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[ToAlkeg Zuvtetayueves Emimedov
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To onueio P tov emimédov mpooSioplletal peow NG akTivag r kat s ywviag 0: P(r,0)
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X =rC0Ss0

y=rsind
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0<r<oo
0<0<2m




Zxéon IoAikwv & Kapteolavwv ZuvieTayuevwy

P X =rC0S0 0<r<o
' OTIOV

y| 7/} y =rsing 0<0<2n

4/ |
o !
r=4/x2 +y?
0 =atan (Xj
X
dx =cosfdr — rsin6do 0 yewpueTpLkds T0mMO¢ r=const.

OTIC MOAIKES OUVTETAYUEVES
elvai évacg kKvkAoc.

dy=sinddr + rcosodo



P R IVIAY VN A EVITE NN
KuAwvSpikég ZuvteTtayueveg

KuAwdpikég ouvtetaypeveg oe Kapteolaveg

X =T Cc0s0O
y=rsino
Z2=27

Kapteolaveg cuvtetayuéves oe KUAvOpPLKES

r=4/x2 +Yy?

0 =atan (Xj
X
0 YeWUETPLKOS TOTOS r=const. aTIC KVAIVEPIKES
OUVTETAYUEVES Elval 1) ETTLPAVELX KVAIVEpOv. =17

To onuelo P touv ywpov mpoodiloplleTal oW TNG AKTIVAG T, TNG YwVing O
KOl TNG KAPTESLAVNG cuvTETAYHEWNG Z: P(r; 6, Z)



AR R VIAY AT AN A AT SVIEIN (PN

ZPALPLKEG ZUVTETAYUEVEG

X =pSing coso 0<p<ow
0 yewuetpids témog p=const. i i
OTIC OPALPIKES OVVTETAYUEVES y=pSInesl no OTIOV 0<0<2n
elvat n empadveia opaipac. Z=pCOSQ 0< 0 <

To onueio P touv xwpov mtpocSiloplletal HEow TNG AKTIVAG p KAL TWV YWVLWV B Kl @:

P(p, 6, @)
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ZPALPLKEG ZUVTETAYUEVEG

ZPULPLIKEG CUVTETAYUEVEG o€ KapTeolaveg

X =p Sing cosO
y =pSsinesino
Z=p COSQ

KapTteolaveg cuvTETAYUEVEG 0E ZPALPLKES

p=+/X2 +y? +7°

p
0 = atan Xj
\ X

(\/Xz +y2
k Z

@=atan = acos(z/p)




AR R VIAY AT AN A AT SVIEIN (PN

Zxeon KuAwdpkwv & Z@aplkwv ZUVTETAYUEVWYV

P(r, 6,2) P(p, 8, @)
r=psing p=\/l‘2+ /2

2=pose g=atn(y)
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[Tapaderypa

To onpuelo Tov xwpov P pe Kapteolavég
Tuvtetaypéveg (+1, -1, +1) €xel:

KuAwdpikég Tuvtetayuéveg

r=41% + (-1)? =/2
0 = atan(-1/1)= 7%

z=+1

ZPULPIKEG ZUVTETAYUEVEG

p=y12+(-1)?+1> =3
_ 11 =1

0 =atan(-1/1)= %

(p:acos(llﬁ) ~54.7°

=y
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[Mapaywyos Zuvaptnong Mwag MetafAntig

fo0 O _ i FOcr A=

dX Ax—0 AX

Mepun Mapaywyog Zvvaptnong IloAAwv MetaffAntwv

Edv n ouvdptnon éxeL meploodtepeg PeETABANTES {Xy, Xy, .- X ... X, }, TOTE N LEPIKT] TTAPAYWYOS TNG
OUVAEPTNONG AVTHG WG TEPOG pLe LETABANTI X, 0plleTaL WG TO OPLO:

of . (X, X,,.. X +AX.L X)) = T(X, Xy, X X )
———=1lim

AnAadn), eAeyxetaln petafoAn tng ovuvdptnong f pove wg tpog v petafAnT) X, , Oewpwvrtag
OAEG TIG AAAEG peTafANTEG TG oTABEPES.
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[Mapaderypa

f(x,y) =x°y+y’

—=2xy,q=x2+3y2
OX oy
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APANOUOY BN OIED

[Mapdywyog ZuvOetng Zuvaptnong IloAAwv MetafAntwv

H mapdywyog ¢ ovBetng cuvdptnong f (x, y) wg mpog v petaBAnt t, 6tav x=x(t) kot y=y(t)

Slvetal amo Tov Kavova TG aAvoidag:

df _ df(x(), y(v) _(ﬁj(d_XjJr ﬁ(
dt dt lox N\dt ) oy

dy

dt

J

Avtiototya to Sra@opiko df Sivetal amd ) oxéon:

df = (ﬂjdx +(gjdy
OX oy

[Mapdderypa

f(x,y) = x?y]

yit) =t+1

EmaAnBevon

ft)=(t*)*(t+1) =t +t4:>% =5t* + 4t°

IX(t) = t? >:>df =(afj(dx)+ of (dijZXy(d_ijrxz(d_y):th(t+1)2t+t4:5t4+4t3
dt  \ox ) dt oy \ dt dt dt



AIAITY ZMA OBZHZ ITACETETAY s

Y Aldvuopa Oéong

r=r,+1, +1, =Xi+yj+zk

Metatomion

IE’:;E(?:: Ar=T1,-T = (Xzi +y2)+ sz)_(xli Y/l Zlk)

AT = (X, _Xlﬁ+(YZ _Y1ﬁ+(zz -z, )k

X

AF= Axi + Ay] + Azk

Méon Tayvtnta

. AT AXi + Ayj + AzK  AX - Ay~ Azr
Voo =— = =—1i+ —j+—Kk
At At At At At

Taxvmta

V:limgzﬁzgzi(xi+y}+zf<):dxi+ j+ —Kk
At—0 At dt dt dt




Tayvmta

. dr d dx, dy-. dz,
V=—= —(X1+y]+zk)——1+ j +
dt dt dt dt dt
V=v,i +Vy’]: + VZIA(
v=ofvE +vE v
Méon Emitayvvon
= 21 = AV
At At
Emitdyvvon
v v ~ dV ~ N
fe i Y e e B i+v,j+v, ) = DV y5 . Dap
At—>0 At dt dt dt dt dt

QD)
Il
eD)]
—>
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(eD)]
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az\/ . +a, +a,




AIAITY ZMA OBZHZ ITACETETAY s

Y Direction of v at @

Kata ™ kivnon tov cwpatog amo to A oto B
1 LETATOTILOT AS TTAV®W GTNV KAUTTUAN
Sdlvetal amod to 10o AB.

. .. Ar .. (ArAs
v=lim—=Ilim| ——
At—>0 At At—0\ As At

- . Ar Y .. As
—=v=| lim— || im —
As—0 As )\ At—=0 At

210 6plo autod To As yivetal (00 e TO HETPO AL, OTIOTE 0 TPWTOG OPOG
QVTLTTPOCWTEVEL Eva povadiaio Stdvuopa, EQamTopevo ot Stadpoun
(KaumoAn) mov mEPLYpA@EL TNV KIVI|OT) TOL CWUATOG.

J

o=,
= T—: T
dt




Zopa Kwveltal oty tpoxLd C kot

XPOVIKT] OTLyUn t £XEL TAVTNTA V Kal

emitdyvvon a. H emitayvvon a €xel mévta
~ C KaTeLOLVOT TTPOG T KOIAX TNG TPOXLAG.

<!

)

MTmopoupe va avaAVGOVE TNV

i eTLTdYLVVON 0€ SV0 KAOETEG CUVIOTWOEG:
% Z€ ULl EQATITOUEVIKT) OTNV TPOXLA KAL OE
Ll KABETN CLVICTWOA.

E@amntopevikn Emtayvvon: AAAayn) 6To HETPO TG TaXVTITAS

Kd&Betn Emitdyvvon: AAAayr ot SievBuvon s taxuTnTag
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210 avtiotol o ke@daAalo TG Kivnuatiknc 0a amodeiyOel twg

5= C v =iy
dt dt = ' Tde  dt

\Y

‘Otav n tpoyld Sev elval evBVYpapun,
TOTE TO povadiaio Stdvuopa up aAAGleL
KatevBuvon, omoTe XpeLAleTL VA
VTIOAOYLoOEl 1) TTAPAYWYOS TOU WG TTPOG
TOV XPOVO.

oV
du; = U,
P

OToV 1o povadiaio dStavuopa uy eival kKABeTo otnV e@ATTOUEVIKT] SlevBuvon NG

TPOXLAG KL P 1] AKTIVA KAUTTUAO T TOG.




AP TONMTPIATAY TATOXUPO=

H évvola ™ mapaywytong evog Babuwtov 1 dStavuopatikov TeSiov otov Xwpo
StevkoAvveTal pe TNV elocaywyn) Tov teAeotn / (AvadeAra | Nabla), o omoiog opietal wg:

62_'+i]+ 9k
OX oy 0z

AlaKplvovTOal Ol TPELS TIAPAKATW TIEPLMTTWOELG, AVAAOya e TO Qv TO TeSio (1 ovvaptnon)
0TO 0T0{0 0 TEAEOTNG AVTOG ETLOPA Elval BabuwTd 1} SLAVLOUATIKO:

ONOMAZIA OPIZMA TPOIIOZ APAZHZ AIIOTEAEZMA
KAtonm (grad) BaBuwto §f Avvoopatiko
AmoxAion (div) Awxvuopatiko ﬁ . ff BaOuwto

AvoopaTiko

<]l
X
T

ZtpoBlliopog (curl)  Awvvopatiko



[LAPATOINI
Q¢ kAlon evog Babuwtov mediov (cvuvdaptnong) f(x,y,z) oplletal wg To SLVUOUATIKO

medlo: : : -
grad f = Vf :8—?+a—]+ ol
OX oy 0z

]

To gradf Sivel tnv mapaywyo tov fabuwtov mediov
ava katevBuvan. [Ipo@avac To ECWTEPIKO YIVOUEVO

(Vf )&
elvat to uéyeBog tn¢ mapaywyov (UETABoAN TOU

mebdlov) w¢ TPo¢ THY KatevBuvon Tov uovadiaiov
dtavvouatoc e,
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= of » of of ~
gadf =Vf = —1 + — —k
OX oy 0z
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f(x,y)=x*+y* f(x,y)=x* -y’

gradf =V = 2xi +2y]

gradf = Vf = 2xi —2yj
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gradf = Vf =

of » of, of~
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ox Oy o/
divE=v.F=| 21+2 i+ X : -(F1f+F23+ F3ﬁ)=6F1+aF2+aF3
ox 0y 0z ox Oy 0z
[Tapaderypa
}}
F=xi+y] = V-F= R, F 1,129
oX oYy

H amdxAion (divergence) evog StavuopatikoL Tediov lval
BaBuwtd peyebog. [pocopolwvel TV por) VTTOBETIKOV
PEVLOTOV 0TO €V AGYw ONUELO TOV YWPOV, VTTOBETOVTAG
WG TO SLAVUOUATIKO TteES(0 0TO 0Tol0 ETOPA EKPPALEL
TNV T VTN TA TOV PEVOTOV.

1o mapadelypo auto €xovpe atabepn (Betikn) por) (ekpon))
o€ K&Be onpeio Touv xYwpov.



ox Oy o/
divE=v.F=| 21+2 i+ X : -(F1f+F23+ F3ﬁ)=6F1+aF2+aF3
ox 0y 0z ox Oy 0z
[Tapaderypa
}?
Foyi-xj =2vFE=%4 % _gi0-0
— oX oy

H amdxAion (divergence) evog StavuopatikoL Tediov lval
BaBuwtd peyebog. [pocopolwvel TV por) VTTOBETIKOV
PEVLOTOV 0TO €V AGYw ONUELO TOV YWPOV, VTTOBETOVTAG
WG TO SLAVUOUATIKO TteES(0 0TO 0Tol0 ETOPA EKPPALEL
TNV T VTN TA TOV PEVOTOV.

ZT0 MoPASELYHO AVTO EXOVLE UNSeviky) pot) o€ KABe onpeio
TOL XWPOUL (To pevoTO HOVo oTpofLAileTal).



OX ay OZ
i j k
curlF =V xF = gi+ii+£f< X(Fﬁ+in+ F31A<): z 2 &
ox Oy o/ ox 0y Oz
Fl FZ F3

H atpofiriaudc (curl) evog Stavuopatikov ediov ivat Stavvopatiko péyebog. Asiyvel
TOV oTPOofIAlopd VTOBETIKOV PEVOTOV OTO €V AOYW OMUEIO TOL XWPOUL, VTTOBETOVTAG TIWG
TO SLAVUOUATIKO TIES(O OTO OTIOL0 ETISPA EKPPALEL TNV TAYVTNTA TOV PEVOTOV.

‘Otav éva Stavuopatiko medio exel pndevikod atpofiiiopo amokaAeital aotpofiio medio.
Evag mpakTikog Tpomos yla va fpebel 0 oTpofIAlouos evog mediov o€ kdmolo onuelo Tov

slvat va peretnBsi n atpoikn kivnan vobetikov emimedov dlokov PePOUEVOV 0TO oNUElo
QUTO.



§=a,i\+5’]:+ 212
ox oy @ 0z
i j K
curlF =V xF = £i+ii+£f< X(F1f+F23+ F31A<):a ° 9
oy oz ox oy oz
FE K K
Y [Mapdaderypa
| @ F=yi-x]
{ \1‘\ R[]
\ —/ VxF= 0 0 9d| |0 0 0 _ ok
ox 0y 0z| |0x 0Oy 0z
/ F1 F2 F3 y -X O
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AplOuntiko IMapaderypa

F=x’yi-2xz]+(x+y-2z)k

Q) >

ox

‘Q)_.>

oy

S R

oz

Xy -2XZ X+Y-Z

=(2x+1)i-j—-(x*+22)k




TIAPATFOFIEL A AN

ZXNUATIKO TTapAdEly o Kiviiong evog KAadLlov SEVTPou 6To VSATIVO PEVUA ULOG
Alpvne. To kAadi akoAovBel TNV mopeia mov kabBopilel To Stdvuopa NG
TaYUTNTAG TOV PEVOTOV OTNV EMLPAVELX TNG AluvnG. Edv o TpocavatoAlopdg tou
KAaS1oU Sev aAAdlel (aplotepd), TOTE dev UTTAPYEL OTPORIALOUOG 0TO TTES(O TWV
tayvtnTwy (curlF=0). Ztv avtiBet mepintwon VTapéng otpofiAlouov (6ela),
TO KAQSL TEPOAV ATIO TNV UETAPOPLKT EKTEAEL KAL TTEPLOTPOPLKT Kivnom.

curlF # 0




