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TTapouoiaon Bewpiac kai epyaisiwyv
avdaAuong Kai HovTeAOTT0iNONG OTOXAOTIKWY
OUOTNHATWY TNAETTIKOIVWVIAKWY OIKTUWV.

> Basics of Stochastic Processes (including Markov)

> Basic Network Modeling, Performance Evaluation and
Design
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E€étaon/Afi0Adynon

> EpeuvnTikéC epyaoiec - Tapouaiaoh dpBpwv
(25%-30%)

> Mpantég e€etdocic (70%-75%) oto TEAOC ToU
e&apnvou, Katd kavova, vivovral e KAgioTd

PipAia.
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PART A (3-4 classes)
Basics of Stochastic Processes

»Probability and random variables:
Bernoulli trials; Poisson

» Stochastic Processes: independent
increments; Wiener; stationarity &
ergodicity;

»Poisson Process - Traffic modelling
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PART B (8-9 classes)
Markov Processes - Papers

> Discrete / Continuous time Markov
Processes - Markov Decision (?)

» Queuing models - performance
evaluation

»Papers on modeling networking
environments
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Material
e-class

> Introductory - review for probabilities and Stochastic
Processes (notes. Reference book:, * " Probability, Random
Processes, and Estimation Theory for Engineers, H. Stark,
J. Woods, Prentice Hall, 2nd edition, 1994,

> 3 chapters on Poisson / Markov processes (from
"Introduction to Stochastic Processes”, E. Cinlar )

> Possibly some material from Chapters 10, 11 from
"Performance Analysis of Communications Networks and
Systems”, Piet Van Mieghem

> Research articles on Network modeling and performance
evaluation

> Chapter on Markov Decision, probably from "Introduction

to Operations Research", F. Hillier, 6. Lieberman (?)
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RELATIVE FREQUENCY-BASED

probability
P(4) = lim # experiments in Whl(fh A occurs
i total # of experiment
‘Comments:

1. Requires experimentation
2. nis usually finite = approximation
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3. Convergence implies that as n->eo:

. { Ma _ P(A) > 5} occurs less & less
n
¢ Not that : n—“’—P(A) <6 Vn>n(9d)
n

*(Traditional definition of convergence)
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AXIOMATIC DEFINITION OF
PROBABILITY - PROBABILITY SPACE
» Probability Space: {(2F P}
> (). Sample space
> F: 0-field generated by (2

> P: A probability measure. It is a set
function on F satisfying:

e P(A)>0 VAeF
e P(Q)=1
e P(AUB)=P(A)+P(B)VA,BeF,AnB =0

Contains all "good” subsets of £, for which the bullets hold; there are some subsets (e.g., limits of
operations on subsets of (2) of mostly mathematical (not engineering) interest for which the bullets
do not hold; such subsets of (2 are not part of F
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Events in 0 - Probabilities of events

Q Events are sets in £0. For example: wo,
A B CE

Q An event occurs if w (outcome of
experiment) falls in the set defining the
event

O If w e d, then events C and B which
contain w have both occurred

Q Since A CE, if event A has occurred,
then event E has also occurred. Thus,
P(ANE)=P(AE)=P(A)

0 Events A and B are mutually

disjoint/exclusive (have no w in
common). Thus, P(AUB)=P(A)+P(B)
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BERNOULLTI TRIALS

> Consider a simple experiment with Q={s f},
P(s)=p & P(f)=1-p=q

> Consider 2 indep. experiments:
,=0x={ss ff sf fs}, 22 possible
outcomes

> Consider n indep. experiments:
0,=0x..x0={..}, 2" possible outcomes

CU=(CUI,(()2,...,(0”) >a)!E{S’f}
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Joint Probability:

P(w)= P(a,o,,...,0,) = P(0,)P(a,)..P(o,)
*(indep. experiments)

‘Question: Prob. of k successes in n trials = ?
(A) Consider a pattern TT (outcome in (2,) counting k successes

=ss.sffsff..f This prob. is the same for
k-1 ANY pattern with k successes

P =Piss..sfisff..f} = p*q"*| +& n-k failures
(B) Consider all possible legitimate patterns. There are:

n n!
(k} = T —jor| “Call them [T, 11 H[Z]
. (élll?lsd rAﬁUI.}»cliTqé(a g??%%f{é?ﬁ%()mv - lodvvng ZtoopokdrTg - EKTIA=2023 13
Answer:
k

P{outcome has k successes inntrials} =P UII, |=

"

(mutually disjoint ) = Z PlL)= (Z]pkan =b(k,n, p)

i=1

M105 - Avérvon kar Movtehomoinon Awktdmv - Iodvvng Zravpakdkng - EKIIA -2023 14




POISSON PROBABILITY LAW
(Modeling large number of small contributions)
Assume n->e, p->0 such that np=a
(a=rate of success)

k
P{k successes} = an} b(k,n) = %e_"

p—0.np=a

Comment:

> If nlarge and p«<1 approximate b(k,n,p)xe(-np) (np)**k /K

» Cummulative arrivals contributed by a large # of
independent sources can be modeled as Poisson

> Above plus other properties of Poisson process, make it a
good traffic (event generator) model

M105 - Avéivon kor Movtehonoinon Awtdov - Iodvvng Zravpoxdakng - EKIIA -2023

RANDOM VARIABLES (RV)

A mapping X from £ into the real numbers satisfying:

D X Y(-o,x)}=CeF
2) P(X =+w)=0

Measures for a RV: X (@) = (x,.%,]
PDF:F, (x)=P{X < x}
dF, .
pdf : £ (x)= =% _(x),FX(x)= [ 120y Q \/xll X, \
) n=X® g

PMF:P{X =x} Vi fordiscrete-value RV
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SOME PROPERTIES OF PDF

o Fy(0) =1, Fy(-) =0
¢ F (x) non -decreasing
e F.(x) 1sright continuous
e P{x, < X <x,}=F,(x,)-F,(x)
o PIX =xp=Fy(X)=Fy(x)

(P{X =x} =0unless F,(x) # F,(x),F(x) hasa jump)
e Pix, < X<x,}=F,(x,)-F,(x,)
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EXAMPLE-PDF

F(x)

R[N\
PUX=x}=F,(5)F()=0

PX=x}=F,(0)~Fo(05)=A

Fy(xg)

F(-9=0

0 xo X X

F, (x) non - decreasing
MI105 - Avélvon ko Movtelomoinon Aiktomv - Iedvvng Zrovpoxdxng - EKTIA -2023 18




SOME PROPERTIES OF pdf

X

o [S@dc=1 (=Fy (o)

o f . (x)=0 (since F', (x)is non - decreasing)

® P{x1 LA = xz} :J;fx(t)dt Area=Piy <X <x,}

*Area=1

Jx(X)

X

.
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MORE ON RVs

» Conditional & joint PDF/pdf/PMF;

expectations; moments, moment generating
functions & characteristic functions

EXAMPLE:

Given Fy(x) and B={X<10} calculate Fy, 3(x/B)

ANSWER:

Fyp(x/ By= PLX <x| B} =

P{X<x,B} P{X<x,X<10}

P{B}

P{X <10}
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PX<10}
P{X <10}

PX<x} 1
P{X <10} P{X <10}

() ifx=10 : F, (x/B)=

(i) if x<10 : F, ,(x/B)= Fy(x)

'CLF_\'B(X|B)
1o o
} x
Fy (%)
P{X >10}
10

Note:

+ Given X<10, cond. PDF must reach 1 at x=10

+ P{X>10} is “distributed” to values of X<10 by
M105 - AIDGR m&hﬁmﬂ[&j\g lmgm%thEMPzgx <10} 21

EXAMPLE: memoryless property of
exponential RV

Fy(x)=1-e ,x>20 K
fr(xX)=ce™™ ,x20

[ 0 X

Consider that duration of calls X is exp

QUESTION: Given that a call is still on t units after
initiation (i.e., X2t), calculate the probability it will still
be on after s time units (i.e.,find A=P{X>t+s|X>1} )

MI105 - Avéivon kon Movtelonoinon Awktomv - Iodvvng Zrovpaxdxng - EKIIA -2023 22
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-ANSWER:

4= P{X>t+s,X >t} _ P{X > t+s} _
P{X >1} P{X >t}
B 1_(1 _efc(sﬂ)) B efcsefcr
C1-(1-e) e
Thatis:
P{X>t+s| X >t} =P{X >s}
(the history factor (1.e. already on for 7 units)

=g = PYX 5]

does not alter the result)
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SEQUENCES OF RVs {X;, X,,...X,...}

SOME KEY QUESTIONS:

» What is the behavior of X, as n->e or n is very large?
» What is » » of ZnX,» > > >» ?

USEFUL IN:
> Determining a behavior in steady-state (i.e. X,, n->e);
also its existence or not

> Dealing with averages of large number of samples
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SENSES OF CONVERGENCE OF
{Xn(w)}->X(w)

(a) Everywhere (e.): iff it holds for all w in Q2

(b) Almost Everywhere or with probability 1
(a.e./wpl): iff it does not hold ONLY for all w in A
with P(A)=0

(c) In Probability:
iff lim,,P{| X, (w)-X(w)|2€}=0 , &0

(d) Mean Square (M.S.):
iff limy. E{| X, (w)-X(w)|?}=0

(e) Indistribution: iff lim, .. Fy,(x)=Fx(x)

;point x of continuity
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COMPARISON OF SENSES OF
CONVERGENCE

in prob H in dist ‘
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COMPARISON OF SENSES OF
CONVERGENCE

EXAMLE/APPLICATION: LAW OF LARGE NUMBERS: (Averaging)

e WLLN:{X,} indep. RVs, E{X,} <®,0” <S5, =" X,; then

i=1

Y = il{“ — ¥ =0 in prob. (weak Law of Large Numbers - WLLN)

Gf {X,}areiid, S — E{X,} in prob;
n

could be used to estimate the mean of unknown RV)

-

¢ SLLN:{X,} indep. and (a)i.i.d. with E{X,} < or (b) Z :’2‘-
#=1

< o0; then

S, ~EA5,) — a.e.(Strong Law of Large Numbers - SLLN)

n =

Y, =
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EXAMPLE: Proof of WLLN for i.i.d. RVs {X}
Using Chebyshev's inequality for ¥,=S,/n:

Var{Y

A=P{Y,-E{Y}]>5} S—5{2 o)
E{Yn} = E{XJ}

1 1 uncorrelaed { X, }
Var{—S,} = —Var{S,} = —Var{X,}

n n H
Thus:A4< w — 0

i’[(S‘ n—b

S .
and —* — E{X.} in prob.

n

M105 - Avérvon kar Movtehomoinon Awktomv - Iodvvng Zravpakdkng - EKITA -2023 28
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EXAMPLE/APPLICATION: CENTRAL
LIMIT THEOREM (normalizing)

{X,}indep. RVs; u;;0,

ZXf_Zﬂf
Y ==l i=

n = 1

5]

i=1

E{Y,} = 0,Var{¥,} =1

under general conditions  Fy (x) — N(0,1) (Normal PDF)

(iff X, 1.1d. and o < o, it always holds )
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COMMENT ON CLT

To hold, look for a lot of RVs with good variability

Xz‘ _E{Xi}

(Z o; )%
=Y wof = f, ®f, ®.8f,
=@, (0) =D, ()D, (0).D, ()

X, mdep.=>w, = indep.

(0

(for normal Y :®, =e 2)

@, (@) = E{e'”} = characteristic function of w,

105 =Avéxvon ko Movtedonot |0|| AoV - Todvvng Zrovpokaxng - EKTTA-2023
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o if £, () aredelta fns (0 variance)= @, (@) =1

"

=®, (@)=1#e * (CLT cannot hold)

e if only m RVs have variance and rest have almost zero,

o8

D, (0)~ D@, (0). D, (@) 111 1ze =

e Same conclusions in time domain as well:

[x,

1)
- ®
I = 0 5 Alternatively, the above
>® variance requirement

:> can be stated as:
= i=1

M105 - Avéivon kor Movtehonoinon Awtdov - Iodvvng Zravpoxdakng - EKIIA -2023 31

STOCHASTIC PROCESSES

Probspace {Q), F, P} (index set e.g. 4
index set e.g. time

A mapping X (t,w), o€ Q,t €l ‘ (discrete or continuous))

is a stochastic process iff X (7,,@)isa RV for any fixed 7,

Interpretation1:
Itis a collection of RVs {X (@)t € I}
defined on common prob space

MI105 - Avéivon kon Movtelonoinon Awktomv - Iodvvng Zrovpaxdxng - EKIIA -2023 32
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Interpretation 2:

[t 1s a mapping 2 — X(?)

X(t) contain time functions instead of real numbers (case of RV)
For fixed 7, , X(7,) sa RV

sample path 1
or realization

Q

M105 - Avéivon kor Movtehonoinon Awtiov - lodvyng Zrovpokdkng - E((\')A -2023

1

a real number for fixed w and t,
for fixed w, is a

X(fyl)ﬂ/\_}—\/\ X(f,l)

X(t,2)

A~ T X))

X(0.3)

i X(IO,(U):.XfO for fixed 1o, is a RV associated with tg

realization w=1 deterministic tine function

Oscilloscope “view" AN

Freeze image -> Sample path J
BIOCkMsﬁ f@%&%mtoﬂﬁl .Ktmf)mv - lodvvng ‘“Tn1\pnrr91 NG -

[T

KTTIA 2023
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DESCRIPTION OF A STOCH PROCESS

Joint PDF: Fp(X,, X,,.... X ,,-..)
Mean : u,(n)=E{X,}
Autocorrelation fn: R, (k,l)= E{X, X, }

Autocovariance fn: K, (k,1)=E{(X, — p, ()X, — 1ty )

= Ry (k1) — pty (k) g (1)

Can be facilitated by:

> Taking advantage of special structure of some
processes (indep. increments, Markov, etc.)
> Stationarity

> Ergodacu

105 - Avéivon kor Movtehomoinon Aktowv - Iodvvng Ztovpakdakng - EKTIA -2023
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PROCESS WITH INDEPENDENT INCREMENTS

VN>1,all n<n,<...<ny
Y .Y -Y Y, =Y, ~ areindep.

m2 N, m27TT Ty

then for {Y ! with 1ndep. increments :

Fs (Vi Yo ¥u) = By (VDFy 5 (V2 = 20 By (WD y, (Vv = V)

Example : BINOMIAL COUNING PROCESS
S, = ZX,. , X,1id.wp p

E{S }=np (S, not WSS)

Letl, =5,-8, =Xy +..+X, .n>k

I indep. of §,

MI105 - Avéivon kon Movtelonoinon Awktomv - Iodvvng Zrovpaxdxng - EKIIA -2023
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Stationarity
e Strict Sense Stationarity (SSS):

fX (xo 9"‘7xn—1) - fX('xk ""’xk+(n—l)) Vk,Vnzl
(Nez1ther prob behaviorof each x,

nor interdependencies change with k)

e WideSenseStationarty (WSS):

Uy (n)=constant Vn>1

K (k,)=K.(k+p,l+p) Vp=1
(bothmeanand covarianceare time- shift invariant)
Note:1f {x }1s notW881t 15 also notSSS

M105 - Aval Au
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THE WIENER PROCESS

Q={s,f} . p,=1-p,

Let w:Q— {+5,-6}
+o if w=s

where w= _
-0 if w=f

Let X, =w, +w,+...+W,

{X,(®)} 1s arandom sequence which increases

by + ¢ or decreases by 0 in each step (Random walk)

M105 - Avéivon kot Movtekonoinon Aktoov - ledvwng Ztavpakdakng - EKITA -2023
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THE WIENER PROCESS

40 /Xn(w) X (1)
35 =
20
o
.y 7
M105 - Avéivon kot Movtehonoinon Aiktoov - lodvvng Zravpakdkng - EKIIA -2023 39
For fixed n, X (o) 1sa RV with prob.
P{X _ =ro}=Pr{#successes —# failures = r} =
—Plk—-(n-k)=r}=Pk="""y
n
_ (n+r)/2 n—(n+r)l2 _
[(n+r)/2]ps By py=p.=1/2
n
= 2" (n r integer )
(n+r)/2

M105 - Avérvon kar Movtehomoinon Awktdmv - Iodvvng Zravpakdkng - EKIIA -2023

40

20



E(X,} =Y EW,}=0

k=1
E{X3}=) EW/}= 2{152 +152} =nd’
= 2 2
Let X, (¢) be the piecewise constant version of X, .That s,

{4—5 wp 1/2

X (=Y We-ult-kT) , W, = 5 up 1B

k=1
Clearly

Let X, (¢) be the piecewise constant version of X .That s,

k
X (f =X, = .
T()f:kT k iz:l:w:

The PMF and moments of X, (#) can be obtamed from those of X,

M105 - Avéivon kor Movtehonoinon Awtdov - Iodvvng Zravpoxdakng - EKIIA -2023
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Definition of Wiener Process

» The Wiener process (or Wiener-Levy

or Brownian motion) is the process
whose distribution is the limiting
distribution of X(t) as T->0; the
jump size d goes to zero as well and

X(1) is a continuous state continuous

time stochastic process.

M105 - Avérvon kar Movtehomoinon Awktomv - Iodvvng Zravpakdkng - EKIIA -2023

21



E{X;(nT)}=E{X,}=0
E{X:(nT)) = E{X}=nd> = Var{X (nT)} =nd"

and Var{)(lr(t)}z%é'2 for t =nT

Suppose that 5° = aT so that the variance does not
vanish as T- > 0. Then
X(1)= 11r17mO X, (t) and Var{X(t)}=at

S*=aT

M105 - Avéivon kor Movtehonoinon Awtdov - Iodvvng Zravpoxdakng - EKIIA -2023 43

Wiener process models the chaotic motion of gas molecules.
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Note:
{X,}, is the sum of ni.i.d. RVs w;

(Central Limit Theorem) limiting process (as n
increases) would be Gaussian, and the same
would be expected for X(t), the Wiener
process (as t->0).

E{X()}=pu, (=0 , Var{X(t)}=0c,(1)=at

]
o )= NrTh a1

(notice that X (7)1s not SSSsince f (x,) changes with time)

M105 - Avéivon kat Movtekonoinon Aiktoov - lodvvng Zravpaxdxng - EKITA -2023 45

> The Wiener process is an example of Gaussian
process since all n*"-order pdf's are Gaussian.
This can be seen intuitively as follows:

Let A= X(¢)—X(s),t>s.Byconsidering the infinite
number of 1.1.d. RVs between X(s)and X (7) and applying
the CLT we have :

_
1 2a(r-s)

Ja(yit—s) =me

since  E{X()— X(s)} = E{A} = 0
and E{X(®)-X()) =a(t—s) t>s

MI105 - Avéivon kon Movtelonoinon Awktomv - Iodvvng Zrovpaxdxng - EKIIA -2023 46
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»Using the pdf for the increment A
and the independent increment
property of the Wiener process we
can derive the nh-order pdfs and
show they are Gaussian.

(fX,‘lX,‘2 (xrl > X4, ) = fX,l (xrl)'fX,z—X,] (xr2 — X, ))

M105 - Avéivon kot Movtehonoinon Aiktoov - lodvvng Zravpaxdxng - EKIIA -2023 47

> Covariance or autocorrelation function:

K (t,s)= E{X(t)X*(s)}’: E{[X (1) - X(s)+ X ()X (5)}
= E{[X() - X())X ()} + E{X*(s)} = as
Thus
K (t,s)=a-min(,s)

MI105 - Avéivon kon Movtelonoinon Awktomv - Iodvvng Zrovpaxdxng - EKIIA -2023 48
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MEAN SQUARE CALCULUS &
ERGODICITY

» CALCULUS: Define limits, integrals &
derivatives for SPs

» ERGODICITY: Condition under which time
averages=ensemble (over (1) averages

M105 - Avérvon kar Movtehomoinon Awktomv - Iodvvng Zravpakdkng - EKIIA -2023 49

Mean Square Continuity

A SP X(¢) is continuousat r < E{| X (t+&)— X(1)|*} —>00

N & Scondition : R (#,t) is continuous at t
(E{| X(t+e)- X))} =
Ryu(t+&,0+ )+ Rl 1) — Ry (L, 1+ E)— R (§+£,1) = 0)

Note : N & S condition for WSS SP: R (7) continuousatz =0

MI105 - Avéivon kon Movtelonoinon Awktomv - Iodvvng Zrovpaxdxng - EKIIA -2023 50
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Mean Square Derivative at t

Condition :
2
e X(t+e)-X(1t) X(t+e)-X0)| o
& Es | gﬁg

. d’R (1.t .
N & S condition : dRy 1) exists at =t,=1,
. d’R,(r .
Note : N & S condition for WSS SP: d—“z() existsatz = 0.
T
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Moments of the Derivative SP

d’R,(t.1,)

. dp (¢
E(X (r)}:%() . Relp)=""%1
1772

Example - Wiener SP

at, if <t

R, (1,.t,)=amin(t,.1,) =

(1) =a (t.1,) 105 if 1<,

dRy(£,.1,) _ 0 if 4<n = ili—E)
dt, a if <t L

d’R (t.t,) da-u(t,—t,)

dtdt, dr,

=ad(t,—t,) ie.itis white (uncorrel#ed)andsince Gaussian = indep.

(as expected for a SP with indep.increments)
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Mean Square Integral

X (rr, , @ )
: X (t,o,)
deterministic
: signal
a 7A rl_ b T

Note : IX(t, w)dt=Y(®w) (aR.V)

b
jX(t,a)o)dt =Y (@,) = value of ¥ at @, = a number

b b
N &S condition : I IR Lt t)ddt,  exists
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b
For ¥ = [ X()dt
b b b
py = [perde , EY*}y=[[Re(,1,)dtdt,
T
Example for X(r) WSS SP [Y = jX(r)er g
~F
TT 2T
o7 = [ [ Kyl —t)dtdt, =...= [K ()27 |7 ldz
=P=T =27
54
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Example for »(¢) zero mean, white SP [X ()= In(r)er :

0

K, (1,,1,)=A46(t, - 1,)

o2 = L! AS(t, —t,)dtdt, = Ai dt, = At

(if n(z)1s also Gaussian, then X (7) is Wiener)
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ERGODICITY

X (f)1saSP, X(7,,) = a sample path/realiztion
Time Averages (A{}) of (functions of) X (7, ®,) are possible
Ensemble Averages (£{-}) are typically not possible but needed

Question :

A(=E(}

Answer :

Yesif X (7) ergodic in some sense.
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Definitions :
l T
Ay =lim 4, () = lim — j o dl
E{-} = an average of e over all @
with the corresponding probability as weights
Examples:
For e=X(1,0,))
AX(t,0,)}=E{X(t,0,)} = E, {X(t,0,)} = 1

For e=X({,0)X(t+7,0,)

A{X (1, ) X (1 + r,a)o)};E{X(t,(oo)X(t +7,0,)} =R (7)

M105 - Avéivon kor Movtehonoinon Awtdov - Iodvvng Zravpoxdakng - EKIIA -2023

57

IMPORTANTOBSERVATION A (need for some stationari ty)

For X (7) to be POSSIBLE to be ergodic it must be stationary

(time shift invariant) to a certain extent

Argument : Since A{-} is indep. of time,
if E{}= A4{} then

E{} must also be indep. of time (constant E)
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IMPORTANTOBSERVATION B (need for some regularity)

For X (r) to be POSSIBLE to be ergodic it must be regular

(1.e. time averages be indep. of w)

Argument :Since E{-}is indep.of o,
if A{}=E{}then
A{-} must also be indep. of @ (constant A)
Comment on need for regularity :
> For any @, , X (7, ®,) should behave over time like any other
X(t,m,)so that @is NOT identifiable by a time average
> For any @, , X (¢, w,) should exhibit over time all kinds

of behavior and with the proper "frequency & duration" as for

any @, so that the time average becomes equivalent to ensemble average
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DEFINITION : X(¢)1s ergodic if :

(a) It 1s stationary to some extent (£{-} = £ (constant))
(b) It 1s regular (A{-} = A (constant))

(¢) Constants £ and A are equal

((c)ismetif E{} & A{} operators are interchangeable - Fubinni's theorem )

EXAMPLE: Q={-2-112} , X(t,w)=w for —o<t<®
. P(a))=% forweQ

Ensemble Average: E{X(f,®)}=FE{w}=0 (time shift-invariant)
Time Average: A{X(f,0)}=w (not regular)

X(t, ) not ergodic.
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M.S. ERGODICITY IN THE MEAN

1 ¢ .
Def: A {X(1)}= = jT X(Odt >y (ms) (%)
N & S condition :

1% T
hﬁ‘“{ﬁ J 0=k, (r)dr} (*%)

-2T
Proof : (*) < E{| A, {X(#)}—u, |2} - 0= cro - 0

2

o, = (2T) —t,))dtdt, = (**)
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Examples:

(a) if I|K (r)|dr <= then (**)<—J-|K,((r)|dr—>0

and X () 1s ergodic in the mean

b) fK,(0)<o&K, (r)—> 0 then X (7) is ergodic in the mean

Proof : (**) <%{ j Ke@ldet| 1Ky (r)ldr} (@K 4 (D)|< 8| 7[> a)

2aK  (0)

1
<—{2a-K 4 (0)dr +4T -s}= +2¢
2T
= arbitrarily smallas 7" — o
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M.S. ERGODICITY IN THE
AUTOCORRELATION

Def: A (XX ((+2)} > Re(A)  (ms)
[Equivalent: A, {®, (1)} > E{®, (0} (ms)
for SPD, (1) = X()X"(t+ 1) ]

N & S condition :
(**):LT(I—M)K (r)dr > 0
N S

M.S. ERGODICITY IN DISTRIBUTION
1 if X(H<x

0 otherwise

Index function : [, (x,1) = {

] T
Def: A { (x.0)}= E[,IX (v, 0)dlt = Fye(x)

N & S condition :

2T

o L _m
( ):> 2T:[T(1 2 )Kjr(x,r)drr:zo
where K, (x,7)= E{I (x, ) (x,t +7)} —[E{I . (x,0}T
=Fyy (x,x)—[Fy €8 (% %)

Note: (**) implies that K; (x,7)should vanish to0as7 — oo,
re. F,, (x,x) > F,(x)-F,(x)
e Tsw ‘

or X,,X,,  should be asymptotically independen t

intuitivel y expexted for A{/, } tobe equal to E{] .} 64
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