g mod I = f ′ + g′, fg mod I = f ′g′ mod I.Je¸rhma 6.6.14 An K = C  , genikìtera, to K e�nai algebrik� kleistì dhl. �so me thn algebrik tou j kh, oi epìmene prot�sei e�nai isodÔname, ìpou G mia b�sh Gröbner tou ide¸dou I:� To V (I) e�nai peperasmèno.� ∀i,∃mi ∈ N : xmi

i ∈ 〈A(g)〉, �ra |V (I)| ≤ ∏i mi. Sugkekrimèna, to pl jo riz¸n isoÔtai me topl jo monwnÔmwn ektì 〈A(g) : g ∈ G〉 dhl. k�tw apì th sk�la (staircase).� ∀i,∃mi ∈ N : xmi

i = A(g) gia k�poio g ∈ G.� o dianusmatikì q¸ro D èqei dim D <∞ dhl. dim(C[x]/I) < ∞ w dianusmatikì q¸ro sto
C. M�lista h di�stas  tou isoÔtai me |V (I)|.Par�deigma 6.6.15 Gia I = 〈x2 − 2x + 3〉, C[x]/I = C⊕Cx dhl. ìla ta grammik� polu¸numa miametablht . To pl jo riz¸n e�nai 2 kaj¸ ikanopoioÔntai oi sunj ke tou jewr mato. Ta mon¸numak�tw apì th sk�la e�nai {1, x}. 2'Askhsh 6.6.16 Kataskeu�ste èna ant�stoiqo par�deigma me 2 metablhtè kai exet�ste ti sunj ketou jewr mato.
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