YovnNBIoUEVO TTPORANUC Eival N avAykn MOVTEAOTTOINONG SE60UEVQYV, SNAASNH N TTPOCAPHOYN
NG PEATIOTNG SLVATAG AVAALTIKIC CLVAPTNONGS OE ALTA, ETTIAEYOVTAG €K TGV TTPOTEQWY TN
UopPPN TNG cuvapTNoNG. MN.x., uTTOPEI va BEAoLE va kavoue fit SedouEva xpNOIWOTTOIVTAG
eLBeia ypauun, Nkaovolavr, TTOALGVLUO, cLvapTNon Planck, cuvéLACHO TWV TTAPATTIAV® N
AAN YVOTH cLVAETNON.

[.X., PACHA PE YOAUMUES EKTTOUTTNG + ATTOPPOPNONS AOYW SiapopeTikoL Doppler agpiov,
KAl TTOALGVLIKOL CLVEXOLG
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EmmAvon X2 e LTTOAOYIOTIKO TPOTTO... YTTOAOYI(OVTAG TO X2 OAWYV TV SLVATWY
AOCEWV N OTO XWEO TWV TTARAUETOWY. ZEKIVGVTAC ATTO TO YPAUUIKO TTOORANUA. ..

plt.scatter(grid[:,@],grid[:,1],c=np.logl@(chi2))
plt.xlabel('a'),plt.ylabel('b")
plt.title('logl@(chi2) colored parameter space')
plt.colorbar()

<matplotlib.colorbar.Colorbar at @x7f8fefa@ad90>

log10(chi2) colored parameter space

:::::::::::::::::: 30 print("chi2 range:", min(chi2),max(chi2))
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To X2 eival pETpNoN TNG TTOI0TNTAC TNG TTPOCAPUOYNG [Measure of the goodness of the fit]
UE JEYAAO €0POC TIMQV, TTOL £€QPTWVTAI ATTO TTOAQ TTPAYUATA. 1A VO OUOYEVOTTOINOEI
TIEQICCOTELO XPNOILOTIOIOVLUE TO reduced X? TToL &ival TO x? ava PABuo eAcLBepIaC.

N v 1?2
An)\ XVQ: X2/ VvV, Kl de Z: — Z[f(xl')gz y‘]
i=1 Vo

!

Omov v=N-m, pe N: apIiBuo YETPNOEWY, M=APIOUO TTAPAPETOWY (2 OTNV TTOOKEIUEVN).

EQv TO XpNOIUOTTOINTOLWE PE ALTO TOV TPOTTO

print("chi2 range:", min(chi2),max(chi2))

chi2 range: 1.1150765434260501 343.77586625964375
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Me avTioToIxo Kwdika

# evaAdaktikry eniAvon ue anAé parameter range sampling kat minimization...

\Z

def simple_chi2_parameter_sampling(ff,x,y,dy, lim1=0,1im2=1,pts=100,use_dof=False): #try also 100

def ff(x,a,b): return axx+b

chi2=np.ones( [pts,pts])

ds=(1im2-1im1)/pts

parameter_rangel=np.arange(pts)*ds+1liml

parameter_range2=parameter_rangel # same in this example for both parameters

grid=[]

for i in range(pts):

for j in range(pts):

function_to_minimize=ff(x,parameter_rangel[i],parameter_range2([j])
chi2[i,j] = np.sum( (y - function_to_minimize )#**x2 / dy#**2 )
if (use_dof): chi2[i,j] /= len(x)-2 # for 2 parameters in this example é
grid.append( [parameter_rangel[i] ,parameter_range2[j],chi2[i,j]])

grid=np.array(grid)

return grid

\Z

grid=simple_chi2_parameter_sampling(ff,x_lin,y_1lin,dy_lin, 1im2=6,use_dof=True)
chi2=grid[:,2]

minimum=np.where(chi2 == np.amin(chi2)) [@]

a=grid[minimum,@] [0]

b=grid [minimum,1] [@]

print("a=",a,"b=",b)

a= 1.56 b= 4.8
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YNUEIOoN: EMAVOAQUPAVOVTAG TO TIOONYOLUEVO YOAUUIKO TTapadeyua, aAAa pe 1000 onueia.
ApPXICOLIE VA BEWEOLIE TNV OTITIKOTTOINCN TOL XWEOL TTAPAUETOWY CAV XOPTN TIBAVOTATWV.
O TPOTTOG ALTOC Ba PTToPOLOE va cLvéLACTE Kal ue Monte Carlo, £TO1 WOTE N KATAOKELN
TOL XWPEOL TWV TTAPAUETOWY VA PNV YiVEl YOAUPIKA KAl VA ATTOPELXOOLY TOTTIKA EAQXIOTA
AAAC KAl YIA VA £XOLV LEYAADTEQN AKPIREIC OF DTTOAOYICUOI O€ ETTIANEXDEITEC TIEPIOKEC.

plt.scatter(grid[:,@],grid[:,1],c=np.logl@(chi2))
plt.xlabel('a"'),plt.ylabel('b")

plt.title('logl@(reduced chi2) colored parameter space')
plt.colorbar()

<matplotlib.colorbar.Colorbar at @x7f8felelaac®d>

log1l0(reduced chi2) colored parameter space

=




mapAadsypa: ToXaiog mePITTATOG: ATTO TA MO KAACOIKA TTeoPARuaTa yia Monte Carlo.

APOPA Tt AANNAYEG KATELOLYONG OE TLXAIA YWVIA TTOL (CLVNBWGS) OPeIAOVTAl O OKESAON
AOY G KOOLOEWYV N SLVAUEWY UE/ATTO CcwuaATISIa.

AVAKAAOPONKE HECTW TNG SIAPKOLCS KiVNONG KOKKWY YOENG OTO VEQO HE MIKQOOKOTTIO,

HEAETNONKE atTO TOV Einstein

TuvavTiEtal o€ TOAAATTAQ OEpaTa pLOIKNAG Kai YN, T.X., Kivon aTOH®V AEPioL O€ KOLTI,
Siaxvon otayovag bypoL o€ éva aAlo (YaAa oTov KagE), SIadoon pwToviwv o8 aoTEL.
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Toxaiog TTePITTaTog: 51IA600T PWTOVIKV 0L ACTEPI

'EOTW PpTOVIA TTOL TAPNXONCAV OTO ECTWTEPIKO ACTEPIOV.

[Moco KaIPO Ba TTAPOLY VA PTACOLY OTAV EMIPAVEIA TOL KAI VA TAEISEWYOLY TTPOC TA EUAC
- Av 6ev alMnAemdpoLoav e TNV LAN; (€0Tw akTiva = nAiakr), 700.000km)
- AV OTO e0WTEPIKO okedalovTal e EAAOTIKN okedaon Thompson.

AQRBETE LTT OYIV OTI TO PNKOC EAELBEEPNG SIASPOUNG TTOL SIAVLOLY TTPIV OKESATTOLV Eival

1 MmH ~ 1.7 x 10_24 g )
NedT por  1l4gem=3 x6.7x 1025 cm?2 cm,

I
2
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OewENOTE, YIA ATTAOTNTA, OTI OKESATEIC YiVOVTAl OJOYEVAGS OTIC 360°, SnNA Ta pwTOVIA
KIVOLVTAI KAl TIOOC TA EUTTOOC KAI TTPOG TA THOW. MEeTA £EETAOTE TO EVEEXOUEVO TA (PWTOVIA
va okedalovTal YOVO TTPOC TA EUTTPOC.

T 1 | T I T 1 T T l T T T T I T T
x~0 _
0.1 — —
B x=0.1 7
5 _ 4
P
c - —
~
~
2 n _
o]
< 0.05 —
» x=1 _
n x=10 ]
O 1 L 1 1 I 1 L L L I 1 1 1 1 I L L
(0] 50 100 150

Scattering angle (degrees)
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import time

start = time.time()

def random walk(steps=10000000,x0=0,y0=0): # the photon starts from the center of the star

mean_free path=2 #cm

X,y=x0,y0

for i in range(steps):
# for simplicity: photons assumed to be scattered as follows, but it depends on hv
angle=round(random.random()*360) # scattering at any angle
#angle=round(random.random()*180)-90 # forward scattering
x += mean_free path*math.cos(np.pi*angle/180.)
y += mean free path*math.sin(np.pi*angle/180.)

return np.sqgrt((x-x0)**2+(y-y0)**2)*le-5,steps*mean free path*le-5 #in km

def Monte Carlo reached distance(n_iterations=5):
how_ far=[]

for i in range(n_iterations):
distance from center,overall distance walked = random walk()
how far.append(distance from center)
time = overall distance walked/2.9979e5
print('distance from starting point (km):',round(distance_ from center,4), 'in time (sec):',round(time,

return how_far
res = Monte Carlo_reached distance()
#res = Monte Carlo reached distance(10000)
res = np.array(res)

print('Average escape time (in seconds):',np.mean(res[res>7000000]))

end = time.time()
print('Computational time:\t',end-start,'s')

distance from starting point (km): 0.0755 in time (sec): 0.00066713366 10 £KCITOU|J[:)DICI Br']HOTO,
distance from starting point (km): 0.0547 in time (sec): 0.00066713366 : : PR
distance from starting point (km): 0.0642 in time (sec): 0.00066713366 O-K€6OOT] IIOI-E O)\EQ TIG YOOVIEG.
distance from starting point (km): 0.0421 in time (sec): 0.00066713366 <0.1 km!ll

distance from starting point (km): 0.0227 in time (sec): 0.00066713366
Average escape time (in seconds): nan
Computational time: 31.487586975097656 s
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import time

start = time.time()

def random walk(steps=10000000,x0=0,y0=0): # the photon starts from the center of the star

mean_free path=2 #cm

X,y=x0,y0

for i in range(steps):
# for simplicity: photons assumed to be scattered as follows, but it depends on hv
#angle=round(random.random() *360) # scattering at any angle
angle=round(random.random()*180)-90 # forward scattering
x += mean_free path*math.cos(np.pi*angle/180.)
y += mean free path*math.sin(np.pi*angle/180.)

return np.sqrt((x-x0)**2+(y-y0)**2)*le-5,steps*mean_ free path*le-5 #in km

def Monte Carlo reached distance(n_iterations=5):
how_far=[]

for i in range(n_iterations):
distance from center,overall distance walked = random walk()
how_far.append(distance from center)
time = overall distance walked/2.9979e5
print('distance from starting point (km):',round(distance from center,4), 'in time (sec):',round(time,

return how_far

res = Monte Carlo reached distance()
#res = Monte Carlo reached distance(10000)

res = np.array(res) 10 ekaToppuLEIa PAUATA,
print('Average escape time (in seconds):',np.mean(res[res>7000000])) O'Kééao'n guﬂ'pég 100 km !11

end = time.time()
print('Computational time:\t',end-start,'s"')

distance from starting point (km): 127.3221 in time (sec): 0.00066713366

distance from starting point (km): 127.3379 in time (sec): 0.00066713366

distance from starting point (km): 127.3042 in time (sec): 0.00066713366

distance from starting point (km): 127.304 in time (sec): 0.00066713366

distance from starting point (km): 127.3553 in time (sec): 0.00066713366

Average escape time (in seconds): nan 25
Computational time: 35.67810893058777 s



YTToAOYIOTIKN DLOIKN

... Ba 1a 6oVpE; Eva TOCO AtTAO TTEipApA, TOOO XPOoVOoROEO!

TeNKQ, (TTOTE) TTEPIEVOLE VE SOLUE ATTAVTNON;

[1a ammAoLOoTELON, OKEPTEITE TO TTPOPANUA o€ 1D, OIS TTRIv. Na KABe eva armo 1a N Tuxaia
BAuaTta, N yetakivnon | eival +1 PApa N =1 PAuA, Pe TOTTIKA atTOKAIoN (OpaAua) 1 PAua ava
Kivnon. ToTe TO CLVOANKO oAAUQ, sgrt(N)I, eival KiI N pEylioTn dvvaTtr ATOCTACN TTOL UTTOEEI
va S1IavuBei epOcov N peon TIiuN eival 0 Ki N atropakpuvvon eival AOyw SIacTTopdC.

KI epOCOV N YEYIOTN ATTOCTACH BEAOLIE VA €ival N AKTIVA TOL ACTEPIOL

VNI = Ryar = N=[Ryar /1 ~ 101 ]2

APQ TTOETTEl VA KATAPULYOLUE OE TTOAD PEYOAO apIBUO PNuATWY,
102° yia va §0VE PWTOVIO va dpartreTeLel (o€ 1D).

Y€ LTTEPLTTOAOYIOTEG, PPICKOLPE TNV ATTAVTNON va eival ion e 10.000- 107 xpoviq,
AVAOAOYQ UE YVIa okedaong, cuxvoTNTA, AANA KAl TTOKVOTNTA ACTEPIOV. ..



AAAN £kSoxn

EOkoAN e€0pTNON a1mo TN YWVvia Kal xpnon probability density function ava yawvia,

AV TA PWTOVIA EXOLY LWNAEC EVEPYEIES, TT.X., OKTIVES Y. TOTE OTO £0WTEQIKO OKESALOVTAI [E
NAEKTOOVIa BAcel parvouevov Compton, TTOL TOLS AAAGLEI TNV EVEQYEIQ CLVAPTNCEI TNG
YVIAG PE TOOTTO TTOL OXETICETAI PE TO PNKOG KOUATOG:
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Built-in cuvapTNoelg TN Python yia parametric fitting pe x2 kal OxeTIKA e AuTEG,

[1.X., N curve_fit oTo TEORANUA TNS €LOEIAC YEAUUNG

# evaAdaktiki eniAvon pe Python
#scipy.optimize.curve_fit

from scipy.optimize import curve_fit
popt = curve_fit(ff, x_lin, y_lin, sigma=dy_lin, p@=[1,1])[0]
print(popt[@],popt[1])

1.5341736729495603 4.8609456134567

help(curve_fit) # povtéAo chi2, Levenberg-Marquant

Method to use for optimization. See "least_squares’ for more details.
Default is 'Ilm' for unconstrained problems

Xpeialeral STt implementation: Kal va KOAOTITEl TO XWEO TWV TTARAUETPWY EVTOGC 0PIV OTTWS
SeiCaue oIV, AAANG va UTTopEl va SiaxelpieTal AVAALTIKA, JE YPNYOPO TPOTTO KI eVOANACTOUEVO
B TNV TTERITITON TTOL Sev SO0O0LY OPIa P € [-oo o] -> aAyoplOpoc Levenberg-Marquant

- armairei \TapPén MapaywyouL f WS TTPOG TTAPAUETOOLG. 23



Built-in cuvapTNoelg TN Python yia parametric fitting pe x2 kal OxeTIKA e AuTEG,

[1.X., TO TTakeTo ImMfit oTO TTEORANUA TOL TkaovaiavoL fit pacuaTog

# dAAn evaAdaktikf eniAvon ue Python, oto npato nmpéfAnua MkaovoravAc¢ Ot @douda.
from Imfit import Model
lmod = Model(Gauss_cont) #6nutovpyel pia kAdoon povtéAo mov ovoudlet kat Eexwpilel Ti¢ napauéTtpouc

lmod.set_param_hint('I@',value = max(I)*@.9,min = @ ,max = max(I)*1.1)
lmod.set_param_hint('x@',value = 400 ,min = 200,max = 600)
lmod.set_param_hint('sigma’',value = 100,min = 50, max = 300)
lmod.set_param_hint('a',value = @ ,min = @ ,max = 0.1)
lmod.set_param_hint('b',value = @ ,min = -0.1,max = 0.1)
1fit = lmod.fit(I, x = x)
g_model_params=1fit.params
g_model=1fit.eval(x = x)

print(g_model_params['I0'].value,g_model_params['x@'].value,g_model_params['sigma'].value)

0.870172914716734 399.99999469979855 100.00002556585531
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Built-in cuvapTNoelg TN Python yia parametric fitting pe x2 kal OxeTIKA e AuTEG,

[1.X., TO TTakeTo ImMfit oTO TTEORANUA TOL TkaovaiavoL fit pacuaTog

plt.plot(x,I)
plt.plot(x,g_model)
# eEnynon tov okenTikoU oOT1¢ mapandvw 6vo ue Levenberg-Marquant

[<matplotlib. lines.Line2D at @x7f8fe3bdb280>]

10F

08

06

04F

0z2r

00

EV\—I[\M\/ v
-1000 =500 0 500 1000

Non-Linear Least-Squares Minimization and Curve-

Fitting for Python

Lmfit provides a high-level interface to non-linear optimization and curve fitting problems for Python. It builds on and ex-
tends many of the optimization methods of scipy.optimize. Initially inspired by (and named for) extending the Levenberg-
Marguardt method from scipy.optimize.leastsq, Imfit now provides a number of useful enhancements to optimization and

data fitting problems, including:
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MéBobSog Levenberg-Marquant
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MéiBobol péyioTng mlavogpaveiag

O1 mBavokpaTiKeG pEBOSOI Baci{ovTal oTnV TTAPATAENON OTI N EAAXICTOTTOINCN TOL X2
QVTIOTOIXEI O€ UEYIOTOTTOINCN TNOAVOTNTAG.

'EOTW OTI PITAOOLPE OET SESOUEVYV, YIA TO KABEva aTTd TA OTTOIA N KECN TIWA AAAA KAl N
SIOKLPAVON YLEGW ATTO ALTH AKOAOLOOLY KAVOVIKA KATAVOMN. ALTO UTTOEE va cLUPaivel
TTX, YIOTi TQ ONUEIC TIOOEKLWYAV PETA ATTO TTOAAEC JETPNOEIC YIA TO KABEva (PA. Becopnua
KEVTOIKOL OPIOL).

yx 4

y(xy)
yi

* See Data Analysis — Siegmund Brandt,

Data analysis recipes: fitting a model to data: Hogg, Bovy, Lang 2010 28


Kalliopi Dasyra


MéiBobol péyioTng mlavogpaveiag

O1 mBavokpaTiKeG pEBOSOI Baci{ovTal oTnV TTAPATAENON OTI N EAAXICTOTTOINCN TOL X2
QVTIOTOIXEI O€ UEYIOTOTTOINCN TNOAVOTNTAG.
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Kalliopi Dasyra


MéiBobol péyioTng mlavogpaveiag

BAOIKG TTAEOVEKTNWATA TV TTIOAVOKOATIKGWV HEBOSWYV € OXEON UE TO ATTAO X2

1. Héuvarornta xpnong «prior knowledgen n «updated knowledgen Kabwg eEeNicoeTal
TO TTEiPAPA. ANAASH, pTTopoLE va divooupe papn (Ox LOvo Opia) PACEl YVWOTWY NéN
TTANPOPOPIWV WOTE VA KATELOVVOULUE TOV AAYOPIBUO TTOOC TN OWOTH KATELOLVON,.

Av ¢V Yivel XpNon TTOWTLTEPNGS YVWONG, TO ATTOTEAECUA i8I0 JE X2
2. Xapn oTIC MOAvOoTNTEG, UTTOPOLUE OXI HOVO va S0LUE TToIa Eival N SeLTEEN (KAl TEITN...)
KATT KOAOTEPN AVCN OAAG KaI TTOCO TOAVO gival av aANAEOLUE PIA UETARANTH WE KATTOIO
TOOTTO VA BEOVUE TO CWOTO ATTOTEAECHA.
AVTIOETWG, Ol AAYOPIBUOI X2 EYYEVWG ETTIOTREPOLY POVO TNV KAADTEON ALON.
3. MITOPOULPE VA CLYKPIVOLUE AKOUA KAl 2 JOVTEAQ PETAEL TOLG

- Bayesian statistics

' Bayes describes the conditional probability of an event based on data as well as prior
information or beliefs about the event or conditions related to the event (1763).

Laplace developed the Bayesian interpretation of probability
30


Kalliopi Dasyra
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'ExovTag TIG prior, evidence, Kal yTTopwVTAg va LITOAOYiIcoLPE TNV likelihood yia KGBe POVTEAO,
Bpiokouvue TNV posterior KI Apa TIG PEATIOTES TIHEG TV TTAPAUETPV.

NMakéto emcee python. Yuvbudlel

Bzpnon Bayesian (uéow eAaxioTorroinong INP)

Monte Carlo yia emAoyr kAl YETAROAN CNUEICV OTO XWPEO TTAPAUETOWY O KOO XOOVO,
ue aAyopiOpuo Torov Metropolis yia TNy emAoyr) eDPOLS PAUATOC.

Xpnon N apiBuob mepimarntav (walkers) TToL AKOAOLOOVY TLXAIAS KATELOLYONC

TTOL SEiXVOLV TNV KAION TOL XWEOUL

aAvoida Bnuarwy oL eEaPTATAl HOVO ATTO TNV TPEXOLOA BEoN CNUEIY — OXI TN
TTAPEAOOVTIKN. ANG Sedopevou OTI TA
BAuata cwdlovTal, N aALoida PTTopEi va
aKoAoLONBsi kI avarroda - Markov chain

04

02

TN KSK
Ps %00, ';"3%
2 (/
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YTTOAOYIOTIKN ACTOOPLOIKN — Bayesian Fitting

Likelihood maximization (via InP minimization) with a Metropolis, Monte Carlo Markov chain
(MCMC) algorithm

An example of efficient sampling of the parameter grid is the so-called Metropolis(-Hastings) algorithm. The Metropolis algorithm works by iteratively
generating a random sample of values x (with a Monte Carlo algorithm) with a probability distribution that resembles more and more a desired probability
distribution P(x) with every (time) step. It operates as follows.

« The algorithm chooses an arbitrary or a user-defined set of points for the initial state. Using a proposed probability density function g for the jump
£(x;:1|x;), it provides a new state. The function g can be random, fixed, Gaussian (if desired to make a step of a certain length near the old value), or any
other function.

« The algorithm checks whether the new state has a distribution that resembles more the desired probability distribution P. For this purpose it uses a
discretized form of the function F, so another PDF, i.e., a histogram depicting the relative likelihood of discrete values. Note that the Metropolis algorithm
asks for the shape of this PDF to be provided - not its normalization, which can occasionally be hard to find. Then it computes the ratio a = PDF (x;41) /
PDF(x;) = P(X;41 )J/PX; ).

« The algorithm then draws a random number u from a uniform distribution in the range [0,1]: if u <a then it accepts the new position, else it stays in place.
If the new position is more likely than the old position, then a is by default > 1 and u always satisfies the criterion. Otherwise, the algoritmh proceeds by
chance based on whether u satisfies the criterion. This allows for some randomness to help the solver visit low probability density regions. The algorithm,
thus, proceeds by randomly moving in the sample space, sometimes accepting the moves and sometimes remaining in place.

The Metropolis is a so-called Markov Chain Monte Carlo chain, because it satisfies the criterium that Markov set for the description the evolution of a
stochastic model. Markov's criterium is memoryless, meaning that any state depends ONLY on its immediate prior state, no past ones. A random walk of a
photon in the Sun is such a process, as the next location only depends on the present location (plus the random step). A random draw of a card from a
deck is non Markovian, as the card to be drawn explicitely depends on what is left on the deck from previous drawings. A chain is the representation of
model that describes how one event evolved to the other (a series of lines connecting the different states). The Markov chain typically assumes discretized
time steps and time reversability so the outome does not depend on the direction of the transitions.



YTToAoYIoTIKN PLCIKNA

Fit evBeiag ypappung ye Bayesian + Monte Carlo (emcee)

Mpwta va kavoupe fit evBeia ypappn ota napandvw linear data (x_lin, y_lin), ye Bayesian tpormo. Na va kavtaAdfoupe Tnv "1oxu" Twv priors €11i TOU
arnoteAéopaTog, 6a Kavoupe TNV €ENG TPOTIOTOoINGN oTO TIPORANUA: B6a PITAPOLHE XWPIC VA EXOUHE YVWON TWV HEUOVWVHEVWY opaipdtwy (dy_lin) aAAa
HOVO £VOG eVOEIKTIKOU pEoow adpaAuatog (1.5) kal Jetd, p€ow TNG prior, Ba KatevBUOVoLPE TN AUON OTIC AVAUEVOUEVEG YIA TA OPAAPATA TIHEG TWV
napap€tpwy. Na 1o Adyo autd, Ba povrelororjoovpe TNV prior probability oav pla otevr) Gaussian yopw arnd TG aVvapeVOPEVEG TIMEG (UE Oypppr =0.1).

YrievBopion 6t ané y A2 minimization n Abon (slope and intercept) Tng y= ax+b eivat:

a=2.04, b=3.10 # without errors and a=1.53, b=4.86 # with errors

Define the probabilities

Likelihood

YmnoBeTovrag OTL Ta NMEPaPATIKA onuela rmou Tpanyrnkav yupw and 1o eKAoTOTE JOVTEAO arnokAlvouv amné autd pe MNkaouolavo Tpomo, TOTE yia N=7 points
HE KOO opaiua

(yi = Ymodel(x;.a,b) )2 _ N (yt = Ymodel(x;.a.b) )2
N ) -2l

202 e 202

e
L ata | Ymodel ) = =
(Vdata | Ymoder) H s PPN

i=l

Priors
©a do0pe 2 eTAOYEG:

e «a and f uniformly distributed - flat prior = ka8dAou prior
e « and f spread around the correct values in a Gaussian manner, so

_ (a—qp) 1 (b-bo)?

1
2 2
2"theor e 2a'lheor

Prior(a, f) = Prior(a) Prior(f) = —F——e
\/ 2ro
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XTiCoupe TIC MOAVOTNTEG

# emcee requires log-posterior

def log_prior(params):
alpha, beta=params
sigma_dev=0.1
return np.log( 1/2%np.pi*sigma_dev**2) - (alpha-1.53)#%%2/(2*sigma_dev**2) - (beta-4.86)#*x2/(2*sigma_dev#*2)

# gaussian likelihood for each data point given a model, sum over all data points
def log_likelihood(params, x, y):
alpha, beta = params
sigma_typical = 1.5
y_model = alpha* x + beta
N=1len(x)
# note that the result should be the same with or without the second term of the sum = constant
return -0.5 * np.sum((y-y_model)#**2 / sigma_typical#*2) - (N/2)*np.log(2*np.pi* sigma_typicals*x 2)

def log_posterior(params, x, y):
#return log_likelihood(params, x, y) # compare to x2 without errors
return log_prior(params) + log_likelihood(params, x, y) # compare to x2 with errors



EKTEAOVE TOV TTEQITTATO OTO XWPEO TWV TTAQLAUETOWV

# emcee combines MCMC chains (walkers) of a number of steps.

ndim = 2 # number of parameters in the model
nwalkers = 50 # number of MCMC walkers

nburn = 20 # "burn-in" period to stabilise chains
nsteps = 2000 # number of MCMC steps to take

starting_guesses = np.random.random((nwalkers, ndim))*6 # random positioning of 50 walkers in parameter space
#print(starting_guesses)

sampler = emcee.EnsembleSampler(nwalkers, ndim, log_posterior, args=[x_data, y_datal)
sampler.run_mcmc(starting_guesses, nsteps)

#Apai1pd ta npwta nburn BAuata ané kabe walker

#emionc umopw ta Pruata twv walkers pali yia va yaunAwow ula Sidotacn tov mivaka
#emcee_trace = sampler.chain[:, nburn:, :].reshape(-1, ndim)

emcee_trace = sampler.get_chain(discard=nburn,flat=True)



labels = ['alpha', 'beta']

#previous_solution=[1.53,4.86] # with errors
previous_solution=[2.04,3.10] # without errors

fig = corner.corner(emcee_trace, labels=labels
,truths=[previous_solution[0], previous_solution([1]]);

print( '\n Mean alpha bayesian = ', emcee_trace[:,0].mean(),
‘\n x*2 alpha = ', previous_solution[@],
‘\n Mean beta bayesian = ', emcee_trace[:,1].mean(),
‘\n x*2 beta = ', previous_solution[1])

XwpEIc Papn oTtnv prior

Mean alpha bayesian 2.0436413093307277
X2 alpha
Mean beta bayesian

X2 beta

3.0778930524593844

beta




labels = ['alpha', 'beta']

previous_solution=[1.53,4.86] # with errors
#previous_solution=[2.04,3.10] # without errors

fig = corner.corner(emcee_trace, labels=labels
,truths=[previous_solution[@], previous_solution[1]]);

Me Bapn oTnyv prior

print( '\n Mean alpha bayesian = ', emcee_trace[:,0].mean(), :E;na?:ﬁ:a angs;gn = 1.588738518764105
‘\n x*2 alpha = ', previous_solution[@] -
'\n Mean beta baye;ian = ', emcee_tracei:,l].mean(). Mfa" beta bayesian = 4.851960032274037
‘\n x*2 beta = ', previous_solution[1]) X*2 beta = 4.86
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‘EAEYXOC TTC KIVOLVTAI Ol walkers OTo XWPEO TV TTAQAUETPWY (OAA Ta PAuaTA)

fig, axes = plt.subplots(2, figsize=(10, 5), sharex=True)

samples = sampler.get_chain()

labels = [ 'alpha', 'beta'l

for i in range(ndim):
ax = axes[i]
#ax.plot(samples[:,08, 1], 'forestgreen',label='walk') #av 8eAw pévo éva walker
ax.plot(samples([:,:, i], 'forestgreen', alpha=0.3) #BAenw 6Aovc Toug walkers
ax.set_x1lim(@, len(samples))
#ax.set_x1lim(@, nburn)
ax.set_ylabel(labels[i])
ax.yaxis.set_label_coords(-0.1, 0.5)
ax.hlines(y=previous_solution[i], xmin = @, xmax = len(samples), linewidth=4, color='k',label="true')
ax. legend(loc="'center left', bbox_to_anchor=(1, 0.5))

axes [-1].set_xlabel('number of chain links');
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‘EAEYXOC TTC KIVOLVTAI Ol walkers 0To XWPEO TV TTAQAUETOWY (TTeWTa PAKATA, TTPIV TN CVYKAION)

fig, axes = plt.subplots(2, figsize=(10, 5), sharex=True)

samples = sampler.get_chain()
labels = [ 'alpha', 'beta']
for i in range(ndim):

ax = axes[i]

#ax.plot(samples[:,0, 1], 'forestgreen',label="'walk') #av 6cAw udévo éva walker
ax.plot(samples[:,:, i], 'forestgreen', alpha=0.3) #BAenw 6Aovc Touc walkers

#ax.set_x1lim(@, len(samples))

ax.set_x1im(@, nburn)

ax.set_ylabel(labels[i])

ax.yaxis.set_label_coords(-0.1, 0.5)
ax.hlines(y=previous_solution[i], xmin = @, xmax = len(samples), linewidth=4, color='k',6label="true')
ax. legend(loc="'center left', bbox_to_anchor=(1, 0.5))

axes[-1].set_xlabel('number of chain links');
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‘EAEYXOC TTC KIVOLVTAI Ol walkers 0To XWPEO TV TTAQAUETPWY (TTewTa PAHATA, EeKivavTag ammo 1o 1)

fig, axes = plt.subplots(2, figsize=(10, 5), sharex=True)

samples = sampler.get_chain()

labels = [ 'alpha', 'beta']

for i in range(ndim):
ax = axes[i]
#ax.plot(samples[:,08, 1], 'forestgreen',label='walk') #av BeAw udvo éva walker
ax.plot(samples[:,:, i], 'forestgreen', alpha=0.3) #BAenw 6Aovg Toug walkers
#ax.set_xlim(@, len(samples))
ax.set_x1im(@, nburn)
ax.set_ylabel(labels[i])
ax.yaxis.set_label_coords(-0.1, 0.5)
ax.hlines(y=previous_solution[i], xmin = @, xmax = len(samples), linewidth=4, color='k',6label="true')
ax. legend(loc="'center left', bbox_to_anchor=(1, 0.5))

axes [-1].set_xlabel('number of chain links');
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YTToAoYIoTIKN PLCIKNA

'Eva akoOpa TTpoRANua: TToooadpuodloviag KAPTTOAN HeEAavob oopaTtog (Planck) oe Oepuikn eKTTOUTTH.
©Oa YTTOPOLOAUE VA £EETACOLE OTTOIOONATTOTE CWHA APKE VA TTAQOLHE TN PACUATIKA KATAVOWN

EVEQYEIAG TOL. TT.X., OKOVN OTNV ATUOCPAIPA TNCS NS TTov {ecTaBnke amo Tov ‘HAIo, e€TTAAVATNG, ...

YTNV TTPOKEIWEVN Ba S0VUE BEPHIKN EKTTOPTIN OKOVNG O¢ YaAalia, kal 8a petprnoovue TN uala tng.

Visible Infrared

Sombrero Galaxy/Messier 104 Spitzer Space Telescope * IRAC

Visible: Hubble Space Telescope/Hubble Heritage Team




The modelling function: A modified black body

Grey (or modified black) Body emission from dust grains

The monochromatic energy flux from a surface element of a sphere, in a direction normal to this element, can be obtained from Planck's law: F; = 7B,
(e.g., Rybicki & Lightman). Let the sphere be a single dust grain. The black body luminosity detected from a heated dust grain is then obtained by
integrating the flux from all elements of its surface: 4xa§ nB;, where a, is its radius. As the grain may be somewhat less efficient in its emission by a pure
black body, its emission can instead be described as

B’;_"’d'f ted(y = Q,,,,(A)Bf'“""‘(T). where Q,,,(4) is called the emissivity (Hildebrand 1983). The emissivity encapsulates the deviation in the emission
efficiency from that of a pure black body and it is equal to the ratio of the emitting cross section to the geometrical cross section. It depends on A as:

g 2
Qum(A) = 0. ,(%) = (“T’ ) , (Bianchi et al. 1999,Whittet 1992).

Conservation of energy and thus of luminosity (=E/s), whether measured from the grain surface of from the Earth, implies that 4z D* F; = 41m§ 7B;, where
D is the distance of the galaxy that hosts the grain. Multiplying with the number of grains N, the flux that we detect from the galaxy is:

F; = N [a2/D*]2Q,(4)BP4"k(T). So by substituting B , we get

_ (% 100um \? 2ht 1
=N (3) ()

Dz i 415 ghdak gy |

for the flux. As the flux connects to the luminosity as 4np? (so times the solid angle of a sphere multiplied by distance squared), the luminosity is:

2
- axt) (100um \“2he 1
Li_Na%(sm)( i ) A elhdikgD

We can replace Na; via the total dust mass, M = Nm,,,,, = Np, 4"3“3 = Nap, 4';"‘ , where for a typical grain the density p, =2.7 gr/cm® and a, =1
um. Finally, by multiplying both sides with A, we get
AL (T, M) = M 67 (100um 1 k2 _ 18 x 10 pr [ 100um ‘1 1 (ergls]
WA= 0 ST\ 2 ) A ek _1 A ) 4 enwsmwan 1 E

for the modified black body luminosity, with M in solar masses, T in K, and 4 in um. So, we end up with a function of only 2 free parameters: the dust
temperature and mass



Another example: Modified black body (Planck) fitting to dust emission

data_array=np.array( [
[59.96,1.16e+43,1.14e+41],
[70.04,1.88e+43,1.07e+42],
[71.34,1.73e+43,9.92e+41],
[99.93,2.11e+43,1.14e+42],
[156.1,1.83e+43,1.29e+42],
[160.3,1.63e+43,8.49e+41],
[249.8,4.36e+42,3.36e+41],
[349.8,1.34e+42,1.23e+41],
[499.7,3.71e+41,6.04e+40]
1

x_data,y_data,y_data_err = data_array[:,0], data_arrayl[:,1], data_arrayl[:,2]

vLv (erg/s)

: ### Far infrared emission from a galaxy, to be modelled with a modified Planck law

10‘3 p

1 2 o

~—— first guess

104!




#Modified black body function

def grey_body_luminosity(wavelength,T, logMd): #wavelength in um
h,c, kb, Lodot, Modot = 6.626e-27 ,3el@® , 1.38e-16 ,3.9e33 , 2.0e33
ag = 0.1%10%xx-4 #cm
rhog = 2.7 #gr/cm"3

lambda_cm = wavelength/led4 #frequencies in Hz
lambdaB_lambda = (2#h#c*#*2)%1/(lambda_cm)+**4%1/(np.exp(h*c/kb/T/lambda_cm)-1)

Q = (1./507.)%(100./wavelength)**x2
lambdal_lambda = (3#*np.pi*((10++logMd)+Modot)/ag/rhog) * Q*lambdaB_lambda

return_value=lambdal_lambda

return return_value



# first, a chi”2 solution
#Calculate the chi2 function FOR A SINGLE MODEL, CONSTRUCTED WITH A GIVEN SET OF PARAMETERS

def calc_chi2(params,model_function, data_x, data_y, data_y_err):
model_y = model_function(data_x, *params) #parameters must be provided in the correct order
chi2 = np.sum((model_y - data_y)#*2 /(data_y_err)*%2)
return chi2

#Run Minimizer
sol = minimize(calc_chi2, [30,7], args=(grey_body_luminosity, x_data,y_data,y_data_err),
bounds = [ [10, 10@0] , [4.@, 11.0] ],tol=le-15)

chi2_values_fit = sol.x
#T_fit, logMd_fit = np.round(sol.x,4)

print("T=",chi2_values_fit[0],"mass=",10%*chi2_values_fit[1])

T= 24.544995031025476 mass= 5801213.331081659



Schechter Dust Mass Function PDF

. def mass_function(logMd): 5
M = 10+%logMd °2
return 5.36e-2%(M/4.65e7 )%k (-0.22)*np.exp(-M/4.65e7) é N
. ## probabilities: .
#Calculate the probability FOR A SINGLE MODEL, CONSTRUCTED |
def ln_priors_grey_body(params): W
expected_value=40. Mot
sigma_around_expected_value=1.
In_prior_on_T = -0.5%(params[0]-expected_value)#**2/(2#sigma_around_expected_value**2)
|-0.5%np. log(2*np.pixsigma_around_expected_valuex*2 )
ln_prior_on_M = np.log( mass_function(params[1]) )
return ln_prior_on_T + ln_prior_on_M
def ln_likelihood_grey_body(params, x, y, dy):
y_model = grey_body_luminosity(x, params[0], params[1])
like=-0.5 * np.sum((y-y_model)**2 / dy**2 ) -np.sum(np.log(2*np.pixdy**2))
if np.isnan(like):
return -np.inf
else:
return like
def ln_posterior_grey_body(params, x, y,dy):
return ln_likelihood_grey_body(params, x, y, dy)
#return ln_priors_grey_body(params) + ln_likelihood_grey_body(params, x, y, dy)
def minus_ln_posterior_grey_body(params, x, y,dy):

return -1n_likelihood_grey_body(params, x, y, dy)
#return —(1ln_likelihood_grey_body(params, x, y, dy) + ln_priors_grey_body(params) )



def minus_1ln_posterior_grey_body(params, x, y,dy):
return -1n_likelihood_grey_body(params, x, y, dy)
#return —(ln_likelihood grey_body(params, x, y, dy) + ln_priors_grey_body(params) )

1 ### NMpdta va to 6ovue xwpic walkers oto ywpo, péow minimization cav chi”™2, aAAd pe npoo6nikn priors
## Ovtwg, PBdoer twv priors, @AAo anotéAsoual!!

sol = minimize(minus_1n_posterior_grey_body, [30,7], args=(x_data,y_data,y_data_err), bounds = [ [10, 100] ,

prob_values_fit = sol.x
#T_fit, logMd_fit = np.round(sol.x,4)

print("T=",prob_values_fit[0],"mass=",10xxprob_values_fit[1])

T= 24.54499496926218 mass= 5801213.478752314
VS.

def minus_1ln_posterior_grey_body(params, x, y,dy):
#return -ln_likelihood_grey_body(params, x, y, dy)
return -(1n_likelihood_grey_body(params, x, y, dy) + ln_priors_grey_body(params) )

### Mpdta va to bovue xwpic walkers oto xwpo, péow minimization oav chi”™2, aAAd ue npoo6hkn priors
## Ovtwg, Pdogr twv priors, d@AAo amotéAsoual!!

sol = minimize(minus_1ln_posterior_grey_body, [30,7], args=(x_data,y_data,y_data_err), bounds = [ [10, 100] ,

prob_values_fit = sol.x
#T_fit, logMd_fit = np.round(sol.x,4)

print("T=",prob_values_fit[0],"mass=",10x*xprob_values_fit[1])

T= 39.192899459423785 mass= 130944.25488361447



Now with a Markov Chain Monte Carlo + Bayesian

# emcee combines MCMC chains (walkers) of a number of steps.

ndim = 2 # number of parameters in the model
nwalkers = 100 # number of MCMC walkers

nburn = 20 # "burn-in" period to stabilise chains
nsteps = 2000 # number of MCMC steps to take

#starting_guesses = np.random.random((nwalkers, ndim)) # random positioning of 50 walkers in parameter space

#starting_guesses[:,0]%*=10
#starting_guesses[:,1]=(starting_guesses[:,1]*5+6)

starting_guesses=np.random.normal([30,8],[7,2],size=(nwalkers, ndim))

sampler = emcee.EnsembleSampler(nwalkers, ndim, ln_posterior_grey_body, args=[x_data, y_data,y_data_err])

sampler.run_mcmc(starting_guesses, nsteps)
emcee_trace = sampler.get_chain(discard=nburn,flat=True)

previous_solution=[24,6.8]
fig = corner.corner(emcee_trace, labels=['T', 'logmass']
,truths=[previous_solution[@], previous_solution[1]]);

print( '\n Mean T bayesian = ', emcee_trace[:,0].mean(),
'\n Mean mass bayesian = ', 10.x*emcee_trace[:,1].mean())

WARNING: root:Too few points to create valid contours

Mean T bayesian =  28.106281567692122
Mean mass bayesian =  4314394.427696127



Mean T bayesian = 28.106281567692122
Mean mass bayesian =  4314394.427696127

- ———



fig, axes = plt.subplots(2, figsize=(10, 5), sharex=True)

samples = sampler.get_chain()

labels = [ 'T', 'logMd']

for i in range(ndim):
ax = axes[i]
#ax.plot(samples[:,08, 1], 'forestgreen',6 label='walk') #av OcAw uévo éva walker
ax.plot(samples([:,:, i], 'forestgreen', alpha=0.3) #BAenw 6Aovg toug walkers
ax.set_x1lim(@, len(samples))
#ax.set_xlim(@, nburn)
ax.set_ylabel(labels[i])
ax.yaxis.set_label_coords(-0.1, 0.5)
ax.hlines(y=previous_solution[i], xmin = @, xmax = len(samples), linewidth=4, color='k',label='true')
ax. legend(loc="'center left', bbox_to_anchor=(1, 0.5))

axes [-1].set_xlabel('number of chain links');
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