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dvowcoi ApBuoi

Opilovpe TOVC PLOIKOVS aP1OpOVC:
N=1{0,1,2,3,...}
[d10TNTec:
@ Avo mpa&eig opilovron kot ivar KAEIGTEC GTOVG PLGIKOVG aPlBOVG: N TPdGHeon Kat O

TOAAATAOGLOGLOG.

o Kdnoieg popéc, n apaipeon kai 1 owaipeomn opilovtatl aArd Oyt Tavto:

3-2=1,2-3¢N,6:3=2,5:2¢N.

o Eivor apBuoi 6mov yio ke Evav €yovpe tov enopevo tov. Ovcilactikd opilovtol and tnv
mpaén +1 Eexvaovrtag omd to 0.

Ztparog [Ipaciong (Mavemompo Atyaiov) ApBpoi kot Zynpoto 13 Aexepppiov 2022 2/323



A6 1OV 0p1oUO TOVG, 01 PLGTKOL aP1OLOL £YOVV KATOIEC, TTO TEYVIKEC, 1O10TNTEG:
Q (ApyM ™mc Kaing Awdtaéng) Kabe vtoctvoro tov N €xel éva eldyioto otoryeio.
@ (Apyn ™ Mabnpotikig Erayoyng) Eotm P(n) givot pua tpdtacn mov e&aptdrat amd vay
QLG1KO apOuo n. Yrobétovpe 0Tl
® T kamowov euokod apBud n, n P(k) akndedet.
® T kdBe n > k, av n P(n) odndedet, tote koum P(n + 1) adndedet.

Tote n P(n) wydet yuo kabe n > k.
Ot mapomdve 1310t Teg eivar 16odvvapes. Elvatl modd yprioyueg 1010t1e¢ 6TIC 0modeifelg mov
e€apTOVTOL 0O PVGIKOVG aPLBLOVG 1) TOV AVAYOVTAL GE PUGTKOVS aPlOLovG.
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[Mapaoctoatika:

YmobBétovpe 0Tt £govpe pa dmelpn okdAa Kot
EEpovpe dvo TpdypoToL:
Q@ Mmnopovpue va avefodpe 6To TPpMTO
OKOAOTATL.
©Q Edv pnopéocovpe va ptdcovpe o€ Eva
OKOAOTATL, TOTE UTOPOVLE VO aveEPOVLE
07O ENOUEVO.
AT’ avTég TIC OLO TPOTACELG GVUTEPAivovUE OTL
UTOpOVUE VO OTACOVE G KAOE OKALOTATL TNG
oKAAOG.

Ztparog [Ipaocidng (Ilavemomuio Aryaiov) ApBpot ko Zynpato 13 Aexepppiov 2022 4/323




Me dAlov TpoTO:

Ymobétovpe 0Tt €govpe o Amelpn GLAAOYY

amd VTOUIvo Kot EEpovpe VO TPAYLLOTOL:
000

Q Ymnobérovue 6t TEPTEL TO TPDOTO VIOULVO.

© Edv nécet kdmoto vropvo 10te Ba mécet
KOl TO ETOUEVO.
AT’ avTEC TIC OVO TPOTACELS GLUTEPAIVOLLE OTL
ola o viopvo Oa mécouy.
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The Simple Idea Behind Mathematical Induction

Siez]  1Skas| Sk
Statements are lined up like dominoes.
DMy —
7N
Saf(s2] [Ss| [se] |Ss| |Ss| - S| Braa| Siszl Shes|  Sana
(1) Suppose the first statement falls (i.e. is proved true);
) ol
N
St/ [Skerf ISkio| IS S
ke+2] k+3 R+

(2) Suppose the k" falling always causes the (k + 1)** to fall;

00000 000

Then all must fall (i.e. all statements are proved true).
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[Tapadetypata Enaymync-1

(1) Mo opdda n Tepat®mv TPOKELTOL Vo Lopdoel Evay Oncavpd, amd ypvco, £T61 MoTe Kb
nelpotng o mapetl éva ico pepidlo. Oumg ot melpatég dev eival OVTIKEWEVIKOL, Kol KAOE TEWPOTAS
£xeL TNV OKLd TOL AITOY™ TOL T £V TO % 0V Oncavpov. Na ODOGETE LA GTPOTIYIKY| LOPOGLAG
0V ONcGavpoV.

Oa ypnoyonomaoovpe enaymyn oto n. [t n = 1 1o amotéAeospa eivatl mpopavég. Ynobétovpe Ot
gxovpe pa pEBooo va popactodv k — 1 wepatég tov Oncavpod. Topa vrobETovpe 6T Erovpe a
opdda omd k-melpaté.

[Taipvooupe éva koppdtt Tov Oncoavpov Kot to Balovpe oe Evav Kavovupylo cmpd. Xvveyilovpe
LTV TNV dtodKacio pEYpig 6Tov £vag TeEPaTng OMAMGEL 0Tl aLTO ival To dikao pepidlto Tov
Oncavpod YU’ avtov. Orvrdrowmol k — 1 mepatéc motevovy OTL aVTO TO pHePido dev eivan diKato
YU 00TOVC, O1opopeTikd Ba glyov EMAEEEL TOV KOVOVPYL0 GOPO Vopitepa.

Amo v vdBeon TG ETAY®YNC, 01 VITOAOUTOL TEWPUTEG kK — 1 pmopolv Thpa v, LOPAGOVY TOV
vroéA0ITOo ONcavPo.
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(2) Agi&re Ot pmopovpe va vrodioupécovpe KAOe teTpdymvo 6e n TETpAymva, Yo Kabe n > 6.
>’ autVv TV Tepintmon Ba ypnoionomcove Eva emay®ykd emtyeipnua Alyo dapopetikd. H
TPMOTN TOPOTHPNON EIVAL OTL AV LTOPECOVLE VO, KOTACKEVAGOVUE EVOL TETPAY®VO S e n — 3
VTOTETPAY®VO, TOTE UTOPOVLE VA KATUGKEVAGOVUE EVOL TETPAYOVO LE N VITOTETPAYDVOL:

S|1
213

S —

Tote av £yovpe 6 VTOTETPAYMOVA, LWTOPOVUE VO KATOGKEVAGOVLE VITOJIUPESELS 1e 6, 9, 12, 15
...DTOTETPAY®UO. AV EXOVUE 7 VITOTETPAY®VA, UTOPOVLLE VO KATOUGKEVAGOVLE VITOOIOPEGELS Y1a 7,
10, 13,16 ..., ko av €govpe 8 VLOTETPAY®OVO, UTOPOVLE VO KATOGKEVAGOVLE VITOJIOLPECELS Y1a 8,
11,14, 17 ...vnotetpdywva.

Apo TPETEL VOL LTTOOLOPEGOVUE EVO TETPAY®VO G€ 6, 7 Ko 8 TETPAY®OVO KOl TOTE LWTOPOVLLE VOl
VIOJOPECOVLLE KAOE TETPAYWOVO GE 0TO10ONTTOTE PO VITOTETPAYDVOV.
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['Vovtd to vroteTpdywva Exovpe
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(3)'Eva ATM pnydvnua éxet povo vouiopata tov €5 kot képuota tov €2. Aeifte 011 10
punydvnuo propel vo SMGEL 0TOL0OMTOTE OKEPOLO TOGO, LEYAAVTEPO TV €3, Tov {nTNndei.

‘Eoto n eivon 1o 1660 Yoo avdAnyn. Oa ddcovpe Ty omdoelEn pe enaywyn. I'ia n = 4 eivar gdkoro
va 0oOue 0Tt etvan 2 + 2. Topa vwobEtove OTL pmopov e v Kavovue avainyn 1o mtocd twv €Kk.
®a dciovue 611 pmopov e va Tapoovpe €k + 1.

Ztparog [Ipaocidng (Ilavemomuio Aryaiov) ApBpot ko Zynpato 13 Aexepfpiov 2022 10/323



Oa dloKpivoLpE TEPITTMOELG:

@ Av 610 0G0 k vITdpy)ovV OVO digvpa, TOTE TO APOLPOVLLE Kol TO OVTIKAOIGTOOUE pE Eval
TEVTOELPO

@ Av umapyel £va TEVTAELPO, TOTE TO APALPOVLLE Kol TO avTiKabioToVE [e Tpia digvpa.

@ Av umdpyovv &va TEVTAELPO Kol EvVa O1ELPO, TO APALPOVLLE KOL TO AVTIKAOIGTOVUE [IE TEGTEPQL
dtevpa.

Y€ K00e mePInT®OTN UTOPOVLE VO KAVOLUE avdinyn €k + 1.
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To wpdPAnua £xet ko o GAAN doopeTikn Avor. @éhovpe va mhpovpe €n.
@ Av 10 n givar Gptiog, TOTE UTOPOVLLE VO TO TAPOVLE LOVO LE dlevpal.

@ An to n gival Tep1TTOC TOTE, EMEWON TO N — 5 €ival APTIOG, LTOPOVLLE VO TO TAPOLLE MG £VOL
TEVTAEVPO KO TOL LITOAOUTA digLPAL.
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(4) Aivovton tpia 1010 vopiopata, dvo amd Ta omoia etvor yvhota Kot €va thactd. To mAactd
vooua Quyilet mo moAv and to AL, Xpnoomoldvtog pa {uyaptd poévo pa popd, vo, Bpeite to
TAOGTO VOLIGLLOL.

O mapoakdato Tivakog divel TNV amavTnon:

1 2 \‘//}\/

$
S
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[Tio dvokoro TpoPAnua: Atvovtal evvid Gpoto VOUIGHOTO £TG1 MOTE OKTM o’ oVTA ivol OLOL Kot
10 GAAO TAaGTO, ToV Luyilel meprocotepo. Na Ppeite 10 MAactd vopoua pe dvo Quyicpata.Me v
TOPOKAT® HETPNOT, avayovue TO TPOPANLO Vo BpoVLE GE o LETPNOT TO TAUGTO VOLUC L.

AN

DD,

5 2OUL AN
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Edd mapatnpovue Eva potipo:
Q@ Edv dev kdvovpe kapio pétpnon, 1ote puropodpe va fpodpe 10 TAAUGTO amd (o GLAALOYT EVOG
vouiouatoc, yati yvopiCovue 6t vapyet Evo TAaGTO.
Q@ Edv xdvovpe po p€tpnon, tote pmopovpe va fpodpe 1o TAaotd amd (o GLALOYN TPLOV
VOUIGUATOV.
© Edv xdvovpe dvo petpnoelg, 1ote umopoe va fpodie 10 TAAGTO amd Lo GLALOYT EVVIA
VOLUGLATOV.
Hapatnpovpe 611 3° = 1,31 = 3,32 =9,
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Noa deitete 0TL pe n peTpNoelg uropove va fpovpe 10 TAaGTO amd po GVALOYN 3”7 VOLUCUATOV.

Oa amodeiEovpe TV TpodTaoT pe podnuotikn eroymyn. H tpotacn woydet yuo n = 0, dmmg 1om
napatnpnoope. Yrobétovpe Ot tpoTaot 1oy vEL Yo k.

[To ovuykekpuéva, vtoBétovpe 0TL e N = k LETPNGELG LTOPOVLE VO BPOVLLE TO TAAGTO VOUIGLOL
omd po ovAdoyn 3K vopopdrov. Oa deiéovue ™V mpdTach yio n = k+ 1.
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Xopitovpe v cvAroyn Tov 3571 vouopdtev oe tpeic opddec Tov 3X vopuopdtmv. Tig opddec
avtég Tic ovoudlovue A, B kar C. TomoBetovue ta vopicuata tov A kot B oty Quyapid. Tote
SLOKPIVOVLE TPELS TEPUTTAOGELS:

Q@ H A givau BapOtepn, ondte 10 TAoTO Ppioketar oty A.

© H B &ivau Bapitepn, ondte 10 TAoTO Ppioketan oty B.

© OI A ko B éxovv to id1o Bapoc. Tote to mAaoto givor oty C.
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Ye k60e mepintoon 1o Thaotd Ppicketon og pio cuALOYY 3K vopopdtmy. Amd v vdeon TG
EMAYWOYNG, e k LETPNGELS UtopoVLLE Vo BPOVLLE TO TANGTO.
Me v apykn LETPNGOT, GLVOAIKA KAvape k + 1 HETPNGELS, ATOJEVOOVTAG TNV TPOTACT).
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(5) Oha T avtokivnta Exovv 10 1010 Ypopa (Bpeite To AGO0C).

Oa ypnoyonomcovpe pobnuatikn exaywyn. ['a n = 1 mpogavdg 1oyvel. Yrnobétovue og kabe
GLAAOYT k OLTOKIVIITAOV, OAQ TO. ALTOKIVITA £YOVV TO 1010 YPOLLAL.

Oa deitovpe 0t o€ KOs cLALOYN k + 1 avToKIVTOV, OAN TA AVTOKIVNTO £XOVV TO 1510 YPDOLULAL.

[Taipvovpe o cvArloyn k + 1 avtokvitov. And v vodeon ta tpdTa k avtokivnTa £x0vV TO
{010 ypdpa kot Tor TEAEVTAiN kK VTOKIVIITA £XOVV TO 1010 YPDOLLAL.

Apa Ola Ta avtoKivnTa £X0VV TO 1010 YPOLLAL.
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[Mopadetypata Enaywmync-2

(1) Na oei&ete 611
1+24+---+n

[Tp®dta to eAéyyovpe eumelpkd:
142 =
1+243 =
1+2+3+4 =

1+24+3+4+5 =

:n(n—l—l)’,721
2
2.3
3=
2
3.4
6=
2
10 = — (Ayia Terpdkrug)
5.6
15 = 22
2
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EAéyyovpue 6t1 M oyéon woydet yioo n = 1:

12
==

1 1.

YmoBétovpe 0TL 1 6yéon woydel yio n = m > 1. Andadn vroBétovpe ot

m(m + 1)'

®a deiovue 6T M oY€on woyvel Yo n = m + 1. Anladn Ba deiovue ot

1424 +m+(m+1)= (m+1)2(m+2).

ATAG xpnopoTotov e TNV vtddeon:

Ml — m(m+1);2(m+1) _ (m+1)2(m+2).

(1+2+~--+m)+(m+1):M
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H mopandvo eElomon umopel va detytel yopic v xpriion e Madnuotiknig Etaywyng, moAd amlia.
H péBodog avtn emvondnke and tov Gauss 6tav frov padntg dnpotikov. To TpdPinue mov
¢PaAe 0 04oKAAOC 6TOVG LN TES TOVG TV O LoNTEG va Bpovv o dBpotopa
14+2+---4100.
O ddokarog mapatnpnoe 6t o Gauss teleimoe ToAD ypnyopa. O Gauss mopatnpnoe Ot
1+100=2+99=3+98="-.-=50+51=101.

ko Exovpe 50 térowa Cevyapla. Apa to dBpoioua eival

101.50 = 5050.
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Oa eQPapPUOGOLUE TO TOPOTAVE® O GLOTNUATIKA. 'Eotm
Sp=14+2+---+n.

['pdoovpe 10 S pe dvo Tpdmovg Kot Tpochitovpe

S, = 142+---+n
Sn = n+(n—1)+---+1

n(n+1)
25, = (n+1)+(n+1)+---+(n+1):n(n+1)$5n=T
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Ot apBuoi S, ovopalovtar tprymvikol ylori pmopodv va kataveundovv o Tpiywmvo:
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Yvveyilovtag avtv oporoyia, opilovpe TOVG TETPAYOVIKOVS aplOovs, MG aplBovg Tov Hropovy
Vo avamopootadovy 6 TETPAYOVAL:

et
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[Mapatnpovpe 611 ot apBpoi avtoi eival Té€AEI0 TETPAY®VA OKEPUI®V:
1,4,9,16,25, 36,49, 64, 81,100, 121, 144, 169, . . .
@étovpne Q, = n? Y1 Tov N-0616 TETPhryvVO aptdud. MopaTnpovpe

Quit— Qu=(n+12 - =AF +2n+1—-4 =2n+1.
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ZEKVALE LE TO ETOUEVO GO

N
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[Tapatnpovpe ot

@ O cvvoMkoc aplOUAC TOV TPLYGVOV givor n?.

© O ap1Buoc TV TPASIVOV TPLYOVOV lval
1,3,6,10,15,21

onAadn Sp.

© O ap1Buodc TV AoTpoV TPLYyOVOV ival
0,1,3,6,10

oNAadn Sp—1.
Apa S, + Sp_1 = n?.
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Oa arodeiovpe ™V Tapamdve cyéon:

S+ 5y = 2ED (=D nln+ Dt (0= Dr

n+n+n*—n 2Zn*

2 2
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Eniong vdpyovv mevidywvor apiBpoi:

106 500 12000 2200060

LE YEVIKT] @OPLOVALL
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Kot £Qymvol

LLE YEVIKT] QOPLLOVALL:

H,=2n?> —n

31/323
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I'evikd, pmwopovpe vo 0picovUE S- YOVIKOUS 0ptBoE oV Uopohv va avoamopactadovy oe Eva
Kavovikd s-ywvo. O THmog Yo Tov n-06T10 TET010 ap1fuod divetat:

(s—2)n* —(s—4)n _

P(s, n) =

I'o n=3:
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(2) Na ogi&ete 011

124922 4. 402 = ,n>1.

[Ipota to eAéyyovpe eumelpkd:

2.3.

12 4 22 _ 5= 230

6

A

12 + 22 4 32 = 14:—367
4.5.9

12 + 2% 4 32 + 42 = 30=—~
5.6.11
12+22+32+4%2+5% = 55 = ——
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EAéyyovpe 6t1m oyéon woydet yioo n = 1:

1.2.3
l=——=1.
6

YmoBétovpe 0T 1 oy€on woydel yio n = m > 1. Andadn vroBétovpe Ot

1)(2m + 1
12492 4.yt MME Zs( m+l)

Ztparog [Ipaocidng (Ilavemomuio Aryaiov) ApBpot ko Zynpato 13 Aexepfpiov 2022




Oa deitovpe Ot M oYEon woyveL Yoo n = m + 1. Anladn Ba dei&ovpe OTL

124924 4Pt (1) = (m+ 1)(m+225(2(m+ 1)+1) _ (m+1)(m22)(2m+3)‘

AT xpnoIoTotovE TNV VTdOEST:

(124224 4 m)+(m+1)? = m(m+1é(2m+1) +(m+1)?

m(m+1)(2m+1) 4+ 6(m+ 1)?
6

(m+1)[m2m+1)+6(m+ 1)
6

(m+1)(2m? + m+6m + 6)
6

(m+1)(2m? + 7m + 6)
6
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[Tapatnpovpe Ot
(m+2)2m+3) =2m* +3m+4m+6 = 2m* + Tm + 6.
Xvvoyilovrog

2 _ (m+4+1)(m+2)(2m+ 3)

P4+22 4+ 4+ m*+ (m+1) ;
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[TapootaTikd:

I't” av16 avtoi ot apBpoi ovopdloviat teTpdymvol Tupapoeldeis aplfpol.
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(3) Na oei&ete 011

n(n+1)2 n(n+1 2
13+23+-~-+n3:%:<%> :(1_|_2_|_..

EAéyyovpe 6t n oxéon woyvert yia n = 1:

1_1.22_1
===

YmoBétovpe 60TL 1 6yéon woydel yio n = m > 1. Andadn vroBétovpe ot

m*(m + 1)?

P24 m’ = .
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Oa deitovpe Ot M oYEon woyveL Yoo n = m + 1. Anladn Ba dei&ovpe OTL

5 (m+1)*(m+2)?
_ ) _

P+22 4+ 4+ m+ (m+1)
ATAG xpnoOTOI0VUE TV VTOOEST:
m?(m+1)2

(B+22+- +m*)+(m+1)3 = T+(m+1)3

m*(m+1)% +4(m+1)3
4

(m+1)2[m? +4(m+1)]
4

(m+1)2(m? 4+ 4m + 4)
4

(m+1)*(m +2)?
4
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XpnoomotoHLe To 01dvupo Tov Nevtmva:
(Mm+2)2=m?4+22.m+2?=m?+4m+ 4.

O vmoLomeg 160TNTES £IVOL GUVETELN TOV TPAOTOV TOPAIETYLLATOG
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leopetpkd:
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(4) Na deitete 6T1 0 ap1Budg TV drrymviov evog kuptoh n-ymvov givor n(n — 3)/2, yuu n > 4.
Awy®viog eivatl 1o e0OVYPOLLLO TUNO TOV GUVOEEL UL KOPVQT] LLE L0 IN-YELTOVIKT] KOPLOT).

‘Eva oynua (o meployn) oto ninedo 1 6tov y®po ovoudletal KupTd ov t0 €00VYPaApLO TU O
OV GLVOEEL OLO CMUEID TOV TEPIEYETOL GTO GYNLLO.
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Kdénow oynuata

Ta tpdTa TEVTE €ivon KVPTA Kol Ta AL TEGoEPQ OEV Eivar
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Kot o mapoactotikd:

¢ (ITavemomuo Aryoio ApBpoi kot Zynpoto



[Tp®dta va dovue Kamoo Tapadelyuato.

2 44
9 77
20 104

ApBpot ko Zynpato 13 Aexepfpiov 2022




EAéyyovpe 611 1 oxéon woydel yio n = 4. Tote, £xovpe dvo dtaydviovg. AAAG ko 4(4 — 3)/2 = 2
KoL 1 TPOTOCT| IoYVEL.
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YrnoBétovpe 6TL M oxéon woyvel yio n = k > 4, dnhadn vrobétovpe O6tL éva kuptd k~ydvo €xel
k(k — 3)/2 durydviovg. Oa dei€ovpe 0Tt €va kuptod (k+ 1)-ydvo éxer (k+ 1)(k — 2)/2 daydviove.

B
P} — AN
. ;
B 3
5 3
. e - i i P3 h .
B P
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Otav mpocshécovpe po akOUn Kopuen o€ £va Kupto k-yYdvo, ot dlory®VIoL ToL ElYOUE TPV
rapapévouv. Ao v vtobeon xovpe oM k(k — 3)/2 doydviove.

Eniong, éxovpe t1c dtay®dviovg amd v Kopuen Pii1 6TIC OAES TIC KOPLPES, EKTOGTMOV YELTOVIKAV,
P ko Py, dnAadn emmhiéov (k — 2)-doydviovg. Emiong, to evbiypappo tpunpo mov cuvdéet to Py
pe 1o Py, mov ftav mhevpd, Tdpa givar 01ydviog. Apa 0 aplidc Tmv Slory®VImV GUVOALKE eivat:

k(k — k? — 3k k2 —3k+2k—2 Kk —k—2 k+1)(k—2
%+k—2+1: 23 fk—1= 3; — _ (kt )2( )

Ztparog [Ipaocidng (Ilavemomuio Aryaiov) ApBpot ko Zynpato 13 Aexepfpiov 2022 48/323



(5) Asiéte 6t n®> > 2n+1, n > 3.

[Tapatnpovue 6t 1 aprotep| TAevpd eival eKOETIKN O TPOG TO N Kot 1 OELA YPOUUIKY. XE YEVIKEG
YPOUUES, EKOETIKEG GUVOPTNGELS eIVl LEYAADTEPEC TOV YPUUUIKAOV, Y10, HEYHAES TIHES TOV N.
[Tapatnpovue 6t n vwdbeon n > 3 eivor amapoitnt:

n=0:0<1.
n=1:1<3.
n=2:4<5.
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EMéyyovpe 6T 1 oxéon woyvetylon = 3,32 =9 > 7 = 2.3+ 1.
YmoBétovpe 6tL 1oy0eL Yo n = k. Anhady k2 > 2k + 1, 6mov k > 3.
o, deifovpe 6tL (k+ 1) > 2(k+ 1) + 1 = 2k + 3. Zekvéple avoADOVTAC TNV APIoTEPT TAELPE,

™G oYEoNG:
(k+1)? =K +2k+1>2k+1+2k+1=2(k+1)+2k>2(k+1)+1,

ywri 2k > 6 > 1.
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(6) Na ogi&ete OT1
n?<2" n>4.

X’ QUTV TNV TEPITTMOT], TOPOTNPOVUE OTL 1] APLGTEPT] TAELPA EIVOL SLVALELS TOV N VD 1 OEELN
TAeVPA eivar dVvaun Kamotov otafepov apBuod. Kot mwhi, yio peyaieg SOLVALELS, 1) 0PLGTEPT
TAEVPA yiveTon LuKpOTEPT At TNV dEEIAL:

n=0:0<1.
n=1:1<2.
n=2:4=4.
n=3:9>8&.
n=4:16 = 16.
n=>5:25<32

I'V avtd Eexvape omd to n > 4.
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EAéyyovpue 6t1 ) oyéon oydel yio n = 4, yiati | oyéon Eekvaetl and to 4:
4* =16 = 2%

Ymobétovpe 6t oxéon woyvel Yo n = k > 4. Anhodn vrodétovpe ot k2 < 2k,
Ou. deifovpe 6TL N oYéon woyveL yio n = k4 1. Anhadn Oo Sei€ovpe ot (k4 1)2 < 261 Omore

2L =929k > 212 = 2+ I > 12 + 2k+ 1 = (k+ 1)

[Tapoatnpnote OTL YPNGULOTOM|CALE TO TPOTYOVLEVO TTOPAIELY O GTO TETOPTO Pripa.
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(7) Agikre 6t (2n)!(n+ 1) > 47(n!)? yio n > 1.

(YmevOopilovpe 6t n! = 1.2... .. n).

H oyéon avt eivon o mohdmhokn. ATAQ, Ta TOPAYOYIKE LEYOADVOVY TOAD YPNYOPX GE GYECT LE
TIG OLVALELS.

n=0:1=1.

n=1:22=41.

n=2:41.3=1.23.43=72>42,(2!)2 =16.4 = 64.

T n = 3, ag cvuykpivovpe 10 6.4 = 1.2.3.4.5.6.4 kar 10 43.(3!)? = 4.4.4.1.2.3.1.2.3 yopig TV
YP1|O1] VITOAOYIOTMV:

12834584 ~ 444123128

KoL TEAIKA 1 aprotept| mAevpd elvar peyarlvtepn tng oe&dg.
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EAéyyovpe 6111 oyéon woyvet yio n = 2, 41.3 = 72 > 42.(2!)? = 64.

YroBétovpe ot oyveL yia n = k, (2k)!(k+ 1) > 4K(k!)2.

o, dei€ovpe 6T oYOEL Y1 N = Kk + 1 dnhadn (2k + 2)!(k + 2) > 451 ((k+ 1)!)2. Zsxwvdpe and
TNV APLGTEPT] TAELPA TNG GYEGNG TPOSTAOOVLE VO TNV LETACYNUOTICOVUE DOTE VO
YPNOUYLOTO|GOVLE TNV LLOBEGN TNG EMAYWYNG:

(2k+2)1(k+2) = (2k)!1(2k+ 1)(2k+ 2)(k+ 2) = (2k)!(2k+ 1)2(k+ 1)(k+ 2)
E@apudlovtag v voBeon g emaywync,
(2k 4 2)!(k+2) > 2(2k + 1) (k + 2)4%(k!)?

Mo va, oAokAnpdcovpe TV amoddelln, apket va dgifovue 6tL 10 0l HEPOC TNE TOPATAVED GYEONS
elvar peyahhtepo Tov 4e&100 HEPOVG TNG APYIKNS GYETNC

2(2k + 1)(k+ 2)4K (k)% > 4% (k4 1)1)?
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Apa

2(2k 4+ 1) (k4 2)4K (k2 > 4k ((k+1))2 = 4.4K(KD2(k+ 1)? < (2k+ 1) (k+2) > 2(k+1)2
& 2k + 4k + k+2 > 2Kk* + 4k + 2 & 5k > 4k.

H tehevtaia oyéon mpopavmg ioyvet yuo k > 2.
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(8) Na deikete 0t n! > 3", n > 7.
H 1éa kot o gtvon 011, yevikd, ta moporyovTika stvot peyaAdtepa amo TG SuVAUELS 6TafEPOD

ap1fpov yloti ota Topoyovtikd moAloriacidlovpe pe aptBpoie mov avEavouy evd GTIG OUVAUELS
noAhamAactalovpe pe Evav otabepd aplOuo.

Apyikd eELEYYOLUE KATO1EG TIUEG:

n=0:1=1, n=1:1<3, n=2:2<9 n=3:123=6<3.3.3=2T.
n=4:1234=24<3333=81, n=5:1.2.3.4.5=120 < 3.3.3.3.3 = 243.
n==6:1.2.3.4.56=720<3.33333=729 n=7:1.2.3.4.5.6.7= 5040 > 2187.An6 d®

Kot TEPaQ, 1 avicoTnNTo dratnpeitan yori oto emodpevo Ppa, moAhamAactdlovpe TNV 0ploTEP
mAgupa pe Evav oplpd peyoldtepo tov 3 kot v 6e&ld ent 3.
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EAéyyovpue 6t1 ) o€on 1oydel yioo n = 7, KATL TOV TO KAVOUE NON:
7! =1.2.3.4..5.6.7 = 5040 > 2187 = 3".

YnoBétovpe 6TL 1 oxéon woyveL yio n = m > 7, dniadn m! > 3. Oa deiovpe 6TL N oYEN 1GYVEL
Yo n = m+ 1. Anhodn Oo deifovpe 611 (m 4 1)! > 3™+
Ymoioyilovpe

(m+1D!'=(m+1).m>(m+1)3™ > 3.3™ = 3m*!

KL ovTo yati m > 7 ko eropéveog m+ 1 > 3.
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(9) Mropei va Seiytel 611 (2 + 1/3)" pmopsi va ypagtei ¢ a, + bav/3, an, by € N. Na Seifete o1t
oybel a2 — 3b2 = 1.

Avt1 1 oxéon Pyaivel ovolaoTiKd amd TV avantuén g 0eE1dc TAELPAC, KAVOVTAG OAOVG TOVG
TOAATAOGLAGLOVG Kat xpnotponotdvtog 6Tt (v/3)% = 3.

Kot wd ag kévoupe KAmo1oug vToAOYIGHOVS Y10 VoL SOVUE TS OOVAEVEL 1] dtodKaGiaL:

n=0: 2+v3)=1=ay=1,bp=0=12+02=1.
n=1: 2+V3)'=2+V3=a=2,bp=1=22-312=1.
n=2: (24+v3)?2=22422V3+(V3)?=44+4V/3+3=74+4/3=>

ay=T,bp=4=72-342=49—-3.16 = 1.
n=3: (2++3)?=23+322V3+32.(v3)?+ (V33 =8+12v3+3.23+3/3 =
26 + 15v/3 = a3 = 26, b3 = 15 = 262 — 3.15%2 = 676 — 3.225 = 1.

Hopatpodpe 6t (v/3)? = v/3.(v3)? = 3V3.
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Mmopov e vo KEVOLLE TOVEC VITOAOYIGLOVG OL0POPETIKA YioL n = 3:

24+v3)3 = (24+V3)22+V3) = (T+4V3)(2+ V3)
= 144+ 7V3+8V3+4.3=26+15V3.

OTMOC TOPATAV®.
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ELéyyovpe 6t m oxéon woyvet yuo n = 0. X ooty v mepintoon ag = 1, by = 0. Onodte
az —3bk=12-3.0°=1,
ondte woyvel. Yrohétovpe 6TL M oyéon woyvet yio n = m > 1. Anhadn vroBétovpe 0tL

(2+V3)" = apy + bnV3, a2, —3b% =1.

Ou. dei&ovpe 6TL N oYéon woydeL yio n = m + 1. Anhadn Ba Sei&ovpe ot a2, 1 32, 1= L
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Xpnotpomotovpe v vwodeon:

24+V3)™ = (24 V3)(2+V3)" = (2+V3)(am + bmV/3)
= 2am, + 2bmV3 + amV3 + 3bm
= (2am + 3bm) + (am + 2bm) V3.

Apa, amt1 = 2am + 3bm k0 b1 = am + 2bpy,. Tote

a1 —3b2.1 = (2am+3bm)* —3(am + 2bm)?
= 4a% + 12ambm + 962, — 3(a%, + damby, + 4b3)
= 42 + 12amb, + 9b2, — 332, — 12amb,, — 12b2,

= a}, —3b3, =1.
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(10) (Avicotnta tov Bernoulli) Agi&te 6t (1 + x)” > 14+ nxyuen > 1 ko x > —1.

Av ehéyEovpe TV ox€om Yo, KATOEC TIUEC TOV X:

x=—1:02>1— n, mov 1oyvet yio kabe n > 1.

x=0:1">1.

x=1:2" > 1+ n, mov woyvel yio ke n > 1, yiati n apiotepn mTAevpd eivan ekBetikn Kou 1 de&1d
YPOUUIKT.

x=2:3" > 1+ 2n, mov 1oyveL yuo KAOe n > 1, ywoti n aprotept| mhevpd eivar ekBetikn ko 1 deid
YPOUUIKT], OIS KL TPLV.
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Topa eEréyyovue oC TPOG TIC TIUES TOV N:

n=1:14+x2>1+4 x, tpopavec.

n=2:(1+x)?%=142x+x* > 1+2xX, mpopavéc yioti x* > 0, Yo k6e x.
n=3:(1+x)3=143%+3x> + x> > 14-3x. I va. Sovpe 611 16)veL, Tpémet va deifovpe 6Tt

0<3¢ +x =x(3+x)

To x* > 0 kot 3 + x > Oviotix>—-1=34+x>3-1=2>0.
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ELléyyovpe 6tim oxéon woyveryio n =1, 1 + x = 1 + x. YroBétovpe 611 ) oy€on woyvel yio n = k,
Snhodh (1 4+ x)% > 14 kx, yia x > —1. @a deifovpe (1 4+ x)AH1 > 14 (k+ 1)x.

(14209 = (14 X1+ %> (1 + k(1 +x) = 1+ kx+ x4+ k¢ > 1+ (k+1)x

\ -

Vo

amd v vrodeon

Kt avtd yati kx? > 0.
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Eivatl pa evolagpépovsa avicdtnto. o mapaoderypa:

1\" 1
o (1+ — >1+n—=2.
n n

1 n 1 n+1 n 2n+1
o (1-+ >1+n. = + = .
n+1 n+1 n+1 n+1 n+1
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(11) Agi&re 611 éva cUVOAO e n oTotyeia £xetl 2”7 VTOGVLVOAQL.

Kot wéh ag kévoope kdmota mopadeiyporo:

n = 0: To obhvolo pe kavéva otoryeio eivar o kevo ) kat éxet évo vITOGHVOLO, TOV EQVTO TOV.

n = 1: To cbvolo et éva otoyeio S = {a} kot éyet dvo vrosHvolro, to ) ko to {a}.
n = 2: To ohvolo &yel dvo otoyeion S = {a, b} kot £xet ta e€\G vIooHVora:

0,{a},{b},{a, b} = S.
n = 3: To cbvolo et dvo otoyeio S = {a, b, ¢} kot £xet Ta €€Ng vrosHvoa:
0,{a},{b},{c},{a, b},{a,c},{b,c}, {a b,c} =S
n = 4: To obvoro &yel dvo otoyeio S = {a, b, ¢, d} kar Exet Ta €N vrocvHvoLa:

0,{a},{b} {c} {d},{a b}, {a,c} {a,d},{b c}, {b,d},{c d},
{a, b, c},{a,b,d},{a,c,d},{b,cd},{a bcd} =S.
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[Tapatnpovpe Kamoo potifo oTnV ToPATdve KOTAGKELT:
@ Ilavto eppaviCovro to () kat to chvoro S.
@ Toa vroovHvora evdg cuVOAODL givat emiong Kot VITOGVVOAM KAOE VITEPGLVOLOV TOV.

@ Mmopolpe Vo KATOUGKEVAGOVLE TA VTOGVVOAN EVOG GLVOLOL TPOGHETOVTOG GTOLYEIN GTOL
VTOGVVOLO VTOGVVOAWMV TOV.

o [Tapatmpovue 611 0 aplBUOS VTTOGVLVOAWMY EEAPTATAL LOVO OTO TOV 0P TV GTOYEI®V Kot
Oyt amd TNV PUGT TOVG.

Ztparog [Ipaocidng (Ilavemomuio Aryaiov) ApBpot ko Zynpato 13 Aexepfpiov 2022 67/323




EAéyyovpe 6t oxéon woyvet yio n = 0. X° avtv TV nepinTtmon 10 GOVOLO givorl KeEVO Kot €L
£€vo, LTOGVVOAO, TOV €0VTO. Apa 1 oyéon oyvel. ' Eotw 0T1 1 mpdtacn 1oyvet Yo Eva cOVOAO pe k
ototyeio. Anhadn évo éTo10 chvoro éxst 2K vrocvvola. Ba Seifovpe 6Tt éva chvolo pe k + 1-
ototyeio, S = {x1, ... xkr1} &xer 21 vrocvvola.

Amd Vv vdPEcT, To GUVOLO {X1, ... Xk} &xel 2K vmocvvola. To kébe éva om’ aVTd To!
VTOGUVOAQ, UTOPOVLLE VO KATACKEVAGOVLE VAL AKOUN UE TNV TPOGHEST TOV Xk t1 G 0WTO. Apa
éyovpe axopn 2% vrocvvoka. Tuvolikd Aowdv Eyovpe 2K 4+ 2k = 2.2k = 2K+ 1 yrocvvora.

Oa ddGoVUE o dEVTEPT ATOOEIEN AVTOV TOV TOPASELYUOTOS YPTCIUOTOIOVTAS TO ALOVLLO TOV
Nevtova.
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12) T n > 3, va dei&ete OTL LIAPYXOVY N PLGLKOT, OAOL SLUPOPETIKOL, £TCL OOTE

1 1 1
—+ =+ F+—=1
al a an
o n = 3, &ovue
1+1+1_1
2 3 6
3+2+1_3+2+1_
23 23 6 6 6 6

YmoBétovpe 6TL 1) TpdTOoT 1GYVEL Yo N = k, ONA0dT VILdPYOVV k PUGTKOL, OAOL O1LPOPETIKOL, ETGL
woTE

1 1 1

—+—+--+—=1

al as ak

®a dciovue 6t 1oYvEL Yo, n = k, OnAad1| vtdpyovv k + 1 euotkoi, OAOL d10POPETIKOL, £TCL DOTE
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HEekwvdpe pe v vrobeon, oniadr vedpyovv k puoikoi, GAot S10popETIKOL, £TOL DOTE

Atoupovpe 10, 2 TNV TAPATAVED GYECT:

1 N 1 - 11
2a;  2a, 20, 2°

Topoa Tpocbitovpe o 1/2 Kot 6T1g dvo TAELPES TG e€lowon

111 11
e — o+t =+

1
—=1.
2 2a 2a 2ay 2 2

[Tapatnpovpe
e Encdn a; # aj = 2a; # 2a;, i # J.
e Emiong, emedn a; # 1, 2a; # 2, yuo O\ TOL .
Apa &xovpe ekppdoel 10 1 g dBpooua k + 1 Khacpdtov pe apiBunt 1.
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(13) Na Bpebel o TOmoc yia to dBpoicua
Sn=2+5+--+(3n—1)
KoL voL amodelyBel ¥pnOIULOTOLOVTAG LOONUOTIKY ETAYWYN.

Ymoloyilovpe to AOpoiGua V1o KATOES TIUES TOV N:
n:1:51:2.

n=2:5=24+5=T1.
n=35=2+5+8=15.
n=4:5=2+5+8+11 = 26.

n=>5:5 =2+5+8+ 11+ 14 = 40.
n==65%=2+5+8+11+14+ 17 = 57.
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Oa cuykpivovpe to dBpotopa pe to abpowopo 1 + 2 + - - - + n."Erot vmoBétovpe 6t 0 6pog n/2 Oa

Bpioketat oto Sy, 'Etot voroyilovpe 1o 2/n.Sy:

2 2 2 2
-S3 =10, =S, =13, =55 =16, =S = 19.
) A 4 ) 5 5 ) 6 6

2 2

— :2 — =

151 7252 77 3 3
2 3 1
Es,,:3n+1;»5,,:—”( ”2+ ).
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Oa amodeiEoVE TOV TUTO YPNGYLOTOIDOVTOS HoON otk emoyoyn. o n =1

1(3.1+1)
5 :
YmoBétovpe 6Tt 1oyveL Yoo n = k, dnAaodn vrobEtovpe Ot
k(3k+ 1
S, = %

Oélovpue va deicovpe v e€lowon Yoo n = k + 1, dnAadn
(k+1)B(k+1)+1  (k+1)(Bk+3+1)

S$1=2=

(k+1)(3k+4)

S =
k+1 9 2

[Tapatnpovpe Ot

(k+1)(3k+4) =3k + 4k +3k+4 =3k + Tk+ 4

Apa apxel va ogi&ovpe 0T

3k2 +Tk+4

Sip1 = 5
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Ymoroyilovpe, ypnoyLomolovpe v veodeon:

k(3k+1
Skt = 5k+(3(k+1)+1)=5k+(3k+2):¥+3k+2
_ k(Bk+1)+2(3k+2)  3kP+k+6k+4 3k +Tk+4
B 2 B 2 B 2

OAOKANPOVOVTOG TNV OTOOELEN.
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(14) Na Bpebel o TOmOC Y10 To dBpotcua
Po=12+23+---+n(n+1)
KoL voL amodelyBel ¥pnOIULOTOLOVTAG LOONUOTIKY ETAY®YN.

Ymoloyilovpe to AOpoIGHa Yo KATOEC TIUESC TOV N:
n=1: P =2.

n=2:Py=24+6=28.
n=3P3=2+6+12 = 20.

n=4:P; =246+ 12+ 20 = 40.
n=>5:Ps=2+6+12+ 20+ 30 =T70.
n==6:P;=246+12+20+ 30442 = 112.
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@a cuykpivovpe o dOpotoua pe to dOpoopa 12 + 22 4 - - - + n?."Etct vmodétovpe 4Tt 0 6poc
n(n+ 1)/6 6a Ppioketar 610 Sp. "Etor voroyiCovpe to 6/n(n+ 1).Pp:

6 6 6 6 6 6
2P =6, — Py =8, —Py=10, —Py =12, —Ps = 14, — P = 16.
12t 93727 P gy 8 45 4 " 5.6 ° 6.7 0
6 Pn:2n+4:>Pn:n(n+1)(2n—|—4):n(n+1)(n—l—2)'
n(n—+1) 6 3
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Oa omodeiEov e TOV TUTO YPNGYLOTOIOVTOS HoOn otk emoymyn. o n =1

1.2.
P = 1.2—3.
3

YmoBétovpe 0Tt woydeL Yoo n = k, OnAadn vobétovpe Ot

p, _ Kk 1?))(/<+ 2)

Oélovpe va dei&ovpe v e€lomon Yo n = k+ 1, dnAadn

(k+1)(k+2)(k+3)
3

Pit1 =
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Ymoloyilovpe, ypnoyomolovue v voddeon:

Pey1 = Pk+(k+1)(k+2):k(k+1§(k+2)+(k+1)(k+2)
Kk +1)(k+2) +3(k+ )(k+2) _ (k+ D) (k+2)(k+3)
3 3

OAOKANPOVOVTOG TNV OTTOOELEN).
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(15) Na dei&ete 6T

TR N T
27178 gn S0 =4

dvowa woyvet yio n = 1 (1/2 < 1). Yrobétovpe 6t oydet yu n = k:

L
248 2k =

ko OEhovpe va dei&ovpe Ot 1oyveL yio n = k4 1, onAadn

S S
27438 ok T gkl ™

AV YPNGILOTOCOLLE TNV LITOOEGN AUEGH £YOVLLE

1

1 1 1 1 1
—+—+—+"'+? +W<1+W

2 4 8

7oL dgv odnyel movbevd. I'” avtd Ba ypnoomomcovpe GAAN nEBodO.
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Apykd, Kavovue Kamoleg TpAEelc:

1+1+1+ +1+ L
2 4 8 ok = ok+l

Kol M ovieoTNTa 1I6YOEL Ao TNV VITObeo.
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(16) E€etdote av 1oyvetl o TOmoc:
;(+2)
>ieg(m+3)
2
YmoBétovpe 6TL 1 6Y€on oyveL Yoo n = k, OnAadn:

1 1\2
11
,-;I 2( +2>

Oa deiEovpe Vv oxéomn yio n = k+ 1, onhadn

k+1 2 2
| 1 1 3 1 3 9 1 9
> I—§<k—|—1+§) +§<k+§) —§(k2+2.k.§+1>—§<k2+3k+1>.

i=1

KOl TEMKA

1 - 8
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Xpnoyomotovpe v voddeon:

k+1 k 1 1 2
> =it ks 2<+2>++

Kavovpe 11 mpaceic:

2 2 2 2 8
Ak 44k 1 8k+8  4k*+12k+9

8 +8+ 8 8

1 1\? 1 1 1 K4+ k 1
—<ww> +k+1:§<ﬁ+zk—+i>+k+1: RO

OAOKANPMOVOVTOG TNV OTOSELEN).

BPEITE TO AAGOX
Agv woyverywo n = 1:
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To Awwvopo tov Nevtova

"Hom ypnopomomoape tov d1wvopo tov Nevtova yo n = 2, 3. To duwvvopo pag divel 1o
avartuypa Tov (a + b)"” og Tpog Tig dLVALELS TOV a Kot Tov b. Edikotepa 1oydet

s=0

Ot ovvrereotég C7 divouy tav apliud TV ETAOYAV S AVTIKEWLEVAOV OO Ut GUALOYN N
AVTIKEWEVOV, YOPIg emavadeot Kot xwpic vo Log EVOLLPEPEL 1] GELPE TOVG.

Oa 10 ££€TACOVILE AVTO TO AVOAVTIKA. EEKIVAUE LE Po, GLAAOYT N avTikeEvav. Exoope n
EMAOYEG Y10 TO TPADOTO AVTIKEIUEVO, N — 1 EMAOYEC Y10 TO OEVTEPO KOL N — S+ 1 Y. TO S
avTikeipevo. M’ avtdv Tov Tpomo emhéCape s avTikeipeva oAl pe dedopuévn oepd.

H gpdnon tdpa eival pe m6covg Tpomovg umopoipe va dtatacovue s avtikeipevo. Kat maat
YPNOLOTOLOVUE TOV 1010 TPOTO. 't TO0 TPdTO EY0VUE S EMAOYEG, Y100 TO OeVTEPO S — 1 EMAOYEG,
Kot TEMKA yo To tedevtaio 1 emhoyn. Anhadn éxovpe s(s — 1) ... 1 = sl emhoyés.
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Apa TeAMKE Exovpe

nn—1)...(n—s+1) _  nl (”>:Cn

s! (n—s)!s -

Kamoeg Bacikéc 1010t 1ég TOUS £ivat:
QO (¢ =1= C]. Kiavto yoti vrdpyet povo évag tpomog va. emhé€ovpe 0 1) n avtikeipeva and
L0, GLALOYN N OVTIKEUEVOV.
Q@ (7 = (C]_.. Auto woydel yloti 1 EMA0YN S OVTIKEWHEVAOV IGOJVVOLEL LE TNV ETAOYT| TOV
VITOAOITAOV N — S OVTIKELUEVOV.
@ (7 = (7_, = n. Enedn vrdpyovv n dapopetikol tpomot vo emAégovpe Eva ovTikeipevo amod
L0 GLALOYN N OVTIKEUEVOV.
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Ot ovvtereoTég TOV dwVLLOVL divovtat amd To Tpiymvo tov Pascal:

(a+ b)!: 1 1

(a+ b)?: 1 2 1

(a+ b)?: 1 3 3 1

(a+ b)*: 1 4 6 4 1

(a+ b)°: 1 5 10 10 5 1

(a+ b)b: 1 6 15 20 15 6 1
(a+b)7: 1 7 21 35 35 21 7 1

Ka0e ypoapuun apyilet kot tedeidverl pe to 1. Ot dpot g ypopung onuovpyodhvror omd tnyv
TPONYOVUEVT TPOGOETOVTAGS dVO dradoyKovS Opove. 'ETot éxovpe

(a+ b)% = a% +6a°b + 15a*b* + 20a°b* + 15a°b* + 6ab° + b°.
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1 2 1M 10 5 1
1 L] 15§ 20 15 &6 1
1 P 219 3% 3» 21 T 1
1 B 28 56 70 56 28 8 1
+ 9 36 B4 126 126 B4 36 B9 1
1 10 1
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>10 Tpiymvo tov Pascal

(a+ b)t: 1 1

(a+ b)?: 1 2 1

(a+ b)3: 1 3 3 1

(a+ b)*: 1 4 6 4 1

(a+ b)°: 1 5 10 10 5 1

(a+ b)°: 1 6 15 20 15 6 1
(a+b)7: 1 7 21 35 35 21 7 1

@ Ot kokkvor apBuoi eivar ot tprywvikoi apifpoi.

@ To dBpoiocpa dvo SLOOYIKDVY TPLYOVIKOV aplOudV eivor TETpAymvo.
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H endpevn sivar pa yprioun oxéon Leta&d TV S1OVUUIKOV GUVTEAECTMV:
()= ()
= + )
s s—1 s
Kavovpe 11 mpacerc:

(L)*(Z) - (n—s+’;!)!(s—1)!+(n—n!5)zs!:(n— ),!7;5—1)! <n—1+1+§>

n! stn—s+1 n! n+1
(n—s)!(s—1)!'s(n—s+1) (n—9)!(s—1)!'s(n—s+1)

- (n$1+—1)s!)!s! - (nT)
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10 Tpiymwvo tov Pascal, avtd onpaivel 611 éva otoryeio (extdg tov 1) eivan to dBpoioua Tv dvo
EMAV® S10YyDVIOV Op®V:

(a+ b)!: 1 1
a+ b)*: 1 2 1
(a+ b)?
(a+ b)3: 1 3 3 1
(a+ b)*: 1 4 6 4 1
(a+ b)°: 1 5 10 10 5 1
a-—+ :
b)® 1 6 15 20 15 6 1
(a+b)7": 1 7 21 35 35 21 7 1
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Altwvopo tov Nevtova

[Mao xéBe a kot b 1oyver

Oa dncovpe pa amodelen pe podnpatikn enayoyn. ['a n = 1 apogpavac woydet. YrobEtovpe Ot

woyveL Yoo n = k, OnAoon
k
k
b k _ k—sbs
(a1 bk =3 () )

s=0

Oa deiovpe OtLoyvEL YL N = k+ 1,

k+1
(a+ b)<H! = Z <k+ 1) Jktl—sps

S
s=0
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Kavovpe 11 mpacerc:

(a4 b)k = (a+ b)(a+ b)k = (a+ b) Zk: <ls(> ak—sps = zk: (i) ghstlps 4 Szk; (:‘) Sk—spstl

s=0 s=0
k K k+1 k
_ Z Fk—stlps + Z ak—(s—l)b(s—l)—i—l
s=0 s s=1 s—1

omov avtikadiotovue, oto devTEPO dBpoioua, TO s e to0 s — 1.

k K k+1 k
_ k—s+1 s k—s+1 s
—Z<S)a b+z<s_1>a b

s=0 s=1

k k
k k
— k+1 k—s+1 b° k—s+1 b’ bk—H
a +S§:1 (S)a + g (S_1>a +

s=1
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() (2 )]s
S s—1
k

K k1
 k+1 +1 k1 K+ 1\ ki1-s;s
=a —|—Z< < >—|—b —Z( < a b

s=0
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[Topadetypata

(1) Na avantvéete 1o a0potopa (2a — 1)2.
Tovg cvvteheatéc Tovg Taipvovpe and to tpiywvo tov Pascal:

(2a—1)* = (2a)*+4(22)3(—1)46(2a)}(—1)2+4(2a)(—1)+(—1)* = 16a*—32a°+242> —8a+1.
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(2) No. amhomowmjoete to dBpotopa (1 — v/2)°.
Tovg cvvteheatéc ToVg Taipvovpe and to tpiywvo tov Pascal:

(1-v2)° = 1-5V2+10(v2)* - 10(v2)* + 5(v2)* — (V2)°
= 1-5V2420—20v2+ 20 —4v2 =41 — 29v/2

Noa Qopunfovpe:
(V2 = (V2)’V2=2v2
(VD' = (V2AV2)R=22-4
(V2)° = (V22(vV2)*V2=22,V2=4.2
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(3) Na amodei&ete ot

210 dwvouo tov Nevtwva 0étovpe a = b = 1 kat Eyovue

e~ (4(0)- ()
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[Mapatmpovpe 6t to C7 glvor 0 aplBpds TV LTOGLVOA®V LE s aTotKEl EVOG GUVOAOL N GTOYEIWV,
yloti £voL VTOGVVOLO S GTOLXEIWV Elval 1 ETILOYN S OTOXEIWV OO LUoL GLAAOYY| N GTOLXEIWV, Y®PIg
VoL EVOL0LPEPOLACTE Y10, TNV GEPA. Apa 0 TaPOTdve® TOTOG Pag diVEL TOV GUVOAIKS aplOud TV
VTOGLVOA®V €VOC GLVOAOL N GTOLYEIMV, OTTMC OEIEE TPV UE ETOYY.
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(4) No amodei&ete Ot

(-0

(n xatdAnén tov abpoicudtov eEoptatol amd To av o n givol TePLTTdg 1 APTIOC).

(D+(Q+””

210 dtwvopo tov Nevtwva 0étoope a = 1, b = —1 ko €yovpe

o= (6)- )+ ()= ()= (0)+ ()
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(5) Na oei&ete 611

ZEexvape omd o Bacten 16oémto (1 + x)2" = (1 4+ x)"(1 + x)" ko epoappdlovpe T0 SIOVLLO TOV

' (0= (S0 (50~

s=0 s=0 s=0
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Avtn 1 e&icmon woyvet Yo KEOe x. Apa 01 GUVTEAEGTEG TOV AVTIGTOLY®V OLVAUEWDY GTIC OLO
mAevpég elvan icotl. EEetalovpie Toug cuvteAesTég TOL X
v de€18 mhevpd 0 X" 10 Exovpe w¢ XX, xx" 1, ... x"X". Apa

() =)0 062+ () )

AMG yvopilovpe OTL

Emopévmg
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Kot 610 1piymvo tov Pascal

(a+ b)!: 1 1

(a+ b)?: 1 2 1

(a+ b)3: 1 3 3 1

(a+ b)*: 1 4 6 4 1

(a+ b)°: 1 5 10 10 5 1

(a+ b)S : 1 6 15 20 15 6 1
(a+b)7: 1 7 21 35 35 21 7 1

To pmie gival 10 dBpoloHa TOV KOKKIVOV TETPAYDOVOV.
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(6) Na oei&ete OT1

Awopopilovpe To TopokdTo dtdvLro Tov Nevtmva:

107 (e = ey = (2 (D)
= (1 +x)"—1:§n:s ")t
s=1

2y mopondve eEicmon Bétovpe x = 1:

n2n1 = i}(';) - En:s<';)

s=1
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O mapandve eEI6MGELG LTOPOVV Vo, amodelyBovV te LaBNUOTIKT ETOrymY™ oV Kot 1 oOdEEN elvat
7o ToAOTAoK. ['evikd 1 otV TOV TPOTO UTopovpE va amodeiEovpe TOAEC oyéaelg LeTald TV
CUVTEAECTAOV TOV O1WVOL®Y Tov NebvTmva.

Mmopovpe va, dnuovpycove eEI0MGELS 0md TO SIMVLLO TOL NeVT®OVO EMALYOVTOGS S1APOPES
TIUES Y10l TO @ KoL TO b.
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(a+b)!: 1 1 11t =11

(a+ b)?: 1 2 1 112 =121

(a+ b)3: 1 3 3 1 113 = 1331
(a+ b)*: 1 4 6 4 1 114 = 14641
(a+ b)®: 1 5 10 10 5 1 11° = 161051
(a+ b)S: 1 6 15 20 15 6 1 116 = 1771561
(a+b)7: 1 7 21 35 35 21 7 1] 117 = 19487171

Ta tpodTa yneio eaivovrol dueca. I'ia ta vroOAoma, To TPOSOETOLE OVA dVO OV EYOVUE OEKADEG:
n=>5:15+10+ 10 + 51 = 161051.
n==6:16+ 15+ 20 + 1561 = 1771561.
Avt0 glvol GLVETELD TOV

11" = (10 +1)"

I
NE
VR
wn 3
~_
—_
(@)
_ln
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Axépatot ApiBuoi

To ovvoro tewv akepaimv opiletal o¢
Z=A{0,+1,£2,...} ={--—2,-1,0,1,2,...}.

AnAadn eivol 1o 6GOVOAO TV PLGIKOV 0pOUdV pall e TOVG OPVITIKOVE TOVG. 10 Z opilovue
TpOcOeon Kot TOAAATAAGIOGHO, ETEKTEIVOVTOG TOV OPICUO OO TOVS PLGIKOVG.

Eniong kou n apaipeon eivar kKAE1GTH TPAEN GTOVE AKEPALOVS, KATL TTOL OEV IGYVEL Y10 TOVG
QLG1KOVG aP1BoVS. Opwmc, 0ev ivar KAEIGTO MG TPOG TNV O1aipeEST, OTMG KOVELG EDKOAN UTOPEL VO
det (2/3 dev givar aképaog). ' v dwipeon woyvet:

AAyop1Buog Awaipeong

‘Eoto a, b € Z, b # 0. Tote vapyovv povadikd g (aniiko) kot r (VTOAOTO) £T61 MOTE

a=bg+r, 0<r<|bl.

Agv 0o ddcovpe TV amoddelEn mov givar cuvénela ¢ Kaing Atdtagng twv guotkdv aptOudv.
Eivou n kAaoikn daipeon tov akepoiov.
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[Topadetypata

(1) Na gpappdoete tov AhydpBuo Awaipeong yio a = 354, b = 17.
AmAd epapuolovpe TV YvooTY| daipeon:

354 (17
34 120
14

Apa 354 = 17.20 + 14.
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(2) Na gpapudoete tov AhydpBuo Ataipeong yio a = 423, b = —19.
E@apudlovpe v yvoot diaipeon otovg Betikovg aptuovg:

423|119
38 |22

43
38

5

Apo 423 =19.22 + 5 = (—19)(—22) + 5.
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(3) Na epappocete tov AhyopiBuo Awipeong yio a = —5H476, b = 25.
Epappolovpe v yvoot daipeon otovg Betikong apBpovg:

0476\ 25
50 |219

47
25

226
225

1

Apa 5476 = 25.219 + 1 = —5476 = —25.219 — 1 = 25(—219) — 1. IIpénetl OumG TO VIEOAOUTO
va givon Beticd. Emopévag

—5476 = 25(—219) + (24 — 25) = 25(—219) — 25 + 24 = 25(—220) + 24.

Apa g = —220, r = 24.
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(4) Na epappocete Tov AhyopiBuo Awipeong yio a = —23457, b = 37.
Epappolovpe v yvoot daipeon otovg Betikong apBpovg:

23457 | 37
£22 (633
125
111
147
111

36

Apa 23457 = 37.633 4+ 36 = —23457 = —37.633 — 36 = 37(—633) — 36. Onwg Ko TPLV, TPEMEL
oL to vdlouro va givor BeTicd. Emopévag

—23457 = 37(—633) + (1 — 37) = 37(—633) — 37+ 1 =37(—634) + 1.
Apag=—634, r=1.
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(5) Na epappocete tov AhyopiBuo Awipeong yio a = —32478, b = —41.
Epappolovpe v yvoot daipeon otovg Betikong apBpovg:

32478 41
287 792
377
369
88
82

6

Apa 32478 = 41.792 + 6 = —32478 = —41.792 — 6 = (—41).792 — 6. Onwg Ko TP, TPENEL
oL to vdlouro va givor BeTicd. Emopévag

—32478 = (—41).792 + (35 — 41) = (—41).793 + 35.

Apa g =793, r = 35.
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H évvoua g danpetdmtag eivor facikn oty Bewpio tov akepaimv:

Q@ lwa,beZ,b+# 0,10 bduwupeito a, b/aav vrapyet k € Z €101 dote a = kb. To b
ovopdletal Kot mopdyovtog 1 StnpEtng Tov a.
© 'Evag Oetikdg axképatog p ovoudletot Tpdtog av ot povor Betikol dtopéteg Tov ivar to 1 ko
10 p.
Ta moAlamAdolo Tov 2 ovoudlovtotl ApTiot Kot av 0gv gival toAlamAdoio Tov 2 ovoudlovtol
mePLTTOL.
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IowtnTeg AtnpeTotTnrog
Q@ +1/a,yunkdbe a € Z.
Q a/+tl= a=+1.
@ +a/a, ywokdbe a # 0.
Q a/b= +a/+b.
@ Av b/a, to1e b/na, yo n € Z:

b/a= a= kb= na= (nk)b= b/na.

@ Av b/a; xau b/ ay tote b/ a;+a2:0a 10 dei&ovpe o to dOpotopa. H anddeén yo tnv
dlapopa givar opotaL:

b/31 = a1 = kib, ki € Z

b/as = ay = kob, ky € 7 } = a1+ ax = kib+ kob = (ki + k2)b = b/a1 + a2.

@ O b/a av kot poévo av 1o vdrowo g dwipeons Tov a dwa b givon 0.
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H televtaia mapatmpnon endyet to axdiovbo:
@ To ywvouevo dvo d1ad0yIKdV akepaiwv ivar o1apetod oo 2 (Duoikd o vag eivar ApTIog Kat O
dAAoG TEP1TTOG).
@ To ywvouevo Tpiodv d10 00 IK®OV axepaimyv eival d1onpeto dw 3.
@ To yvouevo TEGGAPM®V S1000YIK®V aKepaimv eival dtonpeto dwa 4.
@ ['evikd, T0 YyvopeVO n H1000Y KOV apBUdV eivar dlapeTd S n.

IMo va 1o dovpe, éotw a+ i, i = 0,1,...n— 1, n dadoykol apBuoi. Ectm 611 10 vtdéAouro g
dwaipeong Tov a o n givon r (0 < r < n). Anhadn|, a = nq + r. llapatnpodpe Ot

at+i=nqg+r+i
Tote, Yo Kamow i, r+ i = n. Anhadn i = n— r > 0. I' avt6 10 GLYKEKPIUEVO |,

at+i=ng+n=n(g+1)=n/a+i
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Movadikn Iapayovrtoroinon Akepaiwv
‘Eotw a € Z — {0}. Tote

Q Ymndpyet évog TpdTOC TOPAYOVTOG TOV a.

@ Av évag Tpdtog p/ab tote dlopei M) Tov a 1 Tov b 1 Kot Tovg dVo.

©Q a==Lpip2...ps OTOVL p; Elvol TPAOTOG KO TO YIVOUEVO Eival LOVAOTKO EKTOG Amd TNV GEPA
TOV TAPAYOVIWOV
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@ Av évag apiBuog b/ xy tote dev givar anapaitmto o b/x 1M b/y. T mapaderypa 6/4.3 oAld
613 ko614

@ XTnV mopoyovionoinon Tov a € Z cuvinlmg GLALEYOLLE TOVG 1O10VG TPDOTOVS KO YPAPOVLLE

s

a=tp'py?...p=.
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H povaodiwkdtta e avdivong e Tpdtoug Kot 1 1010t ta (2) TG Topamdve tpoTacs, Log Oivel
éva, kpurnplo olapetotnroc. ' Eotw

a=pi'...py, b=qi"...qr.
elva n avdivon o€ yvouevo tpotov. Tote
b/a < yukabe 1 < i< wombpyetl < j < vérorhote qi = pj, 5; < 1

Av1d onuaivel 6Tt o1 TPOTOL TAPAYOVTEG TOV b Elval TaPAYOVTEG TOV a Kot 1) SUVOUN TOVE 6T0 b
elvar pukpodtepn 1 ion pe v avrtictoyn dvvaun 6To a.
IMo Ttapaderypa

a=3%52.70.11.132.17.29, b= 5.73.13.29

10t€ b/a Ko

a=3%5%7011.132.17.29 = kb = (3°.5.7%.11.13.17)(5.7°.13.29)
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Yndpyovv anelpot TpoTol. )

Evicdeiong: ‘Eocto 6t1 vdpyovv nenepacuévol npotol pj, = 1,...s. ' Eoto N = p; ... ps+ 1. Tote
o N mpénel va €yl Evav TpadTto mopdyovia p;. AAAG

pi/ N

= pi/N—pi...ps = pi/l
Pi/Pl---Ps} pi/ p1...ps= pi/

Kot To televtaio eivat dtomo. Apa vITEPYOLVV ATEPOL TPMTOL.
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Yrapyovv moAAEG elkaciec mive otoug Tpdtovs. H Pacikdtepn ivan 1 eikacio Tov Riemann mov
dtver mAnpopopieg yio TNV Katovoun Tov Tpateov aplfuav. Xovnlmg, ot sikacieg LTAEKOVY TNV
TOAAATAOGLOGTIKT] UGN TOV TPOTOV LE TPooheTiKég 1010t TeC. o mapadetypa, n eikacio Tov
Goldbach potdaet av kédBe dptioc pmopel va ypaetel cov A0poicua VO TEPITTOV TPOT®V. B0,
aVOQEPOLLLE KoL TNV IKOGIN TV didvU®V TpdT®V: AVo TpdTotl ovopaloviat didvuot av 1 dtapopd
tovg givat iom pe 2. H ewcacio potd av vrdpyovv dreipot 6idvpot TpmTot.

H axolovBio tov tpdtov apBuav Eekvaet e:

2,3,5,7,11,13,17,19,23, 29, 31,37, 41, 43,47, 53,59, 61, 71, 73,79, 83,89, 97, . . .

O peyaAdtepoc Tp@ToC sivar o 282589933 1 e 24, 862, 048 ymeia. H Tipn tov sivan

148894445742041325547806458472397916603026273992795324185
271289425213239361064475310309971132180337174752834401423587560 . . .
napoieimovpe 24, 861, 808 ymoia
...062107557947958297531595208807192693676521782184472526640076912114
355308311969487633766457823695074037951210325217902591
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Mua péBodog yio va Bpovue GAOVG TOVE TPATOVS, LIKPOTEPOLS EVOS aplOLOV N, YPNGILOTOLOVLLE TO
KOoktvo tov EpatocOévn:

@ ZeKwvape o1aypaeovTog To TOAAUTAAGLO TOL 2 (GAO0VG TOVG APTIONC).
@ XNV GLVEYELN O1AYPAPOLLLE T TOAAATAGG1 TOV 3.

@ XvveyiCovpe U’ avtdv TOV TPOTO, dAYPAPOVLE TO, TOALATAAGIO TOV AKEPAIOL TOL OEV EYEL
Nnom dwrypaet.
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Kooxkivo tov Epatoc0évn

2 3 4 5 [ 7 8 g 10 Prime numbers
11 12 1% 14 15 16 17 18 19 20
21 22 23 24 25 M 2y 2B 29 3D
3l 32 33 34 35 26 37 3@/ 39 40
41 42 43 44 45 46 47 4B 49 50
31 52 53 54 55 56 57 58 59 60
61 B2 63 64 B 66 67 B8 69 T0
71 72 T3 W4 75 T8 J¥¢¥ TB 79 BO
81 82 &3 84 83 86 B 88 89 90
91 92 93 94 95 586 97 98 99 100

101 102 103 104 105 106 107 108 109 110

111 112 113 114 115 116 117 118 119 120
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Ioyvet o tpodTaen wov fondaet 6to kKO6cKIvo Tov EpatocHévn:
Kabe axépatog n, mov dev givan mpdtog, £yl Evov mpdTo drapétn p < +/n:

Ivopilovue 611 0 n €yl évay TpdTo dranpétn p. Av p < /n, TEAEIOGALE.
Av p > \/nxarp/n. Apan= kp, k € Z:

n=kp> ky/n= (vV/n)? > ky/n=+/n> k.
‘Eocto topa g évag mpadtog dtoupétng tov k. Tote g < k Kot teMkd

Vn>k>qg=qg<+/n
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Ag efetdoovpe Tov n = 211. To 211 B £xet évav mpdto dtanpétn p < V211 < 15 (152 = 225).
O pidTot apBuol pikpotepot tov 15 eivar: 2, 3, 5, 7, 11, 13. Mmopodue va eEléyEovpe Tl KavEVag
am’ avtovg oev dtonpei To 211.

Apa o 211 givan mpoToc.
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To 2020 ogev eivar mpmdTOC Yot eivor ApTiog Ko emopévag dtonpeitan ot 2. Exyovpe tnv avaivon
o€ mpoOTOVC Topdyovtsg 2020 = 22.5.101.

Ag e€gtdoovpe dourdv tov n = 2021. Mapatmpodpe 611 /2021 < 45 k1 avtod yori 452 = 2025.
E&etdlovpe Aowmdv toug mpdToug pukpotepovg tov 45: 2,3, 5,7, 11, 13,17, 19, 23, 29, 31, 37, 41,
43.

2, 3, 5 ebkolo pmopovpe va 0ove 0Tt OV dtopovv to 2021.

2021 = 7.288+5, 2021 = 11.83+8, 2021 = 13.155+6, 2021 = 17.118+15, 2021 = 19.106+47
2021 = 23.87 + 20, 2021 = 29.69 + 20, 2021 = 31.65 + 6, 2021 = 37.54 4 23, 2021 =

41.49 + 12, 2021 = 43.47 Apa 43/2021 ko 2021 = 43.47 givar 1 avGAvon 6€ TPOTOVG
napdyovteg tov 2021.
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Ewoaoieg Xtoug [Ipotovug

Oa S TLTAOGOLE KATOEG (KON GAVTEC) EIKOGIES GTOVG TPDTOVC:

o (Ewoaoia tov Goldback) Kabe dptiog axépatog n > 2 givar to dOpoispo dvo mpaTmv.
Amodsiydnke yio 6Aovc Tovg apBpovg HikpodTepoug Tov 4.1017.

o (ITepirt Ewaosio tov Goldback) KdOe nepirtdg axépatog n > 5 gival to abBpoicpa tpiov
TPATOV.
Apxel va omodetyBel yio 6GAovg Tovg aptdpovg peyolvtepovg tov 1043000,

o Kdabe dptiog apBudg ivai n dtapopd dvo TpdTOV.

@ Ymapyovv amepot didvpot TpdToL (mov drapépovy katd 2). I'a Tapdostypo

(3,5), (5,7), (11,13), (17, 19), (29, 31), (41, 43), (59, 61), (71, 73), (101, 103),
(107,109), (137,139), . ..

To peyoaldtepo Levyog Sidvpmv mpodtav eivor 2996863034895 x 2129000041 1¢ 388,342

ynota.
® Ymdpyovv 4melpot TpOTOL TS HOPPNG N + 1;
o Ymdpyet mévto Evag mpdTog puetal&d n? ko (n + 1)32;
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[Topadetypata

(1) Na deiéete 611 6/n% — n, y10 k60e n € N.

Xpnoworolodpe podnpartiky erayoyn. I n = 0 wydet yuoti 6/0. YroBétovpe Oti ioyvet yia

n = k, nhadn 611 6/k> — k. Oa Seiovpe 611 6/(k+ 1)3 — (k+ 1). And v vndbeon k3 — k = 6/,
leZ.

Kdavoupe toug vroroyiopots, epaprolovtag 1o Stovupo Tov Nevtmva.

(k+1)° = (k+1) =K+ 3K +3k+1—k—1= (kK — k) + 3k(k+ 1)

[Mopatnpodue 0tL av o k givan dptiog tote T0 k(k + 1) givar Gptiog. Av o k givan Tepittdg, tdte 10
k+ 1 givon dptiog ko o k(k + 1) eivar Gptiog. Xe kabe nepintwon k(k+ 1) = 2u givar aptiog. Apa

(k+1)2 = (k+1)=60+32u =60+ pu) =6/(k+1)>— (k+1).
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®a dOoOoLUE o GAAN AVOT) 6TO TTaPATAVE TPOPANLa. Oa e£€TACOVLE TV YEVIKY TTEPITTMOT).
E@apudlovue tov AlydpiBuo Awaipeong oto a ko n:

a=qn+r, 0<r<n.

[Hopatnpoovpe ot1, yio m € N,

8" = (qn+ 1" = zmj (’:) (@ =y (’:) g = mz_; (’;’) (qn)™=F + /™.

[0 <s<m—1,m—s> 0, kot enopévag 6Aot ot 6pot Tov TPAOTOL ABPOIiGLATOSC £XOVV TO N
cov TapdyovoL:

a"=nQ+r"

Apa 10 vrdAoTo NG dtaipeong Tov @™ dia n givar To 1910 pe TO VTOAOUTO TNG dwaipeonc Tov M da
n.
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Todpa 0o Seiovpe 611 6/n% — n YPNGULOTOIOVTAC TV TAPATAVE® TAPATHPNGT.

Yroromo o6 tovn | 0| 1 2 3 4 5

Yroromo dab6toun® | 0| 1]22=8~2|33=27T~3 | 43=64~4|5=125~5

[apatnpovpie 6Tt To VIOAOUTO TNG dtoipeonc Tov n kot Tov n° S 6 sivan {ca. Apa T0 VIOAOUTO TNG

Swaipeong tov n® — n dwa 6 eivon 0. Apa to 6 Stanpei to n® — n.
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(2) Aciére 6119/5%" +3n— 1y n € N.

T n = 0 woyvet yiori 9/0. Eoto 6111 mpdtacn 1oydet yio n = k, niady 9/5%% 4+ 3k — 1. Oa
Seigovpe 611 9/52KD) 4 3(k+ 1) — 1. Enedn 9/5% + 3k — 1,

52 4+ 3k—1=9¢ = 5% = 90 — 3k + 1.
Topa eEetalovpe Vv Tpodtaon yio n = k + 1:

52kt2 + 3k+3—1 = 52524 3k+2=25(9¢ —3k+ 1)+ 3k+2
= 9(25¢) — 75k + 25 + 3k + 2
= 9(250) — T2k + 27 = 9(25( — 8k + 3).

Apa 9/52(HD) 1 3(k+ 1) — 1 ohokAnpdvovtag Ty amddeién.
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(3) Aciéte 6112304/7*" — 48n — 1y n € N,

T n = 0 woydet ylati 2304/0. Eoto 6111 tpdTacy woydet yio n = k, dnhodn 2304 /72 — 48k
Ou deitovpe 6112304/ 721 — 48(k 4 1) — 1. Eneidn 2304 /72K — 48k — 1,

7K — 48k — 1 = 23044 = 7°K = 2304¢ + 48k + 1.
Topa eEetalovpe Vv Tpodtaon yio n = k + 1:

72kF2 48k — 48 —1 = T2.7%K — 48k — 49 = 49(2304¢ + 48k + 1) — 48k — 49
= 2304(49¢) + 2352k + 49 — 48k — 49
= 2304(49¢) — 2304k = 2304(49¢ — k).

Apa 2304 /72D _ 48(k 4 1) — 1 ohokAnpdvovTog TV omddeién.

Ztparog [Ipaocidng (Ilavemomuio Aryaiov) ApBpot ko Zynpato 13 Aexepfpiov 2022
24l LPp

— 1.

129/323




(4) Aciére 611 17/3.5%20H1 4 23"+ yig p € N.

T n = 0 éyovpe 17/3.5 + 2.'Eotm 6111 mpdTacn woydet yio n = k, dnhadn 17/3.52kF1 4 23k+1,
o deifovpe 611 17/3.52K+3 1 23k+4 Ereidn 17/3.52KF1 4 23k+1

3-52/(4-1 4 23k+1 — 176 = 23k+1 — 17€ . 3.52/(4-1.
Topa eggtdlovpe v mpdtacn ywu n = k+ 1:

3.52KF3 93kt — 3,52 p2ktl 4 93 93kHL — 75 52k+1 4 g(17¢ — 3.5%KT1)
= 75.5%F1 £ 17(80) — 2452+ = 51.52KF1 1 17(8¢) = 17(3.52KF1 + 8¢)

Apa 17/3.526+3 1 23k+4 glordnpdvoviog v amddeiln.
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(5) Agi&te 611 10 ABpOIoLA TPLOV d1000Y KOV KOPWV givor dtonpetd o1a 9.

Anhody mpémer va Seiovpe 9/n3 + (n+1)3 4+ (n+2)3, n € N.Twwn=0,9/03 + 13 + 23.'Ecto
6TL T0 omoTéAeG L 1oYVEL Y100 N = k, Snhadn 9/K + (k4 1)3 + (k+ 2)3. Oa Seifovpe 611
9/(k+1)3 + (k+2)3 + (k+ 3)3. And v vrdOeom,

K4 (k+ 124+ (k4+2)2 =90 = (k+1)3 + (k+2)3 =90 — K.
Enopévaoc

(k+1)° 4+ (k+2)3+(k+3)° = W —K+ (k+3)3=90— K>+ k> + 9k* + 2Tk + 27
= 90+ 9Kk +27Tk+ 27 =9(¢ + k* + 3k + 3).

Apa 9/(k+1)3 + (k+ 2)3 + (k+ 3)3 ohoxAnpdvovrag v amddeén.
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(6) Amodei&re 6t 0 apOUOG

elvat aképarog yio ke n € N.

I'an=10, zp = 0 € N. Yrnobétovpue 011 zx € Z xou Ba deiovpe 0T 0

2(k+1)° N (k+ 1% 2(k+1)3  7(k+1)
5 2 3 30

AvantOGooLE £VOV TPOG VALY TOVG OPOVG

e 7.

Ziy1 —

20k+1)>  2(k° +5k* + 10k + 10k® + 5k + 1 25 2 265 2
(k+1) = (K + 5K + 10k + 10k° + 5k + ): + 2+ 2K AR AIR+2K) = ——+ =45
5 5 5 5 5 5

pe s € Z.
(k+1)* K +43+6k2+4k+1 K 1 5 Koo
= = — -+ 2K 3K+ 2k) = — + =
5 5 2+2+( + 3k° + 2k) 2+2—|—t
pe t € Z.

Ztparog [Ipaocidng (Ilavemomuio Aryaiov) ApBpot ko Zynpato 13 Aexepfpiov 2022 132/323



2(k+1)%  2(K+3K +3k+1) 2k 2 2k3 2
5 = 3 =3 +§—i—(2k2+2k)=?—i—§+v
ne v e Z
7(k—i—1):l<+l
30 30 30
>vvovdlovtoc OAa TO TAPOTAVE:
2K Kt 23 Tk 2 1 2 7 2 1 2 7
Zk+1:(?*T?—%)*5*5—3—%““”:4*5*5—5—%“‘

omov zx € Z, and v vndbeon ka1 w € Z. Eniong

2+1 2 7_12+15 20 7_0
5 2 3 30 30 30 30 30

Apa zg 1 = zx + w E Z.
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Méyiotoc Kowvoc Atopgng

‘Eoto a, b € Z. To d € N givar 0 Méyiotog Kowog Atapémg tov a kau b (cupfolriCetar (a, b)) av
(1) To d givar Betikdg Kowvdg Srapétng Tov a Kot b, dniadn d/a ko d/b.
(2) Av c givar kowvdg dranpétng tov a kot b (¢/a xau ¢/ b), tote ¢/d.

H 6e0tepn ouvOnKn eivan 1oodbvaun pe

(2°) Av celvan Betikdg Kowvdg dropéng Tov a kot b, tote ¢ < d.
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[Topadetypata
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[d10tTec tov MLKLA.
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Oa amodeiEovpie TV TEAEVTAIN 1O10TNTOL:

'Eoto d = (a,b) kound = (a+ kb, b).

Tote d/a xaur d/b. Apa d/ kb xar d/a + kb ko, and tov opiopo, d/d'.

Oupow, d'/a+ kbxor d'/b. Apa d'/kbxar d' /a+ kb — kb, mov onpaiver 6t d'/a. Apo d /d.
"Exovpe d/d xar d/d, mov onpaivel 6t d = +d'. AAMG ko ot dvo apibpoi givar Ogtikoi, emopévog

d=d.

H 16mta ovt divel 6t1, av a = bg + r, tote (a, b) = (b, r).
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Ioyvet 6t1: O MLK.A. 6v0 ap1Budv givat To YIVOUEVO TOV KOWVOV TPOT®V TOPOYOVIWMV TOVES GTNV
HiKpOTEPT SVVOL.

Ovo106TIKG TO TOPATAVE Eival GVVETELD TOV 0plopoV. 'Ectm d glval o yivouevo Tov Kooy
TPAOTOV TOPAYOVIOV TOV a Kot b oty pikpdtepn dvvaun. Eoto

.51 s, Sr+1 .t tr tr+1 t
a=py ..o, b=pto ey v

Omov py, . . . pr €ivar ot kKowoi Tp®Tol Ko m; = min{s;, t;}, o EAdyrotog exBEG KAbe Koo
npdTov. Oftovpe d = pi™t ... pIr
@ Tote 0 d dropel ko to a Kot 1o b.

@ Av 10 ¢ dwpel 10 a koL 1o b, TOTE TO C €ivar Eva YIVOUEVO KATOL®V KOWVAV TPDOTOV
ToPAyOVIOV Kol KAOE TpmdToC £ivat 6TV dOVOUN HKPOTEPT KoL OO TIG OVTIOTOL(ES OUVAUELS
OLTOV TOL TPAOTOL GTA a KoL b.
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Oa ddoovE ToPAdElYLOTA TIG TEAELTAINC TOPATPNONG:
o a=23574112.173.232.37, b = 2°.31.52.75.113.19.21

(a, b) = 3274112,

@ a="52.73.172.232.412, b= 53.74.17.41

(a, b) = 52.72.17.41.

Ztparog [Ipaocidng (Ilavemomuio Aryaiov) ApBpot ko Zynpato 13 Aexepfpiov 2022 139/323
pLop 24l LPp



Alyop1Buoc tov Evkdeion

To mapakdtom Bedpnua divel Tov TpdmTo VTOAOYIGHOV ToL M.K.A. dvo akepaiwv.

AAyop19uog Tov Evicheion

|

Eotw a,b € Z, b # 0. Epapudlovpe tov AhyopiBpo Awaipeong:

a= bgq, + r, 0<n<b»b
b=riqs+ ro, 0<n<n
rn = r2qs + r3, 0<n<n

Mk = re19e2 + rer2, 0 < o < reg

rh—2 = r—19qn + In, Ogrn<rn—1
r'n—1 = rmnqn+1,

Torte (a, b) = r, (to TehevTaio pn-pndevikd vdAoTo).
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[Tapatnpnoelg

Q@ H dwowaoia kamote otapotdet yoti £xovpe po akolovdio amd OeTKOVg 0KEPOLOVG:

0<rm<rmn.i1<---<n<hnb.

Q To Osopnua wyvet yuati, and t1g 116t 1EG TOL M.K.A,
(aa b) = (b7 rl) = (r17 r2) == (rn—27rn—1) = (rn—h rn) =TIn

YTt £/ 1.
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[Tpwv Eextvioovpe ta mapadeiypato, 0o ddcovpe Kat pia dAAN W0t Ta Tov M.K.A.

Baown [dotta tov MK A.
‘Ectw a, b € Z — {0}.
Q@ Eotwo d = (a, b). Tote vrapyovv s, t € Z étol dote d = as + bt.

Q@ O MK.A. givar n pkpdtepn Oetikn T TV cuvOLAGUAV as + bt, s, t € Z.

Avo aképoatot a, b € Z — {0} ovopdlovton oyetikd tpmtot av (a, b) = 1. To mapamdve
AmOTELEG LA EIVOL IGYVPOTEPO Y10 TOVG CYETIKA TPADTOVS OKEPALOVG:

AnAadn ot a, b dev £ovV KOvEVOY KOWVO JLOPETN KOl KAT EMEKTACT) OEV £XOLV KOVEVAY TPDTO
KOO OopéT.

(12,35) = 1, (18,49) = 1, (21,65) = 1.
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IMa Tovg oyeTiKd TpdTOLS AP1OLOVE, £XOVILE TO TOPAKAT® OTOTEAECLLOL:
Avo aképoatot a, b € Z — {0} &ivor oXeTIKA TPOTOL 0V KO LOVO OV VITAPYOVV S, t € Z €161 MOTE
1 =as+ bt.

[Tpénel va amodeifovpe dvo TPoTAGELS:
@ Av (a,b) = 1, tote vdpyovv s, t € Z €161 dote as + bt = 1.
e Avvumdapyovv s, t € Z éto1 dote as + bt = 1, 10te (a, b) = 1.

Eivat mpopoavég 01t 1o dg0tepo amotéleospa dev woyveL av (a, b) = d > 1: Tote and v Baown
[510tTo vEapyoLy s, t € Z étol dote d = as + bt. Eniong, kd = a(ks) + b(kt), k € Z xou kd dev
etvaro MLK.A. av k > 1.
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Kot o1 dvo mpotdoeig eivar anotérlespa e Baoiknc 1616t tag. o ddcovpe o 0KOAN andoelln
™G 0e0TEPNC TPOTUCTG:

‘Eoto otLvndpyovv s, t € Z étot dote as+ bt = 1.'Eoto (a, b) = d. Tote

d/a d/as B
d/b }:> d/bt } = d/as+bt=d/l=d=1

Ztparog [Ipaocidng (Ilavemomuio Aryaiov) ApBpot ko Zynpato 13 Aexepfpiov 2022 144/323



[d10tTec TV Xyetikd [potov ApOumy

(1) Av ot a kat ¢ givar oyeTikd TpdTol kat b/ ¢, T0Te o a ko b givat oyeTkd mpdToL.

‘Exovpe (a, c) = 1. Apa vrapyovv s, t € Z, as + ct = 1.
Eniong b/c, mov onpaivel 6t ¢ = bk, k € Z. Zovdvalovtag Tig 600 oYECELS EYOVLLE:

as+ b(kt) =1= (a,b) = 1.
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(2) Eoto (a, b) = 1 xau a/bc, tote a/c.

‘Exovpe (a, b) = 1. Apa vrdpyovv s, t € Z, as+ bt = 1.
[ToAamlaciblovpe v oyéon emni ¢, asc + btc = c. Topa

a/asc

5/(bo)t } = a/asc + bct = a/c,
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(3)'Eotw (a,b) =1, a/c, ko b/ c, 10t€ ab/c.

‘Exyovue c = ak = bl, k.l € Z.
Tote b/bl = b/ak. Ano v nponyoduevn doknon, b/ k ywti (a, b) = 1. Apa k = bm.
Tuvdvalovrag Tig oyéoelc, ¢ = abm = ab/c.
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(4)'Eotw (a,b) = 1. Tote (a+ b,a— b) =11 2.
‘Eoto d = (a+ b,a — b). Tote

d/a+ b N d/la+b+a—>b N d/2a
d/a—b d/a+b—a+b d/2b

[Tapoatnpovue 6t 10 d dev pmopet va dlapel GuyypOVEOS Kal TO a Ko To b, yiati eivon oyetikd
npoTol. Apa d/2, mov onuaiver = 1, 2.
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[Topadetypata

(1) No Bpebei 0 (6240, 12) kot va ypaptel oty popen 6240s + 12t.
[Mopatnpodpe 6t1 6240 = 12.520. Apa 12/6240 ko (6240, 12) = 12. Emopévog:

12 =6240.0 + 12.1
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(2) No Bpedei 0 (345, 24) ko va ypaptei ot popen 345s + 24t.

Epappolovpe tov AlyopiBuo tov Eukieion:

345 =24.14 49
24=92+4+6
9=6.14+3

6 =32

IMa to devTepo péEPOC,

3 = 9-6=90—(24—92)=9—24+9.2

= 90.3—24=(345—-24.14).3 — 24 = 3.345 — 42.24 — 24

= 3.345 —43.24.
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(3) No Bpebei o (11247, 342) kot va ypagtei oty poper 11247s + 342t.

Epappolovpe tov Alyopifuo tov Eukieion:

11247 = 342.32 + 303
342 = 303.1 4+ 39

303 = 39.7 + 30
39=30.1+9
30=9.3+3
9=3.3

IMa T0 devTepo péPoC, SovAevoLE OO TO TEAOG TTPOC TNV OPYT], AVTIKOOIGTOVTOC TO, LVITOAOUTOL:

3 = 30—-9.3=30-(39-30).3=30-39.3+30.3

30.4 —39.3 = (303 — 39.7).4 — 39.3 = 303.4 — 39.28 — 39.3

303.4 — 39.31 = 303.4 — (342 — 303).31 = 303.4 — 342.31 + 303.31
303.35 — 342.31 = (11247 — 342.32).35 — 342.31

= 11247.35 — 342.1120 — 342.31

= 35.11247 — 1151.342
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(4) No Bpebei o (15347, 225) kot va ypagtei oty poper 11247s + 342t.

Epappolovpe tov Alyopifuo tov Eukieion:
15347 = 225.68 + 47

225 =474+ 37
47 =37.1 410
37=103+7
10=71+43
7=32+1
3=1.3

I"a 10 devTepo PéEPOC, SOVAEDOLLLE OTO TO TEAOG TTPOC TNV OPYT], AVTIKOOIGTOVTOC TO, LVITOAOUTOL:

1 = 7-32=7-(10-7)2=7-102+7.2

7.3—10.2 = (37— 10.3).3 — 10.2 = 37.3 — 10.9 — 10.2

37.3 —10.11 = 37.3 — (47 — 37).11 = 37.3 — 47.11 4+ 37.11 = 37.14 — 47.11

(225 — 47.4).14 — 47.11 = 225.14 — 47.56 — 47.11 = 225.14 — 47.67

= 225.14 — (15347 — 225.68).67 = 225.14 — 15237.67 + 225.4556 — 15347.67 + 225.4570
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(5) Eav p givon mpdrog kot a € Z, tote (a, p) = 1 7 p.

‘Exovpe dvo mepmtmoels:
@ pfa. Tote (a,p) = 1, yioti dev umopovv va £xovv GALOVG KOOGS ToPAyOVTEG. .
e p/a. Tote (a,p) = p.

Ztparog [Ipaciong (Mavemompo Atyaiov) ApBpoi kot Zynpoto 13 Aekepfpiov 2022 153/323




(6) Na deitete 611 30/n° — n, yio. n € N,

Mmnopodpe va epappocovpe an’ gubeiag v pobnuatikn enaywyn. Oa di&ovpe T1G SVGKOALES.
[Ipoeavag N mpodtact woyveL v n = 0 yuri 30/0. Yrobétovpe 6t toyvet yu n = k, dniadn
30/ k> — k. Avté onpaivel 6t k° — k = 30m, m € N. @o, tpénet va dei&ovpe 6TL 10YDEL YiaL
n=k+1,Mhody 61130/ (k+1)° — (k+1).

Onwg Ko 6T1g TPoNyovUEVES AOKNOELS KAVOLLLE TIC TPAEELS:

k> + 5k* + 10k3 + 10k*> + 5k+ 1 — k— 1, (Awdvopo tov Nevtmvo)
(k5 — k) + 5k* + 10k® + 10k* + 5k
= 30m+ 5k* + 10k® + 10k* + 5k

(k+1)° — (k+1)

Aniadn mpémel va dei&ovpe Ot
30/5k* + 10Kk* 4+ 10k* + 5k < 6/k* +2k* + 2k* + k

Av10 dev eivar advvoTo aAdd BENEL TEpIOTOTEPN OVAALGT).
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I't avtd Ba ypnoomomcovpe pa dAAN pnébodo. Tlapatnpovpe 611
" —n=nn*—1)=n(n)2=1)=n(n*-1)(n*+1)=n(n—1)(n+1)(n* +1)

Todpa 10 2/n(n + 1) o¢ yvopevo dvo dladoyikdv aKepoinv Kot cuVerndg 2/n° — n.
Eniong 3/(n — 1)n(n+ 1) og ywouevo tprdv dadoyikdv akepoiov, ondte 3/n° — n.
AMG (2, 3) = 1, eivon oyeticd npdTol, Gpa. 2.3/n° — n = 6/n° — n.
"Eyovpe 61130 = 6.5 kau (5,6) = 1. Apa apkei va deiovpe 611 5/n° — n. Exovue St dvo tpdmovg
Yo Vo To amodsiEovpe:
o O mpwtog givat e emaywyn.

@ O devtepog givar pe TNV ¥pNomn VIOAOITWV.
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Hpdra Oa deitovpe enaywyud 6t15/n° — n, n € N. IIpogovag 1oydet yio. n = 0 (5/0).
Ymobétovpe 611 1oyveL 1o n = k, nAadh 5/k> — k. Avtd onpaivel 6t kK> — k = 5m, m € N. G
npémer va Seifovpe Ot oy vEL Y100 N = Kk + 1, Snhadn 6t 5/ (k+1)° — (k+ 1).

Onwg Ko 6T1g TpoNyovUEVES AOKNOELS KAVOLLLE TIC TPAEELS:

(k+1)° - (k+1) = Kk +5k* +10k + 10k +5k+1—k—1, (Awdvopo tov Nevtova)
= (K — k) + 5k* + 10k®> + 10k* + 5k = 5m + 5(K* + 2k3 + 2k* + k)
= 5(m+ k' +2k3 + 2k* + k)

Iov onuaivel 611 5/(k + 1)° — (k+ 1), ohokAnpdvovtag v omoddeién
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H 6e0vtepn néBodog ypnoponotet ta vwoOLoUTA.
Ynorowmo dwStoun | 0| 1 2 3 4

Yroromo S 5tovn® | 0| 1] 2°=32~2|3>=343~3 | 4° =1024 ~ 4

[apatnpodpie 6Tt To VIOAOUTO TNG Sloipeon Tov N Kat Tov n° S S sivon {ca. Apa 10 VIOAOUTO TNG
Swaipeong tov n° — n S S ivan 0. Apa 10 5 Stoupei t0 n° — n, OLOKANPOVOVTOGS THY amOSELEN.
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EAdyioto Kowvo [ToAlamhdoro

To ehdyioto Kowd morlamhdoto £ = [a, b] dvo axepaiov givar o OeTikdg aképarog £T61 HoTE
Q a/¢, b/l, dnhodn| To ¢ givar mOAATAGGLO0 KOt TOV a Kot Tov b.

@ Av a/mxar b/m tote £/ m, dnhadn £ dropei kabe Koo ToAanAdc1o TV a Kot b.

[2,3] =6, [6,8] =24, [12,6] =12, [9,2] = 18.
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Ag vmohoyicovpe tov [12, 15]: T'pdepovue ta moAlanidoia tov kabevog:
12,24, 36,48, 60, 72, 84, 96, 108, 120, 132, . ..

15, 30,45, 60, 75,90, 105,120, 135.. ..

BAénovpe 6t t0 60 givar 1o TpdTO TPMOTO KOWd mToAlamAdoto. Apa [12, 15] = 60.
Emriong to endpevo kowd morlanidcto givar To 120 ko 60/120.
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Kot yuo tpetg apiBpovg [9, 15, 18]: I'pdeovpe to moAAamAdG10 TOV KabEVOG:
9,18,27,36,45,54,63,72,81,90,99, ...
15,30, 45,60, 75,90, 105, 120, 135, 150, 165, 180. ..

18,36, 54, 72, 90.

BAémovpe 611 t0 60 gival To TpMTO TPMTO KO molhomhdoto. Apa [9, 15, 18] = 90.
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Onog kot pe tov M.K.A., &xovpe v endpevn tpotaot yia tov vtoloyiouod tov E.KUIL.:

‘Eoto

a=py...pixil X, b=p} ...pf’yfill Ly
Omov py, . . . pr €lvan 01 Kowoi TpdTot kar M; = max{s;, t;}, o peyadhvtepog ekBETNG KGbe Kooy
nphrov. Oétovps £ = p)'t ... SR sy yijll ... Y 70 yvOpEVO KOWVMV KOl UN-KOWVAV
TopayOVI®V HE ToV peyardtepo exfémn. Tote

@ O / givar kowd molhamhdoto tov a karto b (a/l, b/?)..

@ Av 10 m givan k01vd TOALATAGG1O TV a Kl b, TOTE TO M EYEL GOV TAPAYOVTES OAOVG TOVG
TPAOTOVG TOV ERPAVIoVTal 6TV SLACTACT) TOV a Kot b otV HEYAADTEPT) SOVVOUN KOl GUVETMDG
¢/m

Apa ¢ = [a, b).

H npdtaon oydel ko yia menepacuévo TAn0og aptOpdv.
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[Topadetypata

(1) No. Bpebei o [24, 42].
EEKIVALE LE TNV OVAAVCT GE TPMOTOVG TAPAYOVTEC.

24 =233, 42 =2.3.7 = [24,42] = 2°.3.7 = 168.

(2) No Bpedei o [18, 28, 54].
EEKIVALE LE TNV OVAAVCT) GE TPMOTOVG TAPAYOVTEC.

18 =2.3%, 28 =227, 54 =2.3% = [18,28,54] = 22.3%.7 = 756.
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M.K.A ko E.K.IT.

Oa deitovpe v oyéon petath M.K.A ko E.K.I1.

IMa 6vo pn-pndevikois axépatovg a kai b 1oyvet,

a.b
(a,b)

[37 b] —

®a dciovue ot
a.b=[a, b|(a, b).

Mo oNUaVTIKT TOPATHPNOT TTOL GYVEL Y10 OAOVG TOVG aplfpovg eivar:

max{r, s} + min{r,s} = r+s.
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‘Eoto
a=p oG, b=pl Py

[ Tov KotvoUg Tp®TOVG P

@ X710 ywvouevo a.b gppaviCovion pe kb€t s; + ti.

@ Xto ywopevo [a, b(a, b) eppaviCovton pe exBétn max{s;, t;} + min{s;, t;}, mov and tnv

mopatnpnon evol ico pe s; + t;.

Apa o1 ekBéteC TV KOVOV TPOTOV £ivorl {Got.
To ywopevo tov pn-kowdv ekbetdv gppavifetat oto a.b kot 610 [a, b.

Apa 6)o1 o1 TpMOTOL TALPEyoVTEG TOL a.b gppoavifovtal 610 [a, b(a, b), pe Tov 1610 kBETN. Tuvenmdg
o1 0vo apBpoi ivar ioot.
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[Tapaderyua

Noa Bpeite tov M.K.A. ka1 10 E.K.II. toov

a=212347311.17.19%, b=235%7°11.13.19.
Kot va emoinOgdoete 6t a.b = [a, b](a, b).
Amo v Bewpia Exovpe

[a, b] = 212.34.52.75.11.13.17.19%, (a,b) = 23.73.11.19.
[a, b](a, b) = (212.3%.52.75.11.13.17.19%)(23.73.11.19) = 215.3%.5.7%.112.13.17.195.

Koty o yivopevo

ab = (2'2.3*.73.11.17.19?)(2%.5%.7°.11.13.19) = 21°.3* 52.7%.112.13.17.19°.
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Pntoi ApiBuoi

To chvoro TtV pntdv aplBudv opiletol g
Q= {f; a,beZ,b;«EO}.

onAadn ot pnrol apBuoi eivon Tniika akepainv. Dvoikd 1 daipeon dev ival kKAeoT TPAEN GTOVG
aKEPALOVS Kol EMOUEVMG Evac pnTdg dev elvar amapaitnta aképotoc. O a ovopdaletor apOuntig
K0l 0 b TaPOVORAGTNHS TOV KAACUATOC. ATTOITOVUE O TOPOVOLAGTNG VoL unv ivan 0, ylotin
dwaipeon dwa 0 dev €yl vomua. Bacwd ot pnrol apifpol avarapiotovv avaroyies. 'Eva khaotkd
mapdoelypo eivol To ETOUEVO:

Mua wita k6Beton o€ 5 ioa Koppdtio ko dtvovtol o€ Evay and Tovg KaAEoUEVOLS 2 KopupdTia. X’
QLTNV TNV TEPITTOGCT 0 KAAECUEVOC T PE TOL % ¢ mitog. Topa, av avti yio S koppdtio
dtupéoovpe v mita o€ 10 ica KOUUATIO Kol ODGOVUE GTOV 1010 KOAECUEVO 4 KOUUATLL,
TOPATNPOVUE OTL O KAAEGUEVOC, TEMKA, TP TNV 10100 TocdTN T 0o TNV wita. Kt avtod yiati yia va
kOyovue TV mita o€ 10 ica kopudtio, petd v daipeon o€ 5 ica Koppdtio, KOyoue KaOe
KOUUATL GTNV HEST.
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To mapomdve mapdderypa dciyvel kKot TNV PActKT 1010TNTO TOV PNTOV:

a ka
- =— 10 k € Z.
b= 1 M K&0e k €

XPNGYOTOIDBVTOS, VTV TNV GYECN WITOPOVUE Vo, dEIEovE

Z:;C/<:>ad:cb.

H anddeién eivan dpeon cuvémeio g facikng oyéong:

f—£<:>£I—C—b<:>ad—cb
b d bd  db B

Mmopovue va, deiEovpe OTL TO GUVOAD TV PNTOV TEPIEYEL TO GVVOLO TOV akepainy. To n € Z
yphpeton g n/1 € Q.'Eva xhdopa 3, pe a ko b oyeTikd mpdTol ovopdletar avéyomyo. Ankadn

éva, avaymyo kKAdcpa dgv prmopet vo amdomoinfel mepottépo.
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Onwg 6T0V¢ 0KEPALOVS EYOVUE TPAEELS KOL GTOLG PNTOVG:

a ¢ ad+ bc

IIpo =t == .
pocOeon b+d bd

ac ac

I DG: —.— = —.

0AAoTAOGLOO P0G 4= bd

Ot mapamdve Kavoveg eivor TOAD YEVIKOL KOl TIG TEPIGCOTEPES POPES £YOVUE O1AYPOPEC TTOL
ATAOTOLOVY TNV HOopeY| TOL KAdouatog. E1dikd pe v npdcobeon Exovpe v e€ng amdonoinon:Ia

10 GOpolGua
a ¢

b d
éotw ¢ = |b, d|, 10 eEMdyroTo KOO TOAAATAGGI0 Ko £ = bby = dd,. Tote

ab; cd; ab; cdq aby + cd;

C
d~ bb,  dd; ¢ ¢
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Ag e€etdoovpe ToV AOY0 TOV TPETEL OL TOPOVOUOACTES VoL givarl 10101. Oupdpacte 6tL 1 Tpdcbeon
Ko M agaipeon eivor Tpdacelg mov cuvdvalovy 1010 aVTIKEILEVQ.

[Ma Tapaderypa, 6ev pumopodpe va tpocBiécovpe 3 moptokaAlo Kot 4 unia. Aev UTopovLE Vo
OMADGOVUE TL EIVOL TO ATOTEAEC L.

AMG pmopovpue va tovue 6t Exovpe 7 @povTa. AnAaodt], Yia va Kavovue T Tpdcbect), avéyovpe
TOL OVTIKEILEVO GE oL GAATN Katnyopio 6TOV aviKOvV Kot To V0. Ga UTopovGAE Vo TOVUE 7
QUYMOLU, 7 KOPTOVE 1} OTOONTOTE KOTNYOPio OOV Kot To 00O avi|KOLV.

To 1010 yivetou ko pe o kAdopato. Otov o1 TapovouacTEG Eivol O10POPETIKOL, OVIIKOVY GE
AaPOoPETIKEG OpPLddEC KoL £TG1 Ogv umopovv va tpoctefov. [ mapaderypa BE ovpe va Bpodue to
abpotopa 1/2 + 1/3. To mpdto KAGoUa gival To PIGO oG OAOTNTAG Kot TO dgvtepo to 1/3.
AnAadn vToOMA®VOLV dlaPOPETIKA «&ldn». ' va TpocsBécovie, Tpémel va Ta avayovpe 6To 1010
eninedo (OTMC T TOPTOKAALL Kot LAQ 6€ ppoLTA). AVTO onuaivel 0Tt TPEMEL Vo ONAOVOLV 1010
puéPM tov OAOVL, ONAAOT Va. EXYOVV TOV 1010 TapovouacT]. PLGIKA Kol GAAN TOALATAGGIO TOV
Kowvo¥ apovopaoti Ba eivon emtpentd.
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[Tapatnpovpe ot o1 pnrol eivar kKAe1oTOl MG TPOG TIG TPAEELS TNG TPOGHEGNS, TNV QPaipESTG KOl
TOV TOAAATTAAGLOGLOV, OT®G 01 aképorol. EmumAéov ot un-undevikoi pnroi eivor kKAelotol Kot ¢

pog TV otaipeon. ['t"avto Ko Eekvape e v évvola Tov avTicTPoPoL £vOC pnTov:

(3)—1_9 3.5_3(£>—1__£’_£’
b a b d b \d  b'c  bc

Avtdg elvar Kot 0 yvootdg TOmog Yo To chvOeTa KAAGHOTOL:

Qlalol
o
A
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[Topadetypata

(1) Na BpeBobv ta abpoicpata kot va avoydel To amoTEAEGHO GTV AVAY®YT| LOPON:

(,)1+1 (__)3+7 (,,,)3+1 (iv)3+5+1+1
—+ =, (i) =+ —, (i) =+ — -+ -+ —+ —.
Doty Wt Wig T W™ 7157 13

(1) Hapatmpodpe 61t [2,5] = 10 ko 10 = 2.5 = 5.2. "Eyovpe

11 15 12 5 2 7
2 5 25 52 10 10 10

(ii) Hapatmpodpe 01t [8, 12] = 24 xau 24 = 8.3 = 2.12.'Eyovpe
3 7 33 72 9 14 23

s T127 83 122 24724
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(ii) Hapatmpodpe 61t [10, 18] = 90 kar 90 = 10.9 = 18.5."Eyxovpe

3 1 9.3 1.5 27 5 32 16

10718100 185 90 90 90 15

(iv) Iopayovromolovpie Tovg Tapovopactéc: 4 = 22, 6 = 2.3, 15 = 3.5, 18 = 2.32. Apa.
[4,6,15,18] = 22.32.5 = 180 kou 180 = 4.45 = 6.30 = 15.12 = 18.10. Apa

3+5+ 1 n 1 _3.45+5.30+ 1.12 n 1.10 _135+150+ 12 n 10
4 6 15 18 445 6.30 15.12 1810 180 180 180 = 180

135 150 12 10 307

180 - 180 + 180 * 180 180
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(2) No amAomooete TIC ETOUEVES EKPPACELS:
(.)2 2+3 ()4 1+2+1+1 ()5 4+12 2
==+~ i-|=+=4+=-+- i) = | =+ — — —
3\3 4)’ 5\2 3 5 6/ 6\5 7 15)’

(1) Kévovpue mparta t1g mpocbécels:

2 2+3 2 2.4+3.3 2 8+3 217 34 17
3\3 4/ 3\34 43) 3\12 12) 312 36 18

Alopopetikd 1 amAomoinon pmopet va yivel mpiv:
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(11) Kévoope mpota 11¢ tpocsbéoeic. I't avtdv tov Adyo, mapatnpovpe 6t o E.K.II.
2,3,5,6] = 2.3.5 = 30. Exovpe Aowwdv:

1+2+1+1 4 1.15+2.10+1.6+1.5 4 15+20+6+5 B
2 3 5 6/ 5\215 310 56 65/ 5\30 30 30 30/
154+20+64+5 446 246 92
‘ 30 530 515 75

4
5
4
5
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(111) Oa ddcovpe a dtapopetikn Avon. [IpdTa Oa ¥pPNGIUOTONGOVLE TV EXUEPIGTIKY 1O10TNTO
TOV TOAAOTAAGLOC OV MG TTPOg TNV TPOcOeon kat petd Oa kKavovue T1g TpochEGELC.

“65767 615 6 7 90

6 5+7 15
2+1O
3 7

5<4 12 2>_54 5012 5 2 4 52 10

2.63+10.27—-21 126 +270—-21 375 125

1
9 189 189 189~ 63
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(3) Na amhomomnBei | mtapdotoon:
11 /2 1 4Jr 1 1 n 1
20" \3 65 3 10 12

Kavovpe 11¢ mpaéeig mpmta péca otny mapévieon:

2 14 1.1+1_2 12+110+1_2 2+10 1
3 65 3710 12 3 35 3 12 3 15 3 12
O E.K.II. [3, 15, 12] = 60. Apa
220 2.4 +10.20+ 5 40+8+200+5 253
3.20 154" 3.20 125 60 60

Kot tehxka
11 253 11 60 3

20 © 60 20°253 23
ywti 253 = 11.23.
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(4) Na ypaptobv ta mopaKato og anid kKAdcuata.

1 1 1
I , (i o (i
(1) —— () (i) !
1+- 14— 1+
2 1 1
14 = 14+ ——
2 1
14 =
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(1) Ko médt kdvoope Tic mpaEelc ZeKIVAOVTAS 0O TO TO TEAOG, YPNOLOTOLOVTAS TO TOPATAV®D

ATOTEALECLOL:
1 1 1 3
. 1 _1 2 5 5
+1 1 T3 3
"2
(ii1) Ontwg ko to (ii):
1 1 1 5
) 1 _1 3 8 8
" 1 55
I+ ——
1-1—1
2
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(5) Na amhomomBei n ntapdotoon:

Ol x|w! o
_|_
IR N N TN

XPNGOTOI0VLE TOV KOVOVO OTAOTTOINoNG TV cOVOETOV KAUGUAT®V:

2 4

3. 9 2 3 2 33+22 13
472734739 2737 76 T 6
9 3
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(6) Na amhomombei n mtapdotoon:
1 1

X—|—1+x—1'

O gvKOAOTEPOC TPOTOG G AVTES TIC TEPUTTAOGELG EIVAL VAL AVAYOLLLE OAOL TOL KAAGLLOTOL [LE
TOPOVOLOGTY] TO YIVOUEVO TOV TOPOVOUAGTAOV:

1 1 x—1 x+1 x—14+x+1

L X1 G D=1 A D=1 FDx=1)°
Xpnoiponotdviog Ty tontdétnta a2 — b? = (a — b)(a + b), Telkd éxovpe

x—1+x+1 2x

(x+1)(x—1) x2—-1
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(7) Na amhomomBei | mapdotoon:
X X

x+2 x—1

Onwg Kot mptv, aviyovpe OAa T KAAGLLOTO LLE TAPOVOLOGTI] TO YIVOLEVO TMOV TOPOVOLOCTMV:

X x  x(x=1) x(x+2) X —x—(+2x)

x+2 x—1 (x+2)(x—1) (x+2)(x—1) (x+2)(x—1)
AmAomotovue TIc TPAEELC

X—x—(+2x) X—x—x*—2x 3x

(x+2)(x—1)  (x+2)(x—1)  (x+2)(x—1)
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(8) Na amhomombei n mapdotoon:
x+1 x-—2

x+2 x—1

Onwg Kot Tptv, aviyovpe OA T KAAGLLOTO LLE TAPOVOLOGTI] TO YIVOLEVO TMOV TAPOVOLUGTMV:

x+1 x—-2 (x+1)(x—1) (x—2)(x+2) X —1 X —4

x+2 x—1 (x+2)(x—1) (x+2)(x—1) (x+2)(x—1) (x+2)(x—1)
ESd méAt ypno1LOTO100UE TOVL TUTO Y10 TV SLOPOPA TETPAYDVOV.

X—1-(x—4) L—-1-x+4 3
(x+2)(x—1)  (x+2)(x—=1)  (x+2)(x—1)°
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Avicomtec Khaoudtmv

Mo Bacikn 10 Ta ToV KAAGHATOV givor 0Tt

a C
[—)—aﬁad—bc

Mo Tapdderypa

14 28 14 28

—, — 1446 =2328 =644 = — = —

237 46 23 46
Oa enekteivovpe TNV dodIKAGIA VTN Yo avicOTNTEC. Y ToOETOVLE TTAVTO OTL O1 TOPOVOLLACTES
elvan Oetikol. Avtd pmopovpe vo To vrofécovpe yoti:

2 -2 —4 4
-3 3’7 -5 5
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‘Exovtag v mapomdve vrdbeon:

Mepikéc duecec cuvEmELEg
o [Moa dvo kAdouata pe Tov 1010 TOPOVOUAGTY, TO LEYUADTEPO VAL ALTO LE TOV UEYAADTEPO
aplOuntn.
@ [Moa dvo kAdopata pe tov 1010 aplBuntr, To LeEYaADTEPO lval avTO PE TOV UIKPATEPO
TOPOVOLLOGTY.
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[Topadetypata

(1) Na ovykpiBodv to kKAGGpoTo:
L2003 5 6 .. 12 13
(I) ga ?7 (”) _?7 _1_37 (I”) 1_77 %
(1) Xpnoiuomotovpe v Pactkn Topoutnpnon:

2 3
27=14,35=16= - < -.
’ 5 7

(11) Me v 1010, uéBodo, Kavovtog apvnTikohs TOVG opOUNTES

5 6
—5).13 = —65, (—6).7=—42= —= < ——.
(—=5).13 = —65, (—6).7 - <13
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(ii1) Opowa:
12 13
12.20 = 240, 17.13 =221 = — > —
0 0, 17.13 T > 50
AV 10 YIvOUEVO OV TEPLEYEL TOV aPlOUNTY) EIvaL LEYOAVTEPO TOL AALOV YIVOUEVOD, TOTE TO KAAGLO
pe avtdv Tov apluntn etvarl peyalvtepo Tov dAAOV.
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(2) Na ovykpiBodv to kKAGGpoTo:

() 13 15 (i 123 234 (i) 4589 6872
—, ==, (i) ==, —= _
Vor 3T 2347 445’ 11378’ 13785

(1) Xpnowyomotobe v Pactkr| Topatnpnon:

13 15
37 = 2715 =4 — > —.
13.37 =481, 27.15 05 = 57 > 37

(11) Mg v 010 péodo:

2 12 2
* .
123.445 = 54735, 234 54756 = 3 <
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(i11) Onowg kot mpv:

4589 < 6872
11378 =~ 13785

4598.13785 = 63383430, 6872.11378 = 78189616 =
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(3) O TI'dvvng tpéxet 4km o 30min. M’ avtdv tov puBuod moco Ha tpéetl e 45min;

‘Eotm Aott Oa tpé&et xkm e 45min. Tote, avaioykd, Ba 1oyvet

4
30 % — 4.45 = 30x = 180 = 30x = x = 6km.

(4) 'Eva petypo mpotvov mepiéyetl poull, o1tdpt Kot KaAaumokt oe avaroyia 2:3:5. Edv o cakovia
Tov pelyportog mepteyel 3 KAd pHll, TOG0 KAAAUTOKL TEPIEYEL,

‘Eoto 011 mepiéyetl x KA KaAopumoKl. XpNOOTOIOVUE TIC AVAAOYIES:

) 2 3
LQ,:_:_:>2X:15:>X:7_5
KoAoumdékt 5 x
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(5) O T'wpyog €xet 30 Borovg, 18 amd tovg omoiovg ivan kOKKvor kot ot 12 pmAde. H Mapia £xel 20
BoAovg ot omoiot fvan gite kKOKKIVOL gite umAe. Av 0 AOY0G TV KOKKIVAOV BOA®V TPOS TOLG UTTAE
etvan 1d10¢ yia tov ['apyo kot tnv Maipn, 101e TOGOVE KOKKIVOLG Ko TOGOVG UTTAE BOAOLG £xEl 1
Maipn;

‘Eoto n Maipn éxet x pmie Borovg. Apa Oa £xel 20 — x kKOkKvovg BoAove. Topa ot avaroyieg
KOKKIVOV TTpog UmAe eival idwa yua tov I'idpyo ko v Maipn. Apa

KOKKIVOl B 18 B 20 — x
ume 12 x

Omov 10 devTEPO KAGoUa givarl Tov ['wpyov kat To Tpito g Maipng. Apa

3 20—x

2 X

= 3x=2(20 — x) =40 — 2x = 3x+ 2x =40 = 5x =40 = x = 8.

Apa n Maipn €xet 8 pmie kan 20-8 = 12 kdxkivovg fOLoLG.
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(6) Yrdpyovv cuvolka 42 vmoloyiotég 6to epyacstnplo. Kabe évag am’ avtovg tpéyet Eva amd to
Tpia Aettovpyikd cvotnuota, Windows, MacOS, 1) Linux. H avaloyia MacOS, Windows, Linux
etvan 2:5:7. Na Bpeite Tov aptBud t@v vTorloyloT®V oL TPEXEL KADE AEITOVPYIKO GVGTNLO.

‘Eoto 611 x vmoloyiotéc Tpéyovy MacOS, y tpéyovv Windows kot z tpéyovv Linux. ['vopilovue 61

X+ y+z=42.
Oo EKPPACOLLE T ¥ KL Z OC TPOG X:
MacOS 2_x:>2 N _5X
Windows 5 vy Y= Y=3
MacOS = 2—X:>2z—7x:>z— X
Linux 7z N 2
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AvtikaBiotovpe oty mpot e€icmon:

2x  Tx 2x  bx Tx

14
x—|———|——:42:>——|——+—:42:>7X:42:>7x:42:>x:6.

5 2 2 2 2
Apa €yovpue
@ 6 vmoLoylotéc mov Tpéyovv MacOS,
° 3.6 = 5.3 = 15 vmoroyiotég oL TpEYovv Windows,

° %.6 = 7.3 = 21 vmoroyioTtég TOL TPEYOLV Linux.
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