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Kef�laio 1Sf�lmata stouArijmhtikoÔUpologismoÔ
1.1 Eisagwg Up�rqoun di�fore phgè sfalm�twn pou mporoÔn na prokÔyounkat� tou arijmhtikoÔ upologismoÔ.1. Sf�lmata pou prokÔptoun kat� to sqhmatismì tou majhma-tikoÔ montèlou. 'Ena fusikì fainìmeno perigr�fetai apì ènamajhmatikì prìblhma, to opo�o prokÔptei apì th melèth enìmontèlou pou prosegg�zei ìso to dunatìn kalÔtera to fusikìfainìmeno.2. Sf�lmata sta dedomèna. Kat� th mètrhsh twn dedomènwn enìprobl mato upeisèrqonai sf�lmata pou proèrqontai kur�wapì ta ìrgana mètrhsh.3. Sf�lmata apokop . E�nai aut� pou prokÔptoun ìtan, gia pa-r�deigma, epijumoÔme ton upologismì th tim  mia seir� a-pe�rwn ìrwn. Sthn per�ptwsh aut  e�maste anagkasmènoi nadiathr soume mìno èna sugkekrimèno pl jo ìrwn.4. Sf�lmata stroggÔleush. Ta sf�lmata aut� prokÔptoun lì-gw tou peperasmènou megèjou mn mh pou diat�jetai gia thnapoj keush enì arijmoÔ ston upologist .5



Up�rqoun dÔo megèjh pou metroÔn to sf�lma, to apìlutosf�lma kai to apìluto sqetikì sf�lma.Orismì 1. An x̄ e�nai mia prosèggish tou x, to apìluto sf�l-ma e�nai h posìth
|x− x̄|kai to sqetikì sf�lma h posìth

|x− x̄|
|x| , x 6= 0.1.2 Arijmo� Mhqan Oi perissìteroi upologistè qrhsimopoioÔn to duadikì sÔsthma a-r�jmhsh. 'Opw sto dekadikì sÔsthma o arijmì 432.52 e�nai �some

4 · 102 + 3 · 101 + 2 · 100 + 5 · 10−1 + 2 · 10−2kat' analog�a o arijmì 101.11 tou duadikoÔ sust mato e�nai �some
1 · 22 + 0 · 21 + 1 · 20 + 1 · 2−1 + 1 · 2−2 = 5.75 

(101.11)2 = (5.75)10ìpou o sumbolismì (·)β dhl¸nei th b�sh tou sust mato ar�jmhshb sto opo�o parist�netai o arijmì. H epikoinwn�a tou upologist me ton �njrwpo g�netai sto dekadikì sÔsthma. Epeid  ìmw h e-pexergas�a twn dedomènwn apì ton upologist  g�netai sto duadikìsÔsthma gi' autì up�rqei to an�logo logismikì gia th metatrop twn arijm¸n apì to dekadikì sto duadikì kai ant�strofa. Kat�th diadikas�a aut  th metatrop  upeisèrqontai mikr� sf�lmatastroggÔleush ìpw ja doÔme sth sunèqeia.Akèraioi'Ena akèraio mpore� na qrhsimopoi sei ìlo to m ko mia lèxhgia thn par�stas  tou sth mn mh ektì apì èna mìno duadikì yh-f�o (bit) pou prèpei na desmeuje� gia to prìshmì tou. An loipìnupoteje� ìti diat�jentai n bits gia thn par�stash twn yhf�wn enì6



akera�ou arijmoÔ, tìte o megalÔtero akèraio arijmì pou mpore�na parastaje� sth mn mh e�nai o:
n

︷ ︸︸ ︷

(111 . . . 1)2 = 1 · 2n−1 + 1 · 2n−2 + · · ·+ 1 · 20 = 2n − 1.An n = 15 tìte 215 − 1 = 32.767. Epomènw, ìloi oi akèraioi a-rijmo� sthn perioq  [−(2n − 1), 2n − 1] parist�nontai me thn orj (akrib ) tim  tou sth mn mh. Sp�nia ìmw up�rqoun upologismo�pou epexerg�zontai akera�ou arijmoÔ.Pragmatiko� Arijmo� - Kinht  Upodiastol Sto dekadikì sÔsthma èna pragmatikì arijmì mpore� na para-staje� sthn kanonikopoihmènh episthmonik  morf . Autìshma�nei ìti h dekadik  tele�a metatop�zetai ètsi ¸ste ìla ta yhf�atou arijmoÔ na br�skontai sta dexi� th dekadik  tele�a kai topr¸to yhf�o na e�nai di�foro tou mhdenì. Gia par�deigma,
15.546 = 0.15564 · 102.'Etsi, èna pragmatikì arijmì x ( 6= 0) mpore� na parastaje� me thmorf 

x = ±x̄ · 10e (1.1)ìpou e e�nai èna akèraio, o opo�o kale�tai ekjèth (exponent)kai x̄ e�nai to dekadikì tm ma tou arijmoÔ kai kale�tai b�sh (mantissa).E�nai fanerì ìti 0.1 ≤ x̄ < 1. Genik�, èna arijmì parist�netai seèna sÔsthma ar�jmhsh me b�sh b san
x = ±x̄ · βe, (1.2)ìpou

x̄ = (0.a1a2 . . . an)β. (1.3)Ta ai, i = 1, 2, . . . n e�nai ìla yhf�a tou sust mato ar�jmhsh meb�sh β kai ikanopoioÔn ti sqèsei
0 ≤ ai ≤ β − 1, a1 6= 0. (1.4)Ep�sh gia ton ekjèth isqÔei:

m ≤ e ≤M (1.5)7



ìpou m kai M e�nai akèraioi. Sun jw m = −M   m = −M ± 1.Apì thn (1.3) parathroÔme ìti h b�sh perièqei n yhf�a kai ìloioi arijmo� pou èqoun perissìtera yhf�a prèpei me k�poio trìpo, naproseggisjoÔn ¸ste na èqoun mìno n yhf�a. Oi pragmatiko� arijmo�parist�nontai sth mn mh enì upologist  ìpw akrib¸ perigr�fhkeprohgoumènw ìpou sun jw β = 2. Sto sq ma 1.1 parist�nontaipragmatiko� arijmo� se upologistè me 64 kai 32 bits lèxei.

{{
{

{x

x

e

e

bits 2-24 bits 25-32

bits 2-12 bits 13-64

64 bit CDC 6000Sq ma 1.1: Par�stash pragmatikoÔ arijmoÔ sth mn mh. To pr¸toduadikì yhf�o (bit) e�nai 0 an o arijmì e�nai jetikì kai 1 an e�naiarnhtikì.Arijmo� Mhqan H par�stash (1.2) kale�tai kinht  upodiastol  (floating point).Sth sunèqeia ja prospaj soume na entop�soume to di�sthma [s, L]twn pragmatik¸n arijm¸n pou mporoÔn na parastajoÔn orj� sthmn mh. Ja upojèsoume dhlad  ìti β = 2, to x e�nai apojhkeumènosan mia akolouj�a apì n duadik� yhf�a kai
|e| ≤ M. (1.6)Kat' arq n parathroÔme ìti h posìth x̄ fr�ssetai w ex :

n
︷ ︸︸ ︷

(0.10 . . . 0)2 ≤ x̄ ≤
n

︷ ︸︸ ︷

(0.11 . . . 1)28



 
1

2
≤ x̄ ≤ 1− 2−n (1.7)opìte

s =
1

2
· 2e ≤ x̄ · 2e = |x| ≤ (1− 2−n) · 2e = L < 2e 

2e−1 ≤ |x| < 2e. (1.8)Epeid  to x̄ e�nai th morf 
x̄ = (0.1a2a3 . . . an)2sunep�getai ìti gia k�je e = −M,−M + 1, . . . ,M − 1,M , up�r-qoun 2n−1 kanonikopoihmèna x̄. Aut� ta x̄ antistoiqoÔn se 2n−1 �shapìstash arijmoÔ x se k�je èna apì ta diast mata [2e−1, 2e) kai

(−2e,−2e−1] (bl. Sq ma 1.2)
- L

( )

}

[]

}

)[ [ ]. . .[ ]. . . ( ]

}} e = - M e = - M e = - M+1e = - M+1

0 s 2s 4s L- s- 2s- 4s

õðåñ÷åßëéóç
õðï÷åßëéóç

õðåñ÷åßëéóç

Sq ma 1.2: Par�stash arijm¸n mhqan .'Otan aux�netai o ekjèth kat� 1 diplasi�zetai to m ko kai twndÔo diasthm�twn [2e−1, 2e) kai (−2e,−2e−1]. Sunèpeia tou gegonì-to autoÔ e�nai ìti oi arijmo� pou parist�nontai ìpw sto sq ma 1.2e�nai pukn� katanemhmènoi plhs�on tou mhdenì kai arai� katanemh-mènoi makru� tou mhdenì. Oi arijmo� auto� pou e�nai kinht  upo-diastol  kai gia tou opo�ou isqÔoun oi (1.6) kai (1.7), kaloÔntaiarijmo� mhqan . Up�rqei loipìn mìno èna peperasmèno sÔnolopragmatik¸n arijm¸n pou mpore� na parastaje� me thn orj  tim tou kai autì br�sketai sta dÔo diast mata [−L,−s] kai [s, L].Opoiosd pote arijmì x gia ton opo�o isqÔei |x̄| > L den mpore�na apojhkeute� sth mn mh kai to fainìmeno autì e�nai gnwstì sanuperqe�lish (overflow). 'Omoia an |x̄| < s tìte èqoume to fainìme-no th upoqe�lish (underflow). A shmeiwje� ìti ta perissìteraduadik� yhf�a gia thn par�stash tou x̄ aux�noun thn puknìthta twn9



arijm¸n mhqan , en¸ perissìtera duadik� yhf�a gia to e èqei sanapotèlesma na megal¸nei to di�sthma par�stas  tou.Par�deigmaAn β = 2, n = 3, m = −1, M = 2, na brejoÔn kai na parastajoÔnoi arijmo� mhqan .LÔshOi arijmo� mhqan  èqoun th morf  (1.2) - (1.3)   gia ta dedomènatou parade�gmato
x̄ = ±x̄ · 2e, x̄ = (0.1a2a3)2me 0 ≤ ai ≤ 1, i = 2, 3. O mikrìtero x̄ e�nai o arijmì (0.100)2,en¸ oi epìmenoi lamb�nontai an k�je for� prost�jetai o arijmì

(0.100)2. Gia dedomèno e èqoume tou ex  tèsseri arijmoÔ: 0.100, 0.101, 0.110kai 0.111 �ra gia e = −1, 0, 1, 2 lamb�noume tou akìloujou je-tikoÔ arijmoÔ mhqan :
(0.100)2 · 2−1 (0.101)2 · 2−1 (0.110)2 · 2−1 (0.111)2 · 2−1
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4
) ( 5

16
) ( 6
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) ( 7
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)
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(1
2
) (5

8
) (6

8
) (7

8
)

(0.100)2 · 21 (0.101)2 · 21 (0.110)2 · 21 (0.111)2 · 21
(1) (5

4
) (6

4
) (7

4
)

(0.100)2 · 22 (0.101)2 · 22 (0.110)2 · 22 (0.111)2 · 22
(2) (5

2
) (6

2
) (7

2
)Epiplèon, up�rqei to mhdèn kai to ant�stoiqo sÔnolo twn arnhtik¸narijm¸n. H grafik  par�stash twn arijm¸n e�nai h akìloujh:
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7
- -1-2-3ParathroÔme ìti den up�rqoun arijmo� sta diast mata (−1

4
, 0) kai

(0, 1
4
). Ep�sh, oi arijmo� den e�nai amoiìmorfa katanemhmènoi. W-stìso oi arijmo� pou èqoun koinì ekjèth apèqoun �sh apìstashmetaxÔ tou. 10



1.3 An�lush sf�lmato twn arijm¸nkinht  upodiastol 'Estw o pragmatikì arijmì kinht  upodiastol 
x = ± (0.a1a2 . . . anan+1 . . .)β · βe, a1 6= 0 (1.9)ìpou qwr� bl�bh th genikìthta upojètoume ìti o β e�nai �rtio(β=2, 8, 10, 16). E�n upoteje� ìti to mègisto pl jo yhf�wn poumporoÔn na apojhkeutoÔn e�nai n, tìte o arijmì autì den mpore�na parastaje� sth mn mh. To er¸thma loipìn pou t�jetai e�nai toex : Poiì e�nai o plhsièstero arijmì mhqan  pro ton x? Pro-keimènou na doje� mia ap�nthsh sto er¸thma autì a jewr soumetou dÔo arijmoÔ mhqan  metaxÔ twn opo�wn br�sketai o x (sq ma1.3). 'Opw parathroÔme apì to sq ma 1.3 (a), o plhsièstero a-rijmì mhqan  pro ton x e�nai o x′ kai br�sketai an apokopoÔn tayhf�a an+1 . . . apì to dekadikì tm ma tou (bl. (1.9)), dhlad  e�nai o

x′ = (0.a1a2 . . . an)β · βe. (1.10)
(a) (b)

x' x x'' x' x x''Sq ma 1.3: DÔo pijanè jèsei tou x (x′, x′′ arijmo� mhqan ).E�n ìmw èqoume thn per�ptwsh tou sq mato 1.3(b), tìte o x′′e�nai plhsièstero pro ton x kai br�sketai an ston x′ prosteje� hposìth (0.00 . . . 01)β
= β−n, dhlad  e�nai o

x′′ =
(

(0.a1a2 . . . an)β + β−n
)

· βe. (1.11)H teqnik  aut  kale�tai stroggÔleush (rounding up). Qrh-simopoi¸nta loipìn thn teqnik  th stroggÔleush èna pragma-tikì arijmì antistoiqe� se èna arijmì mhqan . Kat�autìn tontrìpo èna pragmatikì arijmì parist�netai (prosegg�zetai) sthmn mh me ton ant�stoiqo arijmì mhqan .11



An efarmìsoume th diadikas�a th stroggÔleush gia thn (a)per�ptwsh tou sq mato 3.1, èqoume ìti to apìluto sf�lma fr�s-setai w ex 
|x− x′| ≤ 1

2
|x′′ − x′| =

(
1

2
β−n

)

· βe (1.12)en¸ to apìluto sqetikì sf�lma ja èqoume
|x− x′|
|x| ≤

1
2
β−n · βe

x · βe
=

1
2
β−n

x
≤

1
2
β−n

β−1
=

1

2
β−n+1. (1.13)EÔkola diapist¸netai ìti oi (1.12) kai (1.13) isqÔoun kai gia thnper�ptwsh b tou sq mato 1.3. Sun jw o arijmì mhqan  kinht upodiastol  pou e�nai plhsièstero pro ton x sumbol�zetai me

fl (x). Qrhsimopoi¸nta to sumbolismì autì oi tÔpoi (1.12) kai(1.13) gr�fontai
|x− fl (x)| ≤ 1

2
β−n · βe (1.14)kai

|x− fl (x)|
|x| ≤ 1

2
β−n+1, (1.15)ant�stoiqa. Oi tÔpoi (1.14) kai (1.15) parèqoun �nw fr�gmata tousf�lmato stroggÔleush. E�n teje�

ε =
fl (x)− x

x
,tìte h (1.15) gr�fetai

fl (x) = (1 + ε)x (1.16)me
|ε| ≤ 1

2
β−n+1. (1.17)H posìth ε kale�tai mon�da mhqan  (machine unit), e-peid  de e�nai mikr , h (1.16) dhl¸nei ìti o fl (x) e�nai mia elafr�diat�raxh tou x. M�a �llh teqnik  apeikìnish twn pragmatik¸n a-rijm¸n sto sÔnolo twn arijm¸n mhqan  e�nai aut  th apokop (chopping). E�n akoloujhje� h teqnik  aut , tìte o pragmatikìarijmì x prosegg�zetai p�nta me ton plhsièstero apì ta arister�12



tou arijmoÔ mhqan , dhlad  me ton x′ (bl. Sq. 1.3). Sthn per�ptw-sh pou qrhsimopoihje� h diadikas�a th apokop , tìte me an�logotrìpo eÔkola br�sketai ìti
|x− fl (x)| ≤ βe−n (1.18)kai
|x− fl (x)|
|x| ≤ β−n+1. (1.19)Sugkr�nonta tou tÔpou (1.14), (1.15) me tou (1.18) kai (1.19)parathroÔme ìti:1. To qeirìtero sf�lma stroggÔleush e�nai to misì eke�nou thapokop .2. To sf�lma sth stroggÔleush e�nai arnhtikì sti misè per�-pou peript¸sei kai jetikì sti �lle misè me apotèlesma thnapaloif  tou, en¸ sthn apokop  èqei sunèqeia to �dio prìshmo.H melèth tou sf�lmato stroggÔleush e�nai èna shmantikìtm ma th Arijmhtik  An�lush kai anaptÔqjhke apì ton Wil-

kinson. H diexodik  parous�as  th xefeÔgei apì ta pla�sia touparìnto bibl�ou. H ax�a th sthn axiolìghsh mia arijmhtik  me-jìdou e�nai anagka�a kai shmantik  ìpw fa�netai sto par�deigmapou akolouje�.1.4 An�lush sf�lmato sto �jroi-sma ìrwnSthn par�grafo aut  ja melethje� to sf�lma stroggÔleush sthnpr�xh tou ajro�smato enì meg�lou pl jou ìrwn kai ja protaje�mia mèjodo gia thn elaqistopo�hs  tou.'Estw ìti èqoume to �jroisma
S =

n∑

i=1

xi (1.20)ìpou xi e�nai arijmo� kinht  upodiastol  pou  dh èqoun apojh-keute� sth mn mh. Upojètoume ìti prosjètoume tou dÔo pr¸tou,opìte 13



S2 = fl (x1 + x2)kai sto apotèlesma prosjètoume ton 3o ìro k.o.k., sunep¸
S3 = fl (x3 + S2)
S4 = fl (x4 + S3)...
Sn = fl (xn + Sn−1)

(1.21)ìpou Sn e�nai to apotèlesma tou upologismoÔ tou S. Lìgw th(1.16), oi anwtèrw sqèsei gr�fontai
S2 = (x1 + x2) (1 + ε2)
S3 = (x3 + S2) (1 + ε3)...
Sn = (xn + Sn−1) (1 + εn)

(1.22)ìpou
|εi| ≤

1

2
β−n+1, i = 2, 3, · · · , n.AnaptÔssonta ti pr¸te posìthte th (1.22) èqoume

S2 = (x1 + x2) + (x1 + x2) ε2
S3 = [(x1 + x2 + x3) + (x1 + x2) ε2] (1 + ε3)

= (x1 + x2 + x3) + (x1 + x2) ε2 + (x1 + x2 + x3) ε3 + (x1 + x2) ε2ε3  parale�ponta ton teleuta�o ìro, epeid  ε2ε3 ≪ ε2, ε3, lamb�noume
S3 ≃ (x1 + x2 + x3) + (x1 + x2) ε2 + (x1 + x2 + x3) ε3.Anagwgik� br�skoume telik� ìti

Sn ≃
n∑

i=1

xi+(x1 + x2) ε2+(x1 + x2 + x3) ε3+. . .+(x1 + x2 + . . .+ xn) εn 
Sn − S ≃ x1 (ε2 + ε3 + . . .+ εn) + x2 (ε2 + ε3 + . . .+ εn)

+x3 (ε3 + ε4 + . . .+ εn) + . . .+ xnεn14



 
|Sn − S| . |x1| (|ε2|+ . . .+ |εn|) + |x2| (|ε2|+ . . .+ |εn|)

+ |x3| (|ε3|+ . . .+ |εn|) + . . .+ xn |εn| .
(1.23)Parathr¸nta prosektik� thn (1.23) kai prospaj¸nta na elaqi-stopoi soume to apìluto sf�lma |S − Sn| katal goume sto sumpè-rasma ìti: oi ìroi ja prèpei na diataqjoÔn, prin ton upologismì touajro�smatì tou, ètsi ¸ste

|x1| ≤ |x2| ≤ |x3| ≤ . . . |xn| .Upì thn proupìjesh aut , oi ìroi sto dex� mèlo th (1.23) meto megalÔtero pl jo sfalm�twn εi ja pollaplasi�zontai me timikrìtere timè metaxÔ twn xi.1.5 Diadidìmeno sf�lmaGia ton èlegqo th prosèggish tou x se sqèsh me thn tim  tou xqrhsimopoioÔme ta akìlouja krit ria pou prokÔptoun apì ti (1.14)kai (1.15), ant�stoiqa.E�n
|εx| = |x− x| < 1

2
10−dtìte o x prosegg�zei ton x se d dekadik� yhf�a.E�n x 6= 0, tìte mpore� na qrhsimopoihje� to sqetikì sf�lmaprokeimènou na exasfalisje� prosèggish se èna epijumhtì pl joshmantik¸n yhf�wn. Shmantik� yhf�a enì dekadikoÔ arijmoÔ e�naiìla ta yhf�a tou arijmoÔ, apì arister� pro ta dexi�, tou pr¸toumh mhdenikoÔ yhf�ou (sumperilambanomènou).E�n

|̺x| =
∣
∣
∣
εx
x

∣
∣
∣ ≤ 1

2
10−stìte o x prosegg�zei ton x se s shmantik� yhf�a.A sumbol�soume me � mia arijmhtik  pr�xh (+,−,×, /) kai me

�∗ thn �dia pr�xh pou ektele�tai ston upologist , h opo�a perièqeito sf�lma stroggÔleush. 'Estw x kai y oi arijmo� pou qrhsimo-poioÔntai stou upologismoÔ kai e�nai oi prosegg�sei twn tim¸n
x = x+ εx y = y + εy (1.24)15



ìpou εx kai εy sf�lmata. Tìte me thn ektèlesh th arijmhtik pr�xh � o arijmì pou upolog�zetai e�nai o x�∗y kai to sunolikìsf�lma d�netai apì ton tÔpo
εx�y = x�y − x�∗y

= (x�y − x�y) + (x�y − x�∗y) .
(1.25)O pr¸to ìro sto dex� mèlo th (1.25) e�nai to diadidìmeno sf�l-ma kai o deÔtero ìro e�nai to sf�lma stroggÔleush kat� tonupologismì tou x�y. Epeid  ìmw

fl (x�y) = x�∗y (1.26)pou shma�nei ìti to x�y upolog�zetai akrib¸ kai sth sunèqeiastrogguleÔetai. Lìgw twn (1.15) kai (1.26) èqoume
|x�y − x�∗y| ≤ 1

2
β−n+1 |x�y| (1.27)me thn upìjesh ìti qrhsimopoie�tai stroggÔleush. Upojètonta ìtito sf�lma stroggÔleush e�nai mikrì ja melethje� h sumperifor�tou sf�lmato di�dosh. E�n � = ± tìte apì thn (1.25) èqoume

εx±y = (x± y)− (x± y)

= (x− x)± (y − y) 
εx±y = εx ± εykai tèlo gia ta apìluta sf�lmata èqoume th sqèsh

|εx±y| ≤ |εx|+ |εy| . (1.28)IsqÔei dhlad  to akìloujo je¸rhma.Je¸rhma 1.5.1. H mègisth tim  tou apolÔtou sf�lmato touajro�smato   th diafor� dÔo arijm¸n e�nai �sh me to �jroismatwn apolÔtwn afalm�twn twn arijm¸n aut¸n.Lìgw tou anwtèrw jewr mato, an x kai y èqoun akr�beia tes-s�rwn dekadik¸n yhf�wn (dhlad , e�n |εx| , |εx| < 1
2
· 10−4), tìte hposìthta x± y mpore� na diafèrei apì thn x± y to polÔ kat� 10−4.Epomènw e�nai pijanì h posìthta x ± y na èqei èna yhf�o l�jo16



sthn tètarth dekadik  jèsh. Epiplèon, an oi x kai y èqoun diafo-retik  akr�beia, tìte h posìthta x± y sth qeirìterh per�ptwsh jae�nai lanjasmènh apì eke�nh th dekadik  jèsh pou antistoiqe� stomegalÔtero apì ta |εx| kai |εy|.E�n � = ·, tìte
εxy = xy − (x− εx)(y − εy) 

εxy = yεx + xεy + εxεy (1.29)'Omoia e�n � = / kai y, y 6= 0, tìte
εx/y =

x

y
− x

y
=

x

y
− x− εx

y − εy
=

yεx − xεy
y2 + yεy

(1.30)Diathr¸nta tou uperèqonte ìrou oi (1.29) kai (1.30) d�noun
εxy ≃ xεy + yεx (1.31)kai
εx/y ≃

yεx − xεy
y2

(1.32)ant�stoiqa. Apì thn (1.31) parathroÔme ìti meg�le timè tou x  tou y èqoun san apotèlesma thn aÔxhsh tou sf�lmato sto ginìmeno
xy. 'Omoia, h (1.32) ja par�gei meg�lo sf�lma sth dia�resh x/ygia meg�le timè tou x kai/  mikrè timè tou y.To sumpèrasma e�nai ìti tètoiou e�dou pr�xei (dhl. pol/smìme meg�lou arijmoÔ kai diairèsei ìpou o diairetèo e�nai o meg�loarijmì kai/  o diairèth e�nai mikrì) ja prèpei na apofeÔgontai meanadi�taxh twn upologism¸n.Je¸rhma 1.5.2. H mègisth tim  tou apìlutou sqetikoÔ sf�lma-to tou ginomènou   tou phl�kou dÔo arijm¸n e�nai kata prosèggish�sh me to �jroisma twn apolÔtwn sqetik¸n sfalm�twn twn arijm¸naut¸n.Apìdeixh. Diair¸nta thn (1.31) dia xy lamb�noume

̺xy =
εxy
xy

⋍
εx
x

+
εy
y

(1.33) 
|̺xy| . |̺x|+ |̺y| (1.34)17



kai apode�qjhke to je¸rhma gia to ginìmeno dÔo arijm¸n. 'Omoiagia to phl�ko èqoume diair¸nta thn (1.32) dia x/y
̺x/y ≃

yεx − xεy
xy

=
εx
x
− εy

y
(1.35) 

̺x/y ≃ ̺x − ̺y (1.36) 
∣
∣̺x/y

∣
∣ . |̺x|+ |̺y| . (1.37)

�Apì to parap�nw je¸rhma prokÔptei ìti e�n x kai y èqounakr�beia s shmantik¸n yhf�wn, tìte oi posìthte xy kai x/y jaèqoun per�pou akr�beia s shmantik¸n yhf�wn. Tèlo, parathroÔmeìti
̺x±y =

εx±y

x± y
=

εx
x± y

± εy
x± y

=

(
x

x± y

)

̺x ±
(

y

x± y

)

̺y.(1.38)H (4.43) dhl¸nei ìti an x ± y e�nai polÔ mikrìtero apì to x  
y, tìte oi par�gonte x/(x ± y) kai y/(x ± y) ja l�boun meg�letimè me sunèpeia na auxhje� h tim  tou ̺x±y. Gia to lìgo autì japrèpei na apofeÔgetai h prìsjesh enì polÔ meg�lou kai enì polÔmikroÔ arijmoÔ   h afa�resh dÔo per�pou �swn arijm¸n.
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Kef�laio 2'Amese mèjodoi gia thnep�lush grammik¸nsusthm�twn
2.1 H mèjodo apaloif  tou GaussSto parìn kef�laio ja anaptÔxoume upologistikè mejìdou giathn arijmhtik  ep�lush meg�lwn susthm�twn algebrik¸n exis¸se-wn. Ja periorisjoÔme se sust mata twn opo�wn o p�naka twn sun-telest¸n twn agn¸stwn e�nai tetragwniko� kai up�rqei mia monadik lÔsh. H lÔsh enì sust mato 20 exis¸sewn me th mèjodo tou Gra-
mer den e�nai kajìlou praktik , giat� èna upologist  pou ektele�2 ekatommÔria pr�xei to deuterìlepto, ja  jele 2 ekatommÔria qrì-nia gia na bre� th lÔsh tou parap�nw probl mato! To pl jo twnpr�xewn ìmw den e�nai basikì mìno gia thn el�ttwsh tou upolo-gistikoÔ qrìnou, all� e�nai ex��sou kajoristikì gia thn akr�beiatwn upologism¸n lìgw suss¸reush twn sfalm�twn stroggÔleu-sh. M�a mèjodo gia thn ep�lush grammik¸n susthm�twn e�nai hmèjodo th apaloif  tou Gauss. A jewr soume to sÔsthma
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to opo�o mpore� na grafe� kai
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(2.2)
  apl�

A(1)x = b(1). (2.3)Upojètoume ìti detA(1) 6= 0 ètsi ¸ste na up�rqei m�a kai mona-dik  lÔsh. Ep�sh upojètoume b(1) 6= tou mhdenikoÔ dianÔsmato.To pr¸to b ma e�nai na antikatast soume to sÔsthma (2.1) me ènaisodÔnamo sÔsthma, to opo�o e�nai aploÔstero apì to (2.1). TosÔsthma
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(2.4)
e�nai aploÔstero apì to (2.1) giat� h metablht  x1 èqei apaleifje�apì ìle ti exis¸sei ektì apì thn pr¸th. To sÔsthma (2.4)mpore� na grafte�
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  aploÔstera

A(2)x = b(2).Jewr¸nta to sÔsthma pou apotele�tai apì ìle ti exis¸sei e-ktì apì thn pr¸th (bl.(2.4) ) epanalamb�noume thn �dia diadikas�a20



apale�fonta t¸ra ton �gnwsto x2. To deÔtero b ma e�nai to ex 
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A(3)x = b(3).Met� apì r − 1 tètoia b mata ja èqoume
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A(r)x = b(r).Telik�, met� apì n−1 tètoia b mata to arqikì sÔsthma metatrèpetaisto akìloujo trigwnikì sÔsthma exis¸sewn
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A(n)x = b(n), (2.6)ìpou A(n) e�nai èna �nw trigwnikì p�naka. To sÔsthma (2.5)mpore� na luje� polÔ eÔkola me thn pro ta p�sw antikat�stash apìton tÔpo
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ij xj
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, i = 1(1)n− 1. (2.7)Pio analutik� h mèjodo apaloif  tou Gauss dhmiourge� m�a a-kolouj�a apì p�nake {A(k)
}
, k = 1(1)n, ìpou A(1) = A kai miaakolouj�a apì dexi� mèlh {b(k)} , k = 1(1)n tètoia ¸ste o A(n) ≡ Ue�nai èna �nw trigwnikì p�naka. To pr¸to b ma th mejìdou e�naina ful�xoume thn pr¸th apì ti exis¸sei gia na thn qrhsimopoi -soume argìtera kai na apale�youme ton �gnwsto x1 apì ti upìloi-pe n− 1 exis¸sei. 'Etsi �n qrhsimopoi soume tou sumbolismoÔ
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, i = 1(1)n, j = 1(1)n,tìte prokeimènou na apaleifje� o x1 apì thn i-ost  ex�swsh tou(2.1) gia i = 2(1)n, prosjètoume mi1 forè thn pr¸th ex�swsh, h22



opo�a kale�tai odhgì ex�swsh, sthn i-ost  ex�swsh, ìpou
mi1 = −
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11 kale�tai odhgì stoiqe�o. To apotèlesmaaut  th ergas�a ja e�nai to akìloujo

[

a
(1)
i2 +mi1a

(1)
12

]

x2 + . . .+
[

a
(1)
in +mi1a

(1)
1n

]

xn = b
(1)
1 +mi1b

(1)
1 

a
(2)
i2 x2 + . . .+ a

(2)
in xn = b

(2)
i , i = 2(1)nìpou

a
(2)
ij = a

(1)
ij +mi1a

(1)
1j , i = 2(1)n, j = 2(1)n (2.9)kai

b
(2)
i = b

(1)
i +mi1b

(1)
1 , i = 2(1)n.ParathroÔme ìti o �gnwsto x1 pr�gmati apale�fetai apì thn i-ost ex�swsh afoÔ
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22 6= 0, tìte or�zoume tou pollaplasiastè mi2 gia thnapaloif  tou x2 apì ti n − 2 teleuta�e exis¸sei k.o.k. Kat�autìn ton trìpo katal goume sto �nw trigwnikì sÔsthma (2.6).MporoÔme t¸ra eÔkola na parathr soume ìti anM (1) e�nai o p�naka
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tìte to pr¸to b ma th apaloif  tou Gauss mpore� na g�nei pol-laplasi�zonta apì arister� to arqikì sÔsthma ep� M (1). 'Etsièqoume:
M (1)A(1)x = M (1)b(1) (2.11) 

A(2)x = b(2) (2.12)ìpou
A(2) = M (1)A(1) kai b(2) = M (1)b(1).Je¸rhma 2.1.1. To sÔsthma A(1)x = b(1) e�nai isodÔnamo me to

A(2)x = b(2).Apìdeixh. Upojèsame ìti to (2.1) èqei mia monadik  lÔsh, dhlad 
detA(1) 6= 0. Ep�sh apì thn (2.11) kai (2.12) èqoume

A(2) = M (1)A(1) 
detA(2) =

[
detM (1)

] [
detA(1)

]
= detA(1) 6= 0epeid  detM (1) = 1. 'Ara o A(2) e�nai mh idi�zwn kai to sÔsthma(2.4) èqei m�a monadik  lÔsh. All� h (2.11) de�qnei ìti h lÔsh tou(2.1) ikanopoie� to (2.4), sunep¸ oi monadikè lÔsei twn (2.1) kai(2.4) taut�zontai. �ParathroÔme t¸ra ìti to pr¸to b ma e�nai tupikì kajìson met�apì r − 1 apaloifè ja èqoume, an a

(r)
rr 6= 0, thn odhgì ex�swsh

a(r)rr xr + . . .+ a(r)rnxn = b(r)r .Prokeimènou na apaleifje� o xr apì ti upìloipe n − r exis¸seiprosjètoume mir forè thn odhgì ex�swsh sthn i-ost  gia i =
r + 1(1)n. 'Etsi or�zonta

mir = −
a
(r)
ir

a
(r)
rr

, i = r + 1(1)nèqoume
[

a
(r)
i,r+1 +mira

(r)
r,r+1

]

xr+1+. . .+
[

a
(r)
in +mira

(r)
rn

]

xn =
[

b
(r)
i +mirb

(r)
r

]24



h opo�a mpore� na grafe� san
a
(r+1)
i,r+1xr+1 + . . .+ a

(r+1)
in xn = b

(r+1)
i , i = r + 1(1)nìpou

a
(r+1)
ij = a

(r)
ij +mira

(r)
rj , i = r + 1(1)n, j = r + 1(1)n (2.13)kai

b
(r+1)
i = b

(r)
i +mirb

(r)
r , i = r + 1(1)n.Katal goume loipìn sto sÔsthma

A(r+1)x = b(r+1). (2.14)E�nai p�li eÔkolo na diapistwje� ìti an
M (r) =












Ir−1 0 · · · 0
0 1

mr+1,r 1 0... mr+2,r 0 1... . . .
0 mn,r 0 · · · 1












(2.15)
tìte to r b ma th apaloif  perigr�fetai apì thn ex�swsh twnpin�kwn

M (r)A(r)x = M (r)b(n) 
A(r+1)x = b(r+1).ParathroÔme loipìn ìti h ìlh diadikas�a th trigwnopo�hsh mpore�na perigrafe� san ton pollaplasiasmì tou arqikoÔ sust mato ep�ton p�naka

M = M (n−1) . . .M (2)M (1). (2.16)'Ara h
MA(1)x = Mb(1) (2.17)par�gei thn
A(n)x = b(n). (2.18)Je¸rhma 2.1.2. To sÔsthma A(n)x = b(n) e�nai isodÔnamo me tosÔsthma A(1)x = b(1).Apìdeixh. H apìdeixh e�nai ìmoia me eke�nh tou Jewr mato 2.1.1kai af netai san �skhsh gia ton anagn¸sth. �25



2.1.1 Ep�lush twn Axk = bk, k = 1(1)ℓA upojèsoume ìti èqoume ta ℓ sust mata
Axk = bk, k = 1(1)ℓ, (2.19)ìpou

xk = [x1k, x2k, . . . , xnk]
T kai bk = [b1k, b2k, . . . , bnk]

Tta opo�a mporoÔn na grafoÔn san
AX = Bìpou X kai B dÔo n× ℓ p�nake. Me thn pro�pìjesh ìti detA 6= 0,mporoÔme na efarmìsoume th mèjodo apaloif  tou Gauss me thmình diafor� ìti ant� oi pr�xei th apaloif  na ekteloÔntai semia st lh tou b t¸ra ekteloÔntai sugqrìnw kai sti ℓ st le toup�naka B.2.1.2 Upologismì tou A−1Sthn per�ptwsh aut  èqoume gia ep�lush ta sust mata
AX = Ita opo�a e�nai merik  per�ptwsh th prohgoÔmenh paragr�fou.2.1.3 Upologismì th detAO trigwnikì p�naka A(n) d�netai apì th sqèsh

A(n) = MA(1) (2.20) 
detA(n) = [detM ]

[
detA(1)

]
.All� lìgw th (2.16) èqoume ìti

detM =

n−1∏

r=1

detM (r)26



kai epeid  oi p�nake M (r), r = 1(1)n − 1 e�nai monadia�oi k�tw tri-gwniko� èpetai ìti
detM = 1. (2.21)Epeid  ìmw o A(n) e�nai èna trigwnikì p�naka èqoume

detA(1) = detA(n) = a
(1)
11 a

(2)
22 . . . a(n)nn (2.22)pr�gma pou shma�nei ìti h tim  th or�zousa enì p�naka e�nai to gi-nìmeno twn odhg¸n stoiqe�wn sth mèjodo th apaloif  tou Gauss.2.1.4 O algìrijmo th apaloif  tou GaussO parak�tw algìrijmo perigr�fei th mèjodo th apaloif  tou

Gauss gia th lÔsh tou Ax = b.1. Di�base ta dedomèna A = (aij) , b = (bi)2. Gia i = 1(1)n ektele�tai ai,n+1 = bi3. Gia r = 1(1)n− 1 ekteloÔntai ta b mata a-g(a) 'Estw p o mikrìtero akèraio gia ton opo�o ap,r 6= 0, p =
r(1)n. E�n den up�rqei o p tìte tÔpwse (den up�rqeimonadik  lÔsh). P gaine sto tèlo.(b) E�n p 6= r tìte (enall�sontai oi p kai r grammè).
i. Gia q = r(1)n ekteloÔntai oi antikatast�sei

bq = arq
arq = apq
apq = bq(g) Gia i = r + 1(1)n ekteloÔntai ta b mata i-ii

i. Jètoume
mir = −

air
arr

ii. Gia j = r + 1(1)n+ 1 na ektelesje�
aij = aij +mirarj4. E�n ann = 0 tìte tÔpwse ��den up�rqei monadik  lÔsh��. P -gaine sto tèlo. 27



5. Jètoume (p�sw antikat�stash)
xn = an,n+1/ann6. Gia i = n− 1(−1)1 jètoume

xi =

[

ai,n+1 −
∑n

j=i+1 aijxj

]

aii7. EktÔpwsh th lÔsh xi, i = 1(1)n. Tèlo.2.1.5 Tropopo�hsh th mejìdou apaloif tou GaussApì ton anwtèrw algìrijmo g�netai fanerì ìti an k�poio odhgìstoiqe�o e�nai mhdèn, tìte h mèjodo apaloif  tou Gauss stamat�.Gia thn apofug  mia tètoia per�ptwsh o anwtèrw algìrijmo e-xet�zei tou suntelestè th r-st lh k�tw apì th kÔria diag¸niomèqri ìtou na breje� èna, o opo�o e�nai di�foro apì to mhdèn,èstw o a
(r)
ir . Sth sunèqeia enall�sei ti i kai r exis¸sei kai qrh-simopoie� th nèa ex�swsh san odhgì. H diadikas�a aut  den all�zeito majhmatikì prìblhma kajìson h tupik  lÔsh enì sust matogrammik¸n exis¸sewn e�nai anex�rthth apì th di�taxh twn exis¸se-wn sto sÔsthma. Wstìso ìmw mporoÔme p�ntote na br�skoume ènamh mhdenikì suntelest  a

(r)
ir ?Je¸rhma 2.1.3. E�n o A(1) e�nai mh idi�zwn, tìte up�rqei ènamh mhdenikì suntelest  a

(r)
ir .Apìdeixh. Akolouj¸nta to skeptikì th apìdeixh tou Jewr ma-to 2.1.1 mporoÔme na de�xoume ìti detA(r) = detA(1) �ra detA(r) 6=

0. All�
detA(1) = det








a
(1)
11 a

(1)
12 · · · a

(1)
1n

0 a
(2)
22 · · · a

(2)
2n... ... ...

0 a
(2)
n2 · · · a

(2)
nn








= a
(1)
11 det






a
(2)
22 · · · a

(2)
2n... ...

a
(2)
n2 · · · a

(2)
nn






= a
(1)
11 detA

(2)
n−1 28



kai genik�
detA(r) =

[

a
(1)
11 a

(2)
22 . . . a

(r−1)
r−1,r−1

]

detA
(r)
n−r+1,ìpou

A
(r)
n−r+1 =






a
(r)
rr · · · a

(r)
rn... ...

a
(r)
nr · · · a

(n)
nn




 .Sunep¸ detA

(r)
n−r+1 6= 0 to opo�o shma�nei ìti o An−r+1 den mpore�na èqei thn pr¸th st lh tou mhdèn. Epomènw mporoÔme p�nta nabroÔme èna odhgì stoiqe�o 6= 0 sthn pr¸th st lh tou A

(r)
n−r+1. �Se per�ptwsh loipìn pou a

(r)
rr = 0, tìte anazhte�tai sthn r st -lh, kai k�tw apì th diag¸nio, a(r)ir 6= 0 (bl. Je¸rhma 2.1.3). Sthsunèqeia enall�sontai oi r kai i exis¸sei. Sthn tropopoihmènh mè-jodo th apaloif  qrhsimopoioÔme to sumbolismì A(r) kai β(r) ant�twn A(r) kai b(r), ant�stoiqa. H enallag  twn exis¸sewn antistoiqe�ston pollaplasiasmì tou

A(r)x = β(r) (2.23)me ton p�naka (r < i)
Iri =



















1 . . . 0 0
1

10 . . . 0
1

10 0 . . .
1



















, (2.24)
o opo�o kale�tai metajetikì p�naka kai gia ton opo�o eÔkola dia-pist¸netai ìti

I2ri = I. (2.25)29



H dhmiourg�a tou r b mato g�netai me ton pollaplasiasmì th (2.23)me Iri kai sth sunèqeia me ton pollaplasiasmì th prokÔptousaex�swsh me M (r). 'Eqoume loipìn
[
M (r)Iri

]
A(r)x =

[
M (r)Iri

]
β(r) (2.26)to opo�o d�nei

A(r+1)x = β(r+1). (2.27)Sthn per�ptwsh ìpou den qrei�zetai enallag  twn gramm¸n tìte
i = r kai

Iri = Irr = I.'Etsi h ìlh diadikas�a trigwnopo�hsh mpore� t¸ra na perigrafe�tupik� apì ton pollaplasiasmì tou
A(1)x = β(1) (2.28)me ton p�naka

M =
[
M (n−1)In−1,in−1

] [
M (n−2)In−2,in−2

]
. . .
[
M (2)I2,i2

] [
M (1)I1,i1

](2.29)dhlad  to sÔsthma
MA(1)x =Mβ(1) (2.30)g�netai to trigwnikì sÔsthma
A(n)x = β(n). (2.31)Sth sunèqeia apodeiknÔetai h isodunam�a tou trigwnikoÔ sust mato(2.31) kai tou arqikoÔ (2.28).Je¸rhma 2.1.4. To sÔsthma A(1)x = β(1) e�nai isodÔnamo me tosÔsthma A(n)x = β(n).Apìdeixh. 'Eqoume upojèsei ìti detA(1) 6= 0. Ep�sh apì ti (2.30)kai (2.31) parathroÔme ìti
A(n) =MA(1) (2.32)ep�sh

detA(n) = [detM]
[
detA(1)

]
. (2.33)30



Sunep¸ detA(n) 6= 0 an kai mìno an detM 6= 0. All� apì thn(2.29) èqoume ìti
detM =

[
n−1∏

r=1

detM (r)

][
n−1∏

r=1

det Ir,ir

] (2.34)ìpou upenjum�zetai ìti epeid  oi p�nake M (r), r = 1(1)n− 1 e�naimonadia�oi k�tw trigwniko� èqoume
n−1∏

r=1

detM (r) = 1. (2.35)Autì pou apomènei loipìn na deiqje� e�nai ìti
det

n−1∏

r=1

Ir,ir 6= 0 (2.36)pr�gma pou isqÔei afoÔ gia r = 1(1)n− 1 kai gia r 6= ir

det Ir,ir = −1giat� o p�naka det Ir,ir proèrqetai apì ton I met� apì thn enallag twn r kai i gramm¸n (an r = ir, tìte det Irr = 1). 'Etsi apì ti(2.34), (2.35) kai (2.36) sun�getai ìti
detA(n) 6= 0to opo�o shma�nei ìti h (2.31) èqei mia monadik  lÔsh. H lÔsh tou(2.28) ìmw e�nai h

x =
[
A(1)

]−1
β(1)h opo�a ikanopoie� thn (2.31)   thn (2.30), giat�

A(n)x =MA(1)
{[
A(1)

]−1
β(1)
}

=Mβ(1) = β(n)pr�gma pou shma�nei ìti ta sust mata (2.28) kai (2.31) èqoun thn�dia lÔsh kai sunep¸ e�nai isodÔnama. �31



2.1.6 Arijmhtik  ast�jeia'Otan efarmìzetai sthn pr�xh o algìrijmo th apaloif  touGaussja prèpei na exetasje� h epirro  twn sfalm�twn stroggÔleushstou upologismoÔ. 'Opw anafèretai kai sthn eisagwg , h arij-mhtik  twn upologist¸n den e�nai “akrib ”, kajìson oi arijmo� poumporoÔn na parastajoÔn sth mn mh den apoteloÔn s¸ma, lìgw twnsfalm�twn stroggÔleush. E�n mporoÔsame na parast soume ì-lou tou pragmatikoÔ arijmoÔ me thn akrib  tim  tou sth mn mhkai an mporoÔsame na ektelèsoume arijmhtik  me �peira yhf�a, tìteto prìblhma th arijmhtik  ep�lush enì grammikoÔ sust matoja mporoÔse na g�nei me thn tropopoihmènh mèjodo th apaloif tou Gauss d�qw epiplèon problhmatismoÔ. Wstìso ìmw ja prèpeina l�boume upìyh ta apotelèsmata twn sfalm�twn stroggÔleush.Kat� th majhmatik  diatÔpwsh th mejìdou th apaloif  maendièfere mìnon an to upoy fio odhgì stoiqe�o mhden�zetai se k�jeb ma. Sthn pr�xh autì shma�nei ìti ja prèpei na exetaste� an toupoy fio odhgì stoiqe�o a
(r)
rr e�nai �mikrì� sugkrinìmeno me merik�apì ta stoiqe�a a

(r)
rr (r < i). E�n to a

(r)
rr e�nai mikrì, tìte parathroÔ-me ìti oi ant�stoiqoi pollaplasiastè mir ja e�nai arket� meg�loikai oi exis¸sei pou ja par�gontai apì to b ma th apaloif  ja è-qoun suntelestè, oi opo�oi ja e�nai polÔ megalÔteroi apì eke�noutou prohgoÔmenou b mato. O Wilkinson parathre� ìti sth per�-ptwsh aut  e�nai pijanì na emfanisje� to fainìmeno th arijmhtik ast�jeia. Gia thn apofug  th emf�nish autoÔ tou fainomènouprote�nei thn enallag  twn gramm¸n ìtan ta upoy fia odhg� stoi-qe�a e�nai mikrìtera apì ìlou tou suntelestè sthn �dia st lh.Pio sugkekrimèna epilègetai san odhgì stoiqe�o eke�no pou èqei thmegalÔterh apìluth tim  sthn r st lh tou A(r) kai br�sketai ep�  k�tw apì thn r gramm , opìte ja isqÔei |mir| ≤ 1, dhlad :

a(r)pr = max
i

∣
∣
∣a

(r)
ir

∣
∣
∣ , r ≤ i ≤ nopìte kai enall�sontai oi r kai p grammè tou A(r) prin apì to r-b ma. H teqnik  aut  kale�tai merik  od ghsh se antidiastol me thn olik  od ghsh ìpou se k�je r b ma epilègetai san o-dhgì stoiqe�o eke�no pou èqei th megalÔterh apìluto tim  apì titeleuta�e n− r + 1 grammè kai st le tou A(r) dhlad 

a(r)pr = max
ij

∣
∣
∣a

(r)
ij

∣
∣
∣ , r ≤ i, j ≤ n32



opìte enall�sontai oi p kai r grammè kai st le. Tèlo, sthnper�ptwsh ìpou o p�naka e�nai meg�lh t�xh kai araiì arke� toodhgì stoiqe�o na e�nai megalÔtero apì k�poio ε = 10−3. Apì taanwtèrw sumpera�noume ìti en¸ h merik  od ghsh apaite� enallagègramm¸n, h olik  od ghsh e�nai perissìtero polÔplokh afoÔ apaite�thn enallag  kai twn sthl¸n.Par�deigmaD�netai to grammikì sÔsthma
− x1 + 2x2 − x3 = 0

2x1 − x2 = 1
x1 + 7x2 − 3x3 = 5Na upologiste� h lÔsh tou anwtèrw sust mato me th mèjodo apa-loif  tou Gauss i) qwr� od ghsh kai ii) me merik  od ghsh.LÔsh(i) Kataskeu�zoume ton epauxhmèno p�naka [A

...b], o opo�o sthnprokeimènh per�ptwsh e�nai o




−1 2 −1 0
2 −1 0 1
1 7 −3 5



Sth sunèqeia efarmìzoume th mèjodo apaloif  tou Gauss qwr�od ghsh parousi�zonta tou pollaplasiastè apì ta arister� giak�je gramm . 'Etsi èqoume diadoqik� tou akìloujou upologismoÔ
2
1





−1 2 −1 0
2 −1 0 1
1 7 −3 5





−3





−1 2 −1 0
0 3 −2 1
0 9 −4 5



 1o b ma




−1 2 −1 0
0 3 −2 1
0 0 2 2



 2o b ma33



LÔsh tou trigwnikoÔ sust mato
− x1 + 2x2 − x3 = 0

3x2 − 2x3 = 1
2x3 = 2'Ara

x3 = 1, x2 = 1 kai x1 = 1.(ii) Gia thn efarmog  th mejìdou apaloif  tou Gauss me merik od ghsh ergazìmaste me an�logo trìpo antall�sonta ìpou apai-te�tai ti grammè tou epauxhmènou p�naka. 'Etsi èqoume




−1 2 −1 0
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1 7 −3 5





(1)
(2)
(3)

Oi arijmo� twnparenjèsewn dhl¸nounth di�taxh twn gramm¸n
1/2
−1/2





2 −1 0 1
−1 2 −1 0
1 7 −3 5





(2)
(1)
(3)

Antallag  twndÔo pr¸twn gramm¸n




2 −1 0 1
0 3/2 −1 1/2
0 15/2 −3 9/2





(2)
(1)
(3)

1o b ma
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2 −1 0 1
0 15/2 −3 9/2
0 3/2 −1 1/2





(2)
(3)
(1)

Antallag  twndÔo teleuta�wn gramm¸n




2 −1 0 1
0 15/2 −3 9/2
0 0 −2/5 −2/5





(2)
(3)
(1)

2o b maH lÔsh tou trigwnikoÔ sust mato
2x1 − x2 = 1

15
2
x2 − 3x3 = 9

2

− 2
5
x3 = − 2

5e�nai h
x3 = 1, x2 = 1 kai x1 = 1.34



2.1.7 O algìrijmo apaloif  tou Gauss memerik  od ghshO algìrijmo th apaloif  tou Gauss me merik  od ghsh e�nai oakìloujo1. Di�base ta dedomèna A = (aij), b = (bi) kai n.2. gia i = 1(1)n ektele�tai ai,n+1 = bi.3. Gia i = 1(1)n na teje�
h(i)= i(Topojèthsh arqik¸n tim¸n sto de�kth th gramm ).4. gia r = 1(1)n− 1 na ektelestoÔn ta b mata 4(a')-4(d') (diadi-kas�a apaloif ).(aþ) 'Estw p o mikrìtero akèraio me
r ≤ p ≤ nkai

|a(h(p),r)| = max
r≤j≤n

|a(h(j),r)|(bþ) E�n a(h(p), r) = 0 tìte tÔpwse (den up�rqei monadik lÔsh). Tèlo.(gþ) E�n h(r) 6=h(p) tìte
q = h(r)
h(r) = h(p)
h(p) = q(prosomo�wsh th enallag  twn gramm¸n).(dþ) gia i = r + 1(1)n na ektelestoÔn ta b mata i kai ii

i. Na teje�
m(h(i),r) = − a(h(i),r)

a(h(r),r)35



ii. Gia j = r + 1(1)n+ 1 na ektelesje�
a(h(i),j) = a(h(i),j) +m(h(i),r)a(h(r),j)E�n a(h(n),n) = 0 tìte tÔpwse (den up�rqei monadi-k  lÔsh). P gaine sto tèlo.5. Na teje� (p�sw antikat�stash)
xn = a(h(n),n + 1)/a(h(n),n)6. Gia i = n− 1(−1)1 na upologistoÔn oi

xi =
a(h(i),n + 1)−∑n

j=i+1 a(h(i),j)xj

a(h(i),i)7. EktÔpwsh th lÔsh xi, i = 1(1)n. Tèlo.En¸ gia arket� grammik� sust mata h merik  od ghsh par�geiikanopoihtik� apotelèsmata, up�rqoun peript¸sei ìpou h teqnik aut  den e�nai arket .Par�deigma'Estw to grammikì sÔsthma
30, 00x1 + 591.400x2 = 591.700
5, 291 − 6, 130x2 = 46, 78.E�n efarmoste� o prohgoÔmeno algìrijmo me arijmhtik  tess�rwnyhf�wn ja èqoume

m21 =
5, 291

30, 00
= 0, 1764pou odhge� sto sÔsthma

30, 00x1 + 591.400x2 = 591.700
− 104.300x2 = − 104.400to opo�o èqei ti lÔsei x2 = 1, 001 kai x1 = −10, 00.Wstìso oi akribe� lÔsei tou arqikoÔ sust mato e�nai oi

x1 = 10, 00 kai x2 = 1, 000. M�a diadikas�a merik  od ghsh, h o-po�a ja mporoÔse na antepexèljei th duskol�a aut  ìpw kai pollè36



�lle gia ti opo�e h prohgoÔmenh mèjodo parousi�zei k�poio prì-blhma e�nai h legìmenh klimakoÔmenh scaled merik  od ghsh. Sthnteqnik  aut  diairoÔntai oi grammè apì thn odhgì mèqri thn teleu-ta�a me ton ek�stote megalÔtero kat� apìluto tim  suntelest  thk�je gramm . Sth sunèqeia efarmìzetai h merik  od ghsh. Gia topar�deigma autì èqoume
30, 00

591.400
= 0, 00005073 kai 5, 291

6, 130
= 0, 8631opìte enall�sontai oi dÔo grammè kai to apotèlesma th apaloi-f  d�nei ti akribe� lÔsei. Oi de allagè pou diafèroun apì thnprohgoÔmenh mèjodo e�nai sta b mata 3-4(a'), ta opo�a ja prèpei naantikatastajoÔn me ta:3. Gia i = 1(1)n na ektelesjoÔn ta b mata 3(a')-3(b')(a') si = max1≤j≤n |aij |(b') E�n si = 0 tìte tÔpwse `den up�rqei monadik  lÔsh'(g') h(i) = i4. Gia r = 1(1)n− 1 na ektelestoÔn ta b mata 4.(a')-4.(b')'Estw p o mikrìtero akèraio me r ≤ p ≤ n kai

|a(h(p),r)|
s(h(p)) = max

r≤j≤n

|a(h(j),r)|
s(h(j)) .H anwtèrw teqnik  mpore� ep�sh na pragmatopoihje� an pol-laplasi�soume thn ex�swsh Ax = b me to diag¸nio p�naka D−1 touopo�ou to i-ostì diag¸nio stoiqe�o e�nai to (si)

−1.2.2 H mèjodo apaloif  tou JordanMe thn qrhsimopo�hsh th mejìdou th apaloif  tou Jordan e�naidunatìn na metasqhmatiste� o p�naka twn suntelest¸n twn agn¸-stwn se èna diag¸nio p�naka. H morf  aut  tou p�naka e�nai aploÔ-sterh apì eke�nh th apaloif  tou Gauss kajìson o upologismìtou agn¸stou xi mpore� na prokÔyei me m�a apl  dia�resh.37



Jewr¸nta p�li to sÔsthma (2.1), to pr¸to b ma th apaloif tou Jordan e�nai akrib¸ �dio me eke�no th mejìdou apaloif  tou
Gauss, ètsi èqoume to sÔsthma (2.4) dhlad  to:

a
(1)
11 x1 + a

(1)
12 x2 + a

(1)
13 x3 + . . . + a

(1)
1nxn = b

(1)
1

a
(2)
22 x2 + a

(2)
23 x3 + . . . + a

(2)
2nxn = b

(2)
2

a
(2)
32 x2 + a

(2)
33 x3 + . . . + a

(2)
3nxn = b

(2)
3...

a
(2)
n2x2 + a

(2)
n3 x3 + . . . + a

(2)
nnxn = b

(2)
n(2.37)ìpou parathroÔme ìti o x1 èqei apaleifje� apì ti n− 1 teleuta�eexis¸sei opìte èqoume p�li

A(2)x = b(2).Wstìso sto deÔtero b ma th mejìdou th apaloif  tou Jordanapale�fetai o x2 ìqi mìno apì ti n − 2 teleuta�e exis¸sei, all�sugqrìnw kai apì thn pr¸th. 'Etsi lamb�noume to sÔsthma
a
(1)
11 x1 a

(3)
13 x3 + . . . + a

(3)
1n xn = b

(3)
1

a
(2)
22 x2 + a

(3)
23 x3 + . . . + a

(3)
2n xn = b

(3)
2

a
(3)
33 x3 + . . . + a

(3)
3n xn = b

(3)
3...

a
(3)
n3x3 + . . . + a

(3)
nnxn = b

(3)
n

(2.38) 
A(3)x = b(3) (2.39)an upojèsoume ìti all�zoume tou ep�nw de�kte twn suntelest¸nth deÔterh gramm  ektì tou pr¸tou. Met� apì r − 1 tètoiab mata ja èqoume to sÔsthma

a
(1)
11 x1 +a

(r)
1r xr + . . .+ a

(r)
1nxn = b

(r)
1

a
(2)
22 x2 +a

(r)
2r xr + . . .+ a

(r)
2nxn = b

(r)
2. . . ...

a
(r−1)
r−1,r−1xr−1 +a

(r)
r−1,rxr . . .+ a

(r)
r−1,nxn = b

(r)
r−1

a
(r)
rr xr + . . .+ a

(r)
rnxn = b

(r)
r...

a
(r)
nr xr + . . .+ a

(r)
nnxn = b

(r)
n(2.40)38



 
A(r)x = b(r)ìpou p�li gia lìgou omoiomorf�a all�xame tou ep�nw de�kte twnsuntelest¸n th r− 1 gramm  ektì tou pr¸tou. Tèlo, met� apì

n tètoia b mata ja èqoume to diag¸nio sÔsthma:
a
(1)
11 x1 = b

(n+1)
1

a
(2)
22 x2 = b

(n+1)
2. . . ...

a
(n)
nnxn = b

(n+1)
n

(2.41)to opo�o mpore� na grafe� san
A(n)x = b(n+1) (2.42)ìpou o A(n) t¸ra e�nai èna diag¸nio p�naka. H lÔsh tou (2.42)e�nai h
xi =

1

a
(i)
ii

b
(n+1)
iefìson a

(i)
ii 6= 0, i = 1(1)n. Analutikìtera qrhsimopoioÔme p�litou sumbolismoÔ

a
(1)
ij = aij i, j = 1(1)n

b
(1)
i = bi i = 1(1)nkai an a

(1)
11 6= 0, tìte or�zoume tou pollaplasiastè

mi1 = −
a
(1)
i1

a
(1)
11

, i = 2(1)n.T¸ra prokeimènou na apaleifje� o x1 apì thn i-ost  ex�swsh, pro-sjètoume mi1 forè thn pr¸th ex�swsh sthn i-ost , opìte lamb�-noume to sÔsthma (2.37), ìpou
a
(2)
ij = a

(1)
ij +mija

(1)
1j , i = 1(1)n, i 6= 1

j = 1(1)nkai
b
(2)
i = b

(1)
i +mi1b

(1)
1 , i = 1(1)n, i 6= 1.39



Sto shme�o autì parathroÔme ìti prin akolouj sei to deÔtero b maja prèpei gia lìgou omoiomorf�a na k�noume ti antikatast�sei
a
(2)
1j = a

(1)
1j , j = 2(1)n

b
(2)
1 = b

(1)
1 .Sto teleuta�o b ma t¸ra apale�fetai o �gnwsto x2 tìso apì titeleuta�e n−2 exis¸sei ìso kai apì thn pr¸th, opìte lamb�noumeto sÔsthma (2.38) ìpou

a
(3)
ij = a

(2)
ij +mi2a

(2)
1j , i = 1(1)n, i 6= 2, j = 2(1)nkai

b
(3)
i = b

(2)
i +mi2b

(2)
2 , i = 1(1)n, i 6= 2ìpou gia lìgou omoiomorf�a jètoume

a
(3)
2j = a

(2)
2j , j = 3(1)n

b
(3)
2 = b

(2)
2 .Suneq�zonta katal goume sto diag¸nio sÔsthma (2.41). O meta-sqhmatismì tou A se èna diag¸nio p�naka th �dia t�xh apotele�taiapì n kÔria b mata ta opo�a antistoiqoÔn se n pr�xei twn gramm¸ntou p�naka. Upì morf  pin�kwn h mèjodo tou Jordan anazhte� ènamh idi�zwn n× n p�naka M gia ton opo�o na isqÔei

MAx = Mb (2.43)me
MA = I. (2.44)Sunep¸
M = A−1 (2.45)kai
x = Mb. (2.46)A upojèsoume ìti to arqikì sÔsthma e�nai to

A(1)x = b(1) (2.47)40



tìte mporoÔme na parathr soume eÔkola ìti an M (1) e�nai o p�naka
M (1) =










µ11 0
µ21

µ31 In−1...
µn1










(2.48)ìpou
µi1 =

{

1/a
(1)
11 , i = 1

−a(1)i1 /a
(1)
11 , i 6= 1

me a(1)11 6= 0, (2.49)tìte to pr¸to b ma th apaloif  tou Jordan mpore� na g�nei me tonpollaplasiasmì tou (2.47) me ton M (1), dhlad :
M (1)A(1)x = M (1)b (2.50) 

A(2)x = b(2). (2.51)'Etsi to r b ma th apaloif  ja perigr�fetai apì thn ex�swsh:
M (r)A(r)x = M (r)b (2.52)ìpou

M (r) =














µ1r

Ir−1
... 0

µr−1,r

0 · · · 0 µrr 0 · · · 0
µr+1,r

0
... In−r

µnr














(2.53)
kai ta µir d�nontai apì ton tÔpo

µi1 =

{

1/a
(r)
rr , i = r

−a(r)ir /a
(r)
rr , i 6= r, a

(r)
rr 6= 0, r = 1(1)n.Apì thn (2.52) prokÔptei to sÔsthma

A(r+1)x = b(r+1) (2.54)41



me
A(r+1) =

[
Ir ∗
0 ∗

] (2.55)ìpou ∗ sumbol�zei thn Ôparxh stoiqe�wn. 'Etsi h ìlh diadikas�a mpo-re� na perigrafe� apì ton pollaplasiasmì tou arqikoÔ sust matome ton p�naka
M = M (n)M (n−1) . . .M (2)M (1) (2.56)ìpouM (1) kaiM (i), i = 2(1)n−1 d�nontai apì ti (2.48) kai (2.53),ant�stoiqa en¸
M (n) =








µ1,n

In−1
...

µn−1,n

0 · · · 0 µnn







. (2.57)'Ara h

MA(1)x = Mb(1)d�nei thn
x = Mb(1). (2.58)'Opw me th mèjodo apaloif  tou Gauss, mpore� na anaptuqje�h mèjodo th apaloif  tou Jordan me merik    olik  od ghsh. (Han�ptuxh th sqetik  jewr�a af netai san �skhsh). Sthn per�-ptwsh aut  h epilog  tou odhgoÔ stoiqe�ou g�netai ìpw akrib¸sth mèjodo th apaloif  tou Gauss kai den epekte�netai sthn ana-z thsh ìlh th st lh ìpw �sw ja per�mene kane� diìti tìte jakatastrefìtan h prohgoÔmenh diagwnopo�hsh tou p�naka (giat�?). Hmèjodo th apaloif  tou Jordan qrhsimopoie�tai sun jw gia tonupologismì tou antistrìfou enì p�naka   gia thn ep�lush susth-m�twn me ton �dio p�naka suntelest¸n twn agn¸stwn.Par�deigmaNa efarmoste� h mèjodo Jordan me merik  od ghsh sto sÔ-sthma tou prohgoÔmenou parade�gmato.LÔsh





−1 2 −1 0
2 −1 0 1
1 7 −3 5





(1)
(2)
(3)42
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2 −1 0 1
−1 2 −1 0
1 7 −3 5





(2)
(1)
(3)

Antallag  twn dÔopr¸twn gramm¸n




2 −1 0 1
0 3/2 −1 1/2
0 15/2 −3 9/2





(2)
(1)
(3)

1o b ma
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2 −1 0 1
0 15/2 −3 9/2
0 3/2 −1 1/2





(2)
(3)
(1)

Antallag  twn dÔoteleuta�wn gramm¸n




2 0 −2/5 8/5
0 15/2 −3 9/2
0 0 −2/5 −2/5





(2)
(3)
(1)

2o b ma




2 0 0 2
0 15/2 0 15/2
0 0 −2/5 −2/5





(2)
(3)
(1)

3o b ma'Ara h lÔsh e�nai h x1 = 1, x2 = 1 kai x3 = 1.2.2.1 O algìrijmo apaloif  tou Jordanme merik  od ghshO algìrijmo th apaloif  tou Jordan me merik  od ghsh gia thlÔsh tou Ax = b e�nai o akìloujo:1. Di�base ta dedomèna A = (aij) , b = (bi) kai n.2. Gia i = 1(1)n na ektelesje�
ai,n+1 = bi3. Gia i = 1(1)n na teje�
h(i)= i4. Gia r = 1(1)n na ektelesjoÔn ta b mata 4(a')-4(d') (diadikas�aapaloif ). 43



(aþ) 'Estw p o mikrìtero akèraio
r ≤ p ≤ nkai

|a(h(p), r))| = max
r≤j≤n

|a(h(j), r)|(bþ) E�n a(h(p),r)= 0 tìte tÔpwse �den up�rqei monadik  lÔ-sh�. Tèlo.(gþ) E�n h(r) 6=h(p) tìte
q=h(r)

h(r)=h(p)
h(p)=q(prosomo�wsh th enallag  twn gramm¸n)(dþ) Gia i = 1(1)n kai i 6= r na ektelesjoÔn ta b mata i kai ii

i. Na teje�
m(h(i),r) = − a(h(i),r)

a(h(r),r)
ii. gia j = r + 1(1)n+ 1 na ektelesje�

a(h(i),j) = a(h(i),j) +m(h(i),r)a(h(r),j)5. Gia i = 1(1)n na ektelesje�E�n a(h(i),i) = 0 tìte tÔpwse �ìqi monadik  lÔsh�. Tèlo.
xi = a(h(i),n + 1)/a(h(i),i)6. TÔpwse thn lÔsh xi, i = 1(1)n. Tèlo2.2.2 Upologistik  poluplokìthtaSth sunèqeia ja sugkr�noume to pl jo kai to e�do twn pr�xewn ì-pw ep�sh kai ti apait sei, ìson afor� th mn mh, gia ti mejìdouapaloif  tou Gauss kai Jordan. A upojèsoume ìti briskìmastesto k b ma th apaloif  tou Gauss gia th lÔsh ℓ susthm�twndhlad : 44
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(2.59)
ìpou to ˆ p�nw apì ta stoiqe�a sumbol�zei ìti aut� den e�nai plèonta arqik� stoiqe�a tou p�naka A. 'Opw antilamb�netai kane� oipr�xei gia to epìmeno b ma ja g�noun gia eke�na ta stoiqe�a ta opo�abr�skontai ston k�tw dexi� upop�naka, o opo�o e�nai (n− k)× (n−
k+1). Se k�je èna apì ta stoiqe�a tou p�naka autoÔ ja prosteje�èna arijmì ( o opo�o e�nai èna pollapl�sio enì stoiqe�ou th kgramm ). 'Ara apaitoÔntai (n − k)(n − k + 1) prosjèsei gia toepìmeno b ma. ParathroÔme ìti gia ti n − k grammè ja prèpeina orisjoÔn oi pollaplasiastè mik, i = k + 1(1)n twn opo�wn oupologismì apaite� n− k diairèsei. Epiplèon, k�je èna apì toupollaplasiastè autoÔ pollaplasi�zetai me ta teleuta�a n−k+1stoiqe�a th k gramm  tou p�naka A kai twn ℓ deÔterwn mel¸n.Efìson h diadikas�a aut  g�netai gia ìle ti n−k exis¸sei èpetaiìti apaitoÔntai (n−k)(n−k+1) pollaplasiasmo�. Epeid  t¸ra k =
1(1)n−1 to pl jo kai to e�do twn pr�xewn gia thn trigwnopo�hshtou sust mato ja e�nai

n−1∑

k=1

(n− k) diairèsei45



n−1∑

k=1

(n− k)(n− k + ℓ) pollaplasiasmo� (2.60)kai
n−1∑

k=1

(n− k)(n− k + ℓ) prosjafairèsei.Qrhsimopoi¸nta tou tÔpou
m∑

k=1

k =
m(m+ 1)

2
kai m∑

k=1

k2 =
m(m+ 1)(2m+ 1)

6oi (2.60) gr�fontai
n(n− 1)

2
diairèsei

n(n− 1)(2n− 1 + 3ℓ)

6
pollaplasiasmo� (2.61)kai

n(n− 1)(2n− 1 + 3ℓ)

6
prosjafairèsei.Gia ton upologismì twn lÔsewn x

(i)
k , k = 1(1)n, i = 1(1)ℓ qrhsimo-poioÔntai oi tÔpoi (2.7) apì tou opo�ou parathroÔme ìti gia k�-poio i apaitoÔntai n− k pollaplasiasmo� gia ta ginìmena aijxj , j =

k+1(1)n, n− k prosjafairèsei kai m�a dia�rsh gia k = 1(1)n− 1,en¸ gia ton upologismì tou x
(i)
n apaite�tai m�a dia�resh mìnon. Su-nep¸ gia ton upologismì ìlwn twn x

(i)
k apaitoÔntai

ℓ

n∑

k=1

1 diairèsei
ℓ

n−1∑

k=1

(n− k) pollaplasiasmo�kai
ℓ
n−1∑

k=1

(n− k) prosjafairèseidhlad 
nℓ diairèsei46



n(n− 1)ℓ

2
pollaplasiasmo� (2.62)kai

n(n− 1)ℓ

2
prosjafairèsei.Sunep¸ to sunolikì pl jo twn pr�xewn gia thn eÔresh th lÔshtou (2.59) e�nai:

n(n− 1 + 2ℓ)

2
diairèsei

n(n− 1)(2n− 1 + 6ℓ)

6
pollaplasiasmo� (2.63)kai

n(n− 1)(2n− 1 + 6ℓ)

6
prosjafairèsei.'Etsi loipìn gia thn ep�lush enì mìnon grammikoÔ sust mato (ℓ =

1) h mèjodo apaloif  tou Gauss apaite�
n2

2
+

n

2
diairèsei

n3

3
+

n2

2
− 5n

6
pollaplasiasmo� (2.64)

n3

3
+

n2

2
− 5n

6
prosjafairèsei.Gia thn eÔresh tou antistrìfou A−1 me th mèjodo th apaloif tou Gauss (ℓ = n) apaitoÔntai

3n2

2
− n

2
diairèsei

4n3

3
− 3n2

2
− n

6
pollaplasiasmo� (2.65)kai

4n3

3
− 3n2

2
− n

6
prosjafairèsei.Sumpera�noume loipìn ìti to pl jo twn pr�xewn gia th lÔsh enìgrammikoÔ sust mato me th mèjodo th apaloif  tou Gauss e�naith t�xh O(n3/3) en¸ gia thn eÔresh tou antistrìfou apaite�tai47



tetrapl�sio pl jo pr�xewn. 'Etsi p�ntote apofeÔgoume na upolo-g�soume ton ant�strofo enì p�naka (e�nai protimìtero na lÔsoumeto sÔsthma) ektì an ma zhte�tai mìnon o A−1.Gia th mèjodo tou Jordan èqoume
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︸ ︷︷ ︸

n−k

︸︷︷︸

ℓ

︸︷︷︸

ℓParathroÔme loipìn ìti gia tou pollaplasiastè apaitoÔntai n−1diairèsei en¸ apaite�tai �dio arijmì pollaplasiasm¸n kai prosja-fairèsewn gia ta stoiqe�a tou dexioÔ p�naka (n−1)×(n−k+1). Piosugkekrimèna apaite�tai èna pollaplasiasmì kai mia prìsjesh giak�je èna stoiqe�o tou upop�naka gia thn ektèlesh enì b mato meth mèjodo apaloif  tou Jordan. 'Etsi apaitoÔntai (n−1)(n−k+1)pollaplasiasmo� kai �lle tìse prosjèsei. Sunep¸ gia th dia-gwniopo�hsh tou A apaitoÔntai
n∑

k=1

(n− 1) diairèsei
n∑

k=1

(n− 1)(n− k + 1) pollaplasiasmo�
n∑

k=1

(n− 1)(n− k + 1) prosjafairèsei  telik� br�skoume ìti qrei�zontai
n(n− 1) diairèsei

n(n− 1)(n− 1 + 2ℓ)

2
pollaplasiasmo�

n(n− 1)(n− 1 + 2ℓ)

2
prosjafairèsei.48



An t¸ra prostejoÔn kai oi n diairèsei gia thn eÔresh mia lÔshtìte gia ta ℓ sust mata apaitoÔntai nℓ diairèsei. 'Ara telik� gia thlÔsh ℓ susthm�twn me th mèjodo apaloif  tou Jordan apaitoÔntai
n(n− 1 + ℓ) diairèsei

n(n− 1)(n− 1 + 2ℓ)

2
pollaplasiasmo� (2.66)

n(n− 1)(n− 1 + 2ℓ)

2
prosjafairèsei.Gia thn ep�lush enì grammikoÔ sust mato oi anwtèrw tÔpoi d�noun(ℓ = 1)

n2 diairèsei
n3

2
− n

2
pollaplasiasmo� (2.67)

n3

2
+

n

2
prosjafairèsei,en¸ gia ton upologismì tou antistrìfou (ℓ = n) d�noun

2n2 − n diairèsei
3n3

2
− 2n2 +

n

2
pollaplasiasmo� (2.68)

3n3

2
− 2n2 +

n

2
prosjafairèsei.Apì tou (2.67) parathroÔme ìti gia thn ep�lush enì grammikoÔsust mato me th mèjodo tou Jordan to pl jo twn pr�xewn e�naith t�xh O(n3/2). Dhlad  h mèjodo tou Jordan apaite� per�pou50% parap�nw pr�xei ap' ìti h mèjodo tou Gauss gia th lÔsh enìgrammikoÔ sust mato. All� kai gia ton upologismì tou antistrì-fou h mèjodo tou Jordan apaite� perissìtere pr�xei. Wstìsoan upoteje� ìti gia ton upologismì tou A−1 den lamb�noume upìyhti pr�xei pou g�nontai sta deÔtera mèlh me ta mhdenik� kai ti mo-n�de, apodeiknÔetai (h apìdeixh af netai gia ton anagn¸sth) ìtioi dÔo mèjodoi apaitoÔn ton �dio akrib¸ pl jo pr�xewn. Gi� autìkai h mèjodo tou Jordan, an qrhsimopoihje�, ja e�nai mìnon gia tonupologismì tou antistrìfou enì p�naka.E�nai fanerì ìti h apaloif  tou Gauss me merik  od ghsh japrèpei na protim�tai gia thn lÔsh pukn¸n grammik¸n susthm�twn.49



H mèjodo aut  e�nai eustaj  toul�qiston gia m�a meg�lh kl�shproblhm�twn ìpw apodeiknÔei o Wilkinson. Ep�sh gia p�nake oiopo�oi e�nai pragmatiko� summetriko� kai jetik� orismènoi den qrei�-zetai h merik  od ghsh prokeimènou h mèjodo tou Gauss na èqeiarijmhtik  eust�jeia.2.3 H LU mèjodoA upojèsoume ìti èqoume thn per�ptwsh th mejìdou apaloif tou Gauss qwr� od ghsh, ìpou to sÔsthma A(1)x = b(1) metasqh-mat�zetai sto trigwnikì sÔsthma
MA(1)x = Mb(1)  sto
A(n)x = b(n)opìte parathroÔme ìti

A(1) = M−1A(n) (2.69)ìpou lìgw th (2.56)
M−1 =

[
M (1)

]−1 [
M (2)

]−1
. . .
[
M (n−1)

]−1 (2.70)kai
[
M (r)

]−1
=














Ir−1 0
1

−mr+1,r 1 00 −mr+2,r 0 1... ... . . .
−mnr 0 · · · 0 1














. (2.71)
Me aploÔ pollaplasiasmoÔ mporoÔme na broÔme ìti

M−1 =












1

−m21 1 0
−m31 −m32 1
−m41 −m42 −m43 1... ... ... ... . . .
−mn1 −mn2 −mn3 −mn4 · · · 1












(2.72)
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kai sunep¸ o M−1 e�nai èna monadia�o k�tw trigwnikì p�naka.Epeid  o A(n) e�nai èna �nw trigwnikì p�naka, h (2.69) dhl¸neiìti an kanèna apì ta odhg� stoiqe�a den mhden�zetai, kat� th di�r-keia tou sqhmatismoÔ tou A(n) apì ton A(1), tìte o A(1) mpore� nadiaspasje� se èna ginìmeno enì monadia�ou k�tw trigwnikoÔ p�naka
M−1 kai enì �nw trigwnikoÔ p�naka A(n). To epìmeno je¸rhma d�neiikanè sunj ke gia thn Ôparxh mia tètoia di�spash.Je¸rhma 2.3.1. 'Ena n× n p�naka A = (aij) mpore� na grafe�san to ginìmeno LU , ìpou L e�nai k�tw trigwnikì p�naka kai U �nwtrigwnikì p�naka, an

det [a11] 6= 0, det

[
a11 a12
a21 a22

]

6= 0, . . . , detA 6= 0.Epiplèon, h trigwnik  aut  diaq¸rish e�nai monadik  an ta diag¸niastoiqe�a e�te tou L   tou U e�nai orismèna.Apìdeixh. A upojèsoume ìti o A mpore� na grafe� san to ginìmeno
A = LU (2.73)ìpou o p�naka L e�nai èna monadia�o k�tw trigwnikì p�naka, tìteja èqoume

A =










1

ℓ21 1 0
ℓ31 ℓ32 1... ... ... . . .
ℓn1 ℓn2 ℓn3 · · · 1



















u11 u12 u13 · · · u1n

u22 u23 · · · u2n

u33 · · · u3n0 . . . ...
unn










.(2.74)E�n ektelèsoume ton pollaplasiasmì twn pin�kwn sto dex� mèlokai exis¸soume ta ant�stoiqa stoiqe�a, ja l�boume n2 mh grammikèexis¸sei me n2 agn¸stou. E�nai fanerì loipìn ìti an ta diag¸niastoiqe�a tou L den  san orismèna (sth prokeimènh per�ptwsh =1),tìte ja e�qame n epiplèon agn¸stou kai h diaq¸rish aut  den ja tan monadik . All� a xekin soume na prosdior�soume ta stoiqe�atwn pin�kwn L kai U . An upolog�soume ta stoiqe�a th pr¸thgramm  tou ginomènou LU kai ta exis¸soume me ta stoiqe�a th51



pr¸th gramm  tou A lamb�noume ti exis¸sei
u11 = a11
u12 = a12...
u1n = a1n

(2.75)oi opo�e de�qnoun ìti oi pr¸te grammè twn A kai U taut�-zontai. 'Omoia an upolog�soume ta stoiqe�a th pr¸th st lhtou LU k�tw apì thn kÔria diag¸nio, lamb�noume ti exis¸sei
ℓ21u11 = a21
ℓ31u11 = a31...
ℓn1u11 = an1.

(2.76)Epeid  u11 = a11, an a11 6= 0, tìte oi (2.76) ma d�noun amèsw tastoiqe�a th pr¸th st lh tou L. Genik� a upojèsoume ìtijèloume na upolog�soume ta stoiqe�a th r gramm  tou U kai sthsunèqeia ta stoiqe�a th r st lh tou L, upojètonta ìti ta stoiqe�atwn k = 1(1)r−1 gramm¸n kai sthl¸n tou U kai L, ant�stoiqa èqounprohgoumènw prosdiorisje�. Sqhmatik� h ìlh kat�stash mpore� naperigrafe� w akoloÔjw















1

ℓ21
. . . 0...

ℓr1 · · · 1

ℓr+1,1 · · · ℓr+1,r... ... ... . . .
ℓn1 · · · ℓnr · · · 1































u11 · · · u1r u1,r+1 · · · u1n. . . ... ... ...
ur−1,r+1 · · · ur−1,n

urr ur,r+1 · · · urn. . . ...0 unn














Ektel¸nta ton pollaplasiasmì th r gramm  tou L diadoqik� methn r, r + 1, . . . , n st lh tou U kai exis¸nonta me ta ant�stoiqastoiqe�a tou A, lamb�noume

r−1∑

j=1

ℓrjujr + urr = arr52



r−1∑

j=1

ℓrjuj,r+1 + ur,r+1 = ar,r+1

· · · · · · · · · · · · · · · · · · · · ·
r−1∑

j=1

ℓrjujn + urn = arn.Oi �gnwstoi sti anwtèrw exis¸sei e�nai oi urp, p = r(1)n opìteèqoume
urp = arp −

r−1∑

j=1

ℓrjujp, p = r(1)n. (2.77)'Omoia ektel¸nta ton pollaplasiasmì th r st lh tou U me ti
r + 1, r + 2, . . . , n grammè tou L kai exis¸nonta me ta ant�stoiqastoiqe�a tou A lamb�noume

r−1∑

j=1

ℓr+1,jujr + ℓr+1,rurr = ar+1,r

r−1∑

j=1

ℓr+2,juj,r + ℓr+2,rur,r = ar+2,r

· · · · · · · · · · · · · · · · · · · · ·
r−1∑

j=1

ℓnjujr + ℓnrurr = anr.Oi �gnwstoi t¸ra e�nai oi ℓpr, r + 1(1)n opìte apì ti parap�nwexis¸sei èqoume, an urr 6= 0, tìte ta stoiqe�a th r st lh tou Ld�nontai apì ton tÔpo
ℓpr =

1

urr

(

apr −
r−1∑

j=1

ℓpjujr

)

, p = r + 1(1)n. (2.78)Epiplèon, apì thn (2.77) parathroÔme ìti gia p = r lamb�noume
urr = arr −

r−1∑

j=1

ℓrjujr, r = 1(1)n53



kai an r = 2 lamb�noume diadoqik�
u22 = a22 − ℓ21u12

= a22 − a21
a11

a12

(

= a
(2)
22

)  telik�
u22 =

1

a11
det

[
a11 a12
a21 a22

]

.All� apì thn upìjesh èqoume ìti a11 6= 0 kai det [ a11 a12
a21 a22

]

6= 0�ra u22 6= 0. E�n loipìn isqÔoun oi sunj ke th upìjesh, tìte
urr 6= 0, r = 1(1)n. �Parat rhsh. Epeid  h trigwnik  diaq¸rish e�nai monadik ìtan o L e�nai monadia�o k�tw trigwnikì tìte:

A(1) = LUme
M−1 = L kai A(n) = U.Me �lla lìgia h mèjodo apaloif  tou Gauss qwr� od ghsh e�-nai majhmatik� �dia me thn trigwnik  diaq¸rish LU me L monadia�ok�tw trigwnikì p�naka. O Wilkinson ([1965℄ sel. 223) apodeiknÔeiìti oi dÔo mèjodoi den d�noun mìno ta �dia majhmatik� apotelèsmataall�, an oi upologismo� kai sti dÔo diadikas�e g�noun se èna upo-logist  me thn arijmhtik  th kinht  upodiastol , tìte akìma kaita sf�lmata stroggÔleush e�nai ta �dia. Ep�sh tuqìn apotuq�ath trigwnik  diaq¸rish lamb�nei q¸ra sti �die peript¸sei meth mèjodo apaloif  tou Gauss qwr� od ghsh. Wstìso up�rqeièna ousiastikì pleonèkthma th trigwnik  diaq¸rish se sqèsh meth mèjodo apaloif  tou Gauss gia tou upologistè eke�nou poudiajètoun th dunatìthta th kataq¸rhsh upologism¸n th morf 

∑n
j=1 ajbj se diploÔ m kou lèxei. Me th dunatìthta aut  den apai-te�tai epiplèon qrìno gia na ergasje� kane� me diploÔ m kou lè-xei, pr�gma pou shma�nei megalÔterh akr�beia stou upologismoÔ.Epeid  h mèjodo th apaloif  tou Gauss den parousi�zei upo-logismoÔ th morf  ajroism�twn ginomènwn, giautì ja prèpei naprotim�tai h trigwnik  diaq¸rish ìpou e�nai diajèsimh h parap�nw54



dunatìthta.Parat rhsh. 'Opw anafèrjhke prohgoumènw, h kl�sh twn pi-n�kwn gia tou opo�ou den qrei�zetai h merik  od ghsh perilamb�-nei eke�nou tou p�nake oi opo�oi e�nai pragmatiko�, summetriko� kaijetik� orismènoi. Perilamb�nei ep�sh tou mh idi�zonte p�nake oiopo�oi e�nai diag¸nia upèrteroi, dhlad  gia tou opo�ou
|aii| >

∑

j 6=i

|aij | , i = 1(1)n. (2.79)Parat rhsh. A upojèsoume ìti o A mpore� na diaqwrije�
A = LUtìte sth per�ptwsh pou èqoume na lÔsoume èna grammikì sÔsthma

Ax = b lamb�noume
LUx = b (2.80)  isodÔnama ta dÔo trigwnik� sust mata
Ly = b (2.81)kai
Ux = y. (2.82)H lÔsh tou k�tw trigwnikoÔ sust mato (2.81) d�netai apì toutÔpou (ℓii = 1, i = 1(1)n)
y1 = b1kai

yi = bi −
i−1∑

j=1

ℓijyj, i = 2(1)n (2.83)en¸ h lÔsh tou (2.82) apì tou
xn = yn/unnkai

xi =

(

yi −
n∑

j=i+1

uijxj

)

/uii, i = n− 1(−1)1.55



Parat rhsh. Qrhsimopoi¸nta thn LU mèjodo parathroÔme ìtita stoiqe�a twn L kai U upolog�zontai amèsw, qwr� endi�mesouupologismoÔ ìpw autì e�nai anagka�o me thn qrhsimopo�hsh thmejìdou apaloif  tou Gauss. Ep�sh tìso ta stoiqe�a tou L ìsokai tou U apojhkeÔontai sta stoiqe�a tou A qwr� autì na prokale�kam�a anwmal�a. Sto tèlo dhlad  th trigwnik  diaq¸rish jaèqoume, ant� tou p�naka A = (aij), ton parak�tw p�naka gia n = 4







u11 u12 u13 u14

ℓ21 u22 u23 u24

ℓ31 ℓ32 u33 u34

ℓ41 ℓ42 ℓ43 ℓ44






.Telei¸nonta ti parathr sei, a shmeiwje� ìti h trigwnik  diaq¸-rish gia thn opo�a o L e�nai èna monadia�o k�tw trigwnikì p�nakae�nai gnwst  san mèjodo tou Doolittle en¸ sthn per�ptwsh ìpou o

U e�nai monadia�o �nw trigwnikì e�nai gnwst  san h mèjodo tou
Crout.Par�deigmaNa efarmoste� h LU mèjodo ston p�naka

A =





1 1 −1
1 2 −2
−2 1 1



LÔsh
A = LU 





1 1 −1
1 2 −2
−2 1 1



 =





1 0 02 ℓ21 1 0

ℓ31
4 ℓ32 1











u11 u
1
12 u130 u
3
22 u230 0 u

5
33
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Akolouj¸nta thn proteraiìthta upologismoÔ twn stoiqe�wn poudhl¸noun oi arijmo� sta tetr�gwna èqoume diadoqik�
u11 = 1 u12 = 1 u13 = −1
ℓ21u11 = 1   ℓ21 = 1
ℓ31u11 = −2   ℓ31 = −2
u22 + ℓ21u12 = 2   u22 = 1
ℓ21u13 + u23 = −2   ℓ23 = −1
ℓ31u12 + ℓ32u22 = 1   ℓ32 = 3
ℓ31u13 + ℓ32u23 + u33 = 1   u33 = 2.Sunep¸
A =





1 0 0
1 1 0
−2 3 1









1 1 −1
0 1 −1
0 0 2



 .O Algìrijmo th LU mejìdouO parak�tw algìrijmo paragontopoie� èna n × n p�naka A me thn
LU mèjodo.1. Di�base ta dedomèna: thn t�xh n, ta stoiqe�a ai, i,  =

1(1)n tou A kai ta stoiqe�a lii, i = 1(1)n tou L   ta stoiqe�a
uii, i = 1(1)n tou U .2. Na epilegoÔn l11 kai u11 tètoia ¸ste na ikanopoie�tai h l11u11 =
a11.An l11u11 = 0 tìte tÔpwse (paragontopo�hsh adÔnato). Tè-lo.3. Gia  = 2(1)n na teje�

u1 = a1/l11( pr¸th gramm  tou U)

l1 = a1/u11( pr¸th gramm  tou L)4. Gia r = 2(1)n− 1 na ektelestoÔn ta b mata 4.1-4.24.1 Na epilegoÔn lrr kai urr ¸ste na ikanopoie�tai h57



lrr urr = arr −
r−1∑

=1

lr urAn lrr urr = 0 tìte tÔpwse (paragontopo�hsh adÔnato).4.2 Gia p = r + 1(1)n na teje�
urp =

(

arp −
r−1∑

=1

lr up

)

/ lrr( r gramm  tou U)kai
lpr =

(

apr −
r−1∑

=1

lp ur

)

/ urr( r gramm  tou L)5. Na epilegoÔn unn kai lnn ¸ste na ikanopoie�tai h
unn lnn = ann −

r−1∑

=1

ln un(ParathroÔme ìti an inn unn = 0, tìte A = LU all� o A jae�nai èna idi�zwn p�naka)6. EktÔpwsh (li,  = 1(1)i, kai i = 1(1)n)EktÔpwsh (ui,  = 1(1)n, kai i = 1(1)n)TèloParat rhsh. Up�rqoun ìmw kai �lloi trìpoi upologismoÔ twnstoiqe�wn twn L kai U . An fantastoÔme ìti ta stoiqe�a twn pin�kwnaut¸n e�nai topojethmèna se èna p�naka w ex :












u11 u12 u13 . . . u1n

l21 u22 u23 . . . u2n

l31 l32 u33 . . . u3n

.

.

.
ln1 ln2 ln3 . . . unn
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tìte e�nai dunatìn na upolog�soume ta stoiqe�a tou parap�nw p�na-ka kat� grammè, xekin¸nta apì thn pr¸th, deÔterh, tr�th k.o.k.Pr�gmati, èqoume ìti
u1 = a1, j = 1(1)n.An t¸ra upojèsoume ìti briskìmaste ston upologismì th r gram-m  tou parap�nw p�naka, dhlad  èqoume
























1
l21 1
l31 l32 1

. . . . 0

. . .

. . . .

lr1 lr2 lr3 . . . lr,r−1 1
. . . .
. . . .
. . . .
ln1 ln2 ln3 . . . 1















































u11 u12 . . . u1r . . . u1n

u22 . . . u2r . . . u2n

. . .
. . .

. .

. .
urr . . . urn0

. .
. .

. .
unn






















ìpou ta stoiqe�a p�nw apì thn orizìntio gramm  èqoun  dh upolo-gisje�, tìte ta stoiqe�a th r gramm  tou L upolog�zontai apì thnlÔsh tou sust mato

lr1u11 = ar1
lr1u12 + lr2u22 = ar2
lr1u13 + lr2u23 + lr3u33 = ar3... ...
lr1u1r + lr2u2r + lr3u3r + . . . + lr,r−1ur−1,r−1 = ar,r−1  tou 59
















u11

u12 u22

u13 u23 u33 0
. .
. .
. .

u1r u2r u3r . . . ur−1,r−1


























lr1
lr2
lr3
.
.
.

lr,r−1













=













ar1
ar2
ar3
.
.
.

ar,r−1











en¸ ta stoiqe�a th r gramm  tou U upolog�zontai apì ti sqèsei

urp = arp −
r−1∑

=1

lr up, p = r(1)n.Me an�logo trìpo mporoÔme na upolog�soume ta stoiqe�a twn
L kai U kat� st le. Ergazìmenoi an�loga èqoume
















l

l21 0
l31 l32 1... . . .
lr1 lr2 lr3 . . . lr,r−1 1
lr+1,1 lr+1,2 lr+1,3 . . . lr+1,r−1 lr+1,r 1...
ln1 ln,r . . . 1
































u11 u12 . . . u1r . . . u1n

u22 . . . u2r . . . u2n. . .
urr . . . urn0 . . . ...

unn
















u1r = a1r
l21u1r + u2r = a2r... ...
lr1u1r + lr2u2r + . . . + lr,r−1ur−1,r + urr = ar,r 










1

l21 1 0
l31 l32 1... . . .
lr1 lr2 lr3 . . . lr,r−1 1



















u1r

u2r...
urr










=










a1r
a2r...
arr
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ìpou o upologismì th r st lh tou L g�netai apì ti sqèsei
lpr =

(

apr −
r−1∑

=1

lp ur

)

/ urr, p = r + 1(1)n.2.4 Parallagè th LU mejìdouGenik� h LU paragontopo�hsh tou A den e�nai monadik . An A = LUe�nai mia LU paragontopo�hsh tou A kai D e�nai èna mh idi�zwndiag¸nio p�naka tìte L′ = LD e�nai èna k�tw trigwnikì kai
U ′ = D−1U e�nai èna �nw trigwnikì p�naka, �ra

A = LU = LDD−1U = L′D′kai L′U ′ e�nai ep�sh mia LU paragontopo�hsh tou A. To par�deigmaautì de�qnei thn pijanìthta kanonikopo�hsh twn LU paragontopoi- sewn enì p�naka me thn eisagwg  enì diagwn�ou p�naka. Ja lèmeìti
A = LDUe�nai mia LDU paragontopo�hsh tou A an o L e�nai monadia�o k�twtrigwnikì, o D e�nai diag¸nio kai o U e�nai monadia�o �nw trigw-nikì.Je¸rhma 4.1O mh idi�zwn p�naka A èqei mia monadik  LDU paragontopo�-hsh tìte kai mìno tìte an oi upop�nake A[r], r = 1(1)n− 1 ìpou

A[r] =









a11 . . . a1r
. .
. .
. .
ar1 . . . arr







e�nai antistrèyimoi.ApìdeixhPr¸ta apodeiknÔetai ìti an o A èqei mia LDU paragontopo�hshtìte aut  e�nai monadik . 'Estw A = L1D1U1 kai A = L2D2U2.61



Epeid  o A e�nai mh idi�zwn, to �dio e�nai kai oi D1 kai D2. Apì thnex�swsh
L1D1U1 = L2D2U2èqoume

L−1
2 L1 = D2U2U

−1
1 D−1

1 (2.84)To aristerì mèlo th (3.4.3) e�nai èna monadia�o k�tw trigw-nikì p�naka kai to dex� mèlo e�nai èna �nw trigwnikì p�naka.Sunep¸ kai ta dÔo mèlh e�nai èna tautotikì p�naka, pr�gma poushma�nei
L−1
2 L1 = Ikai
L1 = L2.'Omoia mpore� na deiqje� ìti
U1 = U2.Tèlo epeid  oi L1 kai U1 e�nai mh idi�zonte, h L1D1U1 =

L2D2U2 dhl¸nei ìti
D1 = D2.Apomènei loipìn na apodeiqje� ìti o A èqei mia LDU paragon-topo�hsh an kai mìno an oi A[1] . . . A[n−1] e�nai mh idi�zonte.Pr¸ta upojètoume ìti A = LDU e�nai mia LDU paragonto-po�hsh tou A. Tìte oi L, D kai U e�nai mh idi�zonte. Epeid oi L kai U e�nai trigwniko� kai o D e�nai diag¸nio èpetai ìti oi

L[k], D[k] kai U [k] e�nai mh idi�zonte. 'All� A[k] = L[k]D[k]U [k]�ra o A[k] e�nai mh idi�zwn. Ant�strofa, a upojèsoume ìti oi
A[r], r = 1(1) − 1 e�nai mh idi�zonte. Tìte apì to Je¸rhma 3.1kai thn parat rhsh mpore� na efarmoste� h mejodo th apaloif tou Gauss kai na l�boume A = LA(n) ìpou L kai A(n) d�nontai apìti (4.28) kai (3.103), ant�stoiqa. Ta diag¸nia stoiqe�a tou A(n)e�nai t¸ra ta odhg� stoiqe�a a

(k)
kk , k = 1(1)n ta opo�a e�nai di�foratou mhdenì. 'Estw D = diag (a
(1)
11 , a

(2)
22 , . . . , a

(n)
nn ) kai U = D−1A(n),tìte h 62



A = LDUe�nai mia LDU paragontopo�hsh tou A.�Apì thn apìdeixh tou parap�nw jewr mato e�nai fanerì ìti anup�rqei mia LDU paragontopo�hsh tou A tìte
li = −mi, i = 2(1)n,  = 1(1)i− 1

di = a
(i)
ii , i = 1(1)nkai

ui =
a
(i)
i

a
(i)
ii

, i = 1(1)n,  = i+ 1(1)n.Pio sugkekrimèna up�rqoun trei shmantikè parallagè mia
LDU paragontopo�hsh. H pr¸th e�nai h

A = (LD)U = L′Uopìte h diaq¸rish e�nai h











l′11

l′21 l′22 0
. .
. .
. .
l′n1 l′n2 . . . l′nn























1 u11 . . . unn

1 . . . u2n

. .
. .0 ..

1












= L′U

ìpou
l′ii = di, i = 1(1)n, l′i = lidi, i = 2(1)n, j = 1(1)i− 1kai h opo�a e�nai h Crout paragontopo�hsh. Wstìso, an sugkr�noumeta stoiqe�a sthn ex�swsh pin�kwn A = LDU , tìte ergazìmenoian�loga ìpw sto Je¸rhma 3.1 èqoume63



A =
















1
l21 1

l31 l32 1 0
. . . .
lr1 lr2 lr3 . . . lr,r−1 1

lr+1,1 lr+1,2 lr+1,3 . . . lr+1,r−1 lr+1,r 1. . . . . . . . . . . . . . .
ln1 ln2 ln3 . . . ln,r−1 ln,r . . . 1



























d11
d22
.

.0 .
dnn































1 u12 . . . u1r u1,r+1 . . . u1n

.
.

.
1 ur,r+1 . . . urn

1 . . .
.0 .

.
1


















 

A =


















1
l21 1... . . . 0
lr1 lr2 . . . lr,r−1 1

lr+1,1 lr+1,2 . . . lr+1,r−1 lr−1,r 1... ... . . .
ln1 ln2 . . . ln,r−1 ln,r . . . 1




























d11 d11u12 . . . d11u1r d11u1,r−1 . . . d11u1n. . . ...
drr drrur,r+1 . . . drrurn0 . . . ...

dnn
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  telik�
d11 = a11

d11u12 = a12...
d11u1n = a1nopìte

d11 = a11kai
ui =

ai
d11

,  = 2(1)n.Ep�sh
l21d11 = a21...
ln1d11 = an1�ra

li1 =
ai1
d11

, i = 2(1)n.Genik� loipìn èqoume
arr =

r−1∑

=1

lr dii ur + drr, r = 2(1)nep�sh
arp =

r−1∑

=1

lr d up + drr urp, p = r + 1(1)n

apr =

r−1∑

=1

lpr d ur + lpr drr, p = r + 1(1)nSunoy�zonta, gia ton upologismì twn L,D kai U èqoume65



drr = arr −
r−1∑

=1

lr d ur

urp =

(

arp −
r−1∑

=1

lr d up

)

/ drr

lrp =

(

arp −
r−1∑

=1

lp d ur

)

/ drr







p = r + 1(1)n, r = 1(1)n

h deÔterh parallag  e�nai h
A = L(DU) = LU ′opìte h diaq¸rhsh e�nai h








1

l21 1 0... . . .
ln1 . . . 1















u′
11 . . . u′

1n. . . ...0
u′
nn







= LU ′ìpou

u′
ii = di, i = 1(1)n kai u′

i = di ui = a
(i)
i , i = 1(1)n,  = 1(1)nh opo�a e�nai gnwst  san h Doolitle paragontopo�hsh.'Otan o A e�nai summetrikì tìte h LU paragontopo�hsh kata-strèfei th summetr�a (L 6= UT ). Sth per�ptwsh aut  jewroÔme thmorf 

A = LDLT (2.85)ìpou L e�nai èna monadia�o k�tw trigwnikì p�naka. An ta diag¸-nia stoiqe�a tou D e�nai jetik� tìte mporoÔme na sqhmat�soume tonp�naka
D1/2 = diag(d

1/2
1 , . . . , d1/2n ) (2.86)opìte o A mpore� na grafe� san 66



A = LDLT = (LD1/2)(LD1/2)T = LL
T (2.87)ìpou

L = LD1/2. (2.88)Sunep¸ o A mpore� na grafe� san
A = LLT .H paragontopo�hsh aut  e�nai gnwst  san h mèjodo tou Cho-

leski kai efarmìzetai stou summetrikoÔ kai jetik� orismènou p�-nake kajìso gia tou p�nake autoÔ up�rqei p�nta mia Choleskiparagontopo�hsh. Sth sunèqeia ja parousiaste� analutikìtera hparagontopo�hsh tou Choleski.Orismì. 'Ena summetrikì p�naka A e�nai jetik� orismèno angia x 6= 0 sunep�getai
xTAx > 0kai jetik� hmiorismèno an
xTAx ≥ 0Par�deigma'Estw ìti o A e�nai ènam×n p�naka, tìte o p�naka B = ATAe�nai summetrikì, pr�gmati

BT = (ATA)T = ATA = B.Ep�sh o B e�nai jetik� hmiorismèno. Pr�gmati èstw x 6=
0 kai y = Ax, tìte

xTBx = xTATAx = yTy =

n∑

i=1

y2i ≥ 0.An epiplèon o bajmì (rank) tou A e�nai n, tìte gia x 6=
0 kai y = Ax 6= 0, opìte xTBx > 0 �ra o B e�nai jetik� orismèno.67



Je¸rhma 4.2An o A e�nai n × n jetik� orismèno p�naka tìte o A e�nai mhidi�zwn.ApìdeixhAn x 6= 0 e�nai èna di�nusma gia to opo�o Ax = 0 tìte
xTAx = 0pr�gma pou e�nai ant�jeto me thn upìjesh ìti o A e�nai jetik� o-rismèno. Sunep¸ to Ax = 0 èqei mìno th mhdenik  lÔsh �ra op�naka A e�nai mh idi�zwn.Je¸rhma 4.3'Ena kÔrio upop�naka1 enì jetik� orismènou p�naka e�nai je-tik� orismèno.Apìdeixh'Estw èna kÔrio upop�naka tou A o opo�o sqhmat�zetai apìthn tom  twn gramm¸n kai sthl¸n i1 < i2 < · · · < ir'Estw epiplèon kai x̂ 6= 0 èna di�nusma t�xh r. Kataskeu�-zoume sth sunèqeia to di�nusma x t�xh n tètoio ¸ste

xik = x̂k, k = 1(1)rkai ìle oi �lle n−r suntetagmène tou na e�nai mhdèn. Tìte x 6= 0kai eÔkol� diapist¸netai ìti
0 < xTAx = x̂T Âx̂epeid  o A e�nai jetik� orismèno. 'Ara kai o Â e�nai jetik� orismèno.�Apì ta jewr mata 4.1, 4.2 kai 4.3 sunep�getai ìti gia èna je-tik� orismèno p�naka A up�rqei mia LDU paragontopo�hsh.Je¸rhma 4.4An o A e�nai èna n × n jetik� orismèno p�naka tìte up�r-qei èna monadia�o k�tw trigwnikì p�naka L me jetik� diag¸niastoiqe�a tètoio ¸ste1KÔrio upop�naka enì p�naka A e�nai eke�no pou sqhmat�zetai apì tastoiqe�a tou A, ta opo�a br�skontai sti tomè twn gramm¸n kai sthl¸n

i1 < i2 < · · · < ir. 68



A = LLT (2.89)ApìdeixhEpeid  o A e�nai jetik� orismèno, sunep�getai apì tajewr -mata 4.1, 4.2 kai 4.3 ìti up�rqei mia LU paragontopo�hsh tou A,dhlad 
A = LUìpou o L e�nai èna k�tw trigwnikì kai o U èna �nw trigwnikìp�naka. Epeid  o A e�nai jetik� orismèno èpetai ìti aii > 0, i =

1(1)n (giat�?). Ep�sh apì ton algìrijmo 3.3.4 èqoume
l11 = u11 =

√
a11Epeid  t¸ra o A e�nai summetrikì èqoume

l1 =
a1
u11

=
a1
l11

= u1,  = 2(1)n (2.90)kai ta stoiqe�a th pr¸th gramm  tou U e�nai ta �dia me ta ant�-stoiqa stoiqe�a th pr¸th st lh tou L. Epagwgik� upojètoumeìti k < n kai ìti ta stoiqe�a twn pr¸twn k gramm¸n tou U e�naita �dia me ta ant�stoiqa stoiqe�a twn pr¸twn k sthl¸n tou L. Hapìdeixh tou jewr mato ja e�nai pl rh an apodeiqje� ìti ta stoi-qe�a th k + 1 gramm  tou U e�nai ta �dia me ta stoiqe�a th k + 1st lh tou L. Epeid  o L e�nai k�tw trigwnikì kai o U e�nai �nwtrigwnikì e�nai fanerì ìti
l,k+1 = 0 = uk+1,,  = 1, 2, . . . , k.Sth sunèqeia epeid  o A e�nai summetrikì èqoume

lk+1,k+1 uk+1,k+1 = ak+1,k+1 −
k∑

=1

lk+1, u,k+1 
lk+1,k+1 uk+1,k+1 = ak+1,k+1 −

k∑

=1

l2k+1,eklègoume (Bl. b ma 4.1 tou algìrijmou 3.3.1)69



lk+1,k+1 = uk+1,k+1 =

(

ak+1,k+1 −
k∑

=1

l2k+1,

)1/2

. (2.91)H posìthta mèsa sthn parènjesh th (2.91) e�nai jetik . Pr�g-mati o kÔrio upop�naka Ak+1 e�nai jetik� orismèno lìgw tou je-wr mato 4.3. H or�zousa ìmw enì jetik� orismènou upop�nakae�nai jetik  kajìson isoÔtai me to ginìmeno twn idiotim¸n tou. 'Etsi
0 < det (Ak+1) = det (Ak)lk+1,k+1 uk+1,k+1  epeid  det (Ak) > 0,

lk+1,k+1 uk+1,k+1 > 0�ra h tim  tou lk+1,k+1 pou d�netai apì thn (2.91) e�nai èna pragma-tikì arijmì kai mpore� na lhfje� jetik . Epiplèon (Bl. b ma 4.2tou algìrijmou 3.3.1)
lp,k+1 =

(

ap,k+1 −
k∑

=1

lp u,k+1

)

/ uk+1,k+1

=

(

ak+1,p −
k∑

=1

up lk+1,

)

/ lk+1,k+1

= uk+1,p, p = k + 2(1)n.�

2.4.1 O algìrijmo tou CholeskiGia thn paragontopo�hsh enì jetik� orismènou n × n p�naka Aèqoume ton parak�tw algìrijmo:1. Di�base thn t�xh n kai ta stoiqe�a ai, i,  = 1(1)n toup�naka A.2. Na teje� l11 = √a113. Gia  = 2(1)n na teje� l1 = a1/l114. Gia r = 2(1)n− 1 na ektelestoÔn ta b mata 4.1-4.270



4.1 Na teje�
lrr =

[

arr −
r−1∑

=1

l2r

]1/2

. (2.92)4.2 Gia p = r + 1(1)n na upologistoÔn
lpr =

1

lrr

[

apr −
r−1∑

=1

lp lr

] (2.93)5. Na teje�
lnn =

[

ann −
r−1∑

=1

l2n

]1/2 (2.94)6. Na ektupwjoÔn ta lrp, p = 1(1)r, r = 1(1)n. Tèlo.Parat rhsh. Kat� thn kwdikopo�hsh tou algìrijmou tou Choleskikalì e�nai na elègqetai to prìshmo th posìthta sthn tetragwnik r�za.2.5 H LU mèjodo me metrik  od gh-shSthn §3.3 diapist¸same ìti h trigwnik  diaq¸rish kai h mèjodo thapaloif  tou Gauss qwr� od ghsh e�nai majhmatik� �die. Wstìsooi mèjodoi exakoloujoÔn na e�nai �die an efarmoste� h teqnik  thmerik  od ghsh? H ap�nthsh sto er¸thma autì d�netai apì toparak�tw Je¸rhma.Je¸rhma 5.1Gia èna n × n p�naka A up�rqei èna metajetikì p�naka P ,èna monadia�o k�tw trigwnikì p�naka L kai èna �nw trigwni-kì p�naka U tètoio ¸ste o p�naka PA na èqei thn trigwnik diaq¸rish
PA = LU (2.95)Apìdeixh (bl. [Young and Gregory℄ sel. 127-129).�71



Kat� thn apìdeixh tou anwtèrw jewr mato de�qnetai ìti to a-potèlesma th merik  od ghsh kat� th di�rkeia th diadikas�a thapaloif  e�nai majhmatik� �dio me thn efarmog  th apaloif  tou
Gauss qwr� od ghsh se k�poio p�naka PA pou lamb�netai apì ton
A metajètonta ti grammè tou. Sunep¸ h mèjodo th trigwnik diaq¸rish me merik  od ghsh e�nai �dia me thn paragontopo�hsh toup�naka PA. Epeid  de detP 6= 0 ta sust mata Ax = b kai

PAx = Pb (2.96)e�nai isodÔnama kai den all�zei t�pota an ant� tou A paragonto-poi soume ton PA. O Wilkinson [1967℄ apodeiknÔei ìti h parak�twteqnik  paragontopoie� ton PA qwr� na e�nai an�gkh na gnwr�zoumeton P ek twn protèrwn.'Opw kai sth mèjodo apaloif  tou Gauss me merik  od gh-sh, exet�zoume thn pr¸th st lh tou A kai ekteloÔme mia enallag gramm¸n an to a11 den e�nai to stoiqe�o me thn megalÔterh apìlu-th tim  apì ìla ta stoiqe�a th pr¸th st lh. Sto shme�o autìmporoÔme na qrhsimopoi soume tou tÔpou (3.81) kai (3.82) gia tonupologismì th pr¸th gramm  tou U kai th pr¸th st lh tou
L. An ta stoiqe�a aut� apojhkeujoÔn sti ant�stoiqe jèsei twnstoiqe�wn tou A ja èqoume ton epauxhmèno p�naka













u11 u12 u13 . . . u1n b1 0

l21 a22 a23 . . . a2n b2 0
l31 a32 a33 . . . a3n b3 0
. . . . . . . . . . . . . . . . . . . . .
. . . . . . . . . . . . . . . . . . . . .
ln1 an2 an3 . . . ann bn 0













ìpou h st lh me ta mhdenik� ja exhghje� sth sunèqeia. Gia lìgouaplopo�hsh tou sumbolismoÔ den qrhsimopoioÔntai �nw de�kte giath d lwsh tou ek�stote b mato, oÔte dhl¸nontai oi enallagè twngramm¸n. To deÔtero b ma e�nai akrib¸ to �dio me to r b ma kat�to opo�o upolog�zontai oi posìthte72



sr = arr −
r−1∑

=1

lr ur

sr+1 = ar+1,r −
r−1∑

=1

lr+1, ur

. . . . . . . . . . . . . . . . . . . . . . . . . . . (2.97)
sn = anr −

r−1∑

=1

ln urkai topojetoÔntai sthn teleuta�a st lh tou epauxhmènou p�naka.'Etsi an r = 2 èqoume












u11 u12 u13 . . . u1n b1 0

l21 a22 a23 . . . a2n b2 s2
l31 a32 a33 . . . a3n b3 s3
. . . . . . . . . . . . . . . . . . . . .
. . . . . . . . . . . . . . . . . . . . .
ln1 an2 an3 . . . ann bn sn











Apì ti (4.32) parathroÔme ìti an r = 1 tìte

s1 = a
(1)
11 s2 = a

(1)
21 . . . sn = a

(1)
n1 .An r = 2 tìte

s2 = a
(1)
22 − l21 u12

= a
(1)
22 +m21 a

(1)
12

= a
(2)
22ìmoia

s3 = a
(2)
32 . . . sn = a

(2)
n2'Ara genik� èqoume

sr = a(r)rr sr+1 = a
(r)
r+1,r . . . sn = a(r)nr (2.98)73



opìte to y�ximogia to odhgì stoiqe�o anafèretai sti posì-thte si. Pio sugkekrimèna o mikrìtero akèraio p gia ton opo�oisqÔei
|sp| = max

r≤i≤n
|si|dhl¸nei to odhgì stoiqe�o. An loipìn to sr den e�nai odhgì stoiqe�otìte enall�ssoume ti r kai p (r < p) grammè tou epauxhmènoup�naka ètsi ¸ste to sp na katèqei thn jèsh tou sr. Sto shme�o autìparathroÔme ìti

urr = srkai ta upìloipa stoiqe�a th r gramm  tou u upolog�zontai apì tisqèsei
urp = ar,p −

r−1∑

=1

lr up, p = r + 1(1)n'Omoia ta stoiqe�a th r st lh tou L d�nontai apì ti
lpr = sp/urr, p = r + 1(1)nParat rhsh. 'Otan enall�ssontai oi grammè tou epauxhmènoup�naka, enall�ssontai kai oi grammè ston merik¸ upologisjèntap�naka L. Autì e�nai fusikì na g�nei, giat� ta stoiqe�a li sundèontaime tou pol/stè th apaloif  tou Gauss kai apì thn (3.80) pa-rathroÔme ìti mia pijan  enallag  gramm¸n ephre�zei ìla ta proh-goÔmena b mata.2.5.1 O algìrijmo th LU mejìdou me me-rik  od ghshO parak�tw algìrijmo paragontopoie� ton A se LU me merik  o-d ghsh kai sth sunèqeia epilÔei ta sust mata Lz = b kai Ux = zìpou ta diag¸nia stoiqe�a e�te tou L   tou U e�nai dedomèna.1. Di�base thn t�xh n, ta stoiqe�a ai, i = 1(1)n,  = 1(1)n +

1 th epauxhmènh morf  tou A kai ta stoiqe�a lii, i =
1(1)n tou L   ta stoiqe�a uii, i = 1(1)n tou U .74



2. 'Estw p o mikrìtero akèraio tètoio ¸ste 1 ≤ p ≤ n kai
|ap1| = max

1≤≤n
|a1|(eÔresh tou pr¸tou odhgoÔ stoiqe�ou)An |ap1| = 0 tìte tÔpwse (Den up�rqei monadik  lÔsh). Tè-lo.3. An p 6= 1 tìte na enallaqjoÔn oi grammè p kai 1 ston A.4. Na epilegoÔn l11 kai u11 tètoia ¸ste na ikanopoie�tai h

l11 u11 = a115. Gia  = 2(1)n na teje�
u1 = a1/l11 (pr¸th gramm  tou U)
l1 = a1/u11 (pr¸th st lh tou L)6. Gia r = 2(1)n− 1 na ektelesjoÔn ta b mata 6.1-6.4.6.1 'Estw p o mikrìtero akèraio tètoio ¸ste r ≤ p ≤ nkai
∣
∣
∣
∣
∣
apr −

r−1∑

=1

lp ur

∣
∣
∣
∣
∣
= max

r≤k≤n

∣
∣
∣
∣
∣
akr −

r−1∑

=1

lk ur

∣
∣
∣
∣
∣(eÔresh tou odhgoÔ stoiqe�ou)An to mègisto e�nai mhdèn tìte tÔpwse (Den up�rqei mo-nadik  lÔsh)6.2 An P 6= r tìte enallag  twn gramm¸n p kai r kai stoudÔo p�nake A kai L.6.3 Na epilegoÔn lrr kai urr pou na ikanopoioÔn thn

lrr urr = arr −
r−1∑

=1

lr ur75



6.4 Gia p = r + 1(1)n na teje�
urp =

(

arp −
r−1∑

=1

lr up

)

/lrr (r gramm  tou U)

lpr =

(

apr −
r−1∑

=1

lp ur

)

/urr (r st lh tou L)7. Na teje�
hold = ann −

r−1∑

=1

ln unAn hold = 0 tìte tÔpwse (Den up�rqei monadik  lÔsh). Tè-lo.Na epilegoÔn lnn kai unn tètoia ¸ste na ikanopoie�tai h
lnn unn = ann −

r−1∑

=1

ln un(Ta b mata 8 kai 9 epilÔoun to k�tw trigwnikì sÔsthma Lz =
b).8. Na teje�

z1 = a1,n+1/l119. Gia i = 2(1)n na teje�
zi =

(

ai,n+1 −
i−1∑

=1

li z

)

/ lii(Ta b mata 10 kai 11 epilÔoun to �nw trigwnikì sÔsthma
Ux = z)10. Na teje�

xn = zn/unn76



11. Gia i = n− 1(−1)1 na teje�
xi =

(

zi −
n∑

=i+1

ui x

)

/ uii12. Na tupwjoÔn ta xi, i = 1(1)n. Tèlo.2.5.2 LÔsh tridiag¸niou sust matoA jewr soume to tridiag¸nio sÔsthma
b1x1 + c1x2 = d1

a2x1 + b2x2 + c2x3 = d2

a3x2 + b3x3 + c3x4 = d3

. . . . . . . . . (2.99)

. . . . . . . . .

an−1xn−2 + bn−1xn−1 + cn−1xn = dn−1

anxn−1 + bnxn = dnTo parap�nw sÔsthma mpore� na epiluje� me th mèjodo th a-paloif  tou Gauss qwr� od ghsh. E�nai fanerì ìti h mèjodo japrèpei na l�bei upìyh th th dom  tou sust mato prokeimènou naexoikonomhje� ousiastik  upologistik  doulei�. ParathroÔme ìtian efarmoste� h mèjodo th apaloif  tou Gauss tìte ja prokÔ-yei èna �nw trigwnikì sÔsthma to opo�o ja èqei stoiqe�a mìno sthnkÔria diag¸nio kai sth diag¸nio pou br�sketai �nw th kur�a dia-gwn�ou. Me �lla lìgia ja apaleifje� h diag¸nio twn ai, dhlad  sek�je b ma th mejìdou ja apale�fetai mìno èna stoiqe�o. H deÔte-rh parat rhsh e�nai ìti h diag¸nio twn ci ja parame�nei amet�blhthmet� to tèlo th apaloif . An b1 6= 0 tìte o x1 apale�fetai apìthn deÔterh ex�swsh, sqhmat�zonta ton plo/st 
m1 = −

a2
b1kai par�gonta thn nèa ex�swsh

b′2x2 + c2x3 = d′277



ìpou
b′2 = b2 +m1c1kai
d′2 = d2 +m1d1'Omoia an b′2 6= 0, o x2 mpore� na apaleifje� apì thn tr�th ex�-swsh, an orisje� o pol/st .

m2 = −
a3
b′2opìte lamb�noume th nèa tr�th ex�swsh

b′3x3 + c3x4 = d′3ìpou
b′3 = b3 +m2c2kai
d′3 = d3 +m2d2Suneq�zonta sto i-ostì b ma, o xi ja apaleifje� apì thn i+1ex�swsh, an orisje� o pol/st 
mi = −

ai+1

b′i
(2.100)opìte lamb�netai h nèa i+ 1 ex�swsh

b′i+1xi+1 + ci+1xi+2 = d′i+1 (2.101)ìpou
b′i+1 = b′i +mici (2.102)kai

d′i+1 = di+1 +mid
′
i (2.103)Gia i = 1(1)n− 1 ja l�boume telik� to sÔsthma78



b′1x1 + c1x2 = d′1
b′2x2 + c2x3 = d′2
. . . . . . . . . (2.104)
. . . . . . . . .

b′n−1xn−1 + cn−1xn = d′n−1

b′nxn = d′nìpou b′1 = b1 kai d′1 = d1H lÔsh tou anwtèrw sust mato e�nai h
xn =

d′n
b′n

, b′n 6= 0 (2.105)
xi = (d′i − ciui+1)/ bi, i = n− 1(−1)1me b′i 6= 0.EÔkola loipìn prokÔptei o algìrijmo.1. Di�base thn t�xh n tou A, ta bi, i = 1(1)n, ci, i =

1(1)n− 1, ta ai, i = 2(1)n kai ta di, i = 1(1)n2. Gia i = 1(1)n− 1 na ektelestoun ta b mata 2.1-2.32.1 Na teje�
mi = −

ai+1

bi2.2 Na teje�
bi+1 = bi+1 +mici2.3 Na teje�
di+1 = di+1 +midi(ep�lush tou sust mato)3. An bn = 0 tìte tÔpwse (Den up�rqei monadik  lÔsh). Tèlo.79



4. Na teje�
xn =

dn
bn5. Gia n− 1(−1) na teje�

xi = (di − cixi+1)/bi6. Na tupwje� h lÔsh xi, i = 1(1)n. Tèlo.Sth sunèqeia a upojèsoume ìti epijumoÔme na epilÔsoume ènatridiag¸nio sÔsthma me thn LU mèjodo.ParathroÔme ìti o A èqeimìno (3n − 2) mh mhdenik� stoiqe�a, pr�gma pou shma�nei ìti tosÔnolo twn stoiqe�wn tìso tou L ìso kai tou U ja prèpei na e�naiep�sh (3n− 2). An upojèsoume ìti
L =











l1

k2 l2 0
k3 l30 . . . . . .

kn ln











kai U =













1 u1

1 u2 0
1 u3. . . . . .0 1 un−1

1











(2.106)Tìte up�rqoun (2n − 1) �gnwsta stoiqe�a tou L kai (n − 1)�gnwsta stoiqe�a tou U , dhlad  èqoume (3n− 2) �gnwsta stoiqe�ata opo�a mporoÔn na prosdioristoÔn apì thn A = LU , h opo�a d�neiti exis¸sei

l1 = b1, l1u1 = c1 k2 = a2

k2 u1 + l2 = b2, l2u2 = c2 k3 = a3

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (2.107)
kn un−1 + ln = bn kn = an  80



l1 = b1

u1 = c1/l1

ki = ai, i = 2(1)n

li = bi − ki ui−1, i = 2(1)n

ui = ci/li, i = 2(1)n− 1 (2.108)  telik�
l1 = b1

u1 = c1/l1

li = bi − ai ui−1, i = 2(1)n (2.109)
ui = ci/li, i = 2(1)n− 1To sÔsthma (4.34) t¸ra gr�fetai

LUx = d 
Lz = d (2.110)kai
Ux = z (2.111)H lÔsh tou (2.110) d�netai apì tou tÔpou

z1 = d1/l1 (2.112)
zi = (di − ai zi−1)/li, i = 2(1)nen¸ h lÔsh tou (2.111) e�nai h

xn = zn (2.113)
xi = zi − ui xi+1, i = n− 1(−1)1Epomènw o algìrijmo th mejìdou tou Grout gia th lÔsh toutridiag¸niou sust mato (4.34) e�nai o akìloujo81



1. Di�base thn t�xh n tou A, ta bi, i = 1(1)n, ta ai, i =
2(1)n, ta ci, i = 1(1)n− 1 kai ta di, i = 1(1)n2. Na teje�

l1 = b1kai
u1 = c1/l13. Gia i = 2(1)n− 1 na teje�

li = bi − ai ui−1

ui = ci/li4. Na teje�
ln = bn − an un−1(Ta b mata 5 kai 6 epilÔoun to Lz = d).5. Na teje�

z1 = d1/l16. Gia i = 2(1)n na teje�
zi = (di − ai zi−1) / li(Ta b mata 7 kai 8 epilÔoun to Ux = z).7. Na teje�

xn = zn8. Gia i = n− 1(−1)1 na teje�
xi = zi − ui xi+182



9. Na tupwje� h lÔsh xi, i = 1(1)n. Tèlo.Efarmog 'Estw to tridiag¸nio sÔsthma twn exis¸sewn






2 −1 0 0
−1 2 −1 0
0 −1 2 −1
0 0 −1 2













x1

x2

x3

x4






=







1
0
0
1





Akolouj¸nta ta b mata tou algor�jmou tou Grout èqoume1. n = 4, b1 = b2 = b3 = b4 = 2, a2 = a3 = a4 = −1

c1 = c2 = c3 = −1 kai d1 = 1, d2 = 0, d3 = 0 kai d4 = 12. l1 = 2, u1 = −1/23. i = 2

l2 = b2 − a2 u1 = 2− (−1)
(
−1

2

)
= 3

2

u2 = c2/l2 = −1/
(
3
2

)
= −2

3

i = 3

l3 = b3 − a3 u2 = 2− (−1)
(
−2

3

)
= 4

3

u3 = c3/l3 = −1/
(
4
3

)
= −3

44. l4 = b4 − a4 u3 = 2− (−1)
(
−3

4

)
= 5

45. z1 = d1/l1 = 1/26. i = 2

z2 = (d2 − a2 z1)/l2 =
0−(−1)( 1

2
)

( 3

2
)

= 1
3

i = 3

x3 = (d3 − a3 z2)/l3 =
0−(−1)( 1

3
)

( 4

3
)

= 1
4

i = 4

z4 = (d4 − a4 z3)/l4 =
1−(−1)( 1

4
)

( 5

4
)

= 17. x4 = z4 = 1 83



8. i = 3

x3 = z3 − u3 x4 =
1
4
−
(
−3

4

)
· 1 = 1

i = 2

x2 = z2 − u2 x3 =
1
3
−
(
−2

3

)
· 1 = 1

i = 1

x1 = z1 − u1 x2 =
1
2
−
(
−1

2

)
· 1 = 1ParathroÔme o algìrijmo èdwse thn akrib  lÔsh x1 = x2 = x3 =

x4 = 1Je¸rhma 5.2'Estw A o tridiag¸nio p�naka tou sust mato (2.110) me
ai ci 6= 0 gia i = 2(1)n − 1. An |b1| > |c1|, |bi| ≥ |ai| + |ci| gia
i = 2(1)n− 1 kai |bn| > |an|, tìte detA 6= 0 kai i)|ui| < 1, ii)|ci| <
|li| < |bi|+ |ai|.ApìdeixhApì ti (4.43) èqoume

|u1| =
|c1|
|l1|

=
|c1|
|b1|

< 1Upojètonta t¸ra ìti |ui−1| < 1 arke� na deiqje� ìti |ui| < 1.Pr�gmati p�li apì ti (4.43) èqoume
ui =

ci
li

=
ci

bi − ai ui−1 
|ui| ≤

|ci|
||bi| − |ai||ui−1||

<
|ci|

|bi| − |ai|
, |ui−1| < 1lìgw th upìjesh ìmw

|ui| <
|ci|

|bi| − |ai|
<
|ci|
|ci|

= 1Gia thn apìdeixh tou ii) èqoume apì ti (4.43) ìti
|li| = |bi − ai ui−1|.84



All�
|bi − ai ui−1| ≤ |bi|+ |ai ui−1| < |bi|+ |ai|.Ep�sh

|bi − ai ui−1| ≥ ||bi| − |ai ui−1|| > ||bi| − |ai|| ≥ |ci|.Lìgw ìmw twn dÔo parap�nw sqèsewn isqÔei to (ii) tou jewr ma-to. Epiplèon
detA = [detL][detU ] =

n∏

i=1

liepeid  de lìgw tou (ii) li 6= 0, i = 1(1)n èpetai ìti kai detA 6= 0.�2.5.3 Upologistik  poluplokìth th LU me-jìdouGia ton upologismì tou pl jou twn pr�xewn th LU mejìdou japrèpei na anatrèxoume ston algìrijmo th mejìdou (bl.§3.3.1). 'E-tsi an upojèsoume ìti jewroÔme thn mèjodo tou Doolitle tìte
u1 = a1kai

l1 = a1/u11,  = 2(1)nopìte gia ton upologismì twn l1 apaitoÔntai n− 1 diairèsei.Ep�sh gia ton upologismì tou
urr = arr −

r−1∑

=1

lr urapaitoÔntai r− 1 pol/mo� kai r− 1 prosjafairèsei   sunolik� giaìla ta urr, r = 2(1)n 85



n∑

r=2

(r − 1) pol/mo�kai
n∑

r=2

(r − 1) prosjafairèsei.Gia ton upologismì twn
urp = arp −

r−1∑

=1

lr up, p = r + 1(1)napaitoÔntai
(n− r)(r − 1) pol/mo�kai

(n− r)(r − 1) prosjafairèsei.  sunolik�
n−1∑

r=2

(n− r)(r − 1) pol/mo�kai
n−1∑

r=2

(n− r)(r − 1) prosjafairèsei.O upologismì twn
lpr =

(

apr −
r−1∑

=1

lp ur

)

/ urr, p = r + 1(1)napaite� ton �dio arijmì pol/m¸n kai prosjafairèsewn gia ta urp kaiepiplèon (n− r) diairèsei   sunolik�
n−1∑

r=2

(n− r) diairèsei86



Sunoy�zonta h paragontopo�hsh tou A apaite�
2

n−1∑

r=2

(n− r)(r − 1) +

n∑

r=2

(r − 1) pol/moÔ
2

n−1∑

r=2

(n− r)(r − 1) +
n∑

r=2

(r − 1) prosjafairèsei (2.114)kai
n−1∑

r=2

(n− r) + n− 1 diairèseiEÔkola br�skoume ìti
n∑

r=2

(r − 1) =
n2

2
− n

2

n−1∑

r=2

(n− r)(r − 1) =
n3

6
− n2

2
+

n

3kai
n−1∑

r=2

(n− r) =
n2

2
− 3n

2
+ 1'Ara oi tÔpoi (2.114) g�nontai

n3

3
− n2

2
+

n

6
pol/moÔ

n3

3
− n2

2
+

n

6
prosjafairèsei (2.115)kai

n2

2
− n

2
diairèseiTèlo gia ton upologismì th lÔsh tou Ly = b pou d�netaiapì tou tÔpou 87



y1 = b1kai
yi = bi −

i−1∑

=1

li y, i = 2(1)napaitoÔntai
n∑

i=2

(i− 1) pol/mo�kai
n∑

i=2

(i− 1) prosjafairèsei 
n2

n
− n

2
pol/mo�kai

n2

n
− n

2
prosjafairèsei (2.116)Gia th lÔsh tou Ux = y pou d�netai apì tou tÔpou

xn = yn/xnn

xi =

(

yi −
n∑

=i+1

xi x

)

/ uii, i = n− 1(−1)1apaitoÔntai 88



n−1∑

i=1

(n− i) pol/mo�
n−1∑

i=1

(n− i) prosjafairèseikai
n diairèsei 

n2

2
− n

2
pol/mo�

n2

2
− n

2
prosjafairèsei (2.117)

n diairèsei
Lamb�nonta upìyh ti (2.115), 2.116) kai (2.117) èqoume ìti hep�lush enì sust mato me thn mèjodo tou Doolitle apaite�

n3

3
+

n2

2
− 5n

6
pol/moÔ

n3

3
+

n2

2
− 5n

6
prosjafairèsei (2.118)kai

n2

2
+

n

2
diairèsei

dhlad  akrib¸ to �dio pl jo kai e�do pr�xewnme th mèjodo thapaloif  tou Gauss. 89



2.6 Norms dianusm�twn kai pin�kwnGia thn posotik  an�lush tou sf�lmato th lÔsh tou Ax = b e�naianagka�o na èqoume k�poio mètro tou megèjou tou. Me �lla lìgiaepijumoÔme na or�soume èna mh arnhtikì pragmatikì arijmì (norm)gia k�je di�nusma ìpw èqoume thn apìluth tim  gia k�je arijmì.A jewr soume pr¸ta ti (norms) dianÔsmato. Mia (norm) dia-nÔsmato ‖.‖ e�nai mia sun�rthsh me pragmatikè kai mh arnhtikètimè sto dianusmatikì q¸ro Cn me ti parak�tw idiìthte:
i)‖x‖ > 0 an x 6= 0, ‖x‖ = 0 an x = 0, gia k�je x ∈ C

n

ii)‖cx‖ = |c| · |x| gia k�je c ∈ C kai x ∈ C
n (2.119)

iii)‖x+ y‖ ≤ ‖x‖+ ‖y‖ gia x, y,∈ C
n (trigwnik  anisìth)Je¸rhma 6.1Gia k�je x, y ∈ Cn isqÔei

|‖x‖ − ‖y‖| ≤ ‖x− y‖ (2.120)ApìdeixhApì thn idiìthta (iii) twn norms èqoume
‖x‖ = ‖(x− y) + y‖ ≤ ‖x− y‖+ ‖y‖ 

‖x‖ − ‖y‖ ≤ ‖x− y‖'Omoia lamb�noume
‖y‖ − ‖x‖ ≤ ‖y − x‖lìgw ìmw th idiìthta (ii) me c = −1 ta deÔtera mèlh twn dÔoteleuta�wn anisot twn e�nai �sa, �ra h (4.45) isqÔei.�E�nai fanerì ìti up�rqoun �peire dianusmatikè norms apì tiopo�e ja jewr soume mìno ti lp − norms (Hölder norms) poud�dontai apì ton parak�tw genikì tÔpo90



‖x‖p =







(
n∑

i=1

|xi|p
)1/p

, p = 1, 2, 3, . . .

max
i
|xi|, p =∞

(2.121)Oi perissìtero qrhsimopoioÔmene norms e�nai oi l1, l2 kai l∞−
norm. Sunep¸ ja perioristoÔme mìno sti akìlouje norms

‖x‖1 =
n∑

i=1

|xi| ajroistik  norm

‖x‖2 =
(

n∑

i=1

|xi|2
)1/2 Eukle�dia norm (2.122)

‖x‖∞ = max
i
|xi| Meg�sth normJe¸rhma 6.2

i)‖x‖∞ ≤ ‖x‖2 ≤ ‖x‖1
ii)‖x‖∞ ≤ ‖x‖1 ≤ n‖x‖∞
iii)‖x‖∞ ≤ ‖x‖2 ≤ n1/2‖x‖∞
iv)n−1/2‖x‖1 ≤ ‖x‖2 ≤ ‖x‖1ApìdeixhAf netai san �skhsh gia ton anagn¸sthJe¸rhma 6.3Na apodeiqje� ìti oi lp − norms gia p = 1, 2,∞ e�nai normsdianusm�twn.Apìdeixh 91



Af netai san �skhsh gia ton anagn¸sth. Upìdeixh: gia p = 2na qrhsimopoihje� h anisìthta [ n∑

i=1

xiyi

]2

≤
n∑

i=1

x2
i ·

n∑

i=1

y2i .E�nai anagka�o ìmw na èqoume ep�sh kai èna mètro tou megè-jou enì p�naka. 'Estw loipìn Cnn to sÔnolo twn tetragwnik¸n
n×n pin�kwn, tìte mia norm p�naka e�nai mia sun�rthsh me pragma-tikè timè ‖ · ‖ orismènh sto Cnn pou èqei ti idiìthte:

i)‖A‖ > 0, ektì an A = 0 opìte ‖A‖ = 0

ii)‖cA‖ = |c| ‖A‖ ìpou c majmwtì mègejo
iii)‖A+B‖ ≤ ‖A‖+ ‖B‖ (2.123)
iv)‖AB‖ ≤ ‖A‖ ‖B‖Oi norms pin�kwn pou antistoiqoÔn sti dianusmatikè normsor�zontai apì ton tÔpo

‖A‖ = max
‖x‖=1

{‖Ax‖}apì ton opo�o prokÔptei h sqèsh
‖Ax‖ ≤ ‖A‖ ‖x‖ (2.124)Je¸rhma 6.4Oi trei norms pin�kwn pou antistoiqoÔn sti dianusmatikè

norms d�nontai apì tou tÔpou
‖A‖1 = max



n∑

i=1

|ai|

‖A‖2 = [S(AHA)]1/2 (2.125)kai 92



‖A‖∞ = max
i

n∑

=1

|ai|ìpou S(A) = max
1≤i≤n

|λi| me λi idiìthte tou A kai AH e�nai o suzug an�strofo tou A.ApìdeixhAf netai san �skhsh gia ton anagn¸sth.Tìso oi dianusmatikè ìso kai oi norms pin�kwn sundèontai�mesa me thn sÔgklish akolouji¸n dianusm�twn kai pin�kwn. Mia a-kolouj�a dianusm�twn {X(κ)}, κ = 0, 1, 2, . . . me sunist¸se {X(κ)
i }, i =

1(1)n èqei ìrio to mhdenikì di�nusma   sugkl�nei sto mhdenikì di�nu-sma tìte kai mìnon tìte an oi akolouj�e {X(κ)
i }, κ = 0, 1, 2, . . . gia i =

1(1)n èqoun ìrio to mhdèn, gr�foume de tìte
lim
k→∞

X(κ) = 0   X(κ) →
κ→∞

0Je¸rhma 6.5Ikan  kai anagka�a sunj kh gia na isqÔei h
lim
k→∞

x(κ) = xe�nai h
lim
k→∞

‖x(κ) − x‖ = 0ApìdeixhAf netai san �skhsh gia ton anagn¸sth.'Omoia mia akolouj�a pin�kwn {A(κ)}, κ = 0, 1, 2, . . . stoiqe�wn
{a(κ)i }, i,  = 1(1)n èqei ìrio to mhdenikì p�naka   sugkl�nei stomhdenikì p�naka tìte kai mìnon tìte an oi n2 akolouj�e {a(κ)i , κ =
0, 1, 2, . . . gia i,  = 1(1)n èqoun ìrio to mhdèn, gr�foume de tìte93



lim
k→∞

A(κ) = 0   A(κ) →
κ→∞

0.Je¸rhma 6.6Ikan  kai anagka�a sunj kh gia na isqÔei h
lim
k→∞

A(κ) = Ae�nai h
lim
k→∞

‖A(κ) −A‖ = 0ApìdeixhAf netai san �skhshJe¸rhma 6.7Ikan  kai anagka�a sunj kh gia na sugkl�nei h akolouj�a twndiadoqik¸n dun�mewn enì p�naka A t�xh n, sto mhdenikì p�nakae�nai h
S(A) < 1 (2.126)Apìdeixh (bl. [Golub and Van Loan℄)Je¸rhma 6.8Gia k�je p�naka t�xh n isqÔei

‖Aκ‖ ≤ ‖A‖κ, κ = 0, 1, 2, . . .ApìdeixhGia κ = 0, 1 isqÔei h isìthta. Gia κ > 1 èqoume94



‖Aκ‖ = ‖Aκ−1A‖ ≤ ‖Aκ−1‖ ‖A‖ = ‖Aκ−2A‖ ‖A‖ ≤
≤ ‖Aκ−2‖ ‖A‖2 ≤ · · · ≤ ‖A‖κJe¸rhma 6.9Ikan  sunj kh gia th sÔgklish th akolouj�a twn diadoqik¸ndun�mewn enì p�naka A t�xh n sto mhdenikì p�naka e�nai h

‖A‖ < 1ApìdeixhApì to Je¸rhma (6.6) èqoume ìti lim
κ→0

Aκ = 0 an lim
κ→∞
‖Aκ‖ = 0all� lìgw tou jewr mato 6.9 arke� lim

κ→∞
‖A‖κ = 0 h opo�a gia naisqÔei ja prèpei ‖A‖ < 1.�Je¸rhma 6.10Gia k�je p�naka A t�xh n isqÔei

S(A) ≤ ‖A‖ (2.127)ApìdeixhAn λ e�nai mia idiotim  tou A kai x to ant�stoiqo idiodi�nusmatìte
Ax = λxopìte lamb�nonta ti norms twn dÔo mel¸n èqoume
‖Ax‖ = ‖λx‖  efarmìzonta idiìthte twn norms95



|λ| ‖x‖ ≤ ‖A‖ ‖x‖ 
|λ| ≤ ‖A‖sunep¸

S(A) = max |λ| ≤ ‖A‖.�Je¸rhma 6.11H seir�
∞∑

m=0

Am = I + A+ A2 + · · ·+ Am + . . .sugkl�nei tìte kai mìnon tìte an lim
m→∞

Am = 0. Sth per�ptwshsÔgklish th seir� èqoume
∞∑

m=0

Am = (I − A)−1.Apìdeixh
(i) A upojèsoume ìti lim

m→∞
Am = 0 tìte apì to Je¸rhma 6.7èqoume ìti S(A) < 1 kai λ = 1 den e�nai idiotim  tou A. Autìshma�nei ìti det(I −A) 6= 0 kai o (I −A)−1 up�rqei. JewroÔme sthsunèqeia thn tautìthta

(I − A)(I + A+ A2 + · · ·+ Am) ≡ I − Am+1
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apì thn opo�a èqoume
I + A+ A2 + · · ·+ Am ≡ (I − A)−1 − (I −A)−1Am+1.O deÔtero ìro tou deÔterou mèlou te�nei sto mhdenikì p�naka�ra

I + A+ A2 + · · ·+ Am →
m→∞

(I −A)−1.

(ii) A upojèsoume ìti
S(m) = I + A+ A2 + · · ·+ Am →

m→∞
(I −A)−1pr�gma pou shma�nei ìti

S
(m)
i → (I −A)−1

i , m→∞dhlad  oi n2 �peire seirè S
(m)
i pragmatik¸n   migadik¸n arijm¸nsugkl�noun. Mia anagka�a sunj kh gia th sÔgklish mia tètoiaseir� e�nai to m-iostì stoiqe�o sto �jroisma na te�nei sto mhdèn.Sunep¸ gia ìla ta i kai  èqoume (Am)i → 0 gia m → ∞ poushma�nei lim

m→∞
Am = 0.Pìrisma 6.12

∞∑

m=0

Am = (I −A)−1 tìte kai mìnon tìte an
S(A) < 197



ApìdeixhTo apotèlesma e�nai �mesh sunèpeia twn jewrhm�twn 6.7 kai6.11.�Pìrisma 6.13An up�rqei toul�qiston mia norm p�naka gia thn opo�a ‖A‖ < 1tìte
∞∑

m=0

Am = (I − A)−1ApìdeixhTo apotèlesma e�nai �mesh sunèpeia twn jewrhm�twn 6.9 kai6.11.�Je¸rhma 6.14An ‖A‖ < 1 gia k�poia norm p�naka tìte oi p�nake I−A kai I+
A e�nai mh idi�zonte kai isqÔoun oi sqèsei

1

1 + ‖A‖ ≤ ‖(I − A)−1‖ ≤ 1

1− ‖A‖ (2.128)kai
1

1 + ‖A‖ ≤ ‖(I + A)−1‖ ≤ 1

1− ‖A‖ (2.129)ApìdeixhApì to Je¸rhma 6.10 èqoume S(A) ≤ ‖A‖ < 1 �ra h λ = ±1den e�nai idiotim  tou A sunep¸ det(I±A) 6= 0 kai oi p�nake I±Ae�nai mh idi�zonte. Gia thn apìdeixh th (2.128) xekinoÔme apì thgnwst  sqèsh
I = (I −A)(I − A)−1.98



Lamb�nonta ti norms twn dÔo mel¸n èqoume diadoqik�
1 = ‖I‖ = ‖(I − A)(I − A)−1‖ ≤ ‖I −A‖ ‖(I −A)−1‖ ≤

≤ (‖I‖+ ‖ − A‖) ‖(I −A)−1‖ = (1 + ‖A‖) ‖(I −A)−1‖Apì to pr¸to kai teleuta�o mèlo twn anwtèrw sqèsewn pro-kÔptei h arister  sqèsh twn (2.128). Ep�sh
(I −A)−1 = (I −A + A)(I −A)−1 = I + A(I − A)−1

kai lamb�nonta ti norms èqoume diadoqik�
‖(I −A)−1‖ = ‖I + A(I −A)−1‖ ≤ ‖I‖+ ‖A(I − A)−1‖ ≤

≤ 1 + ‖A‖ ‖(I −A)−1‖Apì to pr¸to kai teleuta�o mèlo lamb�noume, èqonta upìyhìti ‖A‖ < 1, th dexi� sqèsh twn (2.128). An t¸ra sti (2.128)jèsoume ìpou A to −A tìte lamb�noume ti (2.129).�2.7 Astaj  sust mata'Opw anafèrjhke prohgoÔmena, me th merik  od ghsh apofeÔgoumeto prìblhma th suss¸reush sfalm�twn stroggÔleush. Up�rqeiìmw akìmh to prìblhma twn sfalm�twn sthn per�ptwsh pou tosÔsthma
Ax = b99



e�nai astajè, dhlad  ìtan h lÔsh tou ephre�zetai drastik� apìmikrè diataraqè sta stoiqe�a tou epauxhmènou p�naka
B = [A, b].An èna grammikì sÔsthma e�nai astajè, tìte e�nai anapìfeukthmia proodeutik  ap¸leia shmantik¸n yhf�wn kat� thn di�rkeia twnupologism¸n me apotèlesma thn ap¸leia th akr�beia th lÔsh.MporoÔme ìmw sthn per�ptwsh aut  na deqtoÔme ìti to apotèle-sma pou upolog�same e�nai h akrib  lÔsh enì elafr� diataragmènousust mato. 'Etsi loipìn upojètoume ìti sto sÔsthma pou d�netaiup�rqoun arqik� sf�lmata tìso ston p�naka A ìso kai sto di�nu-sma b. 'Estw δA kai δb oi diatar�xei ston A kai b, ant�stoiqa.Tìte, me thn pro�pìjesh ìti den eisqwroÔn nèa sf�lmata kat� thnep�lush, ant� gia thn akrib  tim  tou dianÔsmato x, ja br�skoumeèna di�nusma pou ja perièqei m�a diat�raxh δx. 'Etsi ja èqoume todiataragmèno sÔsthma

(A+ δA)(x+ δx) = b+ δb (2.130)kai e�nai dunatìn na broÔme to akìloujo fr�gma gia thn sqetik allag  sth lÔsh.Je¸rhma 7.1'Estw o mh idi�zwn p�naka A me
‖A−1‖ ‖δA‖ < 1 (2.131)tìte

‖δx‖
‖x‖ ≤

κ

1− ‖δA‖ ‖A−1‖

[‖δb‖
‖b‖ +

‖δA‖
‖A‖

] (2.132)100



ìpou
κ = κ(A) = ‖A−1‖ ‖A‖ (2.133)ApìdeixhApì thn (4.49) èqoume
(A+ δA) δx = δb− δAxGia na lÔsoume w pro δx ja prèpei na apode�xoume pr¸ta ìtio p�naka A + δA = A(I + A−1 δA) e�nai mh idi�zwn. 'Eqoume ìmwìti
S(A−1δA) ≤ ‖A−1δA‖ < 1�ra o I + A−1δA e�nai mh idi�zwn. Sunep¸

δx = (I + A−1δA)−1A−1(δb− δAx)kai lamb�nonta ti norms twn dÔo mel¸n èqoume
‖δx‖ = ‖(I + A−1δA)−1A−1(δb− δAx)‖

≤ ‖(I + A−1δA)−1‖ ‖A−1‖ ‖(δb− δAx)‖Apì to Je¸rhma 6.14 ìmw, epeid  ‖A−1δA‖ ≤ ‖A−1‖ ‖δA‖ <
1, èqoume ìti 101



‖(I + A−1δA)−1‖ ≤ 1

1− ‖A−1δA‖

≤ 1

1− ‖A−1‖ ‖δA‖'Ara
‖δx‖ ≤ ‖A−1‖

1− ‖A−1‖ ‖δA‖ [‖δb‖+ ‖δA‖ ‖x‖] 
‖δx‖
‖x‖ ≤

‖A‖ ‖A−1‖
1− ‖A−1‖ ‖δA‖

[ ‖δb‖
‖A‖ ‖x‖ +

‖δA‖
‖A‖

]

.All� Ax = b kai ‖b‖ ≤ ‖A‖ ‖x‖ �ra
‖δx‖
‖x‖ ≤

‖A‖ ‖A−1‖
1− ‖A−1‖ ‖δA‖

[‖δb‖
‖b‖ +

‖δA‖
‖A‖

]

.�Pìrisma 7.2An δA = 0 tìte
‖δx‖
‖x‖ ≤ ‖A‖ ‖A

−1‖‖δb‖‖b‖Pìrisma 7.3An δb = 0 tìte
‖δx‖
‖x‖ =

‖A‖ ‖A−1‖
1− ‖A−1‖ ‖δA‖ ·

‖δA‖
‖A‖ .Parathr sei 102



(i) An h diataraq  δA e�nai polÔ mikr , tìte apì to Pìrisma7.2 (ìpou δA = 0), h sqetik  allag  sth lÔsh e�nai fragmènh apìthn posìthta κ(A) = ‖A−1‖ ‖A‖.
(ii) An κ(A) e�nai mikrì, tìte mia mikr  diataraq  tou A   miamikr  diataraq  tou b   mikrè diataraqè twn A kai b den epitrèpounmeg�le allagè sth lÔsh x.
(iii) κ = ‖A−1‖ ‖A‖ ≥ ‖A−1 A‖ = ‖I‖ = 1OrismìAn o A e�nai mh idi�zwn, tìte

κ(A) = ‖A‖ · ‖A−1‖ (2.134)e�nai o arijmì sunj kh gia to sÔsthma Ax = bAn κ(A) e�nai èna meg�lo arijmì, tìte mikrè diataraqè tou
A   b e�nai dunatìn na prokalèsoun meg�le diataraqè sth lÔsh xtou sust mato. Se aut  thn per�ptwsh lème ìti to sÔsthma e�naiastajè (ill-conditioned).Je¸rhma 7.4An o A e�nai pragmatikì kai summetrikì, tìte

κ(A) =

∣
∣
∣
∣

λ1

λn

∣
∣
∣
∣

(2.135)ìpou λ1 kai λn e�nai h megalÔterh kai h mikrìterh kat� apìlutotim  idiotimè tou A, ant�stoiqa.ApìdeixhAf netai san �skhsh.
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Kef�laio 3Epanalhptikè Mèjodoigia thn Ep�lushGrammik¸n Susthm�twn
3.1 Genik�Sto parìn kef�laio ja asqolhjoÔme me ti epanalhptikè mejìdougia th lÔsh tou grammikoÔ sust mato

Au = b (3.1)ìpou o A e�nai èna paragmatikì n× n p�naka kai u, b e�nai danÔ-smata n t�xh. Oi epanaplhptikè mèjodoi qrhsimopoioÔntai ìtan op�naka A tou sust mato e�nai meg�lh t�xh ( 103 − 106), araiìkai k�poia sugkekrimènh dom . Sust mata autoÔ tou tÔpou pro-kÔptoun apì thn arijmhtik  ep�lush merik¸n diaforik¸n exis¸se-wn qrhsimopoi¸nta th mèjodo twn peperasmènwn diafor¸n   eke�-nh twn peperasmènwn stoiqe�wn. Genik�, oi epanalhptikè mèjodoiqrei�zontai ligìterh mn mh kai arijmhtikè pr�xei apì ti amèsoumejìdou gia arket� meg�la sust mata. Sth sunèqeia ja asqo-lhjoÔme me ti grammikè statikè epanalhptikè mejìdou pr¸toubajmoÔ. H morf  twn mejìdwn aut¸n e�nai
u(n+1) = Gu(n) + k, n = 0, 1, 2, . . . (3.2)ìpou G e�nai o epanalhptikì p�naka kai k èna stajerì di�nusma.Epiplèon, h epanalhptik  mèjodo (3.100) ja prèpei na ikanopoie�ti parak�tw apait sei: 104



1. An se k�poia epan�lhyh breje� h lÔsh tou (3.99), tìte oi epì-mene epanal yei na parame�noun amet�blhte (sumbatìthta).2. An h akolouj�a twn dianusm�twn pou or�zetai apo thn (3.100)sugkl�nei, tìte sugkl�nei sth lÔsh tou (3.99)(amoiba�a sumbatìthta).Sth sunèqeia parousi�zontai oi sunj ke k�tw apì ti opo�e h(3.100) par�gei mia sugkl�nousa akolouj�a dianusm�twn gia k�poioauja�reto arqikì di�nusma x(0).Je¸rhma 3.1.1. H epanalhptik  mèjodo (3.100) sugkl�nei ankai mìnon an
S(G) < 1. (3.3)Apìdeixh. A upojèsoume ìti u e�nai to ìrio th akolouj�a u(n), n =

0, 1, 2, . . . 'Estw epiplèon ìti ǫ(n) = u(n) − u, tìte
ǫ(n+1) = Gǫ(n) (3.4)afoÔ to u ikanopoie� thn
u = Gu+ k. (3.5)Apì thn (3.102) eÔkola prokÔptei ìti
ǫ(n) = Gnǫ(0). (3.6)'Ara lim

n→∞
u(n) = u an kai mìno an lim

n→∞
ǫ(n) = 0   lìgw th (3.104)an lim

n→∞
(G(n)ǫ(0)) = 0 gia k�je auja�reto ǫ(0). Sunep¸ apì toje¸rhma 3.6.7 èqoume ìti ikan  kai anagka�a sunj kh gia na isqÔei

lim
n→∞

Gn = 0 e�nai h (3.101).An t¸ra upojèsoume ìti S(G) < 1, tìte o I − G e�nai mhidi�zwn kai to sÔsthma (I − G)u = k èqei m�a kai monadik  lÔsh.An ìmw S(G) < 1 tìte lim
n→∞

Gn = 0   lim
n→∞

‖ Gn ‖= 0. Epeid 
‖ Gnǫ(0) ‖≤‖ Gn ‖‖ ǫ(0) ‖ sunep�getai ìti lim

n→∞
G(n)ǫ(0) = 0 opìteapì thn (3.104) prokÔptei ìti lim

n→∞
ǫ(n) = 0   lim

n→∞
u(n) = u, dhlad ìti h (3.100) sugkl�nei. �Epeid  h eÔresh th fasmatik  akt�na tou p�naka G e�nai ep�-ponh ergas�a gia autì sthn pr�xh exet�zoume katarq n an isqÔei hikan  sunj kh

‖ G ‖α≤ 1 (3.7)105



me α = 1   ∞ opìte lìgw th S(G) ≤‖ G ‖ ja isqÔei h ika-n  kai sunj kh gia th sÔgklish. Efìson h epanalhptik  mèjodo(3.100) sugkl�nei, tìte eklègoume èna auja�reto arqikì di�nusma
u(0)(sun jw eklègetai to mhdenikì di�nusma) kai efarmìzoume thn(3.100) gia n = 0, 1, 2, . . .. Up�rqoun poll� krit ria diakop  thsÔgklish th anwtèrw akolouj�a, dÔo apì ta pio apl� e�nai:

‖ u(n+1) − u(n) ‖≤ ǫkai
‖ u(n+1) − u(n) ‖α
‖ u(n+1) ‖α

≤ ǫìpou α = 1   2   ∞. Sthn pr�xh ektì apì thn exasf�lish thsÔgklish th (3.100), ma endiafèrei h taqÔthta me thn opo�a sug-kl�nei h mèjodo pou qrhsimopoioÔme. Me �lla lìgia epijumoÔme namelet soume thn taqÔthta me thn opo�a ǫ(0) → 0 gia n → ∞. Apìthn (3.104) èqoume ìti an u(0) 6= u

‖ ǫ(n) ‖ / ‖ ǫ(0) ‖≤‖ Gn ‖ . (3.8)'Etsi h ‖ Gn ‖ d�nei to mègejo me to opo�o h norm tou sf�lmatoèqei elattwje� se èna kl�sma èstw ̺ th ‖ ǫ(0) ‖. H el�ttwsh aut mpore� na epiteuqje� an dialèxoume to n ètsi ¸ste
‖ Gn ‖≤ ̺. (3.9)Gia ìla loipìn ta arket� meg�la n ¸ste
‖ Gn ‖≤ 1h parap�nw anisìthta e�nai isodÔnamh me thn

n ≥ ⌈− log ̺/

(

−1

n
log ‖Gn‖

)

⌉ (3.10)ìpou ⌈ξ⌉ sumbol�zei ton el�qisto akèraio megalÔtero tou ξ. H(3.108) d�nei ton el�qisto arijmì epanal yewn gia thn sÔgklishth (3.100). ParathroÔme de ìti o arijmì autì e�nai antistrìfwan�logo pro thn posìthta (− 1
n
log‖Gn‖). 'Etsi odhgoÔmaste stonorismì th mèsh taqÔthta sÔgklish pou e�nai h posìthta

Rn(G) = −1

n
log ‖ G(n) ‖ . (3.11)106



Ep�sh or�zoume san asumptwtik  taqÔthta sÔgklish   taqÔthtasÔgklish, thn posìthta
R(G) = lim

n→∞
Rn(G) = −logS(G) (3.12)kajìson mpore� na apodeiqje� ìti (bl. [℄ )

S(G) = lim
n→∞

(‖ Gn ‖ 1

n ).Gia na èqoume mia (ìqi kai tìso kal ) prosèggish tou arijmoÔ twnepanal yewn pou qrei�zetai h (3.100) gia na sugkl�nei qrhsimopoioÔ-me ton tÔpo
n ≃ −logρ

R(G)
. (3.13)Apì ton anwtèrw tÔpo kai thn (3.110) sumpera�noume ìti ìso mi-krìterh e�nai h fasmatik  akt�na tou epanalhptikoÔ p�naka G tìsotaqÔtera ja sugkl�nei asumptwtik� h epanalhptik  mèjodo. Wstì-so gia na ektim soume thn apotelesmatikìthta mia epanalhptik mejìdou ja prèpei na laboume upìyh tìso thn taqÔthta sÔgklis th ìso kai thn upologistik  poluplokìthta pou apaite� h k�jeepan�lhyh.3.2 Basikè epanalhptikè mèjodoiSth sunèqeia ja par�goume ìle ti gnwstè epanalhptikè mejì-dou th morf  (3.100). ParathroÔme ìti an to sÔsthma (3.99) topol/soume apì arister� me ton A−1, tìte br�skoume amèsw th lÔshtou. Epeid  ìmw den e�nai dunatìn na upologisje� o A−1 gia p�na-ke meg�lh t�xh, gia autì a jewr soume ìti to sÔsthma (3.99)pol/zetai apì arister� me ènan p�naka R−1, opìte èqoume

R−1Au = R−1b (3.14)ìpou apaitoÔme o R na e�nai èna mh idi�zwn p�naka kai o ant�stro-fo tou na upolog�zetai eÔkola ( me �lla lìgia na e�nai �eÔkolo� naluje� to sÔsthma Rs = t ). Sth sunèqeia apì thn (4.1) mporoÔmena or�soume thn epanalhptik  mèjodo
u(n+1) = u(n) + τR−1(b− Au(n)), n = 0, 1, . . . (3.15)107



ìpou τ 6= 0 e�nai mia pragmatik  par�metro th opo�a o rìlo e�naina elaqistopoi sei th fasmatik  akt�na tou epanalhptikoÔ p�nakath (4.2). Gia thn eÔresh tou epanalhptikoÔ p�naka gr�foume thn(4.2) upì th morf 
u(n+1) = Gτu

(n) + kτ , (3.16)ìpou
Gτ = I − τR−1A και kτ = τR−1b. (3.17)ParathroÔme ìti an τ = 1, tìte oi (4.3) kai (4.4) d�noun

u(n+1) = Gu(n) + k (3.18)ìpou
G = I −R−1A και k = R−1b. (3.19)Je¸rhma 3.2.1. An oi idiotimè ri, i = 1(1)n tou p�naka R−1Ae�nai pragmatikè to epanalhptikì sq ma (2.2) sugkl�nei an kai mìnoan

r1 > 0 και 0 < τ < 2/rn (3.20)
rn < 0 και 2/r1 < τ < 0. (3.21)Apìdeixh. Lìgw th (4.4) oi idiotimè λi, i = 1(1)n touGτ kai eke�netou R−1A ikanopoioÔn th sqèsh
λi = 1− τri, i = 1(1)n. (3.22)Ikan  kai anagka�a sunj kh gia th sÔgklish th (4.3) e�nai h

S(Gτ ) < 1 (3.23) 
max
1≤i≤n |λi| = max

1≤i≤n |1− τri| < 1 (3.24)apì thn opo�a eÔkola prokÔptoun oi (4.7) kai (4.8). �Sto shme�o autì parathroÔme ìti en¸ to epanalhptikì sq ma(4.3) sugkl�nei an isqÔoun m�a apì ti (4.7), (4.8), h basik  mèjodo(4.5) mpore� na apokl�nei kajìson e�nai dunatì S(G) > 1.108



Je¸rhma 3.2.2. An oi idiotimè tou p�naka R−1A e�nai pragmati-kè kai to epanalhptikì sq ma (4.3) sugkl�nei, tìte gia
τ = τ0 =

2

r1 + rn (3.25)h S(Gτ) g�netai el�qisth kai h ant�stoiqh tim  th d�netai apì tontÔpo
S(Gτ0) =

|1− k(R−1A)|
1 + k(R−1A)

(3.26)ìpou k(R−1A) = rn/r1.Apìdeixh. Af netai san �skhsh. �Apì thn (4.13) parathroÔme ìti o p�nakaR ja prèpei na eklege�tètoio ¸ste k(R−1A) ≤ k(A) kajìson h posìthta S(Gτ0) e�nai miaaÔxousa sun�rthsh tou k(R−1A) ìtan r1 > 0 ( an�logh parat rhshisqÔei an rn < 0). Me �lla lìgia gia epiplèon elaqistopo�hsh th
S(Gτ0) ja prèpei na elaqistopoihje� h posìthta k(R−1A).Je¸rhma 3.2.3. An oi idiotimè ri, i = 1(1)n tou p�naka R−1Ae�nai pragmat�ke to epanalhptikì sq ma (4.5) sugkl�nei an kai mìnoan

0 < r1 και rn < 2. (3.27)Epiplèon,
S(G) =

{

1− r1, αν rn ≤ 1

rn − 1, αν r1 ≥ 1.
(3.28)Apìdeixh. ProkÔptei eÔkola apì efarmog  tou Jewr mato1.2.1.Parat rhsh. Gia th sÔgklish th (4.5) ja prèpei na isqÔei hepiplèon sunj kh rn < 2 se sqèsh me th sÔgklish th (4.3). Ep�she�nai eÔkolo na apodeiqje� ìti

S(Gτ0) ≤ S(G) (3.29)pr�gma pou shma�nei ìti h (4.3) ja èqei megalÔterh taqÔthta sÔg-klish apì thn (4.5) giautì kai ja anafèretai san h epitaquntik morf  th (4.5). Sth sunèqeia o p�naka R ja l�bei di�fore mor-fè kai ja sqhmat�soume apì thn (4.3) ti ant�stoiqe epanalhptikèmejìdou. O p�naka A analÔetai san
A = D − CL − CU (3.30)109



ìpou o D e�nai èna diag¸nio p�naka tou opo�ou ta stoiqe�a e�naita �dia me ta diag¸nia stoiqe�a tou A kai oi p�nake CL, CU e�nai taausthr� k�tw kai �nw trigwnik� mèrh tou A, ant�stoiqa. Tìte andialèxoume ton R ètsi ¸ste
R = D (3.31)h (4.2) d�nei

u(n+1) = u(n) + τD−1(b− Au(n)), n = 0, 1, 2, . . . 
u(n+1) = Bτu

(n) + τc, (3.32)ìpou
Bτ = I − τD−1A και c = D−1b. (3.33)AnalÔonta perissìtero thn (4.19) lamb�noume
u(n+1) = [(1− τ)I + τB]u(n) + τc, (3.34)ìpou

B = L+ U, L = D−1CL και U = D−1CU . (3.35)E�nai fanèro ìti gia thn Ôparxh th parap�nw mejìdou ja prèpeina up�rqei o D−1 pr�gma pou shma�nei ìti detD 6= 0. Epeid  detD =
∏n

i=1 aii sunep�getai ìti ìla ta diag¸nia stoiqe�a tou A ja prèpeina e�nai di�fora tou mhdenì. H mèjodo (4.21) e�nai gnwst  me toìnoma Jacobi Overrelaxation(JOR) mèjodo. ParathroÔme ìti an
τ = 1 tìte h (4.21) d�nei

u(n+1) = Bu(n) + c, n = 0, 1, 2, . . . (3.36)h opo�a e�nai gnwst  san h mèjodo tou Jacobi (J).Gia thn ulopo�hsh twn parap�nw mejìdwn qreiazìmaste tisqèsei pou sundèoun ti suntetagmène twn dianusm�twn u(n+1) kai
u(n). Gr�fonta to sÔsthma (3.99) upì morf  suntetagmènwn èqou-me n∑

j=1

aijuj = bi, i = 1(1)n110



 
aiiui +

i−1∑

j=1

aijuj +
n∑

j=i+1

aijuj = bi, i = 1(1)n. (3.37)H parap�nw morf  e�nai sumbibast  me th di�spash (4.17) kajì-son upì morf  suntetagmènwn oi posìthte Du, −CLu kai −CUuekfr�zontai ant�stoiqa apì ton pr¸to, deÔtero kai tr�to ìro touajro�smato th (4.24). H mèjodo tou Jacobi (4.23) mpore� nagrafte� upì morf  suntetagmènwn san
u
(n+1)
i =

n∑
j=1
j 6=i

âiju
(n)
j + b̂i, i = 1(1)n, (3.38)ìpou

âij = −
aij
aii

i, j = 1(1)n, i 6= jkai
b̂i =

bi
aii

i = 1(1)n. (3.39)Ep�sh h JOR d�netai apì tou tÔpou
u
(n+1)
i = (1− τ)u

(n)
i + τ

n∑
j=1
j 6=i

âiju
(n)
j , i = 1(1)ν, (3.40)ParathroÔme ìti h taqÔthta sÔgklish twn dÔo mejìdwn(JOR kai

J) e�nai anex�rthth apì th di�taxh twn exis¸sewn tou sust mato.Par�deigma. D�netai to grammikì sÔsthma
2x1 − x2 = 1

−x1 + 2x2 − x3 = 0

−x2 + 2x3 = 1Na deiqje� ìti h mèjodo tou Jacobi sugkl�nei kai na brejoÔn oitre� pr¸te epanal yei, an x(0) = (1, 0, 1).LÔsh. O epanalhptikì p�naka th mejìdou Jacobi e�nai o111



B = I −D−1A =
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Ep�sh ‖ B ‖1=‖ B ‖∞= 1. Gi� ton lìgo autì ja upolog�soume thn
S(B). Oi idiotimè tou B e�nai 0, √

2
2
kai -√2

2
, epomènw S(B) =

√
2
2

<
1 pou dhl¸nei ìti h mèjodo sugkl�nei. Apì to anwtèrw grammikìsÔsthma èqoume ìti h mèjodo tou Jacobi e�nai h
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Sth sunèqeia jètoume
R = D − CL (3.41)ìpou h morf  aut  tou R prosegg�zei kalÔtera ton A apì thn proh-goÔmenh. Apì thn (4.2) èqoume

u(n+1) = u(n) + τ(1 − L)−1D−1(b−Au(n)) (3.42) 
u(n+1) = Lτ,1u

(n) + τ(1 − L)−1c (3.43)ìpou
Lτ,1 = I − τ(1− L)−1D−1A. (3.44)Ekfr�zonta ton Lτ,1 se ìrou twn L kai U h (3.43) gr�fetai wex 

u(n+1) = (1− τ)u(n)+Lu(n+1)+(τ − 1)Lu(n)+ τUu(n)+ τc. (3.45)H anwtèrw mèjodo kale�tai Epitaquntik  Gauss − Seidel(EGS)giat� gia τ = 1 prokÔptei h gnwst  mèjodo Gauss− Seidel(GS).Pr�gmati, gia τ = 1 h (3.45) d�nei
u(n+1) = Lu(n+1) + Uu(n) + c. (3.46)Metatrèponta t¸ra thn EGS kai GS upì morf  sunistws¸n lam-b�noume ant�stoiqa tou tÔpou
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j=1
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(n+1)
j +(1−τ)u(n)

i +(τ−1)(
i−1∑

j=1
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(n)
j )+τ(

n∑
j=i+1

âiju
(n)
j )+τ b̂i, i = 1(1)n(3.47)kai jètonta τ = 1 gia thn GS lamb�noume ìti

u
(n+1)
i =
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j=1

âiju
(n+1)
j +

n∑
j=i+1

âiju
(n)
j + b̂i, i = 1(1)n. (3.48)Gia thn Ôparxh twn dÔo anwtèrw mejìdwn ja prèpei na up�rqei o

(D − CL)
−1   det(D − CL) = detD 6= 0 pr�gma pou isqÔei an ìlata diag¸nia stoiqe�a tou A e�nai di�fora tou mhdenì. ParathroÔmet¸ra apì ti (3.47) kai (3.48), ìti oi arijmhtikè pr�xei ephre�zon-tai an enall�xoume th seir� twn exis¸sewn tou sust matì ma.113



Par�deigma. Na epanalhfje� h �dia ergas�a, ìpw sto prohgoÔ-meno par�deigma, gia th mèjodo Gauss− Seidel.LÔsh. O epanalhptikì p�naka th mejìdou Gauss−Seidel e�naio
L1 = (I − L)−1U =





1 0 0
−1

2
1 0

0 −1
2

1





−1 



0 1
2

0
1
2

0 1
2

0 1
2

0



 .Apì th sqèsh (I − L)X = I upolog�zetai eÔkola o (I − L)−1.Epomènw
L1 =





1 0 0
1
2

1 0
1
4

1
2

1









0 1
2

0
0 0 1

2

0 0 0



 =





0 1
2

0
0 1

4
1
2

0 1
8

1
4



 .Oi idiotimè tou L1 e�nai oi 0, 1/2,−1/2 epomènw S(L1) = 1/2 <
1 pou apodeiknÔei ìti h GS sugkl�nei. ParathroÔme ìti S(L1) =
S(B)2 gia to parìn par�deigma. To apotèlesma autì isqÔei giaìlou tou (block) tridiag¸niou p�nake. H mèjodo Gauss−Seideld�netai apì to akìloujo epanalhptikì sq ma (bl. (3.48) )
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n = 1
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32
.ParathroÔme ìti h mèjodo GS sugkl�nei polÔ grhgorìtera apì thmèjodo Jacobi pro thn akrib  lÔsh (1, 1, 1)T tou sust mato. E�naidunatìn na brejoÔn dÔo �lle mèjodoi an eis�goume m�a par�metrosth morf  tou R. 'Etsi an jèsoume

R = D − ωCL (3.49)ìpou ω e�nai èna pragmatikì arijmì tou opo�ou o rìlo sth f�shaut , e�nai na diatar�xei ton R ètsi ¸ste na prosegg�zei kalÔteraton A apì th morf  (3.41), tìte apì thn (4.3) èqoume
u(n+1) = u(n)+ τ(I −ωL)−1D−1(b−Au(n)), n = 0, 1, 2 . . . (3.50)

u(n+1) = Lτ,ωu
(n) + τ(I − ωL)−1c (3.51)ìpou

Lτ,ω = I − τ(I − ωL)−1D−1A. (3.52)To anwtèrw epanalhptikì sq ma e�nai gnwstì san h Epitaqunti-k  Successive Overrelaxation(ESOR) mèjodo. Prokeimènou nabroÔme thn ex�swsh twn sunistws¸n h (3.50) mpore� na grafte� san
u(n+1) = (1−τ)u(n)+ωLu(n+1)+(τ−ω)Lu(n)+τUu(n)+τc (3.53)opìte

u
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i +ω
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(n)
j +τ

n∑
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âiju
(n)
j +τ b̂i, i = 1(1)n.(3.54)115



Kat� thn ulopo�hsh th ESOR e�nai dunatìn na g�nei exoikonìmhshtwn upologism¸n an apojhkeute� h posìth Lu(n) prokeimènou naqrhsimopoihje� sthn epìmenh epan�lhyh. An jèsoume τ = ω sthn
ESOR lamb�noume th dhmofil  Successive Overrelaxation(SOR)mèjodo, h opo�a d�netai diadoqik� apì tou tÔpou

u(n+1) = u(n) + ω(I − ωL)−1D−1(b− Au(n)) (3.55)
u(n+1) = Lω,ωu

(n) + ω(I − ωL)−1c (3.56)ìpou
Lω,ω = I − ω(I − ωL)−1D−1A. (3.57)Ep�sh h SOR gr�fetai kai san

u(n+1) = (I − ωL)−1[(1− ω)I + ωU ]u(n) + ω(I − ωL)−1c (3.58) 
u(n+1) = (1− ω)u(n) + ω[Lu(n+1) + Uu(n) + c] (3.59) 

u(n+1) = (1− ω)u(n) + ωu
(n+1)
GS (3.60)ìpou u

(n+1)
GS sumbol�zei thn n + 1 epan�lhyh th GS mejìdou. H(3.60) up rxe h afethr�a th anak�luyh th SOR mejìdou. Wstì-so h strathgik  pouakolouj jhke mèqri t¸ra, èqonta dhlad  san afethr�a gènneshtwn epanalhptik¸n mejìdwn thn (4.2), e�qe san apotèlesma thn eÔ-resh mia genikìterh kai apotelesmatikìterh mejìdou th ESOR.Tèlo, upì morf  sunistws¸n h SOR d�netai apì tou tÔpou

u
(n+1)
i = (1−ω)u(n)

i +ω

i−1∑

j=1

âiju
(n+1)
j +ω

n∑
j=i+1

âiju
(n)
j +ωb̂i, i = 1(1)n.(3.61)Par�deigma. Na efarmoste� h SOR mèjodo sto prohgoÔmenopar�deigma.LÔsh. H SOR mèjodo d�netai apì to akìloujo sq ma (bl. (3.60))

x(n+1) = (1− ω)u(n) + ωu
(n+1)
GS ,116



ìpou u
(n+1)
GS e�nai to epanalhptikì di�nusma pou prokÔptei apì thnefarmog  th Gauss−Seidel mejìdou. Epomènw, gia to sugkekri-mèno tridiag¸nio sÔsthma tou prohgoÔmenou parade�gmato, h SORpar�gei to epanalhptikì sq ma
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x
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(n+1)
2 ).H bèltisth tim  tou ω d�netai apì ton tÔpo (Je¸rhma 1.4.16)
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1− S(B)2 
ωb =
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1 +
√

1− 1
2

=
4

2 +
√
2
≃ 1.1716.en¸

S(ωb) = ωb − 1 ≃ 0.1716.Lamb�nonta, ìpw kai sta prohgoÔmena parade�gmata, x(0) = (1, 0, 1)T ,dhlad , x(0)
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32

(2 +
√
2)2k.o.k. Sth sunèqeia ja asqolhjoÔme me m�a �llh kathgor�a epa-nalhptik¸n mejìdwn, oi opo�e onom�zontai epanalhptik� sq matadÔo epipèdwn. Mia klasik  tètoia mèjodo prokÔptei san parallag th SOR kai kale�tai Symmetric SOR(SSOR). K�je epan�lhyhth SSOR apotele�tai apì dÔo hmiepanal yei. H pr¸th e�nai m�apro ta emprì SOR pou upolog�zei tou agn¸stou me th di�taxh

ui, i = 1(1)n kai h �llh e�nai m�a pro ta p�sw SOR upolog�zontatou agn¸stou me ant�jeth di�taxh dhl. ui, i = n(−1)1. Apì taparap�nw prokÔptei ìti h SSOR e�nai to epanalhptikì sq ma117



u(n+ 1

2
) = (1− ω)u(n) + ω(Lu(n+ 1

2
) + Uu(n) + c)kai

u(n+1) = (1− ω)u(n+ 1

2
) + ω(Lu(n+ 1

2
) + Uu(n+1) + c)

(3.62)ìpou ω 6= 0 e�nai m�a pragmatik  par�metro kai u(n+ 1

2
) e�nai miaendi�mesh prosèggish th lÔsh tou sust mato. Upì morf  sun-tetagmènwn h SSOR gr�fetai
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i +ω(
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âiju
(n+ 1

2
)

j +
n∑

j=i+1

âiju
(n+ 1

2
)

j +b̂i), i = n(−1)1.Apì ti (3.62) èqoume ìti
u(n+ 1

2
) = Lωu

(n) + ω(I − ωL)−1ckai
u(n+1) = Uωu

(n+ 1

2
) + ω(I − ωU)−1c

(3.63)ìpou
Lω = (I − ωL)−1[(1− ω)I + ωU ] (3.64)kai
Uω = (I − ωU)−1[(1− ω)I + ωL].Apale�fonta ton ìro u(n+ 1

2
) apì ti (3.63) h SSOR g�netai

u(n+1) = Fωu
(n) + kω (3.65)ìpou

Fω = UωLω = I − ω(2− ω)(I − ωU)−1(I − ωL)−1D−1A (3.66)kai
kω = ω(2− ω)(I − ωU)−1(I − ωL)−1c. (3.67)118



Apì ti (3.66) kai (3.67) parathroÔme ìti ω 6= 0, 2. Epeid  h SSORe�nai o sunduasmì dÔo SOR epanal yewn, oi upologismo� ja e-xart¸ntai apì th di�taxh twn exis¸sewn. Ep�sh h SSOR apaite�dipl�sia upologistik  ergas�a apì thn SOR. Wstìso e�nai dunatìnna meiwje� h upologistik  ergas�a gia k�je SSOR epan�lhyh meth di�jesh enì epiplèon n-di�statou dianÔsmato. H teqnik  aut e�nai dunat  kajìson orismèna dianÔsmata epanalamb�nontai metaxÔdÔo diadoqik¸n epanal yewn kai de qrei�zetai na upologistoÔn p�liìpw upodhl¸netai parak�tw
{
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) = ω(Lu(n+1

2
) + Uu(n) + c) + (1− ω)u(n)
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)
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u(n+2) = ω(Lu(n+ 3

2
)) + Uu(n+2) + c+ (1− ω)u(n+ 3

2
).H teqnik  aut  e�nai gnwst  san to sq ma tou Niethammer. Tè-lo, an o R l�bei th morf 

R = (D − ωCL)D
−1(D − ωCU) (3.68)ìpou ω pragmatik  par�metro, tìte apì thn (4.2) èqoume

u(n+1) = u(n) + τ(I − ωU)−1(I − ωL)−1D−1(b− Au(n)). (3.69)H anwtèrw mèjodo e�nai gnwst  w h Preconditioned Simultanous
Displacement(PSD) mèjodo. H PSD e�nai mia gen�keush th
SSOR afoÔ h teleuta�a lamb�netai gia τ = ω(2 − ω). Apì thn(3.69) èqoume
u(n+1) − ωUu(n+1) + ωUu(n) = u(n) + τ(I − ωL)−1D−1(b−Au(n)),h opo�a mpore� na diaspasje� sto akìloujo epanalhptikì sq ma dÔoepipèdwn
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2
) + ωUu(n+1) − ωUu(n).

(3.70)119



E�nai fanerì ìti h pr¸th twn (3.70) e�nai h ESOR mèjodo �raèqoume
u(n+ 1

2
) = (1− τ)u(n) + ωLu(n+ 1

2
) + (τ − ω)Lu(n) + τ(Uu(n) + c)kai

u(n+1) = u(n+ 1

2
) + ωUu(n+1) − ωUu(n). (3.71)Apì thn (3.71) parathroÔme ìti to di�nusma Uu(n) epanalamb�ne-tai kai sth deÔterh hmiepan�lhyh opìte e�nai dunatìn na efarmoste�kai ed¸ to sq ma tou Niethammer. Ep�sh h PSD ulopoe�tai mean�logo trìpo ìpw kai h SSOR. 'Etsi oi exis¸sei twn suntetag-mènwn gia thn PSD mèjodo e�nai oi akìlouje
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j +b̂i), i = 1(1)n(3.72)kai
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j=i+1

âiju
(n+1)
j −

n∑
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âiju
(n)
j ), i = n(−1)1.Tèlo, m�a �llh morf  th PSD mejìdou e�nai h

u(n+1) = ∆τ,ωu
(n) + δτ,ω, (3.73)ìpou

∆τ,ω = I − τΓω, Γω = (I − ωU)−1(I − ωL)−1D−1A (3.74)kai
δτ,ω = τ(I − ωU)−1(I − ωL)−1D−1b.3.3 Algìrijmoi twn basik¸n epana-lhptik¸n mejìdwnAlgìrijmo th mejìdou Jacobi120



1. Di�base th di�taxh tou p�naka n, ta stoiqe�a aij, i, j = 1(1)ntou A, to deÔtero mèlo bi, i = 1(1)n, to arqikì di�nusma
x0i, i = 1(1)n, thn anektikìthta tol kai ton mègisto arijmìepanal yewn maxits.2. Na teje�

itcount = 03. 'Oso isqÔei itcount ≤ maxits na ekteloÔntai ta b mata (a')-(d')(aþ) Gia i = 1(1)n na teje�
x1i = (−

n∑
j=1
j 6=i

aijx0j + bi)/aii(bþ) Na teje�
itcount = itcount+ 1(gþ) An
‖ x1− x0 ‖∞< toltìte tÔpwse x1i, i = 1(1)n. Tèlo.(dþ) Gia i = 1(1)n na teje�

x0i = x1i4. TÔpwse(� 'Oqi sÔgklish met� apì maxits epanal yei �).5. Tèlo.Algìrijmo th mejìdou twn Gauss− Seidel1. Di�base thn t�xh tou p�naka n, ta stoiqe�a aij , i, j = 1(1)ntou A, to deÔtero mèlo bi, i = 1(1)n, to arqikì di�nusma
x0i, i = 1(1)n, thn anektikìthta tol kai to mègisto arijmìepanal yewn maxits.2. Na teje�

itcount = 0121



3. 'Oso isqÔei itcount ≤ maxits na ekteloÔntai ta b mata (a') -(d')(aþ) Gia i = 1(1)n na teje�
x1i = (−

i−1∑

j=1

aijx1j −
n∑

j=i+1

aijx0j + bi)/aii(bþ) Na teje�
itcount = itcount + 1(gþ) An
‖ x1 − x0 ‖∞< toltìte tÔpwse x1i, i = 1(1)n. Tèlo.(dþ) Gia i = 1(1)n na teje�

x0i = x1i4. TÔpwse(�'Oqi sÔgklish met� apì maxits epanal yei �).5. Tèlo.3.4 SÔgklish twn basik¸n epanalh-ptik¸n mejìdwn'Ena basikì er¸thma pou afor� ìle ti epanalhptikè mejìdou e�-nai: Poiè e�nai oi sunj ke eke�ne pou exasfal�zoun th sÔgklishm�a epanalhptik  mejìdou; Sth sunèqeia parousi�zontai orismènajewr mata sÔgklish (bl. [Y oung℄, [V arga℄) gia ti epanalhptikèmejìdou th paragr�fou 1.2. Katarq n ìmw or�zoume dÔo meg�lekl�sei pin�kwn sti opo�e an an kei k�poio p�naka, tìte o p�na-ka autì e�nai mh idi�zwn, pr�gma pou exasfal�zei th monadikìthtath lÔsh tou sust mato ma, apofeÔgonta ètsi to krit rio thdiakr�nousa.Orismì. 'Ena p�naka A = (aij) t�xh n e�nai adi�spasto(irreducible) an n = 1   an n > 1 kai gia opoiad pote dedomènamh ken� kai xèna metaxÔ tou uposÔnola S kai T tou sunìlou Wtwn pr¸twn n jetik¸n akera�wn arijm¸n tètoia ¸ste S ∪ T = W ,up�rqei iǫS kai jǫT tètoia ¸ste aij 6= 0.122



Je¸rhma 3.4.1. O p�naka A e�nai adi�spasto an kai mìnon anden up�rqei èna metajetikì p�naka P tètoio ¸ste o P−1AP naèqei th morf 
P−1AP =

[
F O
G H

] (3.75)ìpou F kai G e�nai tetragwniko� p�nake kai O e�nai o mhdenikìp�naka.E�nai fanerì ìti sthn per�ptwsh ìpou up�rqei o P , tìte o Akale�tai diasp�simo (reducible) kai to arqikì sÔsthma mpore� nametasqhmatiste� sto Au = k, ìpou o A = P−1AP e�nai th morf 
(4.25). Sthn per�ptwsh aut  èqoume

Fu1 = k1

Gu1 +Hu2 = k2opìte upobib�sthke to arqikì sÔsthma se dÔo mikrìterh t�xhsust mata.M�a qr simh mèjodo gia na diapistwje� an èna p�naka e�naiadi�spasto sthn pr�xh d�netai apì to parak�tw je¸rhma.Je¸rhma 3.4.2. 'Ena p�naka A = (aij) t�xh n e�nai adi�spa-sto an kai mìnon an n=1   dojèntwn dÔo opoiond pote diakekrimè-nwn akera�wn i kai j me 1 ≤ i ≤n, 1 ≤ j ≤n, tìte aij 6= 0   up�rqounfusiko� i1, i2, . . . , is tètoioi ¸ste aii1 , ai1i2 . . . aisj 6= 0.Apìdeixh. An doje� o p�naka A t�xh n, tìte jewroÔme ta diake-krimèna shme�a P1, P2 . . . , Pn kai kataskeu�zoume to kateujunìmenogr�fhma (directed graph ) tou A, sqedi�zonta èna tìxo apì to
Pi pro to Pj gia k�je aij 6= 0. An aii 6= 0, tìte apl� sqedi�zoumeèna kuklikì tìxo, to opo�o perièqei to Pi. O p�naka e�nai adi�spa-sto an kai mìno an n = 1   up�rqei mi� alus�da apì tìxa apì to
Pi sto Pi1, apì to Pi1 sto Pi2. . . apì to Pi2 sto Pj(sundedemènogr�fhma). �Par�deigma 'Estw o tridiag¸nio p�naka

A =
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To kateujunìmeno gr�fhma tou p�naka d�netai sto sq ma 3.4.3. Apìto sq ma 3.4.3 eÔkola parathroÔme ìti to gr�fhma e�nai sundedemènosunep¸ oi tridiag¸nioi p�nake e�nai adi�spastoi. H �llh shmantik kl�sh pin�kwn pou e�nai ex�sou qr simh perilamb�nei eke�nou toup�nake pou e�nai diag¸nia upèrteroi.Orismì 'Ena p�naka A = (aij) t�xh n kale�tai asjen�diag¸nio upèrtero an
|aii| ≥

n∑
j=1
j 6=i

|aij|, i = 1(1)n (3.76)kai gia toul�qiston èna i

|aii| >
n∑

j=1

j 6=i

|aij |. (3.77)Sthn per�ptwsh ìpou h (4.27) isqÔei gia ìla ta i = 1(1)n tìte o Akale�tai austhr� diag¸nio upèrtero. Epeid  e�nai arket� dÔskolona diapistwje� an detA 6= 0 prokeimènou na apode�xoume ìti o A e�naimh idi�zwn, giautì sun jw katafeÔgoume sto krit rio pou d�netaiapì to akìloujo je¸rhma.Je¸rhma 3.4.3. An o A e�nai adi�spasto p�naka kai asjen�diag¸nio upèrtero, tìte detA 6= 0 kai ìla ta diag¸nia stoiqe�a tou
A e�nai di�fora tou mhdenì.Apìdeixh. Bl.[V arga, Y oung℄ �Pìrisma 3.4.1. An o A e�nai austhr� diag¸nia upèrtero, tìte
detA 6= 0.Sth sunèqeia d�netai m�a ikan  sunj kh gia na e�nai jetik� o-rismèno èna Ermeitianì p�naka, qrhsimopoi¸nta ti parap�nwidiìthte (adi�spasto kai asjen� diag¸nio upèrtero).Je¸rhma 3.4.4. An o A e�nai èna Ermeitianì p�naka me mharnhtik� diag¸nia stoiqe�a kai epiplèon e�nai asjen� diag¸nia u-pèrtero, tìte o A e�nai mh arnhtik� orismèno. An o A e�nai kaiadi�spasto   mh idi�zwn, tìte o A e�nai jetik� orismèno.124



Apìdeixh. E�nai gnwstì ìti ìle oi idiotimè enì ErmeitianoÔ p�nakae�nai pragmatiko� arijmo�. An λ e�nai m�a idiotim  tou A tìte
det(A− λI) = 0. (3.78)A upojèsoume t¸ra ìti λ < 0, tìte o p�naka A−λI e�nai austhr�diag¸nia upèrtero kai lìgw tou Por�smato 1.4.1, det(A−λI) 6= 0,to opo�o èrqetai se ant�jesh me thn (4.28). Sunep¸ ìle oi idiotimètou A e�nai mh arnhtikè kai o A e�nai mh arnhtik� orismèno. An o

A e�nai kai adi�spasto, tìte lìgw tou Jewr mato 1.4.3, to mhdènden e�nai idiotim  tou. 'Ara ìle oi idiotimè tou e�nai jetikè kai o
A e�nai jetik� orismèno. �Sth sunèqeia parousi�zontai orismèna jewr mata, suqn� qwr�apìdeixh, ta opo�a exasfal�zoun th sÔgklish twn basik¸n epanalh-ptik¸n mejìdwn k�tw apì sugkekrimène sunj ke.Je¸rhma 3.4.5. An h mèjodo tou Jacobi sugkl�nei, tìte h JORmèjodo sugkl�nei gia 0 < τ ≤ 1.Apìdeixh. Apì thn (4.21) oi idiotimè λi tou p�naka Bτ d�nontai apìth sqèsh

λi = τµi + 1− τ (3.79)ìpou µi e�nai oi idiotimè tou B. An µi = reiθ, r < 1 kai 0 < τ ≤ 1,tìte h (4.29) d�nei diadoqik�
|λi|2 = τ 2r2 + 2τr(1− τ) cos θ + (1− τ)2 ≤ (τr + 1− τ)2 < 1.Apì thn opo�a èqoume ìti S(Bτ ) < 1. �Je¸rhma 3.4.6. (Kahan 1958)

S(Lω) ≥ |ω − 1|. (3.80)Ep�sh an h SOR sugkl�nei, tìte
0 < ω < 2. (3.81)Apìdeixh. Gia ton upologismì twn idiotim¸n λi tou Lω jewroÔme toqarakthristikì polu¸numo tou Lω, φ(λ) = det(λI−Lω). Lìgw th(3.57) h prohgoÔmenh sqèsh gr�fetai

φ(λ) = det(I − ωL)−1det[(λ+ ω − 1)I − ωλL− ωU ]

= det[(λ+ ω − 1)I − ωλL− ωU ].125



O stajerì ìro σ tou φ(λ), o opo�o e�nai �so me to ginìmeno twnidiotim¸n tou Lω, lamb�netai an teje� λ = 0 sthn èkfrash th φ(λ).Sunep¸
σ =

n∏
i=1

(−λi) = det[(ω − 1)I − ωU ] = (ω − 1)nkai
S(Lω) = max

i
|λi| ≥ (|ω − 1|n)1/n = |ω − 1|.Tèlo, an S(Lω) < 1, tìte kai |ω − 1| < 1, opìte lamb�netai h(3.81). �An sth sunèqeia apait soume o p�naka A na e�nai mh idi�zwn,ja prèpei lìgw tou Jewr mato 1.4.3 na upojèsoume ìti o A e�naiadi�spasto kai asjen� diag¸nia upèrtero. K�tw apì autè tisunj ke èqoume to parak�tw je¸rhma.Je¸rhma 3.4.7. 'Estw ìti o A e�nai èna adi�spasto kai asjen�diag¸nio upèrtero p�naka. Tìte1. H mèjodo tou Jacobi sugkl�nei kai h JOR sugkl�nei gia 0 <

τ ≤ 1.2. H mèjodo GS sugkl�nei kai h EGS sugkl�nei gia 0 < τ ≤ 1.3. H mèjodo SOR sugkl�nei gia 0 < ω ≤ 1 kai h ESOR sug-kl�nei gia 0 ≤ ω ≤ τ ≤ 1, τ 6= 0.Apìdeixh. An S(B) ≥ 1, tìte up�rqei m�a idiotim  µ tou B tètoia¸ste |µ| ≥ 1. All� det(B − µI) = 0 kai det(I − µ−1B) = 0.E�nai fanerì ìti afoÔ o A e�nai adi�spasto ja e�nai kai o Q = I −
µ−1B, o opo�o e�nai kai asjen� diag¸nia upèrtero epeid  |µ−1| ≤ 1.All� apì to Je¸rhma 1.4.3 sunep�getai ìti detQ 6= 0 kai èqoumeant�fash. Sunep¸ S(B) < 1 kai h mèjodo tou Jacobi sugkl�nei.'Etsi logw tou Jewr mato 1.4.5 h (a) isqÔei. Sth sunèqeia aupojèsoume ìti S(Lω) ≥ 1, tìte gia k�poia idiotim  λ tou Lτ,ωèqoume |λ| ≥ 1. Epiplèon, det(Lτ,ω − λI) = det(H) = 0, ìpou

H = I − (
τ − ω + ωλ

λ+ τ − 1
)L− τ

λ+ τ − 1
U.126



Jètonta λ−1 = qeiθ me q kai θ pragmatikoÔ èqoume
|τ − ω + ωλ

λ+ τ − 1
| = [

(τ − ω)2q2 + 2ωq(τ − ω) cos θ + ω2

1− 2q(1− τ) cos θ + q2(1− τ)2
]1/2 ≤ ω + q(τ − ω)

1− q(1− τ)kajìson q ≤ 1, 0 ≤ ω ≤ τ kai τ ≤ 1. All�
1− ω + q(τ − ω)

1− q(1− τ)
=

(1− q)(1− ω)

1− q(1− τ)
≥ 0sunep¸

| τ

λ+ τ − 1
| ≤ |τ + ω(λ− 1)

λ+ τ − 1
| ≤ 1.To parap�nw apotèlesma de�qnei ìti o H e�nai asjen� diag¸nia upèr-tero. All� afoÔ o A e�nai adi�spasto, �ra detH 6= 0 kai èqoumeant�fash. Sunep¸, S(Lτ,ω) < 1 opìte isqÔei h (c) kai gia τ = ωeÔkola lamb�netai h (b). �Pìrisma 3.4.2. An o A e�nai austhr� diag¸nia upèrtero, tìteisqÔoun ta (a), (b), kai (γ) tou prohgoÔmenou jewr mato.Apìdeixh. ProkÔptei eÔkola apì to Pìrisma 1.4.1. �Sthn per�ptwsh ìpou o A èqei di�fore idiìthte p.q. jeti-k� orismèno k.�. e�nai dunatìn na brejoÔn jewr mata sÔgklish(bl.[Y oung℄[V arga℄) twn basik¸n epanalhptik¸n mejìdwn. Wstì-so ja perioristoÔme se dÔo mìno jewr mata, ta opo�a e�nai qara-kthristik� gia ti SOR kai SSOR mejìdou.Je¸rhma 3.4.8. An o A e�nai èna summetrikì p�naka me jetik�diag¸nia stoiqe�a, tìte h SOR mèjodo sugkl�nei an kai mìno an o

A e�nai jetik� orismèno kai 0 < ω < 2.Apìdeixh. (bl.[Y oung℄ sel. 113-114). �Je¸rhma 3.4.9. An o A e�nai summetrikì me jetik� diag¸niastoiqe�a, tìte oi idiotimè tou Lω e�nai pragmatikè kai mh arnhtikègia k�je pragmatikì ω. Ep�sh, an o A e�nai jetik� orismèno kai an
0 < ω < 2, tìte

S(Lω) < 1.Apìdeixh. (bl.[Y oung℄ sel. 463). �127



Sth sunèqeia ja prospaj soume na prosdior�soume ti bèlti-ste timè twn paramètrwn ω, τ pou upeisèrqontai sti epanalhpti-kè mejìdou prokeimènou na auxhje� h taqÔthta sÔgklis  tou.Je¸rhma 3.4.10. An o A e�nai èna summetrikì kai jetik� ori-smèno p�naka, tìte h JOR mèjodo sugkl�nei an kai mìnon an
0 < τ <

2

M(Â)
. (3.82)Epiplèon, h S(Bτ ) elaqistopoie�tai gia

τ0 =
2

M(Â) +m(Â)
(3.83)kai h ant�stoiqh tim  th d�netai apì ton tÔpo

S(Bτ0) =
P (Â)− 1

P (Â) + 1
(3.84)ìpou

Â = D−1/2AD1/2, P (Â) =
M(Â)

m(Â)kai M(Â), m(Â) sumbol�zoun th megalÔterh kai th mikrìterh idio-tim  tou Â, ant�stoiqa.Apìdeixh. Lìgw th upìjesh, o A èqei pragmatikè kai jetikèidiotimè, epiplèon ta diag¸nia stoiqe�a tou e�nai jetik� kai sunep¸up�rqei o D1/2. E�nai fanerì t¸ra ìti o D−1A e�nai ìmoio me ton
Â = D1/2AD−1/2 pr�gma pou shma�nei ìti èqoun ti �die idiotimè.Ep�sh o Â e�nai summetrikì kai jetik� orismèno (giat�;). 'Aralìgw tou Jewr mato 1.2.1 lamb�noume thn (3.82) san ikan  kaianagka�a sunj kh sÔgklish, en¸ efarmìzonta to Je¸rhma 1.2.2lamb�noume ti (3.83) kai (3.84). �Apì ton orismì th taqÔthta sÔgklish èqoume ìti
R(Bτ0) = − log S(Bτ0) = − log

P (Â)− 1

P (Â) + 1
≃ 2

P (Â)
για P (Â)≫ 1.(3.85)128



ParathroÔme loipìn ìti o arijmì twn epanal yewn gia th sÔgklishth JOR e�nai an�logo tou arijmoÔ sunj kh tou Â. To apotèle-sma autì de�qnei to bajmì ex�rthsh th apotelesmatikìthta th
JOR apì ton arijmì sunj kh tou p�naka Â. Prokeimènou ìmwna melet soume thn taqÔthta sÔgklish twn upolo�pwn epanalh-ptik¸n mejìdwn ja prèpei prohgoumèna na or�soume thn kl�sh twndiatetagmènwn pin�kwn me sunèpeia. Gia tou p�nake autoÔ h ta-qÔthta sÔgklish twn epanalhptik¸n mejìdwn E(GS) kai E(SOR)paramènei stajer . An èna p�naka èqei thn kat� om�de (block)tridiag¸nia morf 
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ìpou Di e�nai tetragwniko� p�nake, tìte o p�naka autì e�nai diate-tagmèno me sunèpeia (consistently ordered). E�nai dunatìn ìmwna or�soume kai m�a genikìterh kl�sh pin�kwn apì thn prohgoÔme-nh. Oi p�nake pou an koun sthn kl�sh aut  ja lème ìti èqoun thn�Idiìthta A�.Je¸rhma 3.4.11. 'Ena p�naka A èqei thn Idiìthta A an kaimìnon an o A e�nai èna diag¸nio p�naka   up�rqei èna metajetikìp�naka P tètoio ¸ste P−1AP na èqei th morf 

A′ = P−1AP =

[
D1 H
K D2

]

. (3.86)ìpou oi D1 kai D2 e�nai tetragwniko� diag¸nioi p�nake.Je¸rhma 3.4.12. An o p�naka A e�nai diatetagmèno me sunèpeia,o A èqei thn Idiìthta A.Je¸rhma 3.4.13. 'Ena p�naka A èqei thn Idiìthta A an kaimìnon an up�rqei metajetikì p�naka P tètoio ¸ste o A′ = P−1APna e�nai diatetagmèno me sunèpeia.Je¸rhma 3.4.14. An o p�naka A e�nai diatetagmèno me sunèpeia,tìte 129



1.
(λ+ ω − 1)2 = ω2µ2λ (3.87)ìpou λ e�nai mi� idiotim  tou Lω kai µ m�a idiotim  tou B kai2. An µ e�nai m�a idiotim  tou B me pollaplìthta p, tìte h −µe�nai ep�sh idiotim  tou B me pollaplìthta p.Pìrisma 3.4.3. An o p�naka A e�nai diatetagmèno me sunèpeia,tìte

λ = µ2, (3.88)ìpou λ e�nai m�a idiotim  tou L. Epiplèon,
S(L) = [S(B)]2 και R(L) = 2R(B). (3.89)Apì to Pìrisma 1.4.3 parathroÔme ìti an o p�naka A e�naidiatetagmèno me sunèpeia, tìte h taqÔthta sÔgklish th mejìdou

Gauss− Seidel e�nai dipl�sia apì eke�nh th mejìdou Jacobi. Sthsunèqeia d�nontai dÔo jewr mata ta opo�a apoteloÔn th b�sh thjewr�a th SOR mejìdou.Je¸rhma 3.4.15. An o A e�nai èna diatetagmèno me sunèpeiap�naka me mh mhdenik� diag¸nia stoiqe�a, tètoio ¸ste o B na èqeipragmatikè idiotimè, tìte
S(Lω) < 1 (3.90)an kai mìnon an 0 < ω < 2 kai S(B) < 1.Apìdeixh. (bl.[Y oung℄,[V arga℄). �O prosdiorismì th bèltisth tim  th ω sthn SOR mèjodod�netai apì to parak�tw je¸rhma.Je¸rhma 3.4.16. 'Estw ìti o A e�nai èna diatetagmèno me sunè-peia p�naka me mh mhdenik� diag¸nia stoiqe�a tètoio ¸ste o p�naka

B na èqei pragmatikè idiotimè kai µ = S(B) < 1. An ωb or�zetaiapì ton tÔpo
ωb =

2

1 +
√

1− µ̄2
, (3.91)tìte

S(Lωb
) = ωb − 1. (3.92)130



Apìdeixh. (bl[Y oung℄). �H melèth th S(Lω) san sun�rthsh th ω fa�netai sto sq ma(4.2). ParathroÔme loipìn apì to Sq ma 4.2, ìti ìso h ω aux�neiapì to 0 sto 1, h S(Lω) elatt¸netai grhgorìtera mèqri ìtou h
ω e�nai kont� sto ωb. Sto shme�o autì h el�ttwsh e�nai p�ra polÔapìtomh. Kaj¸ h ω suneq�zei na aux�nei, h S(Lω) aux�nei grammik�sthn tim  1 gia ω = 2. E�nai protimìtero loipìn na uperektimoÔmepar� na upoektimoÔme th bèltisth tim  th paramètrou ω. 'Osoafor� thn taqÔthta sÔgklish th mejìdou, aut  e�nai taqÔterhkat� m�a t�xh megèjou apì eke�nh th JOR gia th bèltisth tim  th
ω. Pr�gmati, apodeiknÔetai ìti (me ti upojèsei tou Jewr mato1.4.16)

R(Lωb
) ≃ 4

√

P (Â)
. (giat�;) (3.93)Apì thn (3.93) sunep�getai ìti o arijmì twn epanal yewn gia thnsÔgklish th SOR e�nai an�logo pro thn tetragwnik  r�za touarijmoÔ sunj kh tou p�naka A. H SOR loipìn epitugq�nei m�ashmantik  belt�wsh me thn kat�llhlh eklog  th paramètrou ω sesqèsh me ti mejìdou J ,JOR kai GS. 'Oso afor� ti mejìdou

SSOR kai PSD apodeiknÔetai ìti (i) h taqÔtht� tou e�nai an�loghme eke�nh th SOR gia m�a kathgor�a pin�kwn kai (ii) R(∆τ0,ω0
) ≃

2R(Fω0
), dhlad  ìti h taqÔthta sÔgklish th PSD e�nai dipl�siath SSOR.3.5 Upologistik  polupolokìthta thmejìdou tou JacobiSthn paroÔsa enìthta ja upolog�soume ton arijmì twn pr�xewn pouqrei�zontai se m�a epan�lhyh gia th mèjodo tou Jacobi. Anakal¸n-ta ton tÔpo th mejìdou tou Jacobi èqoume

u
(n+1)
i = b̂i +

n∑
j=1
j 6=i

âiju
(n)
j , i = 1(1)n, (3.94)ìpou

b̂i =
bi
aii

, i = 1(1)ν και âij =
aij
aii

, i = 1(1)ν, j = 1(1)ν, j 6= i.131



Sunep¸ o upologismì twn suntelest¸n bi kai aij apaite�
ν2 diairèsei.Sth sunèqeia parathroÔme apì ti (4.30) ìti gia k�je epan�lhyhapaitoÔntai ν − 1 pollaplasiasmo� kai ν − 1 prosjafairèsei giak�je sunist¸sa ( gia k�je i ). 'Ara gia ti ν sunist¸se tou u

(n+1)
ièqoume

ν(ν − 1) prosjafairèsei kai ν(ν − 1) pol/moÔ.An upojèsoume ìti apaitoÔntai κ epanal yei gia th sÔgklish thmejìdou tou Jacobi, tìte èqoume sunolik�
κν(ν − 1) = κν2 − κν prosjafairèsei

κν(ν − 1) + ν2 = (κ+ 1)2 − κν pol/moÔ.Agno¸nta ton ìro −κν stou anwtèrw tÔpou parathroÔme ìtih mèjodo tou Jacobi ja apaite� ligìtere pr�xei apì th mèjodoapaloif  tou Gauss an
κ + 1 ≤ ν

3
. (3.95)Pr�gmati, an ikanopoie�tai h (4.32), h mèjodo tou Jacobi apaite�ligìtere apì (bl.(4.32))

(
ν

3
− 1)ν2 =

ν3

3
− ν2 prosjafairèseikai

ν

3
· ν2 =

ν3

3
pol/moÔ.Stou anwtèrw upologismoÔ upojèsame ìti ìla ta stoiqe�a aij kai

bi e�nai di�fora tou mhdenì. Wstìso ìmw sthn pr�xh parousi�-zetai to fainìmeno ìpou o A e�nai araiì p�naka. En¸ ìtan qrh-simopoioÔme �mese mejìdou e�nai dÔskolo na l�boume upìyh thdom  tou p�naka, me ti epanalhptikè mejìdou autì e�nai efiktì(bl.p.q.(4.30)). 'Etsi ìloi oi suntelestè aij pou e�nai arqik� mhdèndiathroÔntai se ìlh th di�rkeia twn epanal yewn. An t¸ra p e�naio arijmì twn mh mhdenik¸n stoiqe�wn tou A, tìte h mèjodo tou
Jacobi qrei�zetai arqik� p diairèsei gia ton upologismì twn aij kai132



bi. Ep�sh, an upojèsoume ìti oi mhdeniko� suntelestè e�nai omoiì-morfa katanemhmènoi se k�je ex�swsh, tìte gia k�je m�a sunist¸saapaitoÔntai
p

ν
− 1 prosjafairèsei (3.96)kai
p

ν
− 1 pol/mo�.'Ara gia ton upologismì twn ν sunistws¸n èqoume

p− ν prosjafairèsei kai p− ν pol/moÔ.Tèlo, met� apì κ epanal yei ja èqoume èna sÔnolo apì
κ(p− ν) = κp− κν prosjafairèsei (3.97)kai

κ(p− ν) + p = κp+ p− κν pol/moÔ kai diairèsei.O arijmì a = p/ν2 ≤ 1 ekfr�zei thn puknìthta tou A. An agno- soume p�li ti arqikè p diairèsei kai ton ìro −κν sti (4.34)èqoume ìti h mèjodo tou Jacobi apaite� per�pou
κp = κaν2 prosjafairèseikai

κp = κaν2 pol/moÔ.Sunep¸, h mèjodo tou Jacobi qrei�zetai ligìtere pr�xei apì thmèjodo apaloif  tou Gauss an
κ ≤ ν

3a
, 0 < a < 1. (3.98)Apì ton tÔpo (4.35) parathroÔme ìti ìso h puknìthta tou A e�naimikr  tìso h pijanìthta na apaitoÔntai ligìtere pr�xei sth mè-jodo tou Jacobi. An�logo sumpèrasma isqÔei kai gia ti upìloipeepanalhptikè mejìdou. 133



3.6 Hmi-Epanalhptikè MèjodoiA jewr soume p�li thn akolouj�a twn dianusm�twn pou prokÔ-ptoun apì th basik  epanalhptik  mèjodo
u(n+1) = Gu(n) + k, n = 0, 1, 2, . . . (3.99)E�nai gnwstì apì th jewr�a tou ajro�smato twn akolouji¸n ì-ti suqn� e�nai dunatìn na anaptuqje� mi� nèa akolouj�a dianusm�twn

υ(0), υ(1), . . . tètoia ¸ste h nèa akolouj�a na sugkl�nei se per�ptwshpou den sugkl�nei h arqik    h nèa akolouj�a na sugkl�nei taqÔtera.H nèa akolouj�a mpore� na oriste� saw èna grammikì suduasmìth arqik  akolouj�a. 'Etsi or�zoume thn akolouj�a
υ(n) =

n∑

k=1

ak(n)u
k, n = 0, 1, 2, . . . (3.100)thn opo�a kaloÔme hmi-epanalhptik  (Semi-Iterative (SI)) mèjodo sesqèsh me thn (3.99). E�nai hmi-epanalhptik  giat� pr¸ta ekteloÔmethn epan�lhyh me thn (3.99) kai sth sunèqeia sundu�zoume alge-brik� autè ti epanal yei qrhsimopoi¸nta th (3.100). MporoÔmep.q. na jèsoume

ak(n) =
1

n+ 1opìte ta dianÔsmata υ(n) e�nai oi mèse timè twn u(n), pr�gma pouantistoiqe� akrib¸ sto �jroisma tou Cesaro (C, 1). O antikeimeni-kì skopì ma e�nai na prosdior�soume tou stajerìÔ suntelestè
ak(n) th (3.100) ètsi ¸ste h taqÔthta sÔgklish th nèa epanalh-ptik  mejìdou na e�nai megalÔterh apì eke�nh th (3.99). Katarq nan upoteje� ìti to arqikì di�nusma u(0) th (3.99) sump�ptei me thnalhj  lÔsh u tou sust mato tìte ja èqoume

u(n) = u, n = 0, 1, 2, . . .Sthn per�ptwsh aut  apaitoÔme kai
υ(n) = u, n = 0, 1, 2, . . .opìte apì thn (3.100) lamb�noume

n∑

k=1

ak(n) = 1, n = 0, 1, 2, . . . (3.101)134



Prokeimènou na analÔsoume thn taqÔthta sÔgklish mia hmi-epanalhptik mejìdou ìrizoume ta di�nÔsmata
ǫ(n) = u(n) − u kai η(n) = υ(n) − u (3.102)Apì ti (3.100) kai (3.101) èqoume

η(n) =

n∑

k=0

ak(n)u
k −

n∑

k=0

ak(n)u =

n∑

k=0

ak(n)ǫ
(n). (3.103)Epeid  ìmw

ǫ(k) = Gkǫ(0)h (3.103) d�nei
η(n) =

( n∑

k=0

ak(n)G
k
)

ǫ(0) (3.104)Or�zonta to polu¸numo Pn(x) apì th sqèsh
Pn(x) =

n∑

k=0

ak(n)x
k, n = 0, 1, 2, . . . (3.105)h (3.104) gr�fetai san

η(n) = Pn(G)ǫ(0) = Pn(G)η(0) (3.106)ìpou Pn(G) e�nai èna polu¸numo tou p�naka G. O monadikì perio-rismì gia ta polu¸numa Pn(x) e�nai Pn(1) = 1 lìgw th (3.101).Ep�sh apì thn (3.106) èqoume
||η(n)||2 = ||Pn(G)ǫ(0)||2 ≤ ||Pn(G)||2||η(0)||2. (3.107)Apì thn (3.107) parathroÔme ìti elatt¸nonta thn ||Pn(G)||, elat-t¸netai h ||η(n)||, dhlad  ta sf�lmata th hmiepanalhptik  mejìdou,ètsi odhgoÔmaste sto prìblhma th elaqistopo�hsh th posìth-ta ||Pn(G)|| ìpou Pn(G) = α0(n)I + α1(n)G + . . . + αn(n)(G)nme Pn(1) = 1. Sto shme�o autì upojètoume ìti o p�naka G èqeipragmatikè idiotimè λi tètoie ¸ste

α ≤ λi ≤ β < 1 (3.108)epomènw
||Pn(G)||2 = S(Pn(G)) = max

λi

|Pn(λi)| ≤ max
α≤λ≤β

|Pn(λ)|. (3.109)135



E�nai fanerì ìti èqoume to akìloujo prìblhma elaqistopo�hsh
min

Pn(1)=1
{ max
α≤λ≤β<1

|Pn(λ)|} (3.110)ìpou Pn(λ) e�nai èna pragmatikì polu¸numo. H lÔsh tou parap�nwprobl mato e�nai gnwst  kai d�netai me th qr sh twn poluwnÔmwntou Chebyshev. Prin ìmw proqwr soume sth lÔsh tou parap�nwprobl mato apeikon�zoume to di�sthma α ≤ λ ≤ β sto di�sthma
−1 ≤ γ ≤ 1 diamèsou tou metasqhmatismoÔ

γ =
2λ− (β + α)

β − α
(3.111)Or�zonta to polu¸numo Qn(γ) apì th sqèsh

Qn(γ) = Pn

((β − α)γ + β + α

β − α

)èqoume ìti
Pn(λ) = Qn

(2λ− (β + α)

β − α

) (3.112)�ra
max
α≤λ≤β

|Pn(λ)| = max
−1≤γ≤1

|Qn(γ)| (3.113)me Pn(1) = Qn(z) = 1, z = γ(1) = 2−(α+β)
β−α

> 1 afoÔ 2−(α+β) > 0,
β − α > 0 kai [2 − (α + β)]− (β − α) = 2 − 2β > 0. To prìblhmama dhlad  t¸ra e�nai na breje� to polu¸numo Qn(γ) n-stoÔ bajmoÔ  mikrotèrou tètoio ¸ste Qn(z) = 1 kai h posìthta

max
−1≤γ≤1

|Qn(γ)| (3.114)na g�nei el�qisth. H lÔsh sto parap�nw prìblhma d�netai apì toakìloujo je¸rhma.Je¸rhma 3.6.1. 'Estw n èna stajerì mh arnhtikì akèraio kai
z opoiosd pote stajerì pragmatikì arijmì tètoio ¸ste z > 1.An jèsoume

Pn(x) = Tn(x)/Tn(z) (3.115)136



ìpou Tn(x) e�nai to polu¸numo Chebyshev n-stoÔ bajmoÔ pou d�netaiapì thn
Tn(x) = cos(ncos−1x) =

1

2

[

(x+
√
x2 − 1)n + (x+

√
x2 − 1)−n)

]

= cosh(ncosh−1x)tìte
Pn(z) = 1

max
−1≤x≤1

|Pn(x)| =
1

Tn(z)
. (3.116)Epiplèon, an Q(x) e�nai opoiod pote polu¸numo bajmoÔ n   mikro-tèrou tètoio ¸ste Q(z) = 1 kai

max
−1≤x≤1

|Q(x)| ≤ max
−1≤x≤1

|Pn(x)|tìte
Q(x) ≡ P (x)Apìdeixh. ( bl. [Young℄ sel. 303 ) �Apì to prohgoÔmeno je¸rhma èqoume ìti to polu¸numo Qn(γ)pou elaqistopoie� thn posìthta (3.114) d�netai apo thn
Qn(γ) =

Tn(γ)

Tn(z)
(3.117)ep�sh

max
−1≤γ≤1

|Qn(γ)| =
1

Tn(z)
= 1
/

Tn

(2− (β + α)

β − α

)

. (3.118)Epomènw èqoume
Pn(λ) = Qn

(2λ− (β + α)

β − α

)

= Tn

(2λ− (β + α)

β − α

)/

Tn

(2− (β + α)

β − α

)(3.119)Epeid  z > 1 kai Tn(z) > 1 èpetai ìti h hmiepanalhptik  mèjodosugkl�nei akìmh kai an h basik  mèjodo (3.99) den sugkl�nei, afoÔ
||Pn(G)||2 = 1/Tn(z) < 1 (3.120)137



'Estw T0(x) = 1, T1(x) = x, T2(x) = 2x2 − 1 èqoume
P0(µ) =

T0(γ)

T0(z)
= 1�ra a0(0) = 1, ep�sh

P1(µ) =
T1(γ)

T1(z)
=

2µ− (α+ β)

2− (α + β)
= a1(1)µ+ a0(1)�ra

a0(1) = −[β + α]/[2− (β + α)]kai
a1(1) = 2/[2− (β + α)].An�loga èqoume

P2(µ) =
[

2
(2µ− (β + α)

β − α

)2

− 1
]/[

2
(2− (β + α)

β − α

)2

− 1
]

= a2(2)µ
2 + a1(2)µ+ a0(2)opìte br�skoume

a2(0) =
(α + β)2 + 4αβ

(α + β)2 + 8(1− α− β) + 4αβ

a2(1) =
−8(α + β)2

(α + β)2 + 8(1− α− β) + 4αβ

a2(2) =
8

(α + β)2 + 8(1− α− β) + 4αβSuneq�zonta ja mporoÔsame na prosdior�soume ta ak(n) gia opoi-d pote n. Wstìso up�rqei èna �llo trìpo o opo�o anaptÔsei mi�sqèsh metaxÔ twn v(n+1), v(n) kai v(n−1) ètsi ¸ste na e�nai dunatìn naupologiste� to v(n+1)qwr� na apaite�tai o upologismì tou u(n+1).O trìpo autì qrhsimopoie� thn akìloujh anadromik  sqèsh twnpoluwnÔmwn Chebyshev

Tn+1(x) = 2Tn(x)− Tn−1(x), n ≥ 1 (3.121)Apì thn (3.119) èqoume
Pn(G) = Tn(

2G− (β + α)I

β − α
)/Tn(z) (3.122)138



sunep¸ apì thn (3.106) èqoume
η(n+1) = Pn+1(G)ǫ(0) =

[

Tn+1

(2G− (β + α)I

β − α

)/

Tn+1(z)
]

ǫ(0)(3.123)  lìgw th (3.121)
η(n+1) =

[

2
(2G− (β + α)I

β − α

)

Tn

(2G− (β + α)I

β − α

)

− Tn−1

(2G− (β + α)I

β − α

)]/

Tn−1(z)ǫ
(0).(3.124)Lìgw ìmw th (3.123) èqoume

η(n) =
[

Tn

(2G− (β + α)I

β − α

)/

Tn(z)
]

ǫ(0)kai
η(n−1) =

[

Tn−1

(2G− (β + α)I

β − α

)/

Tn−1(z)
]

ǫ(0)ètsi h (3.124) gr�fetai
η(n+1) = 2

[2G− (β + α)I

β − α

] Tn(z)

Tn+1(z)
η(n) − Tn−1(z)

Tn+1(z)
η(n−1). (3.125)Epomènw lìgw th (3.102) èqoume

v(n+1) =2
(2G− (β − α)I

β − α

) Tn(z)

Tn+1(z)
v(n) − Tn−1(z)

Tn+1(z)
v(n−1)

+
[

I − 2
(2G− (β − α)I

β − α

) Tn(z)

Tn+1(z)
+

Tn−1(z)

Tn+1(z)

]

u (3.126)All� o teleuta�o ìro mèsa sti parenjèsei gr�fetai diadoqik�
2
[

zI−
(2G− (β − α)I

β − α

)] Tn(z)

Tn+1(z)
u =

4(I −G)

β − α

Tn(z)

Tn+1(z)
=

4

β − α

Tn(z)

Tn+1(z)
k(3.127)epeid  u = Gu+ k. Epomènw gia n ≥ 1 èqoume

v(n+1) = 2
[ 2

β − α
G−β + α

β − α
I
] Tn(z)

Tn+1(z)
v(n)−Tn−1(z)

Tn+1(z)
v(n−1)+

4

β − α

Tn(z)

Tn+1(z)
k(3.128) 

v(n+1) = ρ̂n+1

[

ρ̄(Gv(n)+k)+(1− ρ̄)v(n)
]

+(1− ρ̂n+1)v
(n−1) (3.129)139



ìpou
ρ̄ =

2

2− (β − α)kai
ρ̂ =

2zTn(z)

Tn+1(z)
, n ≥ 1. (3.130)Apì thn (3.122) èqoume

P1(G) =
2G− (β + α)I

2− (β + α)epeid  T1(x) = x, en¸ apì thn (3.128)
v(1) − u =

2G− (β + α)I

2− (β + α)
(u(0) − u)Sunep¸

v(1) =
2G− (β + α)I

2− (β + α)
u(0) +

[

I − 2G− (β + α)I

2− (β + α)

]

u. 
v(1) =

2G− (β + α)I

2− (β + α)
u(0) +

2(I −G)

2− (β + α)
u 

v(1) = ρ̄(Gu(0) + k) + (1− ρ̄)u(0). (3.131)Sunoy�zonta èqoume ìti oi (3.129) kai (3.131) d�nontai apì ton tÔpo
v(n+1) = ρ̂

[

ρ̄(Gu(n) + k) + (1− ρ̄)u(n)
]

+ (1− ρ̂n+1)v
(n−1) (3.132)ìpou

ρ̄ =
2

2− (α + β)
(3.133)

ρ̂1 = 1kai
ρ̂n =

2zTn−1(z)

Tn(z)
, n = 2, 3, · · · (3.134)afoÔ v(0) = u(0). Epeid  ìmw Tn+1(z) = 2zTn(z)− Tn−1(z) �ra

ρ̂n+1 = (1− 1

4z2
ρ̂n)

−1, n = 2, 3, · · · (3.135)140



ep�sh
ρ̂2 = 2zT1(z)/T2(z) = 2z2(2z2 − 1)−1.Apì ta parap�nw èqoume ìti h akolouj�a twn paramètrwn {ρ̂n}, n =

1, 2, · · · mpore� na grafe� diaforetik�, w ex :
v(n+1) = ρ̂n+1[ρ̄(Gv(n)+k)+ (1− ρ̄)v(n)]+ (1−ρn+1)v

(n−1) (3.136)ìpou
ρ̄ =

2

2− (α+ β)
(3.137)

ρ1 = 1, ρ2 = (1− 1

2
σ2)−1

ρn+1 = (1− 1

4
σ2)−1, n ≥ 2 (3.138)kai

σ =
β − α

2− (β + α)
(3.139)Tèlo apodeiknÔetai ìti (bl. V arga, 1962)

lim
n→∞

ρn = ρ∞ =
2

1 +
√
1− σ2

(3.140)Sth sunèqeia ja exet�soume th sÔgklish th hmiepanalhptik  me-jìdou (3.136). H fasmatik  akt�na th hmiepanalhptik  mejìdoue�nai
S(Pn(G)) = max

α≤λ≤β
Pn(λ) = 1/Tn(z). (3.141)Epeid  ìmw

Tn(x) = cos(n cos−1 x) =
1

2
[(x+

√
x2 − 1)n + (x−

√
x2 − 1)−n]èpetai ìti

Tn(z) =
1 + τn

2τn/2ìpou
τ ≡ 1−

√
1− σ2

1 +
√
1 + σ2

(3.142)'Ara
S(Pn(G)) =

2τn/2

1 + τn
(3.143)141



Sunep¸ h mèsh taqÔthta sÔgklish th hmiepanalhptik  mejìdoue�nai:
Rn(Pn(G)) = −1

n
log S(Pn(G)) = −1

2
log τ − 1

n
log(

2

1 + τn
)(3.144)kai h asumptwtik  taqÔthta sÔgklish e�nai

R∞(Pn(G)) = −1
2
log τ. (3.145)Apì ti (3.140) kai (3.142) èqoume ìti τ = ρ∞ − 1 �ra

lim
n→∞

[S(Pn(G))]1/n = (ρ∞−1)1/2 kai R∞(Pn(G)) = −1
2
log(ρ∞−1)Sth sunèqeia sugkr�noume thn hmiepanalhptik  mèjodo (3.136) methn epitaquntik  morf  th basik  epanalhptik , dhlad  thn

u(n+1) = ρ̄(Gu(n) + k) + (1− ρ̄)u(n) (3.146)ìpou
ρ̄ =

2

2− (β + α)
(3.147)kai

S(Gρ̄) =
β − α

2− β − α)
= σ (giat�; ) (3.148)opìte

R∞(Gρ̄) = − log σ (3.149)All�
− log σ ∼ 1− σ, σ → 1−kai

R∞(Pn(G)) = −1
2
log τ ∼

√
1− σ2 ∼

√
2
√
1− σ (3.150)gia σ → 1−. Sundu�zonta ti (3.150) kai (3.149) br�skoume

R∞(Pn(G)) ∼
√
2
√

R∞(Gρ̄) (3.151)Sunep¸ gia σ kont� sth mon�da h hmiepanalhptik  mèjodo e�naikat� m�a t�xh megèjou taqÔterh apì thn (3.146). San par�deigma ajewr soume thn per�ptwsh ìpou β = −α = 0.99, tìte σ = 0.99 kai
τ ≃ 0.753. O arijmì twn epanal yewn gia thn el�ttwsh th normtou dianÔsmato sf�lmato mikrìterh tou 10−6 qrhsimopoi¸ntathn (3.146) e�nai per�pou 1375, en¸ e�nai 98 gia thn hmiepanalhptik mèjodo. 142



3.6.1 Mèjodoi Metablht  Parektrop (Variable Extrapolation)Sthn prohgoÔmenh par�grafo èqei perigrafe� pw e�nai dunatìn nakataskeuasje� mia plèon apotelesmatik  epanalhptik  mèjodo meth qr sh twn hmiepanalhptik¸n teqnik¸n. Ep�sh anafèroume ìtisth nèa mèjodo k�je di�nusma v(n+1) apaite� ton upologismì twn dÔoprohgoumènwn dianumatwn v(n) kai v(n−1). An o upologist  e�naiperiorismènh qwrhtikìthta mn mh, tìte mporoÔme na jewr soumeènan �llo tÔpo gia thn epit�qunsh th basik  epanalhptik  me-jìdou (1). Autì mpore� na epiteuqje� epitrèponta na metab�letaih par�metro ρ sthn epitaquntik  morf  th basik  epanalhptik mejìdou, dhlad  thn
u(n+1) = ρ(Gu(n) + k) + (1− ρ)u(n) (3.152)'Etsi loipìn odhgoÔmaste sthn nèa epitaquntik  morf 

u(n+1) = θn+1(Gu(n) + k) + (1− θn+1)u
(n), (3.153)ìpou θ1, θ2, · · · e�nai oi par�metroi epan�lhyh.H idèa aut  èqei parousiaste� apì ton Richardson[1910℄ kaièqei efarmoste� sth sugkekrimènh morf  (3.152). Oi par�metroiepan�lhyh θn epilègontai me thn kuklik  seir�

θ1, θ2, · · · θm, θ1, θ2, · · · ìpou m e�nai akèraio. Apì thn (3.153) giadedomèna θ1, θ2, · · · , θm èqoume
u(m) = Pm(G)u(0) + km, (3.154)gia èna kat�llhlo di�nusma km kai to Pm(G) e�nai to polu¸numo

Pm(G) =
m∏

k=1

(θkG+ (1− θk)I), (3.155)Akolouj¸nta thn an�lush th prohgoÔmenh paragr�fou sumpe-ra�netai ìti to elaqistopoihmèno polu¸numo Pm(m) d�netai apì tontÔpo
Pm(µ) =

Tm

(
2µ−(β+α)

β−α

)

Tm

(
2−(β+α)

β−α

) . (3.156)143



Oi par�metroi epan�lhyh θk mporoÔn na prosdiorisjoÔn exis¸non-ta ti r�ze twn (3.155) kai (3.156). Etsi loipìn oi timè twnparamètrwn θk prokÔptoun apì ton tÔpo
θk =

2

2− (β − α) sun (2k−1)π
2m

− (β + α)
, k = 1, 2, · · · , m.(3.157)H ideat  fasmatik  akt�na th (3.153) mpore� na epalhjeuje� apìthn (3.156) ìti e�nai

S(Plm(G)) =

(
2rm/2

1 + rm

)l (3.158)ìpou l e�nai èna akèraio pou prosdior�zei ton arijmì twn kÔklwn.Apì ti (3.158) kai (45) mporoÔme na diapistwje�, ìti kaj¸ to maux�nei, h taqÔthta sÔgklish te�nei se aut n th hmiepanalhptik mejìdou.Omw, ta peiramatik� apotelèsmata (Y oung[1954a,1956℄, Y oungkai Warlick[1953℄) de�qnoun ìti gia meg�la m endèqetai na parath-rhje� arijmhtik  ast�jeia. Ep�sh, den e�nai epijumhtì na epilege�to m polÔ meg�lo epeid  h sÔgklish anamènetai met� apì lm epana-l yei.3.6.2 Mèjodoi Deutèrou BajmoÔ (Second-

Degree) (SD)Mi� epitaquntik  epanalhptik  mèjodo parìmoia me thn (38) mpore�na prokÔyei an jewr soume stajerè paramètrou epan�lhyh. Piìsugkekrimèna, an ekfr�soume thn (38) sthn isodÔnamh morf  (ìpou
v jètoume u)
u(n+1) = u(n) + (ρn+1 − 1)

(
u(n) − u(n−1)

)
+

2ρn+1

2− (α + β)

(
Gu(n) + k − u(n)

)(3.159)kai jèsoume ξ = ρn+1 − 1 kai η =
2ρn+1

2− (α+ β)
, tìte prokÔptei hepanalhptik  mèjodo deutèrou bajmoÔ(Second−Degree)

u(n+1) = u(n) + ξ
(
u(n) − u(n−1)

)
+ η

(
Gu(n) + k − u(n)

) (3.160)144



H morf  th (3.160) e�nai mia eidik  per�ptwsh th grammik  stati-k  epanalhptik  mejìdou deutèrou bajmoÔ pou d�netai w ex 
u(n+1) = G1u

(n) +H1u
(n−1) + k1 (3.161)Sth sunèqeia (bl. Golub kai V arga [1961℄) h (3.161) mpore� nagrafe� w ex 





u(n)

u(n+1)



 =





O I

H1 G1



 ·





u(n−1)

u(n)



+





O

k1



 (3.162)H epanalhptik  mèjodo (3.162) sugkl�nei an kai mìno �n
S(M) < 1 (3.163)ìpou

M =





O I

H1 G1



 (3.164)'Etsi loipìn, an l e�nai mia idiotim  tou M , tìte oi r�ze th ex�swsh
det(λ2I − λG1 −H1) = 0 (3.165)prèpei na e�nai mikrìtere th mon�da , ètsi ¸ste na isqÔei h (3.163).Sthn per�ptwsh th (3.160) h (3.165) g�netai

det
(
λ2I − λ (ηG+ (1− η + ξ)I) + ξI

)
= 0 , (3.166)opìte an µ e�nai mia idiotim  tou G, tìte isqÔei

λ2 − λ(ηµ+ 1− η + ξ) + ξ = 0 · (3.167)Gia stajerì ξ h fasmatik  akt�na, pou e�nai h max
µ
|λ|, elaqisto-poie�tai ìtan

(ηµ+ 1− η + ξ)2 = 4ξ (3.168)'Etsi (apì (7.9)) èqoume ìti
η(β − 1) + 1 + ξ = 2ξ

1

2 (3.169)145



kai
η(α− 1) + 1 + ξ = −2ξ 1

2 · (3.170)Sunep¸, me prìsjesh twn (3.169) kai (3.170) mpore� na prosdiori-ste� to h apì thn sqèsh
η =

2(1 + ξ)

2− (β + α)
· (3.171)Epiplèon, apì thn (3.171) kai mi� apì ti (3.169) , (3.170) h kalÔ-terh eklog  gia to ξ e�nai h akìloujh

ξO = ω̂O − 1 (3.172)ìpou
ω̂O =

2

1 +
√
1− σ2

· (3.173)kai σ ìpw or�zetai sthn (41).Telik�, apì ti (3.172) kai (3.173) h kalÔterh tim  tou η pro-kÔptei apì thn èkfrash
ηO =

2ω̂O

2− (β + α)
· (3.174)Apì ti (3.172), (3.173), (3.167) kai (45) h fasmatik  akt�na tou Md�netai w ex 

S(M) = (ω̂O − 1)
1

2 = r
1

2 , (3.175)opìte h taqÔthta sÔgklish e�nai
R(M) = −1

2
logr (3.176)h opo�a e�nai sugkr�simh me eke�nh pou prokÔptei gia ti hmiepanalh-ptikè teqnikè. Ep�sh, apì ti (3.175) kai (46) sumpera�noume ìtih taqÔthta sÔgklish th hmiepanalhptik  kai th mejìdou deutè-rou bajmoÔ exart�tai apì thn posìthta r. Ex�llou, èqei apodeiqje�(bl. Y oung kai Kincaid [1969℄) ìti h hmiepanalhptik  mèjodo pa-rousi�zei megalÔterh epit�qunsh apì thn mèjodo deutèrou bajmoÔ.146



Autì �llwste anamènetai, diìti oi suntelestè sthn mèjodo deutè-rou bajmoÔ e�nai stajero�, en¸ sthn hmiepanalhptik  mèjodo e�naimetablhtè. Omw, sti hmiepanalhptikè mejìdou, qrei�zetai naapojhkeÔontai dÔo dianÔsmata sthn k�je epan�lhyh kai sunep¸h apa�thsh gia apoj keush mpore� na e�nai kr�simh gia meg�la su-st mata exis¸sewn   se upologistè me periorismènh qwrhtikìthtamn mh.3.6.3 Mèjodo twn Suzug¸n KateujÔnse-wn
(Conjugate Gradient)Sthn par�grafo aut  melet�tai sÔntoma h mèjodoConjugateGradient(CG)h opo�a èqei protaje� arqik� apì tou Hestnenes kai Stiefel [1952℄,

Stiefel[1952℄ w mia epanalhptik  mèjodo gia thn ep�lush meg�lwnarai¸n grammik¸n susthm�twn (Reid[1971℄).A jewr soume p�li to grammikì sÔsthma
Au = b (3.177)ìpou A e�nai èna N×N summetrikì kai jetik� orismèno p�naka.H mèjodo sthr�zetai sto gnwstì apotèlesma beltistopo�hsh tou

Luenberger(1973).Je¸rhma : An o p�naka A e�nai pragmatikì summetrikì kaijetik� orismèno tìte h ep�lush tou grammikoÔ sust mato Au = be�nai isodÔnamh me thn elaqistopo�hsh th tetragwnik  sun�rthsh
Q(u) =

1

2
(u,Au)− (u, b) = const (3.178)Ep�sh h sun�rthshQ(u) gia u = A−1b èqei el�qisth tim  1

2
(b, A−1b).H tetragwnik  sun�rthsh (3.178) or�zei mia oikogèneia omo�wn el-leiyoeid¸n ston N-di�stato Eukle�dio q¸ro, ta opo�a èqoun koinìkèntro to A−1b, shme�o sto opo�o h Q(u) pa�rnei thn el�qisth tim th. Gia èna auja�reto di�nusma u(n), to upìloipo r(n) d�netai apì147



ton tÔpo
r(n) = b−Au(n) = − [Grad Q(u)]

1
u(n) (3.179)kai autì e�nai p�ntote k�jeto prì thn epif�neia tou elliyoeidoÔpou or�zetai apì thn (3.178). Etsi loipìn, epidi¸koume na fj�sou-me sth lÔsh A−1b, dhlad  sto kèntro tou elleiyoeidoÔ, me miaakolouj�a dianusm�twn metatìpish th morf 

u(n+1) = u(n) + ǫnp
(n) (3.180)ìpou p(n) e�nai mia auja�reth dieÔjunsh kai ǫn e�nai mia auja�rethstajer�.To prìblhma loipìn an�getai sto na prosdioristoÔn ta ǫn ètsi¸ste h tetragwnik  sun�rthsh Q(u(n+1)) na elaqistopoie�tai giamia doje�sa dieÔjunsh p(n). Apì ti (3.178) kai (3.180) èqoume ìtih Q(u(n+1)) d�netai apì ton tÔpo

Q(u(n+1)) =
1

2

(
(u(n) + ǫnp

(n)), A(u(n) + ǫnp
(n))
)
−
(
(u(n) + ǫnp

(n)), b
)(3.181)ìpou

ϑQ(u(n+1))

ϑǫn
=

(
p(n), A(u(n) + ǫnp

(n))
)
− (p(n), b)

= −(p(n), r(n)) + (ǫnp
(n), Ap(n))· (3.182)H bèltisth tim  tou en prokÔptei jètonta thn èkfrash (3.182) �shme mhdèn, apì thn opo�a �mesa prokÔptei

ǫn =
(p(n), r(n))

(p(n), Ap(n))
· (3.183)Ep�sh, me th qr sh tou orismoÔ tou u(n+1) sthn (3.180) kai thtim  pou proèkuye gia to en, èqoume

(p(n), r(n+1)) =
(
p(n), (b−Au(n+1))

)
=
(
p(n), (r(n) − ǫnAp

(n))
)
= 0(3.184)1 ìpou [Grad Q(u)]u(n) anaparist� èna di�nusma me sunist¸se

ϑQ(u(n))

ϑui

, i = 1, 2, · · · , n 148



pou shma�nei ìti h dieÔjunsh p(n) kai to upìloipo r(n+1) e�nai orjo-g¸nia.H eklog  tou dianÔsmato dieÔjunsh p(n) diaforopoie� pollèmejìdou, oi opo�e sugkl�noun gia èna dojèn p(n). An jèloume na e-pilèxoume to p(n) na br�sketai kat� m ko th gramm  th steepest
descent, tìte apl� pa�rnoume p(n) = r(n) kai apì ti (3.180) kai(3.183) �mesa or�zoume thn gnwst  mèjodo Steepest Descent hopo�a ìmw se pollè peript¸sei parousi�zei mia polÔ arg  sÔg-klish.Mia kalÔterh strathgik  gia thn eklog  th dieÔjunsh p(n)bas�zetai sto ìti to kèntro tou elliyoeidoÔ br�sketai p�nw stoep�pedo to suzugè w pro mia doje�sa qord . Etsi, an eklèxoumeta dianÔsmata p(0), p(1), · · · , p(N−1) na e�nai an� dÔo suzug , dhlad na isqÔei

(p(i), Ap(j))) = 0 (3.185)gia i 6= j, tìte me ton prosdiorismì tou p(n+1) apì ton tÔpo
p(n) = r(n) + an−1p

(n−1) (3.186)kai me sunduasmì twn (3.185) kai (3.186) prokÔptei
(p(n), Ap(n−1)) = (r(n), Ap(n−1)) + (an−1p

(n−1), Ap(n−1)) = 0(3.187)kai telik�
an−1 =

(r(n), Ap(n−1))

(p(n−1), Ap(n−1))
(3.188)H eklog  aut  tou p(n) ma odhge� sto epanalhptikì sq ma thmejìdou Conjugate Gradient(CG), pou or�zetai w akoloÔjw

u(n+1) = u(n) + ǫnp
(n), n = 0, 1, 2, · · · , m− 1 (3.189)

r(n) = b−Au(n), n = 0, 1, 2, · · · , m (3.190)
p(n) =







0 , n = −1

r(n) + an−1p
(n−1) , n = 0, 1, 2, · · · , m− 1

(3.191)149



an−1 =







0 , n = 0

− (r(n), Ap(n−1))

(p(n−1), Ap(n−1))
, n = 0, 1, 2, · · · , m− 1

(3.192)ìpou m e�nai o mikrìtero akèraio tètoio ¸ste na isqÔei
r(m) = 0 . (3.193)Sth sunèqeia sunoy�zoume orismène basikè idiìthte th mejìdou

CG (bl. Beckmann [1960℄)
(r(i), r(j)) = 0 i 6= j , i, j = 0, 1, 2, · · · , m− 1

(p(i), Ap(j)) = 0 i 6= j , i, j = 0, 1, 2, · · · , m− 1

p(i) 6= 0 , i = 0, 1, 2, · · · , m− 1

m ≤ N

kai

an−1 =
(r(n), r(n))

(r(n−1), r(n−1))
, n = 1, 2, · · · , m− 1

(3.194)
Apì thn (3.193) sumpera�netai ìti h epanalhptik  mèjodo CG sug-kl�nei se N to polÔ epanal yei, ìpou N e�nai h t�xh tou p�naka
A. An kai h mèjodo CG jewrhtik� d�nei mia akrib  lÔsh se Nepanal yei, autì den sumba�nei pragmatik� sthn pr�xh, ìpou tosf�lma stroggÔleush ephre�zei drastik� thn orjogwniìthta twnupolo�pwn. Gia to lìgo autì èqoun g�nei sthn mèjodo CG k�poietropopoi sei kai belti¸sei (bl. Rutishauer [1959℄,Daniel [1967℄,
Reid [1971℄, Axelson[1974℄ kai Evans[1973℄).Mia endiafèrousa tropopo�hsh th mejìdou CG e�nai h dia-tÔpws  th w mia mejìdou deutèrou bajmoÔ, sthn opo�a o ìro
u(n+1) ekfr�zetai sunart sei twn dÔo prohgoumènwn tou u(n) kai
u(n−1). Antikajist¸nta ìpou n to n− 1 sthn (3.189) èqoume

u(n) = u(n−1) + ǫn−1p
(n−1) (3.195)150



 
an−1

ǫn−1
ǫnu

(n) =
an−1

ǫn−1
ǫnu

(n−1) + ǫnan−1p
(n−1) (3.196)opìte me apaloif  tou p(n−1) qrhsimopoi¸nta thn (3.191) prokÔptei

an−1

ǫn−1

ǫnu
(n) =

an−1

ǫn−1

ǫnu
(n−1) + ǫn(p

(n) − r(n)) (3.197)kai telik� me apaloif  tou p(n) sthn (3.189) prokÔptei
u(n+1) =

(

1 +
ǫn
ǫn−1

αn−1

)

u(n) − ǫn
ǫn−1

αn−1u
(n−1) + ǫnr

(n) (3.198)h opo�a mpore� na grafe� sth piì suneptugmènh morf 
u(n+1) = ρn+1(u

(n) + γn+1r
(n)) + (1− ρn+1)u

(n−1) (3.199)ìpou
rn+1 = 1 +

ǫn
ǫn−1

αn−1 (3.200)kai
γn+1 =

ǫn
ρn+1

· (3.201)Sth sunèqeia gia thn aplopo�hsh twn ekfr�sewn twn ρn+1 kai
γn+1 ekfr�zoume autè sunart sei orismènwn eswterik¸n ginomè-nwn. Piì sugkekrimèna, ekfr�zoume thn (3.199) sunart sei twnupolo�pwn me qr sh th (3.190), opìte prokÔptei

r(n+1) = ρn+1(r
(n) − γn+1Ar

(n)) + (1− ρn+1)r
(n−1) (3.202)An t¸ra p�roume to eswterikì ginìmeno twn dÔo mel¸n th (3.202)me to r(n), tìte apì thn (3.194) prokÔptei

0 = ρn+1

(
(r(n), r(n))− γn+1(r

(n), Ar(n))
) (3.203)kai epeid  ρn+1 6= 0 prokÔptei

γn+1 =
(r(n), r(n))

(r(n), Ar(n))
(3.204)151



Ex�llou, an p�roume to eswterikì ginìmeno twn dÔo mel¸n th(3.202) me to r(n−1) prokÔptei
0 = ρn+1

(
−γn+1(r

(n−1), Ar(n))
)
+ (1− ρn+1)

(
r(n−1), r(n−1)

)(3.205) 
rhon+1 =

[

1 +
(r(n−1), Ar(n))

(r(n−1), r(n−1))
· γn+1

]−1

· (3.206)Epiplèon, antikajist¸nta ìpou n to n− 1 sthn (3.202) èqoume
r(n) = ρn(r

(n−1) − γnAr
(n−1)) + (1− ρn)r

(n−2) (3.207)kai an p�roume to eswterikì ginìmeno twn dÔo mel¸n me to r(n)prokÔptei
(r(n−1), Ar(n)) = −(r

(n), r(n))

γnρn
(3.208)ètsi loipìn h (3.206) g�netai

ρn+1 =

[

1− γn+1

γn
· (r(n), r(n))

(r(n−1), r(n−1))
· 1
ρn

]−1

· (3.209)Sunoy�zonta ta anwtèrw h mèjodo CG mpore� ep�sh na orisje�w ex 
u(n+1) = ρn+1(u

(n) + γn+1r
(n)) + (1− ρn+1)u

(n−1) (3.210)ìpou
ρ1 = 1

ρn+1 =

[

1− γn+1

γn
· (r(n), r(n))

(r(n−1), r(n−1))
· 1
ρn

]−1

, n = 1, 2, · · ·(3.211)kai
γn+1 =

(r(n), r(n))

(r(n), Ar(n))
(3.212)152



Apì thn (3.210) parathroÔme ìti h mèjodo CG èqei thn �dia morf me thn mèjodo SI me th mình diafor� ìti ed¸ oi par�metroi e�naimetablhtè ( en¸ sthn SI e�nai γ1 = γ2 = · · · = ρ ) , pou eklègontaiètsi ¸ste na elaqistopoioÔn thn tetragwnik  sun�rthsh Q(u).Pr�gmati, anamènetai h mèjodo CG na parousi�zei mia kalÔ-terh taqÔthta sÔgklish sugkritik� me thn efarmog  twn hmiepana-lhptik¸n teqnik¸n (SI), efìson emperièqei mia epiplèon par�metro
gn+1 h opo�a e�nai metablht  ( en¸ e�nai stajer� sthn SI ). Pa-rathroÔme ìti h mèjodo CG apaite� perissìterou upologismoÔan� epan�lhyh all� ìmw den apaite� thn ekt�mhsh th megalÔterhkai mikrìterh idiotim  tou p�naka A. Ep�sh, apodeiknÔetai(Y oung[1975℄) ìti gia k�je n isqÔei

||û(n) − u||
A

1
2
≤ ||u(n) − u||

A
1
2

(3.213)ìpou u e�nai h akrib  lÔsh tou sust mato (3.177), û(n) e�nai hproseggistik  lÔsh pou prokÔptei me thn mèjodo CG kai u(n) e�naih proseggistik  lÔsh pou prokÔptei me thn mèjodo SI.H sqèsh (3.213) de�qnei èna ousiastikì pleonèkthma th mejì-dou CG ènanti th mejìdou SI diìti qrhsimopoie� mìno to �nw kaik�tw fr�gma gia ti idiotimè tou p�naka A, en¸ h mèjodo SI èqeito pleonèkthma th dianom  twn idiotim¸n tou G. Telik�, para-throÔme ìti apì thn (3.213) e�nai fanerì ìti h mèjodo CG e�naikalÔterh apì mia grammik  mh-statik  mèjodo deÔterou bajmoÔ, lì-gw th elaqistopo�hsh th A 1

2−norm tou dianÔsmato sf�lmato.Efìson mporoÔme na èqoume ektim sei gia thn taqÔthta sÔgklishtwn mejìdwn SI br�skoume èna k�tw fr�gma th taqÔthta sÔgkli-sh th mejìdou CG. Sunep¸, apì thn (3.213) kai apì to ìti giathn mèjodo SI isqÔei
||û(n) − u||

A
1
2
≤ 2rn/2

1 + rn
||u(0) − u||

A
1
2

(3.214)prokÔptei �mesa ìti
||û(n) − u||

A
1
2
≤ 2rn/2

1 + rn
||û(0) − u||

A
1
2

(3.215)upojètonta ìti û(0) = u(0), ìpou r ≡ τ pou d�netai sthn (44).153



Kef�laio 4Arijmhtikì UpologismìIdiotim¸n kaiIdiodianusm�twn
4.1 Genik�H lÔsh poll¸n problhm�twn th Fusik  apaite� ton upologismìtwn idiotim¸n kai twn ant�stoiqwn idiodianusm�twn enì p�naka At�xh n. E�nai gnwstì ìti èna n × n p�naka èqei akrib¸ n, ì-qi anagka�a di�fore metaxÔ tou, idiotimè oi opo�e e�nai oi r�zetou polu¸numou p(λ) = det(A− λI). Jewrhtik� oi idiotimè tou Aprosdior�zontai apì thn eÔresh twn riz¸n tou p(λ) kai sth sunè-qeia epilÔetai to sÔsthma (A− λI)x = 0 gia ton prosdiorismì twnant�stoiqwn idiodianusm�twn. Sthn pr�xh e�nai dÔskolo na pros-dior�soume th morf  tou p(λ) kai ektì autoÔ e�nai arket� dÔskolona upolog�soume ti r�ze enì n bajmoÔ poluwnÔmou gia meg�letimè tou n. Gia ton lìgo autì qrhsimopoioÔme proseggistikè me-jìdou gia ton upologismì twn idiotim¸n kai twn ant�stoiqwn idio-dianusm�twn. Sth sunèqeia ja parousiastoÔn merikè mèjodoi oiopo�e efarmìzontai ìtan o p�naka A èqei orismène idiìthte.4.2 H mèjodo twn dun�mewnH mèjodo aut  upolog�zei th megalÔterh kat� mètro idiotim  enìtetragwnikoÔ p�naka A ∈ Cnn kai to ant�stoiqo idiodi�nusma. 'E-154



stw ìti o p�naka A èqei ti λi, i = 1(1)n idiotimè kai ta ant�stoiqaidiodianÔsmata e�nai ta x(i), i = 1(1)n. Gia thn efarmog  th mejì-dou upojètoume ìti o A èqei n grammik� anex�rthta idiodianÔsmata.Epiplèon upojètoume ìti
|λ1| > |λ| , j = 2(1)n. (4.1)An y(0) 6= 0 e�nai èna di�nusma tou Cn, tìte epeid  ta idiodianÔ-smata tou A apoteloÔn m�a b�sh, to y(0) mpore� na grafe� san ènagrammikì sunduasmì twn x(i), sunep¸

y(0) =

n∑

i=1

aix
(i) (4.2)ìpou αi e�nai bajmwt� megèjh kai ìqi ìla mhdèn. Sth sunèqeiajewroÔme thn akolouj�a twn dianusm�twn pou or�zontai apì to e-panalhptikì sq ma

y(m+1) = Ay(m), m = 0, 1, 2, . . . (4.3)ìpou to y(0) e�nai èna auja�reto di�nusma. H efarmog  tou sq mato(4.3) gia m = 0 d�nei diadoqik�
y(1) = Ay(0) = A

n∑

i=1

aix
(i) =

n∑

i=1

aiAx
(i) =

n∑

i=1

aiλix
(i)ep�sh gia m = 1 èqoume

y(2) = Ay(1) =

n∑

i=1

aiλ
2
ix

(i)Genik�
y(m) =

n∑

i=1

aiλ
m
i x

(i) (4.4)h opo�a gr�fetai 155



y(m) = λm
1

[

a1x
(1) +

n∑

i=2

ai

(

λi

λ1

)m

x(i)

]

= λm
1 [a1x

(1) + ε(m)] (4.5)ìpou
ε(m) =

n∑

i=2

ai

(
λi

λ1

)m

x(i)epeid  ìmw |λi/λ1| < 1, i = 2(1)n, apì thn (4.5) prokÔptei ìti
lim

m→∞
y(m) = λm

1 a1x
(1) (4.6)upojètonta bèbaia ìti a1 6= 0. An ìpou m jèsoume m − 1 sthn(4.6) èqoume

lim
m→∞

y(m−1) = λm−1
1 a1x

(1) (4.7)Diair¸nta ti ant�stoiqe sunist¸se twn y(m) kai y(m−1) lam-b�noume apì ti (4.6) kai (4.7) ìti
lim

m→∞

y
(m)
j

y
(m−1)
j

= λ1 j = 1(1)n (4.8)'Eqonta upolog�sei thn λ1 br�skoume apì thn (4.6) ìti
lim

m→∞

y(m)

λ
(m)
1

= α1x
(1) (4.9)dhlad  to �dio idiodi�nusma pou antistoiqe� sthn λ1 thn megalÔterhkat� mètro idiotim . Me �lla lìgia dhmiourgoÔme thn akolouj�a twndianusm�twn y(0), y(1), . . . , y(m) mèqri ìtou oi lìgoi twn ant�stoiqwnsunistws¸n dÔo diadoqik¸n dianusm�twn te�noun pro thn �dia sta-jer  tim  h opo�a e�nai m�a prosèggish th idiotim  λ1. To di�nusma

y(m) e�nai m�a mh kanonikopoihmènh prosèggish tou ant�stoiqou idio-dianÔsmato. H taqÔthta sÔgklish th mejìdou exart�tai apì tistajerè αi kai tou lìgou |λ2/λ1| , |λ3/λ1| , . . . , |λn/λ1|. 'Etsi ì-so mikrìteroi e�nai auto� oi lìgoi tìso taqÔterh e�nai h prosèggishth mejìdou. Idia�tera an |λ2| / |λ1| e�nai kont� sth mon�da, tìte h156



sÔgklish th mejìdou e�nai pijanì na e�nai p�ra polÔ arg . Jew-rhtik�, an tÔqei kai h eklog  tou y(0) e�nai tètoia ¸ste α1 = 0 kai
|λ2| > |λj| , j ≥ 3, tìte h mèjodo ja sugkl�nei sthn λ2 kai seèna pollapl�sio tou x(2). Sthn pr�xh ìmw den èqoume duskol�ean α1 = 0, giat� ta sf�lmata stroggÔleush dhmiourgoÔn m�a mikr ( pou me thn aÔxhsh tou arijmoÔ twn epanal yewn megal¸nei) tim tou α1 arket� ikanopoihtik , ¸ste na èqoume sÔgklish telik� sthn
λ1. Sthn per�ptwsh ìpou λ1 = λ2 kai |λ2| > |λj | , j = 3(1)n,tìte e�nai fanerì ìti ant� th (4.5) ja èqoume th sqèsh

y(m) = λm
1

[

α1x
(1) + α2x

(2) +

n∑

i=3

αi

(
λi

λ1

)m

x(i)

] (4.10)An upojèsoume ìti |α1| + |α2| 6= 0, tìte ergazìmenoi ìpw kaiprohgoumènw eÔkola br�skoume ìti
lim
m−∞

y
(m)
j

y
(m−1)
j

= λ1 (4.11)kai
lim
m−∞

y(m)

λm
1

= α1x
(1) + α2x

(2) (4.12)dhlad  èna idiodi�nusma pou antistoiqe� sthn λ1. (An x(1), x(2)e�nai idiodianÔsmata pou antistoiqoÔn sthn �dia idiotim  λ, tìte kai
c1x

(1) + c2x
(2), ìpou c1 kai c2 stajerè e�nai ep�sh idiodi�nusmapou antistoiqe� sthn idiotim  λ). Gia na broÔme sthn pr�xh ènaidiodi�nusma mh suggrammikì pro to α1x

(1)+α2x
(2) pou antistoiqe�sthn �dia idiotim  λ1 all�zoume to arqikì di�nusma y(0). An t¸ra

λ1 = −λ2 kai |λ2| > |λj| ,  = 3(1)n tìte ant� th (4.5) ja èqoumethn
y(m) = λ

(m)
1

[

α1x
(1)+(−1)mα2x

(2)+
n∑

i=3

αi

(
λi

λ1

)m

x(i)

]

, m = 0, 1, 2, . . .apì thn opo�a den mpore� na breje� h λ1. MporoÔme ìmw na sqhma-t�soume ti ex  dÔo akolouj�e157



y(2m) = λ2m
1

[

α1x
(1) + α2x

(2) +
n∑

i=3

αi

(
λi

λ1

)2m

x(i)

]

,

m = 0, 1, 2, . . . (4.13)kai
y(2m+1) = λ2m+1

1

[

α1x
(1) − α2x

(2) +

n∑

i=3

αi

(
λi

λ1

)2m+1

x(i)

]

,

m = 0, 1, 2, . . . (4.14)opìte apì thn (4.13) lamb�noume
lim

m→∞

y
(2m+2)


y
(2m)


= λ2
1 (4.15)apì thn opo�a upolog�zoume ti dÔo idiotimè ±λ1. Gia thn eÔreshtwn ant�stoiqwn idiodianusm�twn apì thn (4.13) èqoume

lim
m→∞

y(2m)

λ2m
1

= α1x
(1) + α2x

(2) (4.16)en¸ apì thn (4.14) èqoume
lim

m→∞

y(2m+1)

λ2m+1
1

= α1x
(1) − α2x

(2) (4.17)Me prìsjesh kai afa�resh twn mel¸n twn (4.16) kai (4.17) br�-skoume ta idiodianÔsmata α1x
(1) kai α2x

(2) pou antistoiqoÔn stiidiotimè λ1 kai λ2(= −λ1). An upojèsoume tèlo ìti èqoume thnper�ptwsh ìpou λ1 = r+ iq kai λ2 e�nai o suzug  migadikì arijmìth λ1 dhlad  λ2 = λ1. E�nai fanerì pw an x(1) e�nai to idiodi�-nusma pou antistoiqe� sthn λ1, tìte x(2) = x(1) efìson A ∈ Rnn.Ep�sh an y(0) e�nai to arqikì pragmatikì di�nusma gia thn efarmog th mejìdou twn dun�mewn ja èqoume α2 = α1. 'Etsi met� apì mepanal yei ja èqoume 158



y(m) = λm
1

[

α1x
(1) +

(
λ1

λ1

)m

α1x
(1) +

n∑

i=3

αi

(
λi

λ1

)m

x(i)

]

= λm
1

[

α1x
(1) +

(
λ1

λ1

)m

α1x
(1) + ε(m)

]ìpou
ε(m) =

n∑

i=3

αi

(
λi

λ1

)m

x(i) 
lim

m→∞
y(m) = λm

1

[

α1x
(1) +

(
λ1

λ1

)m

α1x
(1)

]

. (4.18)An λ1 kai λ1 e�nai oi r�ze th ex�swsh
λ2 + bλ + c = 0 b, c ∈ R (4.19)tìte lìgw th (4.4) h (4.19) gr�fetai diadoqik�
λm+2 + bλm+1 + cλm = 0 

y(m+2) + by(m+1) + cy(m) = 0 (4.20)ìpou upetèjei ìti
lim

m→∞
ε(m+i) = 0, i = 0, 1, 2.Oi stajerè b, c mporoÔn na upologisjoÔn apì dÔo opoiesd po-te exis¸sei tou sunìlou (4.20). M�a kalÔterh diadikas�a e�nai hqrhsimopo�hsh ìlwn twn n exis¸sewn th (4.20). Pr�gmati, o upo-logismì twn b, kai c e�nai tètoio ¸ste h posìth

n∑

i=1

[y
(m+2)
i + by

(m+1)
i + cy

(m)
i ]2 (4.21)159



na e�nai el�qisth. To prìblhma autì e�nai èna grammikì prìblhmaelaq�stwn tetrag¸nwn. Apì th stigm  pou prosdioristoÔn ta b,
c mporoÔme na upolog�soume apì thn (4.19) ti λ1 kai λ2(= λ1).Gia thn eÔresh twn ant�stoiqwn idiodianusm�twn x(1) kai x(2)(=
x(1)) qrhsimopoioÔme thn (4.18) gia dÔo diadoqik� dianÔsmata ymkai y(m+1). 'Eqoume loipìn

lim
m→∞

y(m)

λm
1

= α1x1 +

(
λ1

λ1

)m

α1x
(1) (4.22)kai

lim
m→∞

y(m+1)

λm+1
1

= α1x1 +

(
λ1

λ1

)m+1

α1x
(1) (4.23)Pol/zonta thn (4.22) ep� λ1/λ1 kai afair¸nta kat� mèlh apìthn (4.23) br�sketai to idiodi�nusma α1x

(1) pou antistoiqe� sthn i-diotim  λ1. Gia thn eÔresh tou idiodianÔsmato, pou antistoiqe� sthn
λ2 arke� na p�roume to suzugè tou α1x

(1).H parap�nw diadikas�a mpore� na genikeuje� prokeimènou na upolo-g�zei opoiod pote arijmì �niswn megalÔterwn idiotim¸n pou èqounto �dio mètro,   ti idiotimè λ1, λ2, . . . , λk (pragmatikè   migadikè)oi opo�e ikanopoioÔn ti sqèsei
|λ1| ≥ |λ2| ≥ . . . ≥ |λk| >> |λk+1| ≥ . . . ≥ |λn| (4.24)'Opw ìmw e�nai gnwstì up�rqoun ousiastik� probl mata methn mèjodo twn elaq�stwn tetrag¸nwn gia k ≥ 8.Parat rhshGia |λ1| > 1 tìte apì thn (2.6) èqoume ìti limm→∞ y

(m)
i =

±∞,  = 1(1)n, en¸ gia |λ1| < 1, limm→∞ y
(m)
 = 0. 'Etsi ektìan |λ1| ≃ 1 ja prèpei na ekteloÔme pr�xei me apìluta p�ra polÔmeg�lou   p�ra polÔ mikroÔ arijmoÔ, pr�gma pou shma�nei aÔxhshtwn sfalm�twn stroggÔleush stou upologismoÔ. To prìblhmaautì apofeÔgetai me m�a tropopo�hsh th mejìdou twn dun�mewn.160



4.3 Tropopo�hsh th mejìdou twn du-n�mewnH tropopo�hsh th mejìdou twn dun�mewn sun�statai apì ta para-k�tw tr�a diadoqik� b mata se k�je epan�lhyh
y(m)
m = max



∣
∣y(m)



∣
∣ =‖ y(m) ‖∞,

z(m) =
1

y
(m)
m

y(m) (4.25)
y(m+1) = Az(m), m = 0, 1, 2, . . .Ergazìmenoi me an�logo trìpo ìpw kai sth prohgoÔmenh pa-r�grafo, h ant�stoiqh èkfrash th y(m) ja d�netai apì th sqèsh

y(m) =
1

y
(0)
0 y

(1)
1 . . . y

(m−1)
m−1

λm
1

[

α1x
(1) +

ν∑

i=2

αi

(
λi

λ1

)m

x(i)

] (4.26)Ep�sh èqoume ìti
z(m−1) =

1

y
(m−1)
m−1

y(m−1) =

=
1

y
(m−1)
m−1

[

1

y
(0)
0 y

(1)
1 . . . y

(m−2)
m−2

λm−1
1

(

α1x
(1) +

ν∑

i=2

αi

(
λi

λ1

)m−1

x(1)

)](4.27)Apì ti (4.26) kai (4.27) èqoume
lim

m→∞

y
(m)
m−1

z
(m−1)
m−1

= λ1all� z
(m−1)
m−1

= 1 (to z(n−1) e�nai kanonikopoihmèno) kai h parap�nwsqèsh gr�fetai
lim

m→∞
y(m)
m−1

= λ1. (4.28)161



H akolouj�a loipìn pou dhmiourge�tai apì ti sunist¸se m−1tou dianÔsmato y(m) te�nei sth megalÔterh kat� mètro idiotim . U-penjum�zetai ìti h sunist¸sa m−1 tou dianÔsmato y(m) e�nai eke�nhpou antistoiqe� sthn apìluta megalÔterh sunist¸sa tou prohgoÔ-menou dianÔsmato y(m−1). Gia thn eÔresh tou ant�stoiqou idiodianÔ-smato x(1) parathroÔme ìti, an o de�kth m apì m�a orismènh tim tou m kai pèra paramènei stajerì, tìte h ant�stoiqh me thn (4.9)sqèsh e�nai h
lim
m−∞

z(m) = cx(1) (4.29)ìpou c stajer� tètoia ¸ste h apìluta megalÔterh sunist¸sa tou
cx(1) na e�nai mon�da. 'Ara h akolouj�a twn dianusm�twn z(m) sug-kl�nei pro to kanonikopoihmèno idiodi�nusma pou antistoiqe� sthn
λ1. Shmei¸netai tèlo ìti h sÔgklish th mejìdou e�nai grammi-k . H taqÔthta sÔgklish th akolouj�a {y(m)

m−1

}∞

m=1

pro thn
λ1 prosdior�zetai, ìpw anafèrjhke, apì tou lìgou |λ/λ1|m gia
 = 2(1)n kai idia�tera apì ton lìgo |λ2/λ1|m. Me �lla lìgia ht�xh sÔgklish e�nai©((λ2/λ1)

m). Epomènw gia meg�la m èqoume
∣
∣y(m)

m−1
− λ1

∣
∣ ≃ k

∣
∣
∣
∣

λ2

λ1

∣
∣
∣
∣

mìpou k stajer�, pr�gma pou shma�nei ìti
lim

m→∞

∣
∣
∣y

(m+1)
m − λ1

∣
∣
∣

∣
∣
∣y

(m)
m−1
− λ1

∣
∣
∣

≃
∣
∣
∣
∣

λ2

λ1

∣
∣
∣
∣ 

ε(m+1) ≃
∣
∣
∣
∣

λ2

λ1

∣
∣
∣
∣
ε(m)ìpou ε(m) =

∣
∣
∣y

(m)
m−1
− λ1

∣
∣
∣, dhlad  h taqÔthta sÔgklish e�nai gram-mik . 162



4.4 O algìrijmo th mejìdou twndun�mewnSan arqikì di�nusma y(0) sth mèjodo twn dun�mewn lamb�noume su-n jw to y(0) = (1, 1, . . . , 1)T . O algìrijmo th mejìdou e�nai oparak�tw:1. Di�base th di�stash n tou P�naka A, ta stoiqe�a αi, i,  =
1(1)n, to arqikì di�nusma yi, i = 1(1)n, thn anektikìthta tolkai to mègisto arijmì epanal yewn M .2. Na teje�

k = 0

λ0 = 03. Na breje� èna akèraio p tètoio ¸ste
|yp| = max

1≤i≤n
|yi|4. Gia i = 1(1)n na upologiste�

zi =
1

yp
yi5. 'Oso isqÔei k ≤M na ekteloÔntai ta b mata 5.1-5.75.1 Gia i = 1(1)n na teje�

yi =

n∑

=1

aiz5.2 Na breje� èna akèraio p tètoio ¸ste
|yp| = max

1≤i≤n
|yi|163



5.3 Na teje�
λ1 = yp5.4 An yp = 0 tìte tÔpwse (O A èqei idiotim  0, epèlexe nèoarqikì di�nusma kai �rqise p�li thn diadikas�a). Tèlo.5.5 Gia i = 1(1)n na upologisje�
zi =

1

yp
yi5.6 An

|λ0 − λ1| < toltìte tÔpwse (λ1, z). Tèlo.5.7 Na teje�
k = k + 1

λ0 = λ16. TÔpwse ('Oqi sÔgklish met� apì M epanal yei). Tèlo.4.5 Teqnikè epit�qunsh th mejì-dou twn dun�mewnEpeid  h taqÔthta sÔgklish th mejìdou twn dun�mewn e�nai genik�arg  giautì ja prèpei na brejoÔn trìpoi epit�qunsh th. Sthsunèqeia ja parousi�soume orismène tètoie teqnikè.4.5.1 H mèjodo tou AitkenH mèjodo tou Aitken mpore� na qrhsimopoihje� gia thn epit�qunshopoiasd pote akolouj�a pou sugkl�nei grammik�. 'Estw {Pn}∞n=0m�a akolouj�a pou èqei ìrio p, dhlad  gia εn = pn − p èqoume
εn = Knεn−1, n = 1, 2, . . . (4.30)kai oi stajerè Kn e�nai tètoie ¸ste |Kn| < 1. All� Kn → K gia

n→∞ kai ètsi gia arket� meg�le timè tou n èqoume164



pn+2 − p

pn+1 − p
≃ pn+1 − p

pn − p
(4.31)opìte lÔnonta w pro p lamb�noume

p ≈ pn+2pn − p2n+1

pn+2 − 2pn+1 + pn 
p ≈ pn −

(pn+1 − pn)
2

pn+2 − 2pn+1 + pn
(4.32)E�nai fanerì loipìn ìti h akolouj�a pou or�zetai apì thn

p̂n = pn −
(∆pn)

2

∆2pn
(4.33)ìpou

∆pn = pn+1 − pn kai ∆2pn = pn+2 − 2pn+1 + pn (4.34)èqei ìrio to p.H mèjodo aut  e�nai gnwst  san h ∆2- mèjodo tou Aitken.E�nai dunatìn na apodeiqje� (af netai san �skhsh gia ton anagn¸-sth) ìti
lim
n→∞

p̂n − p

pn − p
= 0. (4.35)Ep�sh k�tw apì epiprìsjete upojèsei h sÔgklish th nèaakolouj�a e�nai deÔterh t�xh. Me b�sh ta parap�nw e�nai duna-tìn na tropopoihje� o algìrijmo th mejìdou twn dun�mewn ètsi¸ste na par�getai h akolouj�a

λ̃1 = λ1 −
(∆λ1)

2

∆2λ1

(4.36)165



4.5.2 H mèjodo twn phl�kwn tou RayleighSthn per�ptwsh pou o p�naka A e�nai pragmatikì kai summetrikì,tìte e�nai dunatìn na epitaqunje� h sÔgklish pro thn megalÔte-rh kat� mètro idiotim  qrhsimopoi¸nta th mèjodo twn phl�kwn tou
Rayleigh.OrismìGia k�je di�nusma x 6= 0 h posìth

(x,Ax)

(x, x)kale�tai phl�ko tou Rayleigh pou antistoiqe� sto x.'Ena basikì apotèlesma pou de�qnei th spoudaiìthta twn phl�-kwn tou Rayleigh e�nai to parak�tw:Je¸rhma 5.1An o A ∈ Rnxn e�nai summetrikì kai x 6= 0 e�nai èna auja�retodi�nusma, tìte
λ1 = max

x 6=0

(x,Ax)

(x, x)
=

(x(1), Ax(1))

(x(1), x(1))kai
λn = min

x 6=0

(x,Ax)

(x, x)
=

(x(n), Ax(n))

(x(n), x(n))
(4.37)ìpou λ1, λn e�nai h megalÔterh kai h mikrìterh idiotim , ant�stoiqakai x(1), x(n) idiodianÔsmata tou A pou antistoiqoÔn sti λ1 kai λn.Apì to parap�nw je¸rhma parathroÔme ìti o upologismì th

λ1 e�nai èna prìblhma beltistopo�hsh. To endiafèron ma ìmw ed¸e�nai h qr sh twn phl�kwn tou Rayleigh gia thn epit�qunsh th sÔg-klish th mejìdou twn dun�mewn. 'Etsi a jewr soume to basikìepanalhptikì sq ma th mejìdou twn dun�mewn pou e�nai to
y(m+1) = Ay(m)tìte eÔkola parathroÔme, qrhsimopoi¸nta thn (4.4), ìti166



(y(m), y(m−1)) = (y(m), Ay(m))

=

n∑

i=1

α2
iλ

2m+1
i (4.38)kajìson

(x(i), x()) = δi =

{

cc1, an i = 

0, an i 6= afoÔ o A e�nai summetrikì. Ep�sh
(y(m), y(m)) =

n∑

i=1

α2
iλ

2m
i (4.39)Apì ti (4.38) kai (4.39) èqoume

(y(m), Ay(m))

(y(m), y(m))
= λ1 +©((λi/λ1)

2m) (4.40)h opo�a sugkrinìmenh me thn (4.5) de�qnei ìti to phl�ko tou Rayleighpou antistoiqe� sto y(m) genik� ja sugkl�nei taqÔtera (©(λi/λ1)
2m)apì thn mèjodo twn dun�mewn (©(λi/λ1)

m).4.5.3 O algìrijmo th mejìdou twn phl�-kwn tou Rayleigh1. Di�base th di�stash n tou P�naka A, ta stoiqe�a αi, i,  =
1(1)n, to arqikì di�nusma yi, i = 1(1)n, thn anektikìthta tolkai to mègisto arijmì epanal yewn M .2. Na teje�

k = 0

λ0 = 0167



3. Gia i = 1(1)n na upologiste� h posìth
zi = yi/ ‖ y ‖24. 'Oso isqÔei k ≤M na ekteloÔntai ta b mata 4.1 - 4.64.1 Gia i = 1(1)n na upologisje�

yi =
n∑

=1

αiz4.2 Gia i = 1(1)n na upologisje�
λ =

n∑

i=1

ziyi4.3 An ‖ y ‖2= 0 tìte tÔpwse (O A èqei idiotim  0, epè-lexe nèo arqikì di�nusma kai �rqise p�li th diadikas�a).Tèlo.4.4 Gia i = 1(1)n na upologisje� h posìth
zi = yi/ ‖ y ‖24.5 An
|λ− λ0| < toltìte tÔpwse (λ, z). Tèlo.4.6 Na teje�

k = k + 1

λ0 = λ

5. TÔpwse ('Oqi sÔgklish met� apì M epanal yei). Tèlo.168



4.5.4 Metatìpish th arq  twn axìnwn (Sh-
ift of Origin)H parak�tw Prìtash sundèei ti idiotimè kai ta idiodianÔsmata twnpin�kwn A kai A− qI, ìpou A ∈ Cnn kai q ∈ C.Prìtash 5.2. Oi p�nake A − qI kai A èqoun ta �dia idiodianÔ-smata kai an λi e�nai idiotim  tou A tìte h ant�stoiqh idiotim  tou

A− qI e�nai h λi − q.ApìdeixhAn Ax(i) = λix
(i) tìte

(A− qI)x(i) = Ax(i) − qIx(i) = (λi − q)x(i).�Afair¸nta loipìn thn posìthta q apì ta diag¸nia stoiqe�atou A èqei san apotèlesma thn afa�resh th q apì ti idiotimè. Mia�llh ermhne�a e�nai ìti h arq  twn axìnwn èqei metatopisje� kat� qsto migadikì ep�pedo pou perièqei ti idiotimè. A upojèsoume t¸raìti o A ∈ R
nn èqei n grammik� anex�rthta idiodianÔsmata kai ìleoi idiotimè tou e�nai pragmatikè kai ikanopoioÔn th sqèsh
|λ1| > |λ2| ≥ |λ3 ≥ . . . ≥ |λn−1| ≥ |λn| (4.41)An afairèsoume thn posìthta q ∈ R me q /∈ (|λn| , |λ1|) apìta diag¸nia stoiqe�a tou A, tìte anex�rthta apì thn tim  th q, hmegalÔterh kat� mètro idiotim  tou A − qI ja e�nai p�nta h λ1 − q  h λn − q. A upojèsoume ìti jèloume na prosdior�soume thn λ1.Lìgw th Prìtash 5.2 oi idiotimè to A−qI ja e�nai oi µi = λi−q.H taqÔthta sÔgklish th mejìdou twn dun�mewn, qrhsimopoi¸ntat¸ra ton p�naka A− qI ant� tou A, exart�tai apì thn posìthta

max
i 6=1

∣
∣
∣
∣

λi − q

λ1 − q

∣
∣
∣
∣

(4.42)'Oso mikrìterh h anwtèrw posìth, tìso taqÔterh h sÔgkli-sh th mejìdou. Arke� dhlad  na eklèxoume to q tètoio ¸ste naelaqistopoie�tai h posìth
max
i 6=1
|λi − q| (4.43)169



Lìgw tou jewr mato 4-2.1, h (4.43) g�netai el�qisth an q =
1/2(λ2 + λn). 'Omoia ergazìmenoi br�skoume ìti h mègisth taqÔthtasÔgklish sthn λn−q epitaqÔnetai an epilèxoume q = 1/2(λ1+λn−1).Me th mèjodo aut  mporoÔme na upolog�soume tìso thn λ1 ìso kaithn λn, wstìso ìmw qreiazìmaste k�poie ektim sei twn idiotim¸n
λ2 kai λn (  twn λ1 kai λn−1) pr�gma pou apaite� epiplèon upologi-smoÔ sthn pr�xh kai e�nai èna meionèkthma aut  th mejìdou.4.6 H ant�strofh mèjodo twn dun�-mewnOi mèjodoi pou anaptÔqjhkan sti prohgoÔmene paragr�fou giaton prosdiorismì th megalÔterh /mikrìterh kat� mètro idiotim kai tou ant�stoiqou idiodianÔsmato èqoun arg  taqÔthta sÔgklish.Sth sunèqeia ja anaptuqje� h ant�strofh mèjodo twn dun�mewn hopo�a èqei to pleonèkthma na upolog�zei mia opoiad pote idiotim  kaito ant�stoiqo idiodi�nusma kai na èqei gr gorh taqÔthta sÔgklish.L mma 6.1. Oi p�nake A kai A−1 èqoun ta �dia idiodianÔsmata kaian λi e�nai mia idiotim  tou A tìte h ant�stoiqh idiotim  tou A−1 e�naih 1/λi.ApìdeixhAn Ax(i) = λix

(i) tìte pol/zonta apì arister� me A−1 èqoume
1/λix

(i) = A−1x(i).�A upojèsoume p�li ìti o A ∈ R
nn, èqei n grammik� anex�rthtaidiodianÔsmata kai ìle oi idiotimè tou e�nai pragmatikè. Ep�sh angnwr�zoume k�poia posìthta q ∈ R h opo�a br�sketai plhsièsterasthn apl  idiotim  λk tou A apì opoiad pote �llh idiotim  tou, tìteja isqÔei

|λk − q| < |λi − q| , i = 1(1)n, i 6= k (4.44)Dhlad  h idiotim  λk − q e�nai h mikrìterh kat� apìluto tim idiotim  tou p�naka A− qI. Lìgw de kai tou anwtèrw L mmato 6.1,an ant� tou A qrhsimopoi soume ton p�naka (A− qI)−1 sto basikìepanalhptikì sq ma th mejìdou twn dun�mewn, tìte e�nai dunatìn170



na upologisje� h posìth 1/λk − q kai apì aut n h λk. Pr�gmati,an ant� th (4.3) qrhsimopoi soume thn
(A− qI)y(m+1) = y(m), m = 0, 1, 2, . . . (4.45)ìpou y(0) 6= 0 auja�reto di�nusma e�nai dunatìn na upologisje� hapìluta megalÔterh idiotim  tou (A − qI)−1 dhlad  h 1/λk − q kaito ant�stoiqo idiodi�nusma. E�nai fanerì t¸ra ìti h taqÔthta sÔg-klish th mejìdou exart�tai apì thn posìthta

max
i 6=k

∣
∣
∣
∣

λk − q

λi − q

∣
∣
∣
∣

(4.46)afoÔ
y(m) = (A− qI)−1y(m−1) = (A− qI)−my(0)

=
α1

(λ1 − q)m
x(1) +

α2

(λ2 − q)m
x(2) + . . .+

αn

(λn − q)m
x(n)

=
1

(λk − q)m

[

α1

(
λk − q

λ1 − q

)m

x(1) + . . .+ αkx
(k) + . . .+ αn

(
λk − q

λn − q

)m

x(n)

]

'Etsi h epilog  th posìthta q kajor�zei kai thn taqÔthtasÔgklish th mejìdou. ParathroÔme loipìn ìti [bl. (4.46)℄ ìsoplhsièstera h q e�nai sthn idiotim  λk tìso taqÔterh ja e�nai kaih sÔgklish th mejìdou. Epeid  h q mpore� na eklege� auja�reta,mporoÔme na broÔme mia prosèggish se opoiad pote idiotim  tou A.O prosdiorismì twn y(m) g�netai apì thn ep�lush twn susthm�twn
(A− qI)y(m) = y(m−1), m = 1, 2, . . . (4.47)Sthn pr�xh fusik� ja prèpei ta dianÔsmata na kanonikopoioÔn-tai, me �lla lìgia, na qrhsimopoie�tai h parallag  th mejìdou twndun�mewn. ParathroÔme ep�sh ìti ta sust mata pou prokÔptounapì thn (4.47) èqoun ton �dio p�naka kai diaforetik� deÔtera mè-lh. Giautì kai ja prèpei, an qrhsimopoi soume �mesou mejìdou,na sqhmat�soume thn LU di�spash tou A − qI mìno m�a for�. Anloipìn qrhsimopoi soume kanonikopoihmèna dianÔsmata kai thn LUmèjodo tìte to basikì epanalhptikì sq ma ja e�nai to parak�tw:171



Lz = z(m)

Uy(m+1) = z (4.48)ìpou
LU = A− qIO algìrijmo th ant�strofh mejìdou twn dun�mewn af netaisan �skhsh gia ton anagn¸sth.4.7 Upologismì twn upereqous¸n i-diotim¸nUp�rqoun pollè mèjodoi gia ton prosdiorismì twn �llwn upere-qous¸n kat� mètro idiotim¸n apì th stigm  pou upologisje� h me-galÔterh. Sth sunèqeia ja anaferjoÔme se m�a mìno mèjodo poubas�zetai se metasqhmatismoÔ omoiìthta. A upojèsoume ìti oiidiotimè enì p�naka A ikanopoioÔn th sqèsh

|λ1| > |λ2| > . . . > |λm| >> |λm+1| ≥ . . . ≥ |λn| (4.49)dhlad  oi timè |λ1| , |λ2| , . . . , |λm| apèqoun arket� h m�a apì thn�llh. Tìte h λ1 mpore� na upologisje� me th mèjodo twn dun�mewnkai apomènei o upologismì twn �llwn idiotim¸n pou uperèqoun, twn
λ2, λ3, . . . , λm. Merikè apì ti pio qr sime mejìdou gia ton pros-diorismì aut¸n twn idiotim¸n e�nai eke�ne oi opo�e sqhmat�zoun ènanèo p�naka apì ton arqikì me k�poia morf  diat�raxh (deflation).O nèo p�naka kataskeu�zetai kat� tètoio trìpo ¸ste na èqei sanidiotimè mìno ti upìloipe �gnwste idiotimè tou arqikoÔ p�naka.H epanalhptik  efarmog  th diadikas�a aut  ja upolog�sei ìleti upìloipe uperèqouse idiotimè kai ta ant�stoiqa idiodianÔsma-ta. Oi pio eÔqrhste mèjodoi diataraq  e�nai eke�ne pou bas�zontaistou metasqhmatismoÔ omoiìthta. Gia thn perigraf  th mejìdouupojètoume kat' arq n ìti h idiotim  λ1 kai to ant�stoiqo idiodi�nu-sma x(1) tou p�naka A1 èqoun upologiste�. 'Estw t¸ra H1 èna mhidi�zwn p�naka tètoio ¸ste 172



H1x
(1) = ke(1) (4.50)ìpou k 6= 0 kai e(1) = (1, 0, 0, . . . , 0)T . An anab�loume th diadikas�aeÔresh tou H1, tìte èqoume

A1x
(1) = λ1x

(1)apì thn opo�a lamb�noume
H1A1H

−1
1 (H1x

(1)) = λ1H1x
(1) (4.51)h opo�a lìgw th (4.50) gr�fetai

H1A1H
−1
1 e(1) = λ1e

(1) (4.52)pou dhl¸nei ìti h pr¸th st lh tou p�naka H1A1H
−1
1 prèpei na e�naih λ1e

(1), �ra mporoÔme na gr�youme
A2 = H1A1H

−1
1

[
λ1 bT

0 B2

] (4.53)ìpou o p�naka B2 e�nai n − 1 t�xh kai to di�nusma b èqei n − 1stoiqe�a. Epeid  o A2 èqei ti �die idiotimè me ton A1, èpetai ìtio p�naka B2 èqei idiotimè ti λ2, λ3, . . . , λn. MporoÔme loipìn naergastoÔme me ton p�naka B2 prokeimènou na prosdior�soume thnepìmenh idiotim  λ2 kai to ant�stoiqo idiodi�nusma y(2) tou B2 pouikanopoioÔn thn
B2y

(2) = λ2y
(2) (4.54)Autì pou apomènei e�nai h eÔresh tou idiodianÔsmato x(2) tou

A1 pou antistoiqe� sthn λ2. 'Estw z(2) to idiodi�nusma tou A2 pouantistoiqe� sthn λ2, tìte
A2z

(2) = λ2z
(2) (4.55) 

H1A1H
−1
1 z(2) = λ2z

(2) 
A1(H

−1
1 z(2)) = λ2(H

−1
1 z(2))173



sunep¸
x(2) = H−1

1 z(2) (4.56)afoÔ A1x
(2) = λ2x

(2). Arke� loipìn na upologisje� to z(2) gia thneÔresh tou x(2). H (4.55) lìgw th (4.53) gr�fetai
∣
∣
∣
∣

λ1 bT

0 B2

∣
∣
∣
∣
z(2) = λ2z

(2) (4.57)lìgw ìmw th (4.54) mporoÔme na l�boume
z(2) =

[
α
y(2)

] (4.58)ìpou α èna bajmwtì mègejo, pou prosdior�zetai apì thn (4.57)  thn
λ1α + bTy(2) = λ2α 

α =
bT y(2)

λ2 − λ1
(4.59)Sunoy�zonta parathroÔme ìti ta λ2, y

(2) upolog�zontai me thmèjodo twn dun�mewn [bl. (4.54)℄, to z(2) upolog�zetai apì thn(4.58), ìpou to α d�netai apì thn (4.59). 'Eqonta upolog�sei to z(2),to x(2) br�sketai apì thn (4.56). Suneq�zonta kat' autì ton trìpoupolog�zoume ti upìloipe uperèqouse idiotimè kai ta ant�stoiqaidiodianÔsmata tou A1. E�nai fanerì ìti oi diadoqikè diataraqè tou
A1 ja ton metasqhmat�soun, sto ìrio, se èna �nw trigwnikì p�naka.Sth sunèqeia ja perigr�youme èna trìpo gia thn eklog  tou H1ètsi ¸ste h diadikas�a th diat�raxh na e�nai arijmhtik� eustaj .Dialègoume ton H2 tètoion ¸ste

H1 = L1I1,p (4.60)ìpou L1 e�nai èna stoiqei¸dh k�tw trigwnikì p�naka kai I1,p ènametajetikì p�naka, ìpou p e�nai tètoio ¸ste h x(1)
p e�nai h megalÔte-rh kat� mètro sunist¸sa tou x(1). Apì ti (4.50) kai (4.60) èqoumeìti 174



y = I1,px
(1) (4.61)kai

L1y = ke(1) (4.62)ìpou
L1 =

∣
∣
∣
∣
∣
∣
∣
∣
∣

1
−y2/y1 1 0... . . .
−yn/y1 1

∣
∣
∣
∣
∣
∣
∣
∣
∣

(4.63)kai k = y1 = x
(1)
p .H eisagwg  tou metajetikoÔ p�naka I1,p ousiastik� or�zei m�-a diadikas�a od ghsh, h opo�a apaite� ta stoiqe�a tou H1 na e�naikat� mètro mikrìtera   �sa apì th mon�da, exasfal�zonta ètsi thnarijmhtik  eust�jeia ìpw kai sth mèjodo th apaloif  tou Gauss.Par�deigma'Estw o p�naka

A1 =





2 3 2
10 3 4
3 6 1



Me thn mèjodo twn dun�mewn upolog�zoume thn idiotim  λ1 =
11.0 kai to ant�stoiqo idiodi�nusma x(1) = (0.5, 1.0, 0.75)T . Parath-roÔme ìti k = y1 = 1.0 = x

(1)
2 , �ra p = 2 kai y = (1.0, 0.5, 0.75)Tètsi

L1 =





1 0 0
−0.5 1 0
−0.75 0 1
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A2 = L1I1,2A1I1,2L
−1
1

=





1 0 0
−0.5 1 0
−0.75 0 1









3 10 4
3 2 2
6 3 1









1 0 0
0.5 1 0
0.75 0 1





=





3 10 4
1.5 −3 0
3.75 −4.5 −2









1 0 0
0.5 1 0
0.75 0 1



 =





11 10 4
0 −3 0
0 −4.50 −2



ParathroÔme ìti o pol/mì me L−1
1 den qreiazìtan afoÔ gnw-r�zoume ìti h pr¸th st lh tou A2 e�nai �sh me λ1e

(1). Apì thnteleuta�a sqèsh èqoume ìti
B2 =

[
−3 0
−4.5 −2

]kai oi upìloipe idiotimè tou e�nai -3 kai -2. O upologismì twnidiodianusm�twn af netai san �skhsh gia ton anagn¸sth.O algìrijmo gia th mèjodo th diat�raxh af netai san �skh-sh gia ton anagn¸sth.4.8 H mèjodo tou JacobiH mèjodo twn dun�mewn, se sunduasmì me ti di�fore teqnikè,qrhsimopoie�tai sun jw gia ton prosdiorismì merik¸n idiotim¸n kaitwn ant�stoiqwn idiodianusm�twn kai autì giat� h diadoqik  efarmo-g  th mejìdou th diat�raxh èqei san apotèlesma thn aÔxhsh twnsfalm�twn stroggÔleush. Sth sunèqeia ja strèyoume to endia-fèron ma se eke�ne ti mejìdou pou br�skoun ìlo to idiosÔsthma(idiotimè kai idiodianÔsmata) tautìqrona kai ìqi met� apì thn e-farmog  k�poia teqnik  diat�raxh. Oi mèjodoi autè bas�zontaistou metasqhmatismoÔ omoiìthta tou opo�ou qrhsimopoioÔn giana metasqhmat�soun ton arqikì p�naka A se ènan �llo tou opo�outo idiosÔsthma e�nai eÔkolo na upologisje�.Je¸rhma 8.1 176



An èna p�naka A èqei n grammik� anex�rthta idiodianÔsmata
x1, x2, . . . , xn pou antistoiqoÔn sti idiotimè λ1, λ2, . . . , λn kai an
P = [x1, x2, . . . , xn] tìte o P e�nai mh idi�zwn kai

P−1AP = D (4.64)ìpou
D =













λ1 0
λ2

.
.

.0 λn













(4.65)
ApìdeixhO P e�nai èna p�naka tou opo�ou oi st le e�nai grammik�anex�rthte, �ra o P e�nai mh idi�zwn. Ep�sh

AP = A [x1, x2, . . . xn]

= [Ax1, Ax2, . . . Axn]

= [λ1x1, λ2x2, . . . λnxn]

= [x1, x2, . . . xn]













λ1 0
λ2

.
.

.0 λn













= PD�An t¸ra perioristoÔme se ErmeitianoÔ p�nake tìte isqÔei toparak�tw je¸rhma.Je¸rhma 8.2 177



An o A e�nai èna Ermeitianì p�naka t�xh n, me idiìthte
λ1, λ2 . . . λn (ìqi kat' an�gkh diakekrimène), tìte up�rqei èna mo-nadia�o (unitary) p�naka P , tètoio ¸ste

P ∗AP = D (4.66)ìpou D e�nai èna pragmatikì diag¸nio p�naka me diag¸nia stoi-qe�a ta λ1, λ2, . . . λn.Apì thn (4.66) kai epeid  o P e�nai monadia�o (P ∗ = P−1)èpetai ìti
AP = PDpr�gma pou shma�nei ìti oi st le tou P e�nai idiodianÔsmata tou

A. E�nai fusikì loipìn na prospaj soume na dhmiourg soume tonp�naka P qrhsimopoi¸nta diadoqikoÔ stoiqei¸dei monadia�ou me-tasqhmatismoÔ. Pr�gmati sth sunèqeia kataskeu�zoume m�a pro-sèggish tou P tètoia ¸ste o p�naka P ∗AP na èqei ta ektì thdiagwn�ou tou stoiqe�a as manta se sÔgkrish me ta diag¸nia stoi-qe�a tou A. 'Etsi h mèjodo ma ja prèpei na èqei san apotèlesmathn el�ttwsh twn ektì th kur�a diagwn�ou stoiqe�wn tou p�naka
A. Sto shme�o autì e�nai qr simo na diatup¸soume to parak�twje¸rhma.Je¸rhma 8.3An o p�naka A e�nai Ermeitianì, tìte o p�naka B = P ∗APìpou P ∗ monadia�o (unitary) e�nai Ermeitianì kai èqei thn �dia Eu-kle�dia norm me eke�nh tou A, dhlad 

‖ B ‖2E=‖ A ‖2E (4.67)ìpou
‖ A ‖2E=

n∑

i=1

n∑

=1

|ai|2 (4.68)ApìdeixhParathroÔme ìti B∗ = B. Ep�sh178



‖ A ‖2E = tr(A∗A)

= tr(A2)

=

n∑

i=1

λ2
iìpou λi e�nai idiotim  tou A. Epeid  ìmw o B = P ∗AP e�nai ìmoiome ton A, pr�gma pou shma�nei ìti oi p�nake A kai B èqoun ti �dieidiotimè, sunep�getai ìti h (4.67) isqÔei.�Sunep¸ an kataskeu�soume thn akolouj�a twn Ermeitian¸npin�kwn

A1 = A

A2 = P ∗
1A1P1... (4.69)

As+1 = P ∗
sAsPs...apì to je¸rhma 8.3 sunep�getai ìti h Eukle�dia norm tou k�jep�naka As e�nai �sh me eke�nh tou A1 = A. All� o skopì ma e�naina elattwje� to mègejo twn ektì th kur�a diagwn�ou stoiqe�wntou A, qrhsimopoi¸nta tou metasqhmatismoÔ omoiìthta. 'Ara anor�soume ti posìthte

E(s) =
∑

i,=1
i 6=

∣
∣
∣a

(s)
i

∣
∣
∣

2 (4.70)
D(s) =

n∑

i=1

∣
∣
∣a

(s)
i

∣
∣
∣

2 (4.71)kai dialèxoume thn akolouj�a {P(s)

}
, s = 1, 2, . . . sthn (4.69)tètoia¸ste 179



E(s+1) ≤ E(s) (4.72)tìte
D(s+1) ≥ D(s) (4.73)afoÔ ‖ As+1 ‖E=‖ As ‖E . E�nai fanerì loipìn ìti megistopoi¸ntathn poiìthta D(s+1) − D(s) h taqÔthta sÔgklish th akolouj�a

{As} , s = 1, 2, . . . ja e�nai h megalÔterh dunat . Sth sunèqeia jaanaptÔxoume th mèjodo tou Jacobi (1846) h opo�a metasqhmat�zeiton p�naka A1 se diag¸nio morf  ektel¸nta m�a akolouj�a apìep�pede peristrofè. Gia lìgou eukol�a ja upojèsoume ìti op�naka A e�nai pragmatikì kai summetrikì opìte o P e�nai ènaorjog¸nio p�naka kai h (4.66) gr�fetai san P TAP = D en¸ oi(4.69) metasqhmat�zontai sti
A1 = A

A2 = P T
1 A1P1

A3 = P T
2 A2P2...

As+1 = P T
s AsPs...

An epilèxoume san p�naka P ton180



P =

r

q























1 . . . 0
1

cos θ sin θ
10 ... . . . ... 0

1
− sin θ cos θ

10 . . .
1





















(4.74)tìte èqoume to akìloujo je¸rhma.Je¸rhma 8.4An o A e�nai èna pragmatikì kai summetrikì p�naka tìte: (a)

P TP = I (dhl. o P e�nai orjog¸nio) (b) An B = (bi) = P TAP ,tìte o B e�nai summetrikì kai
(i) Gia i 6= r kai  6= r bi = ai (4.75)
(ii) Gia i 6= r, q

bir = bri = air cos θ − aiq sin θbiq = bqi = air sin θ + aiqcosθ

(iii)

brr = arr cos
2 θ + aqq sin

2 θ − 2arq sin θ cos θ

bqq = arr sin
2 θ + aqq cos

2 θ + 2arq sin θ cos θ (4.76)
(iv)

brq = bqr =
1

2
(arr − aqq) sin 2θ + arq cos 2θ (4.77)
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Apìdeixh'Estw P = [p1, p2 . . . pn] tìte gia  6= r, q èqoume
p = e = (0, 0, . . . , 0, 1, 0,

↑
j

. . . 0)T kai
Pr =

















0
0...

cos θ...
− sin θ...

0

















← r

← q

Pq =

















0
0...

sin θ...
cos θ...
0

















← r

← q

Epomènw
P TP =








pT1
pT2...
pTn








[p1 p2 . . . pn] =








pT1 p1 pT1 p2 . . . pT1 pn
pT2 p1 pT2 p2 . . . pT2 pn... ... ...
pTnp1 pTnp2 . . . pTnpn








To tuqìn shme�o (i, ) tou P TP e�nai to pTi p. Ep�sh gia i,  6=
r, q èqoume

pTi p = eTi e =

{

i an i = 

0 an i 6= Gia i = r kai  6= r, q

pTi p = pTi e = 0Gia i = r kai  = r 182



pTr pr = cos2 θ + sin2 θ = 1'Omoia gia i = q kai  = q

pTq pq = cos2 θ + sin2 θ = 1Gia i = r kai  = q

pTr pq = cos θ sin θ − sin θ cos θ = 0Epeid  o p�naka P TP e�nai summetrikì èqoume ìti kai pTq pr =
0. 'Ara apede�qjh ìti gia ìla ta i kai 

pTi p =

{

1 an i = 

0 an i 6= dhlad  P TP = I kai o P e�nai èna orjog¸nio p�naka. Gia thnapìdeixh tou (b) jewroÔme ton p�naka A san A = [a1 a2 . . . an]ìpou ai = [a1i a2i . . . ani]
T . Tìte

B = P TAP =








pT1
pT2...
pTn








A[p1 p2 . . . pn] =








pT1
pT2...
pTn








[Ap1 Ap2 . . . Apn] =








pT1Ap1 pT1Ap2 . . . pT1Apn
pT2Ap1 pT2Ap2 . . . pT2Apn... ... ... ...
pTnAp1 pTnAp2 . . . pTnApn






Sunep¸, bi = pTi Ap kai diakr�noume p�li ti prohgoÔmenepeript¸sei.Gia i 6= r, q kai  6= r, q èqoume

bi = pTi Ap = eTi Ae = eTi a = ai.Gia i 6= r, q kai  = r 183



bir = pTi Apr = eTi















a11 . . . a1r . . . a1q . . . a1n... ...
ar1 . . . arr . . . arq . . . arn... ...
aq1 . . . aqr . . . aqq . . . aqn... ...
an1 . . . anr . . . anq . . . ann





























0...
cos θ...
− sin θ...

0















← r

← q

= eTi








a1r cos θ − a1q sin θ
a2r cos θ − a2q sin θ...
anr cos θ − anq sin θ







= air cos θ − aiq sin θ.Gia i 6= r, q kai  = q èqoume

biq = pTi Apq = eTi








a1r cos θ + a1q sin θ
a2r cos θ + a2q sin θ...
anr cos θ + anq sin θ







= air cos θ + aiq sin θ.Gia i =  = r èqoume

brr = pTr Apr = [0 . . .
r↓

cos θ . . .
q↓

− sin θ . . . 0]








a1r cos θ − a1q sin θ
a2r cos θ − a2q sin θ...
anr cos θ − anq sin θ








= arr cos
2 θ − arq cos θ sin θ − aqr sin θ cos θ + aqq sin

2 θ.

= arr cos
2 θ − 2arq cos θ sin θ + aqq sin

2 θ (arq = aqr).Gia i =  = q èqoume 184



bqq = pTq Apq = [0 . . .
r↓

sin θ . . .
q↓

cos θ . . . 0]








a1r sin θ + a1q cos θ
a2r sin θ + a2q cos θ...
anr sin θ + anq cos θ








= arr sin
2 θ + arq cos θ sin θ + aqr sin θ cos θ + aqq cos

2 θ.

= arr sin
2 θ + 2arq cos θ sin θ + aqq cos

2 θ.Gia i = r kai  = q èqoume
brq = pTr Apq = [0 . . .

r↓

cos θ . . .
q↓

− sin θ . . . 0]








a1r sin θ + a1q cos θ
a2r sin θ + a2q cos θ...
anr sin θ + anq cos θ








= arr cos θ sin θ + arq cos
2 θ − aqr sin

2 θ − aqq cos θ sin θ.

= 1/2(arr − aqq) sin
2 θ + arq cos

2 θ.ParathroÔme t¸ra ìti o B e�nai summetrikì, kai sunep¸ hapìdeixh tou (b) e�nai pl rh.�O orjog¸nio p�naka P pou or�sthke apì thn (4.75) kale�-tai p�naka ep�pedh peristrof  kajìson peristrèfei tou �xone
r kai q kat� m�a gwn�a θ. H klasik  mèjodo tou Jacobi anazhte�ta stoiqe�a tou p�naka As th akolouj�a (4.74) pou br�skontai p�-nw apì thn kÔria diag¸nio kai prosdior�zei to stoiqe�o a

(s)
rq me thmegalÔterh apìluto tim , to opo�o kale�tai odhgì stoiqe�o. H a-naz thsh aut  g�netai mìno sto �nw trigwnikì mèro tou As afoÔe�nai summetrikì. Sth sunèqeia h gwn�a peristrof  θs eklègetaiètsi ¸ste to stoiqe�o a

(s+1)
rq na e�nai mhdèn. An loipìn apait soume

brq = 0, tìte apì thn (4.77) èqoume
brq =

1

2
(arr − aqq) sin 2θ + arq cos 2θ = 0 

tan 2θ =
2arq

aqq − arr
, aqq − arr 6= 0 (4.78)H de gwn�a θ eklègetai ètsi ¸ste185



−π
4
≤ θ ≤ π

4
.An aqq−arr = 0 tìte arq cos θ = 0 kai θ = π/4. Sthn per�ptwshìpou arq = 0 den qrei�zetai kam�a peristrof  en¸ o As ja e�nai  dhdiag¸nio. 'Ara up�rqei p�nta m�a gwn�a θ tètoia ¸ste brq = bqr = 0.Den qrei�zetai ìmw na lÔsoume thn trigwnometrik  ex�swsh (4.78)prokeimènou na broÔme thn θ kajìson qreiazìmaste mìno ta sin θkai cos θ. 'Etsi an jèsoume

b = |aqq − arr|kai
a = 2arqsign(aqq − arr) (4.79)ìpou

signx =
x

|x| =
{

1, an x > 0

−1, an x < 0tìte h (4.77) gr�fetai w ex 
tan 2θ =

α

βGia ton upologismì tou cos θ èqoume sec2 θ = 1 + tan2 2θ  
sec2 2θ = 1 +

α2

β2�ra
cos2 2θ =

β2

α2 + β2Epeid  |θ| ≤ π/4 dialègoume to cos 2θ na e�nai jetikì, ètsi
cos 2θ =

β
√

α2 + β2Ep�sh eÔkola br�skoume ìti186



sin 2θ =
α

√

α2 + β2Apì thn cos 2θ = 2 cos2 θ − 1 èqoume telik� ìti
cos θ =

[

1

2



1 +
β

√

α2 + β2





]1/2 (4.80)en¸ apì thn sin 2θ = 2 cos θ sin θ lamb�noume
sin θ =

α

2 cos θ
√

α2 + β2
(4.81)Sunoptik� ta b mata tou algor�jmou th mejìdou tou Jacobie�nai ta parak�tw.1. Prosdiorismì twn r kai q tètoiwn ¸ste

a(s)rq = max
1≦i,≤n

∣
∣
∣a

(s)
i

∣
∣
∣ .2. Upologismì twn a kai b apì thn (4.79)3. Upologismì twn cos θ kai sin θ apì ti (4.80) kai (4.81).4. Upologismì tou As+1 qrhsimopoi¸nta ti (4.75), (4.76) kai(4.8).Ant� th (4.77) to b ma 4 oloklhr¸netai jètonta a(s+1)

rq =

a
(s+1)
qr = 0. Ja prèpei wstìso na qrhsimopoihje� h (4.77) sanupologistikì èlegqo maz� me ènan èlegqo tou megèjou thposìthta | sin2 θ + cos2 θ − 1|5. O sqhmatismì th akolouj�a twn As ja stamat sei ìtan

E(s) ≤ ǫ, ǫ > 0, giat� sth f�sh aut  ta diag¸nia stoiqe�atou As e�nai kalè prosegg�sei twn idiotim¸n λ1, λ2, . . . , λn.E�nai eÔkolo t¸ra na apodeiqje�, qrhsimopoi¸nta ti sqèseitou Jewr mato 8.4, ìti
E(s+1) = E(s) − 2(a(s)rq )

2 (4.82)to opo�o d�nei 187



D(s+1) = D(s) + 2(a(s)rq )
2 (4.83)pr�gma pou apodeiknÔei ìti h akolouj�a twn pin�kwn As sugkl�neise diag¸nio morf  kai telik� o p�naka As ja e�nai ousiastik� ènadiag¸nio p�naka. Ja prèpei ìmw na deiqje� ìti h akolouj�a te�neise èna stajerì diag¸nio p�naka. Dhlad  ja prèpei na deiqje� ìti

|a(s+1)
rr − a(s)rr | → 0gia s→∞. Apì thn (4.8) èqoume ìti

a(s+1)
rr − a(s)rr = −a(s)rr (1− cos2 θ)− 2a(s)rq cos θ sin θ + a(s)qq sin2 θ

= (a(s)qq − a(s)rr ) sin
2 θ − 2a(s)rq cos θ sin θAn a

(s)
qq − a

(s)
rr = 0 èqoume amèsw ìti

|a(s+1)
rr − a(s)rr | > |a(s)rq |afoÔ |θ| = π/4. An a

(s)
qq − a

(s)
rr 6= 0 tìte qrhsimopoi¸nta thn (4.78)kai aplè trigwnometrikè sqèsei br�skoume

|a(s+1)
rr − a(s)rr | = |a(s)rq | | tan θ|.All� |θ| ≤ π/4 kai sunep¸ genik�
|a(s+1)

rr − a(s)rr | ≤ |a(s)rq |.An e�maste sth f�sh ìpou |a(s+1)
rq | ≤ ε tìte kai

|a(s+1)
rr − a(s)rr | ≤ ε.ìmoia
|a(s+1)

qq − a(s)qq | ≤ ε.Sunep¸ o algìrijmo tou Jacobi dhmiourge� m�a akolouj�a pi-n�kwn oi opo�oi te�noun se èna stajerì diag¸nio p�naka, o opo�oe�nai ìmoio me ton arqikì. ApodeiknÔetai ìti h mèjodo e�nai kaieustaj . H kwdikopo�hsh th mejìdou af netai san �skhsh giaton anagn¸sth. 188



4.8.1 Parallagè th mejìdou tou JacobiEpeid  h anaz thsh, se k�je b ma tou algor�jmou, gia to stoiqe�o
arq me to mègisto mètro e�nai qronobìra, giautì up�rqoun dÔo enal-laktikè strathgikè pou e�nai perissìtero qr sime sthn pr�xh. Hpr¸th e�nai eke�nh kat� thn opo�a den g�netai kam�a anaz thsh. Tastoiqe�a mhden�zontai sÔmfwna me m�a kuklik  seir�. H sunhjismènhseir� e�nai eke�nh twn gramm¸n, dhlad  mhden�zontai ta stoiqe�a stijèsei (1, 2), (1, 3), . . . , (1, n), (2, 3), (2, 4), . . . , (2, n), (3, 4), . . . ,
(n−1, n). Se k�je de b ma elègqetai an to stoiqe�o pou prìkeitai namhdenisje� e�nai meg�lo se mègejo sugkrinìmeno me to �jroisma twntetrag¸nwn twn diagwn�wn stoiqe�wn. H mèjodo aut  e�nai gnwst san h kuklik  mèjodo tou Jacobi. H �llh parallag  th mejì-dou e�nai eke�nh kat� thn opo�a or�zetai m�a stajer� (threshold) kat�thn di�rkeia k�je b mato. An to upoy fio gia mhdenismì stoiqe�otou p�naka e�nai mikrìtero apì thn stajer� aut  kat� apìluto tim ,tìte agnoe�tai (diaforetik� mhden�zetai). Fusik�, h stajer� aut elatt¸netai se k�je b ma. Epeid  h posìth E(s) te�nei sto mhdèn,ja qreiaste� h stajer� aut  na g�nei telik� èna arijmì polÔ kont�sto mikrìtero arijmì pou mpore� na parastaje� apì ton upologist pou qrhsimopoie�tai. Sthn per�ptwsh aut  mporoÔme na upojèsoumeìti h mèjodo èqei sugkl�nei. H mèjodo aut  e�nai gnwst  san hstajer  mèjodo tou Jacobi (the threshold Jacobi method).E�nai dunatìn na apodeiqje� ìti gia ti parap�nw trei mejìdou tou
Jacobi h sÔgklish e�nai tetragwnik  me thn ènnoia ìti

E(s+N) ≤ K[E(s)]
2ìpou to K exart�tai apì thn apìstash twn idiotim¸n kai thn t�xh

n tou p�naka A kai N = 1/2n(n − 1). ApodeiknÔetai ep�sh ìti hmeg�sth tim  th posìthta D(s+1) − D(s) lamb�netai ìtan isqÔei h(4.78) (giat�?).4.8.2 Upologismì twn idiodianusm�twnE�nai fanerì ìti
As+1 = (P1P2 . . . Ps)

TA1(P1P2 . . . Ps)kai sth per�ptwsh ìpou h mèjodo èqei sugkl�nei, èqoume ìti189



P TA1P = D (4.84)ìpou
P = P1P2 . . . Ps (4.85)Sunep¸ apì thn (4.84) èqoume ìti oi st le tou P d�noun taidiodianÔsmata tou p�naka A. Ax�zei na shmeiwje� ìti ta idiodia-nÔsmata prosdior�zontai sth mèjodo tou Jacobi tautìqrona me tiidiotimè. Ep�sh ta idiodianÔsmata pou d�nontai apì ton P e�nai or-jog¸nia. Sth per�ptwsh ìpou oi idiotimè tou A e�nai kont� h m�ame thn �llh, up�rqei pijanìthta ta idiodianÔsmata na mhn upologi-sjoÔn me meg�lh akr�beia. To gegonì ìti, qrhsimopoi¸nta thnmèjodo tou Jacobi, mporoÔme p�nta na prosdior�soume ìla ta idio-dianÔsmata e�nai èna shmantikì pleonèkthma th mejìdou. Wstìso,sth sunèqeia ja parousiastoÔn orismène taqÔtere mèjodoi, idia�-tera ìtan oi idiotimè e�nai diakekrimène.'AskhshNa efarmostoÔn oi trei mèjodoi tou Jacobi gia ton upologismìtwn idiotim¸n kai idiodianusm�twn tou p�naka
A =





1 0 2
0 2 1
2 1 1



Sugkr�nate kai sqoli�sate ta apotelèsmat� sa.4.9 H mèjodo tou Givens'Ena basikì meionèkthma th mejìdou tou Jacobi e�nai ìti ta stoi-qe�a tou p�naka pou mhden�zontai se èna b ma mpore� na g�noun mhmhdenik� (me arket� meg�lh tim ) sta epìmena b mata. To fainìmenoautì èqei san sunèpeia ìti h mèjodo tou Jacobi e�nai mh peperasmè-nh. 'Etsi ìtan apaite�tai meg�lh akr�beia gia ti idiotimè   ìtan tadiag¸nia stoiqe�a tou A den e�nai meg�la se mègejo, sugkrinìmename ta ektì th diagwn�ou stoiqe�a tou A, e�nai dunatìn na èqoume190



p�ra polÔ arg  sÔgklish th mejìdou. Ep�sh, sun jw epijumoÔ-me mìno ton upologismì twn idiotim¸n kai ìqi twn idiodianusm�twn.Sth sunèqeia ja melet soume mejìdou, oi opo�e metasqhmat�zounèna Ermeitianì p�naka A se ènan �llo, tou opo�ou to idiosÔsthmae�nai eÔkolo na upologiste�. Pio sugkekrimèna o arqikì p�naka jametasqhmatiste� se èna pragmatikì summetrikì tridiag¸nio p�nakame èna peperasmèno arijmì bhm�twn.Prokeimènou na apofeuqje� to basikì meionèkthma th mejìdoutou Jacobi, o Givens (1954) anèptuxe m�a mèjodo, h opo�a diathre�ta mhdenik� stoiqe�a sti ektì th diagwn�ou jèsei apì thn stigm pou ja dhmiourghjoÔn. H mèjodo aut  xekin� me thn eklog  tou
a23, a24, . . . , a2n san odhg� stoiqe�a all� ant� na epilege� h gwn�a
θ tètoia ¸ste na mhden�zontai ta stoiqe�a aut� (ìpw sth mèjodo
Jacobi), h gwn�a θ epilègetai ètsi ¸ste na mhden�zontai ta stoiqe�a
a13, a14, . . . , a1n(kai ta summetrik� tou). Kat' autì ton trìpo ènasummetrikì p�naka A metasqhmat�zetai ston summetrikì p�naka thmorf 

x x 0 0 0 . . . 0
x x x x x . . . x0 x x x x . . . x0 x x x x . . . x0 x x x x . . . x... ... ... ... ... ...0 x x x x . . . x

o opo�o èqei n − 2 mhdenik� sthn pr¸th gramm  kai sthn pr¸thst lh. Eklègonta sth sunèqeia san odhg� stoiqe�a apì thn tr�thgramm  (st lh) pou br�skontai sti jèsei (3, 4), (3, 5), . . . (3, n) kaith gwn�a peristrof  θ ètsi ¸ste na mhden�zontai ta stoiqe�a stijèsei pou èqoun upogrammiste� dhl. sti (2, 4), (2, 5), . . . , (2, n)par�getai o p�naka 191



x x 0 0 0 . . . 0
x x x 0 0 . . . 00 x x x x . . . x0 0 x x x . . . x0 0 x x x . . . x... ... ... ... ... ...0 0 x x x . . . xo opo�o èqei n − 3 mhdenik� sth deÔterh gramm  kai sth deÔte-rh st lh. ParathroÔme ìti ta mhdenik� th pr¸th gramm  kaith pr¸th st lh ja diathrhjoÔn afoÔ aut� antikaj�stantai apìgrammikoÔ sunduasmoÔ mhdenik¸n [bl. (4.76)℄. Genik� to r kÔ-rio b ma th ìlh diadikas�a apotele�tai apì n − r − 1 ep� mèroub mata, kat� ta opo�a dhmiourgoÔntai mhdenik� diadoqik� sti jè-sei r + 2, r + 3, . . . , n th r gramm  kai st lh kai to mhdèn sthn

(r− 1, q) jèsh par�getai eklègonta san odhgì stoiqe�o eke�no thjèsh (r, q). Suneq�zonta aut  th diadikas�a h mèjodo ja meta-sqhmat�sei ton arqikì p�naka se èna summetrikì tridiag¸nio met�apì ∑n−2
i=1 (n − i − 1) = (n − 1)(n − 2)/2 peristrofè, pr�gma poude�qnei ìti h mèjodo Givens apaite� peperasmèno arijmì bhm�twn.E�nai fanerì loipìn ìti oi upologismo� sth mèjodo tou Givens èqoundiataqje� kat� tètoio trìpo ¸ste na mporoÔme na mhden�soume stoi-qe�a ektì th kÔria diagwn�ou, en¸ thn �dia stigm  na paramènounmhdenik� ta prohgoÔmena (mhdenik�) stoiqe�a tou p�naka. Qrhsimo-poi¸nta loipìn ton p�naka Ps ìpw or�sthke sthn mèjodo JacobimporoÔme na mhden�soume ant� tou a

(s+1)
rq to stoiqe�o a

(s+1)
r−1,q (kai to

a
(s+1)
q,r−1 ). Autì mpore� na g�nei an jèsoume i = r − 1 sth deÔterhsqèsh th (??) opìte

br−1,q = bq,r−1 = ar−1,r sin θ + ar−1,q cos θ = 0 (4.86)h opo�a ikanopoie�tai an
sin θ = −αar−1,q kai cos θ = αar−1,r (4.87)ìpou 192



α =
1

√

a2r−1,r + a2r−1,q

(4.88)Gia thn paragwg  enì tridiag¸niou p�naka oi timè twn r kai q e�nai r =
2(1)n−1 kai q = r+1(1)n. Tèlo mpore� na upologiste� ìti per�pou
4/3n3 pol/mo� qrei�zontai gia na g�nei h trigwnopo�hsh se sÔgkrishme 2n3 pol/moÔ gia èna b ma th mejìdou Jacobi.Par�deigmaNa metatrape� o p�naka







1 2 1 2
2 2 −1 1
1 −1 1 1
2 1 1 1





se diag¸nio me th mèjodo GivensLÔsh

α =
1

√

a21,2 + a21,3

=
1√
5
, sin θ = − 1√

5
, cos θ =

2√
5
, i = 1

b1,2 = a12 cos θ − a13 sin θ = 2 · 2√
5
− 1

(

−1 1√
5

)

=
5√
5
= b12, i = 2

b2,4 = b4,2 = a42 cos θ − a43 sin θ = 1 ·
(

2√
5

)

− 1

(

− 1√
5

)

=
3√
5
, i = 3

b34 = b4,3 = a42 sin θ + a43 cos θ = 1 ·
(

− 1√
5

)

+ 1 ·
(

2√
5

)

=
1√
5

b22 = a22 cos
2 θ + a33 sin

2 θ − 2a23 sin θ cos θ = 1

b33 = a22 sin
2 θ + a33 cos

2 θ + 2a23 sin θ cos θ = 2

b23 = b32 =
1

2
(a22 · a33) sin 2θ + a23 cos 2θ =

=
1

2
(2− 1)

(

−4
5

)

+ (−1)
(
3

5

)

= −1.193



4.10 H mèjodo tou HouseholderO Householder (1958) anèptuxe m�a mèjodo, h opo�a tridiagwnopoie�èna summetrikì p�naka A qrhsimopoi¸nta akrib¸ n − 2 orjog¸-niou metasqhmatismoÔ. Auto� oi metasqhmatismo� e�nai pio polÔ-plokoi apì eke�nou th apl  peristrof  all� h pl rh tridia-gwnopo�hsh tou p�naka apaite� mìno per�pou tou misoÔ upologi-smoÔ se sÔgkrish me th mèjodo tou Givens. O metasqhmatismìtou Householder qrhsimopoie� tou p�nake
P ∈ R

nnth morf 
P = I · 2wwT (4.89)ìpou w = (wi) ∈ Rn e�nai èna di�nusma st lh tètoio ¸ste

wTw = 1 (4.90)Je¸rhma 10.1An o p�naka P oriste� apì ti (4.89) kai (4.90), tìte
(i)P = P T

(ii)P = P−1.Apìdeixh
(i)P T = I − 2(wwT )T = I − 2wT

(ii)P TP = I − 2wwT (I − 2wwT )

= I − 4wwT + 4w(wTw)wT

= I − 4wwT + 4wwT

= I.�'Ara P = P T = P−1 kai o P e�nai summetrikì kai orjog¸nio.Sth sunèqeia a jewr soume n− 2 metasqhmatismoÔ Householderarq�zonta me ton summetrikì p�naka A ∈ R
nn. 'Eqoume194



A1 = A

A2 = P2A1P2

A3 = P3A2P3... (4.91)
An−1 = Pn−1An−2Pn−1ìpou or�zoume tou p�nake
Pr, r = 2(1)n− 1apì thn
Pr = I − 2w(r)w(r)T (4.92)me
w(r) =














0...
0
wr

wr+1...
wn














(4.93)
kai

w2
r + w2

r+1 + · · ·+ w2
n = 1 (4.94)O skopì ma e�nai na metasqhmat�soume ton pragmatikì sum-metrikì p�naka A1 se èna pragmatikì summetrikì tridiag¸nio p�naka

An−1 qrhsimopoi¸nta n− 2 orjog¸niou metasqhmatismoÔ omoiì-thta.Prokeimènou na upolog�soume ton
Ar = PrAr−1Pr (4.95)ja prèpei na upolog�soume pr¸ta ta stoiqe�a wr, wr+1, . . . , wn toudianÔsmato w(r) ètsi ¸ste o p�naka PrAr−1Pr na mhden�zei ta

n − r stoiqe�a ektì twn tridiagwn�wn, sth gramm  r − 1 kai sthst lh r − 1 tou Ar−1. Gia thn exagwg  twn tÔpwn upologismoÔ195



twn wr, wr+1, . . . , wn a exet�soume analutik� thn per�ptwsh ìpou
n = 4 kai r = 2. Me �lla lìgia èstw o summetrikì p�naka

A1 =







a11 a12 a13 a14
a21 a22 a23 a24
a31 a32 a33 a34
a41 a42 a43 a44





Sth sunèqeia jèloume na mhden�soume ta summetrik� zeug�riadhl. jèloume

a13 = a31 = 0kai
a14 = a41 = 0 (4.96)qrhsimopoi¸nta ton metasqhmatismì
A2 = P2A1P2 (4.97)ìpou

P2 = I − 2w(2)w(2)T (4.98)kai
w(2) =







0
w2

w3

w4







(4.99)me
w2

2 + w2
3 + w2

4 = 1 (4.100)Sqhmat�zonta ton P2 èqoume ìti






1 0 0 0
0 1− 2w2

2 −2w2w3 −2w2w4

0 −2w3w2 1− 2w2
3 −2w3w4

0 −2w4w2 −2w4w3 1− 2w2
4





Epeid  o A2 e�nai summetrikì de�qnoume mìno thn 1h st lh.'Etsi 196



A2 = P2A1P2

= P2







a11 a12 a13 a14
a21 a22 a23 a24
a31 a32 a33 a34
a41 a42 a43 a44













1 0 0 0
0 1− 2w2

2 −2w2w3 −2w2w4

0 −2w3w2 1− 2w2
3 −2w3w4

0 −2w4w2 −2w4w3 1− 2w2
4







=







1 0 0 0
0 1− 2w2

2 −2w2w3 −2w2w4

0 −2w3w2 1− 2w2
3 −2w3w4

0 −2w4w2 −2w4w3 1− 2w2
4













a11 a′12 a′13 a′14
a21 a′22 a′23 a′24
a31 a′32 a′33 a′34
a41 a′42 a′43 a′44







=







a′′11 a′′12 a′′13 a′′14
a21(1− 2w2

2) + a31(−2w2w3) + a41(−2w2w4) a′′22 a′′23 a′′24
a21(−2w3w2) + a31(1− 2w2

3) + a41(−2w3w4) a′′32 a′′33 a′′34
a21(−2w4w2) + a31(−2w4w3) + a41(1− 2w2

4) a′′42 a′′43 a′′44





Gia thn aplìthta twn upologism¸n qrhsimopoioÔme tou tìnougia na diaforopoi soume ta stoiqe�a tou A2 apì ta ant�stoiqa tou

A1 . An t¸ra jèsoume
p = w2a21 + w3a31 + w4a41 (4.101)tìte ta stoiqe�a th pr¸th st lh tou A2 gr�fontai sthn aploÔ-sterh morf 

a′′11 = a11

a′′21 = a21 − 2w2p (4.102)
a′′31 = a31 − 2w3p

a′′41 = a41 − 2w4p'Estw t¸ra s2k sumbol�zei to �jroisma twn tetrag¸nwn twnstoiqe�wn k�tw apì thn kÔria diag¸nio sthn k st lh. Tìte gia ton
A2 èqoume sthn pr¸th st lh
s21 = (a′′21)

2 + (a′′31)
2 + (a′′41)

2

= (a21 − 2w2p)
2 + (a31 − 2w3p)

2 + (a41 − 2w4p)
2

= a221 + a231 + a241 − 4p(a21w2 + a31w3 + a41w4) + 4p2(w2
2 + w2

3 + w2
4)(4.103)197



 
s21 = a221 + a231 + a241 − 4p2 + 4p2

= a221 + a231 + a241Sunep¸ h posìth s21 e�nai h �dia gia tou A3 kai A2 dhlad  pa-ramènei anallo�wto k�tw apì ton metasqhmatismì tou Householder.Je¸rhma 10.2To �jroisma twn tetrag¸nwn twn stoiqe�wn k�tw apì thn kÔ-ria diag¸nio th st lh r−1 tou p�naka Ar−1 paramènei anallo�wtok�tw apì ton metasqhmatismì tou Householder Ar = PrAr−1Pr.To �dio sumba�nei, lìgw summetr�a kai gia ta stoiqe�a dexi� th kÔ-ria diagwn�ou sth gramm  r − 1.ApìdeixhAf netai san �skhsh gia ton anagn¸sthA jèsoume t¸ra
a′′31 = a′′41 = 0tìte

a21 − 2w2p = ±s1(s21 = (a′′21)
2)

a31 − 2w3p = 0 (4.104)
a41 − 2w4p = 0ìpou

s1 =
√

a221 + a231 + a241. (4.105)An pol/soume ti parap�nw exis¸sei me w2, w3 kai w4 ant�-stoiqa kai prosjètoume tìte ja èqoume
w2a21 + w3a31 + w4a41 − 2p(w2

2 + w2
3 + w2

4) = ±w2s1198



 
p− 2p = ±w2s1 

p = ±w2s1 (4.106)'Etsi loipìn antikajist¸nta thn tim  tou p sti exis¸sei(4.104) lamb�noume
a21 ± 2w2

2s1 = ±s1
a31 ± 2w2

3s1 = 0 (4.107)
a41 ± 2w2

4s1 = 0Opìte èqoume na lÔsoume trei mh-grammikè exis¸sei me treiagn¸stou w2, w3 kai w4 . Oi parap�nw exis¸sei d�nounSti parap�nw sqèsei prèpei na apofas�soume gia th qr shtou prìshmou. Prokeimènou na apofÔgoume ton mhdenismì tou arij-mht  sthn pr¸th ex�swshSth sunèqeia den qrhsimopoioÔme thn tetragwnik  r�za gia tonupologismì tou w2 epeid  ìle oi parap�nw sqèsei e�nai deutèroubajmoÔ w pro w2. 'Etsi diair¸nta thn pr¸th ex�swsh me w2èqoume
w2 =

a21(sign : a21) + 2s1
2w2s1tìte to w(2) èqei thn ex  apl  morf 

w(2) =

(
sign : a21
2w2s1

)







0
a21 + s1(sign : a21)

a31
a41







(4.108) 
w(2) = β2υ

(2) (4.109)ìpou 199



β2 =
sign : a21
2w2s1

kai υ(2) =







0
a21 + s1(sign : a21)

a31
a41







(4.110)Ekfr�zonta ton P2 sunart sei tou υ(2) ant� tou w(2) èqoume
P2 = I − 2w(2)w(2)T

= I − 2β
(2)
2 υ(2)υ(2)T (4.111)

= I − 2α2υ
(2)υ(2)T .ìpou

α2 = 2β
(2)
2 − 2

1

2w2
2s

2
1

=
1

s21 + s1|a21|
(4.112)lìgw th (4.110) kai th pr¸th sqèsh twn (??). Qrhsimopoi¸ntata υ(2) ant� twn w(2) apofeÔgoume ton upologismì mia tetragwnik r�za kat� tou upologismoÔ ma. 'Etsi loipìn èqoume to je¸rhmaJe¸rhma 10.3O metasqhmatismì

PrAr−1Pr (4.113)ìpou
Pr = I − αrυ

(r)υ(r)T (4.114)
αr =

1

s2r−1 + sr−1|ar,r−1|
(4.115)

υ(r) =














0...
0

âr,r−1

ar+1,r−1...
an,r−1














(4.116)
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me
âr,r−1 = ar,r−1 + sr−1(sign : ar,r−1) (4.117)kai

sr−1 =
√

a2r,r−1 + ar+1,r−1 + · · ·+ a2n,r−1 (4.118)ja mhden�sei ta n− r ektì twn tridiagwn�wn stoiqe�wn sth gramm 
r− 1 kai st lh r− 1 tou Ar−1 (h apìdeixh af netai sthn �skhsh).Den qrei�zetai ìmw na sqhmat�zoume ton Pr prokeimènou naefarmìsoume ton

P1Ar−1Prkajìson
A′ = PAP

= (I − αυυT )A(I − αυυT )

= A− αυυTA− αAυυT + α2υ(υTAυ)υT

= A− αυυTA− αAυυT + α2(υTAυ)υυT

= A− (υqT + qυT ) (4.119)ìpou
q = u− µυ

u = 2Aυ (4.120)
µ =

α

2
υTu'Etsi an gnwr�zoume to υ tìte upolog�zoume to q kai mporoÔmena qrhsimopoi soume thn (4.119) prokeimènou na ektelèsoume tometasqhmatismì. ParathroÔme tèlo ìti met� to metasqhmatismì

PrAr−1Pr ta metasqhmatismèna stoiqe�a sth st lh r − 1 (me ìmoiaapotelèsmata gia th gramm  r − 1) e�nai ta201



a′r−1,r−1 = ar−1,r−1

a′r,r−1 = sr−1 (4.121)
a′r+1,r−1 = 0...
a′n,r−1 = 0 (4.122)H deÔterh ex�swsh th (4.121) e�nai �mesh sunèpeia tou jewr -mato 10.2 kai mpore� na qrhsimopoihje� san èna èlegqo gia thnakr�beia twn upologism¸n. Tèlo o arijmì twn pol/m¸n gia thntridiagwnopo�hsh e�nai o misì th mejìdou tou Givens.4.11 Upologismì tou idiosust ma-to enì summetrikoÔ tridiag¸-niou p�nakaOi mèjodoi tou Givens kai tou Householder metasqhmat�zoun ènasummetrikì tridiag¸nio. Apomènei loipìn o prosdiorismì tou idio-sust mato autoÔ tou p�naka. Apomènei loipìn o prosdiorismì touidiosust mato autoÔ tou p�naka. Sto shme�o autì ja prèpei na a-pofas�soume an qreiazìmaste to pl re idiosÔsthma (dhlad  ìleti idiotimè me   qwr� ta ant�stoiqa idiodianÔsmata)   apl� meri-kè idiotimè kai ta isodÔnama tou. Sth sunèqeia ja asqolhjoÔmeme to teleuta�o prìblhma, en¸ gia to pr¸to prìblhma up�rqei m�aperissìtero apotelesmatik  mèjodo.'Estw o summetrikì tridiag¸nio p�naka











a1 b1

b1 a2 b2 0. . . . . . . . .0 bn−2 an−1 bn−1

bn−1 an











(4.123)Upojètoume ìti bi 6= 0, i = 1(1)n− 1, giat� an bi = 0 gia k�poio
i o p�naka e�nai block tridiag¸nio kai mporoÔme na ergastoÔme me202



to k�je èna block qwrist�. Sth sunèqeia ja upolog�soume thn tim tou qarakthristikoÔ poluwnÔmou tou T qwr� ton upologismì twnsuntelest¸n tou. An Pi(λ) e�nai h or�zousa tou odhgoÔ kÔriouupop�naka, t�xh i tou T − λI, tìte gia i = 1, 2, 3 lamb�noume
P1(λ) = a1 − λ

P2(λ) = (a1 − λ)P1(λ)− b21 (4.124)
P3(λ) = (a3 − λ)P2(λ)− b22P1(λ)pr�gma pou dhl¸nei m�a genik  anadromik  sqèsh h opo�a d�netai apìto parak�tw je¸rhma.Je¸rhma 11.1An T e�nai èna pragmatikì summetrikì tridiag¸nio p�nakakai an T − λI d�netai apì thn











a1 − λ b1

b1 a2 − λ b2 0. . . . . . . . . . . .0 bn−2 an−1 − λ bn−1

bn−1 an − λ











(4.125)tìte gia i = 1(1)n

Pi(λ) = (ai − λ)Pi−1(λ)− b2i−1Pi−2(λ) (4.126)ìpou P−1(λ) ≡ 0, P0(λ) ≡ 1 kai b0 = 0.ApìdeixhAn
Pi(λ) = det











a1 − λ b1

b1 a2 − λ b2 0. . . . . . . . . . . .0 bi−2 ai−1 − λ bi−1

bi−1 ai − λ











(4.127)
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tìte anaptÔssonta thn or�zousa w pro ta stoiqe�a th teleuta�aseir� èqoume gia i ≥ 3 thn (4.126).�E�nai fanerì t¸ra ìti oi r�ze k�je poluwnumik  ex�swsh Pi(λ) =
0 e�nai pragmatikè. Epeid  Pn(λ) = det(T − λI)e�nai to qarakthri-stikì polu¸numo tou T , o skopì ma e�nai na broÔme ti r�ze th
Pn(λ) = 0. Kat' arq n qreiazìmaste to parak�tw apotèlesma.Je¸rhma 11.2 (Givens)An T e�nai o pragmatikì summetrikì tridiag¸nio p�naka pouor�zetai apì thn (4.123) me bi 6= 0, i = 1(1)n− 1, tìte oi r�ze k�jeex�swsh Pi(λ) = 0 e�nai diakekrimène kai qwr�zontai apì ti r�zeth Pi−1(λ) = 0.ApìdeixhEpeid  bk 6= 0 gia k = 1(1)n − 1, kam�a apì ti dÔo diadoqi-kè exis¸sei Pi−1(λ) = 0 kai Pi(λ) = 0 den e�nai dunatìn na è-qoun m�a koin  r�za, giat� an e�qan, tìte, lìgw th (4.126) kai oi
Pi−2(λ) = 0, Pi−3(λ) = 0, . . . , Pi(λ) = 0 ja e�qan thn �dia r�za.All� to a1 e�nai h monadik  r�za th P1(λ) = 0 kai to a1 den e�nair�za thP2(λ) = 0, afoÔ b1 = 0 lìgw th upìjesh. O diaqwrismìtwn riz¸n apodeiknÔetai me thn mèjodo th epagwg . EÔkola mpo-re� na diapistwje� ìti to a1, h r�za th P1(λ) = 0, br�sketai metaxÔtwn diakekrimènwn riz¸n th P2(λ) = 0. Upojètoume ìti oi r�zetwn Pi−2(λ) = 0 kai Pi−1(λ) = 0 e�nai diakekrimène kai oi r�ze thpr¸th qwr�zoun ti r�ze th deÔterh. 'Estw r1 < r2 < · · · < ri−1oi r�ze th Pi−1(λ) = 0. Tìte apì thn anadromik  sqèsh (4.126)gia k = 1(1)i− 1 èqoume

Pi(rk) = −b2i−1Pi−2(rk)to opo�o shma�nei ìti oi posìthte Pi(rk) kai Pi−2(rk) èqoun ant�jetaprìshma. Wstìso, lìgw th upìjesh th epagwg , to Pi−2(λ)all�zei prìshmo metaxÔ twn rk kai rk+1, k = 1(1)i− 2 pr�gma poushma�nei ìti kai toPi(λ) all�zei prìshmo. Me �lla lìgia h Pi(λ) = 0èqei mia r�za metaxÔ k�je zeugarioÔ diadoqik¸n riz¸n th Pi−1(λ) =
0. Epeid  de 204



Pi(λ)→
{

∞, λ→ −∞
(−1)i∞, λ→∞gia i = 1(1)n èpetai ìti h Pi(λ) = 0 èqei mia r�za dexi� th ri−1 kaimia r�za arister� th r1. An oi r�ze th Pi(λ) e�nai oi s1, s2, . . . , side�xame ìti

s1 < r1 < s2 < r2, · · · < si−1 < ri−1 < siSunep¸ oi r�ze th Pi(λ) = 0 e�nai diakekrimène kai qwr�zontaiapì ti r�ze th Pi−1(λ) = 0.�H idiìthta aut  apotele� thn b�sh mia apotelesmatik  teqni-k  gia ton prosdiorismì twn jèsewn twn idiot twn tou T . Piosugkekrimèna h akolouj�a twn poluwnÔmwn {Pi(λ)}, i = 1(1)n pouor�zetai apì thn (4.126) apotele� mia akolouj�a Sturm sto di�sthma(−∞, ∞) sÔmfwna me ton akìloujo orismìOrismì (Gantmacher [1960℄, vol II, p. 175). A jewr soumethn akolouj�a twn pragmatik¸n poluwnÔmwn p0(x), p1(x), p2(x), . . . , pn(x)me ti parak�tw dÔo idiìthte, ìson afor� èna anoiktì di�sthma
(a, b), ìpou a mpore� na e�nai to −∞ kai b to ∞:
(i) Gia k�je tim  x0 ∈ (a, b), an pk(x0) = 0, tìte

Pk−1(x0)Pk+1(x0) < 0to opo�o shma�nei ìti ta Pk−1(x0) kai Pk+1(x0) èqoun ant�jetaprìshma.
(ii) p0(x) 6= 0 gia k�je x ∈ (a, b).Tìte h akolouj�a aut  twn poluwnÔmwn kale�tai mia akolou-j�a Sturm sto di�sthma (a, b). Sto sq ma 4.11 parousi�zetai odiaqwrismì twn riz¸n gia n = 3, ìpou a1 e�nai r�za th P1(λ) =
0, µ1 kai µ2 oi r�ze th P2(λ) = 0 kai λ1, λ2 kai λ3 oi r�ze th
P3(λ) = 0. Den èqei shmas�a an λ2 < a1   a1 < λ2 sto di�grammaarke� a1, λ2 ∈ (µ1, µ2) 205



Sq ma 4.11Orismì'Estw s(λ) o arijmì twn amet�blhtwn pros mwn sthn akolou-j�a 1, P1 : (λ), : P2(λ), : . . . , : Pn(λ). An Pi(λ) = 0 gia k�poio ilamb�noume san prìshmo to prìshmo tou Pi−1(λ). Gia par�deigma,gia to sq ma 4.11, parathroÔme ìti èqoume ton parak�tw p�naka ì-tan to λ br�sketai sta ant�stoiqa diast mata:P�naka 4.1
(−∞, λ1) (λ1, µ1) (µ1, λ2) (λ2, a1) (a1, µ2) (µ2, λ3) (λ3,∞)1 + + + + + + +

P1(λ) + + + + - - -
P2(λ) + + - - - + +
P3(λ) + - - + + + -
sλ 3 2 2 1 1 1 0Apì to sq ma 4.11 parathroÔme ìti o arijmì s(λ) e�nai �so meton arijmì eke�nwn twn riz¸n th P3(λ) = 0, oi opo�e e�nai megalÔ-tere   �se me λ. Genik� èqoume:Je¸rhma 11.3 206



H posìth s(λ) e�nai o arijmì twn riz¸n th Pn(λ) = 0 oiopo�e e�nai megalÔtere   �se me λ.ApìdeixhAf netai san �skhsh gia ton anagn¸sth.E�nai fanerì loipìn ìti m�a susthmatik  anaz thsh, qrhsimo-poi¸nta to je¸rhma 11.3 gia di�fore timè tou λ ja prosdior�seiproseggistik� diast mata ta opo�a perikle�oun m�a idiotim . Epei-d  S(T ) ≤‖ T ‖β gia k�je norm p�naka èqoume ìti ìle oi idio-timè tou T (r�ze th Pn(λ) ) br�skontai sto kleistì di�sthma
[− ‖ T ‖∞, ‖ T ‖∞]. Qrhsimopoi¸nta t¸ra th mèjodo th diqo-tìmhsh kai to je¸rhma 11.3 mporoÔme na broÔme èna di�sthma toopo�o na perièqei mìnon thn idiotim  pou anazhtoÔme. Sto shme�oautì h mèjodo th diqotìmhsh mpore� na suneqiste� mèqri ìtouepiteuqje� h epijumht  akr�beia gia thn idiotim  pou èqoume apomo-n¸sei. Fusik� met� apì m diqotom sei to mègejo tou diast matoja e�nai 2−m[− ‖ T ‖∞, ‖ T ‖∞].Par�deigmaD�netai o p�naka

T =








−2 1 0
1 −2 1

1 −2 10 1 −2






Pìse apì ti idiotomè tou br�skontai sto di�sthma [−2, 0]?LÔshAn l = 0 tìte apì to Je¸rhma 11.3 br�skoume:

P0(0) = 1, P1(0) = −2, P2(0) = 3, P3(0) = −4, kai P4(0) = 5H akolouj�a twn shme�wn th {Pi(0)}, i = 0(1)4 e�nai207



+−+−+opìte s(0) = 0 pr�gma pou dhl¸nei ìti o T den èqei kam�a jetik   mhdèn idiotim , dhlad  o T e�nai èna arnhtik� orismèno p�naka.An λ = −2 tìte èqoume thn akolouj�a:
P0(−2) = 1, P1(−2) = 0, P2(−2) = −1, P3(−2) = 0, P4(−2) = 1kai h akolouj�a twn pros mwn e�nai h ++−−+, �ra s(−λ) = 2pr�gma pou shma�nei ìti o T èqei dÔo idiotimè tou sto di�sth-ma [−2, 0]. Sth sunèqeia mporoÔme na diqotom soume to di�sthma
[−2, 0] kai na epanal�boume thn parap�nw diadikas�a mèqri ìtoubroÔme k�poio di�sthma pou perièqei mìno thn idiotim  pou epiju-moÔme.H parap�nw teqnik  e�nai polÔ apotelesmatik  an qrei�zetai nabroÔme ti idiotimè se èna sugkekrimèno di�sthma   merikè apì tipr¸te   merikè apì ti teleuta�e idiotimè enì nxn summetrikoÔtridiag¸niou p�naka.Upojètoume t¸ra ìti èqoume upolog�sei m�a   perissìtere i-diotimè enì summetrikoÔ p�naka A ∈ R

nn afoÔ pr¸ta ton metasqh-mat�same se èna summetrikì tridiag¸nio p�naka T . 'Estw
A = P TTPme P TP = I. An λ e�nai m�a idiotim  tou T me ant�stoiqo idiodi�nusma

y, tìte Ty = λy kai ètsi
λ(P Ty) = P TTy

= P TTP (P Ty)

= A(P Ty)dhlad  to ant�stoiqo idiodi�nusma sth λ idiotim  tou A e�nai to
x = P Ty (4.128)Me �lla lìgia mporoÔme na upolog�soume to idiodi�nusma x tou Aupolog�zonta pr¸ta to idiodi�nusma y tou T kai met� na qrhsimo-poi soume thn (4.128). Gia lìgou upologistik  eust�jeia, o208



Wilkinson [1963, sel. 142℄ sunist� th qr sh th ant�strofh me-jìdou twn dunèmewn gia ton upologismì tou y (bl. ep�sh Ortega[1967℄, sel. 98-99).Parat rhshAn o tridiag¸nio p�naka T par�getai apì m�a akolouj�a me-tasqhmatism¸n tou Householder, tìte apì thn (4.128) èqoume
x = (P2P3 . . . Pn−1)

y

= [I − a2υ
(2)υ(2)T ] . . . [I − an−1υ

(n−1)υ(n−1)T ]ykai oi pol/mo� auto� mporoÔn na g�noun polÔ apl� an parathr soumeìti
(I − aυυT )y = y − a(υTy)υH aplìthta twn upologism¸n enisqÔetai apì to gegonì ìti,gia to υ(r), ta pr¸ta r − 1 stoiqe�a e�nai mhdèn.Parat rhshProfan¸ h mèjodo tou Householder br�skei m�a idiotim  k�-je for� kai an, ìpw suqn� e�nai h per�ptwsh, epijumoÔme mìno m�aidiotim , tìte o algìrijmo autì e�nai kat�llhlo. Akìma kai an e-pijumoÔme ìle ti idiotimè apaite� ligìtero upologistikì qrìno apìti parallagè th mejìdou Jacobi kai gia ton lìgo autì qrhsimo-poie�tai p�ra polÔ suqn� gia pragmatikoÔ, summetrikoÔ p�nake.H mèjodo tou Jacobi apì thn �llh pleur� e�nai kat�llhlh gia thneÔresh ìlwn twn idiotim¸n tautìqrona maz� me to pl re orjokano-nikì sÔnolo twn idodianusm�twn (an h t�xh tou p�naka n den e�naitìso meg�lh ¸ste o upologistikì qrìno na e�nai l�go).
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