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Applications to Queueing Theory

Introduction to Stochastic Processes (Erhan Cinlar)
Ch. 6.5, 6.6

M105 - Ανάλυση και Μοντελοποίηση Δικτύων - Ιωάννης Σταυρακάκης 
(ΕΚΠΑ) - 2023

M/G/1: 

Arrival Process: Memoryless (Poisson arrival or exponential 
(geometric) interarrivals

Service Process: Generally-distributed service times

Number of servers:  1
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Applications to Queueing Theory: M/G/1 Queue
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Applications to Queueing Theory: M/G/1 Queue
arrival

departure (service completion time)

X(t): Number of customers in the system (queue and under service)

Consider a specific subset of times  { te } only.  That means that we embed 
X(t) on times { te } . We do not look at X(t) at times other than in { te }.

X(te) is the process X(t) embedded at times { te }.

X(t) is not a MC.  Why?

If { te } = { times of customer departure }, then X(te) is a MC. Why?

exp

Applications to Queueing Theory: M/G/1 Queue
( )tN  : number of arrivals during the time interval [0 ]t .  

1 2( ) ( )Z Z …   : service times of customers who depart first, second, …  

( )tY  : number of customers in the system (waiting or being served at time t )  

Assumptions:  
 { 0} ( )tN N t P a      

  1 2 i i dZ Z …         
 

 Consider the future of Y  from a time T  of a departure onward.  
 Define nX  as the number of customers in the system just after the instant of the 

thn  departure. ( nX is a SP embedded at departure times) 
 

Theorem: X  is a MC with the transition matrix  
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Distribution of arrivals over a service time
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Proof:  We need to show          1 0n nP X j X … X       1n nP X j X    

             

 1n nP X j X i     1

0 0

0 1

0 otherwise

j

j i

q i j

q i j i 

  
    



 

 Let T  the time of the thn  departure.  
 Let 1nZ Z   the service time of the 1n   customer.  

 

Then,   1

( ) 1 0

0
n T Z T n

n
S Z S n

X N N X
X

N N X





    
    

   (S:arrival  time of the n+1 customer ) 

 

Using Poisson properties:     0T Z T n ZP N N k X …X T P N k         
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Distribution of arrivals over a service time

The MC X  is irreducible and aperiodic. If  
  

 [ ] [ ]Zr E N aE Z ab    

Then (intuitively based on queue evolution/growth, also rigorously proven)   
 If 1r   all states are transient  
 If 1r   all states are recurrent non-null.  
 If 1r   all states are recurrent null  

 

Notation:  

kr  01 kq q   (prob arrivals over a service time exceed k; summing them we get r, next) 

r  0 1 1 2 3 2 3 3( ) ( ) ( )r r q q q q q q                 

 1 2 32 3q q q    (this is the definition of the mean r of the distr of arrivals over a service time) 

 
Proposition: The chain X  is recurrent non-null aperiodic if and only if 1r  .  
 

Proof: We need to show that  
 1 1P        

 

 

0 0 0 1 0 1 0 0 0

0 1 1 1 2 0 0 1 1 11 2 0

0 2 1 2 2 1 3 0 0 2 1 2 2 12 3 0
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Applications to Queueing Theory: M/G/1 Queue
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Mean number of arrivals 
over a mean service time
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Applications to Queueing Theory: M/G/1 Queue
 

Summing all equations ( 0 01q r  , 0 1 2r r r r    )  

 0 0 0
1 1

(1 ) ( )j j
j j

r r r r  
 

 

       

If 1r  , then we obtain  0 0
1 0

1

1 1j j
j j

r

r r
   

 

 

  
    

The condition 1 1    is satisfied with 0 1 r      
 

Theorem: The limits ( ) lim ( )n
nj P i j    exist j E   and are independent of the 

initial state i .  
 If 1r  , then ( ) 0j j    .  

 If 1r  , then  
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where jkS  is the set of all k -tuples 1( )ka … a  a  of integers 1ia   with 1 ka a j 
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Applications to Queueing Theory: M/G/1 Queue
 More on the recurrent non-null case  

Having the limiting distributions , we can compute [ ]nE X , ( )nVar X  etc., in the limit 

n .  
Instead, we could also proceed as follows, without using the limiting distributions:  

1n n n nX X M U     

where  

01 1 ( )n nU X   

nM  is the number of arrivals during the 1n   th service.  

0lim [ ] 1 lim [1 ( )] 1 lim { 0} 1 (0)n n nn n n
E U E X P X r a b

  
           

[ ]nE M  r=a⋅b 

2[ ]nE M  2 2 2 2 2[ ]ZE E N Z E aZ a Z a b a c 
  

         

2c  2 2

0
[ ] ( )E Z t d t


   

V(X)=σ2=E(X-E(X))2=E(X2)-E(Χ)2 => E(X2) = E(Χ)2 +V(Χ)
M105 - Ανάλυση και Μοντελοποίηση Δικτύων - Ιωάννης Σταυρακάκης (ΕΚΠΑ) - 2023



06/12/2023

5

Applications to Queueing Theory: M/G/1 Queue
  2 2 2 2

1 2 2 2n n n n n n n n n nX X M U X M X U M U        

But  
 2

n nU U  ( nU  takes values 1, 0)  

 n n nX U X  (If 0nX  , then 1nU  , else if 0nX  , then 0nU  )  

so that,  
 2 2 2

1 2 2 2n n n n n n n n nX X M U X M X M U        

Taking expectations of both sides we obtain  
 2 2 2

1[ ] [ ] [ ] [ ] 2 [ ] [ ] 2 [ ] 2 [ ] [ ]n n n n n n n n nE X E X E M E U E X E M E X E M E U      
and by letting n   
 2 2 2 20 2 2 2ab a c ab qab q a b       

where     
2 2

lim [ ]
(2 2 )n

n

a c
q E X ab

ab
  


 

Knowing the statistics of nX  we can find the statistics of nV , ( nW ), as n   

 n n nV W Z    

nV   ( nW ) is the total (waiting) time spent in the system by the thn  customer.  

( nX  is equal to arrivals between time of arrival and time of departure of the thn

customer, under FIFO)  
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What if 1r  ?  
Consider ( )kf j  the probability starting from state k j , the MC X  never enters in 

the set {0 1 }… k     

( )kf j  is the maximal solution of the system  0 1h Q h h      

where Q  is the matrix obtained from P  by deleting all rows and columns 
corresponding to the states {0 1 }… k   .  

 

1 2 3

0 1 2

0 1

q q q

q q q
Q

q q

 
 
 
 
 
 









 

Q  does not depend on k , therefore 0( ) ( )kf j f j  for all j k .  

Lemma: The probability that X  never enters {0 1 }… k    starting from k j  is the 
same as the probability ( )f j  that X  never enters 0  starting from j .   
Theorem: Let ( )f j  be the probability that the queue, starting with j  customers 
never becomes empty. Then,  
 ( ) 1 1 2jf j j …       

where   is the smallest number in [0 1]  satisfying  2
0 1 2q q q       

The   is strictly less than one if and only if the traffic intensity 1r  . Therefore, X
is transient if and only if 1r  .   
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G/M/1: 

Arrival Process: Generally-distributed arrival times

Service Process: Memoryless (exponential (geometric) 
service times)

Number of servers:  1
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Applications to Queueing Theory: G/M/1 Queue
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Applications to Queueing Theory: G/M/1 Queue
arrival

departure (service completion time)

X(t): Number of customers in the system (queue and under service)

Consider a specific subset of times  { te } only.  That means that we embed 
X(t) on times { te } . We do not look at X(t) an times other than in { te }.

X(te) is the process X(t) embedded at times { te }.

X(t) is not a MC.  

If { te } = { times of customer arrival }, then X(te) is a MC.

exp
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Applications to Queuing Theory: G/M/1 Queue
Exponentially distributed service times exp( )a   
i.i.d. interarrival times  .  

In this case  
0

( )
( )

at n

n

e at
q d t

n





  

is the probability that the server completes exactly n  services during an interarrival 
time (provided that there are that many customers).  
 

Define: nr  1 2n nq q    

r  0 1 21 nn
nq r r r




      

r  is the expected number of services which the server is capable of completing during 
an iterarrival time. It can be proved that  

 1r   Server can keep up with arrivals (recurrent)  
 1r   Queue size increases to infinity (transient)  

 

If nX
ε  is the number of customers present in the system just before the time nT  of the 

thn  arrival, then  

Theorem: { }nX X n N  ε ε  is a MC with {0 1 2 }E …    ,

0 0

1 1 0

2 2 1 0

r q

r q q
P

r q q q

 
 
 
 
 
     

ε  
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Distribution of services over an interarrival time

Applications to Queuing Theory: G/M/1 Queue
 
 

Proof: Let 1nM   be the number of services completed during the th1n   interarrival 

time 1[ )n nT T  . Then,  

 1 11n n nX X M   ε ε  
 

But 1nM   is conditionally independent of the past history before nT  given the present 

number nX
ε . If 1n nZ T T    

  1

( )
1

( )
, 1

0 otherwise

aZ k

n

aZ m

n n n
m k

e aZ
X k

k

e aZ
P M k X Z X k

m









  


    








ε

ε ε    (*) 

Taking expectations with respect to Z , which is independent of nX
ε , we obtain  

  1 1 1

0 otherwise

k

n n k

q k i

P M k X i r k i 


     



ε  

Equation 1 11n n nX X M   ε ε  and the previous one provide matrix Pε   
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Applications to Queuing Theory: G/M/1 Queue
 Theorem: X ε  is recurrent non-null if and only if 1r  . If 1r  ,  
  

 0( ) lim ( ) lim { }n
n

n n
j i j P X j X iP

 
     ε ε ε εε  

and  
 ( ) (1 ) 0 1 2jj j …        ε  

where   is the unique number satisfying  

 2
0 1 2q q q       

If 1r   then ( ) 0j ε  for all j .   
 
 

Proof: X ε  is recurrent non-null if and only if  
 1 1P      ε  

has a solution.  

 

0 1 0 2 0 3 0

2 1 3 1

3 2

1 0 0 1 1 2 2 3 3

2 0 1 1 2 2 3 3 4

q q q

q q

q

q q q q

q q q q
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Applications to Queuing Theory: G/M/1 Queue
 

 

0 1 0 2 0 3 0

2 1 3 1

3 2

1 0 0 1 1 2 2 3 3

2 0 1 1 2 2 3 3 4

q q q

q q

q

q q q q

q q q q

   
 


    
    

   
  

 
    
    











 

 

Let 0 1( ) 1 2jf j j …         . Then,  
 

 

1 2 3

0 1 2

0 1

(1) (1) (2) (3)

(2) (1) (2) (3)

(3) (2) (3)

f q f q f q f

f q f q f q f f Q f

f q f q f

    
        
    







 

We are interested in a solution satisfying  

 
0

lim ( ) 1j
j

j

f j 





   

Q  was obtained from P  by deleting th0  row and column. Such an f  exists if and 

only if X  is transient which means that 1r  . In this case ( ) 1 jf j   . Solving for 
  we obtain  
 0 1(1) 1 (2) (1) (1 )f f f …              
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Applications to Queuing Theory: G/M/1 Queue
 Theorem: X ε  is transient if and only if 1r  . If 1r  , the probability ( )f jε  that the queue 

starting with j  customers never becomes empty is given by  

 ( ) (0) (1) ( ) 1 2f j j j …         ε  

where the ( )j  are those found in the M/G/1 case.   
Proof:  

 f ε  is the solution to the system h Q h ε , 0 1h  .  

 Qε  is the matrix obtained from Pε  by deleting the th0  row and column.  

The equations for h Q h ε  are ( ( ) jf j hε )  

 

1 0 2 1 1

0 3 1 2 2 12

0 4 1 3 2 2 3 13

h q h q h

h q h q h q h

h q h q h q h q h

 
  
   


 

If we define …. 
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If we define 0 0 1q h  , 1 0 1(1 )q h   , and let  

 1 2 3j j jh h j …        

then the first of the previous equations along with 0 0 1q h  , implies the equations  

 
0 0 0 0 1

1 0 1 1 0 21

q q

q q q

  
   

 
  

 

and subtracting the equation for 1jh   from the one for jh  yields  

 
2 2 0 2 1 1 2 0 3

3 0 3 1 2 2 1 3 0 43

q q q q

q q q q q

    
     

   
    

 

In other words,   satisfies P   with P  the transition matrix in the M/G/1 case, and we 
are interested in the solution  
 lim 1j j

j
j

P h       

 
 Such a solution exists if and only if 1r  .  
 The solution   is connected to h  by the relation  0j jh      
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Applications to Queueing Theory: M/M/1 Queue
arrival

departure (service completion time)

X(t): Number of customers in the system (queue and under service)

X(t) is a MC.  Why?

exp

expexpexp exp

exp
exp expexp

exp

exp

Special case M/M/1
 
We can consider this queue as a special case of M/G/1 or G/M/1. In the sequel we use 
G/M/1. Now the interarrival distribution is given by:  
  

 ( ) 1 0tt e t      
 

To compute the limiting distribution of X ε  (queue size just before the thn  arrival, we find 
first  , where  

             
0

k
k

k

q 




  ( )

0 0

at ke atk t
kk

e dt 
 

   (1 )

0

at t
a ae e dt  

 
   

   

 

The previous equation becomes or (1 )( ) 0ab
a a

  
 

   
 

 

with solutions 1   and a
  . When 1ar   , the smallest solution is 

a

   

So we have                     lim 1 0 1
j

n
n

P X j j …
a a

 


          
  

ε  

It turns out that  lim 1 0 1
j

t
t

P Y j j …
a a

 


          
  

for the queue size tY  at time t .   

and  lim 1 0 1
j

n
n

P X j j …
a a

 


          
  

for the queue size nX  just after the thn  departure.   
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