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Sq. 3.1 Di�gramma thc elastik c hlektrostatik c skèdashc Coulomb enìc
hlektronÐou apì èna barÔ (akÐnhto) iìn pou èqei san apotèlesma th metabol  tou

dianÔsmatoc thc taqÔthtac kai orm c tou hlektronÐou.

H jewrÐa tou odhgoÔ kèntrou pou skiagraf jhke sto prohgoÔmeno Kef�laio,
mac èdwse mia endeiktik  eikìna gia to pwc sumperifèrontai fortismèna swmatÐdi-
a mèsa se sqetik� apl� exwterik� hlektrik� kai magnhtik� pedÐa. To pragmatikì
prìblhma ìmwc eÐnai arket� pio dÔskolo. Kat' arq n, ta pedÐa aut� eÐnai sun jwc
pio perÐplokhc gewmetrÐac kai exart¸ntai apì to qrìno. DeÔteron, to prìblhma thc
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allhlepÐdrashc fortismènwn swmatidÐwn kai twn antÐstoiqwn hlektrik¸n kai magn-
htik¸n pedÐwn, prèpei na lujeÐ autosunep¸c. Dhlad , prèpei na upologisjoÔn oi
troqièc twn fortismènwn swmatidÐwn kai twn hlektromagnhtik¸n pedÐwn, ètsi ¸ste
aut� ta pedÐa na epifèroun autèc akrib¸c tic kin seic kai apì to �llo mèroc oi k-
in seic autèc twn fortÐwn prèpei na dhmiourgoÔn aut� akrib¸c ta pedÐa. K�ti pou
duskoleÔei akìma ta pr�gmata eÐnai ìti h allhlepÐdrash aut  fortÐwn � pedÐwn eÐnai
mh grammik . TrÐton, ìpwc èqoume  dh dei, oi puknìthtec tou pl�smatoc mporeÐ na
eÐnai n ≥ 1010 cm−3 kai epomènwc èqoume èna polÔ meg�lo arijmì swmatidÐwn gia
na melet soume thn kÐnhs  touc. Gia ìlouc autoÔc touc lìgouc, krÐnetai skìpimo
na uiojet soume kai mia �llh strathgik  gia th melèth tou pl�smatoc. S' autì to
Kef�laio loipìn ja doÔme p¸c mporoÔme na melet soume th fusik  tou pl�smatoc
jewr¸ntac to san èna magnhtismèno reustì.

3.2 H sun�rthsh katanom c
Ston 6-di�stato q¸ro twn f�sewn (~r,~v) = (x, y, z, vx, vy, vz), h kÐnhsh k�je fortÐou
antistoiqeÐ se mia troqi�

[x(t), y(t), z(t), vx(t), vy(t), vz(t)] = [~r(t), ~v(t)] .

Gia k�je eÐdoc fortismènou swmatidÐou up�rqei mia sun�rthsh, h legìmenh sun�rthsh
katanom c, fα(~r,~v, t), a = e, i, pou dÐnei thn puknìthta twn fortismènwn swmatidÐwn
ston 6-di�stato fasikì q¸ro, ètsi ¸ste o arijmìc aut¸n dN sth monadiaÐa kuyelÐda
tou fasikoÔ q¸rou d~rd~v na eÐnai an� p�sa qronik  stigm  t :

dN = fα(~r,~v, t)d~rd~v ,

ìpou d~r = dxdydz kai d~v = dvxdvydvz. O arijmìc twn swmatidÐwn nα(~r, t) an�
mon�da ìgkou tou 3-di�statou q¸rou eÐnai gi� k�je eÐdoc a,

nα(~r, t) =
∫ ∫ +∞∫

−∞
fα(~r,~v, t)dvxdvydvz .

3.2.1 Par�deigma
H katanom  taqut twn Maxwell - Boltzman (1860) eÐnai h katanom  twn taqut twn
enìc aerÐou ìtan to aèrio eurÐsketai se jermodunamik  isorropÐa,

f0(~r,~v) = n(~r)
(

m

2πkT

)3/2

exp

(
−v2

v2
θ

)
,

ìpou T h jermokrasÐa tou aerÐou kai vθ =
√

2kT/m h jermik  taqÔthta. H isìtroph
katanom  taqut twn Maxwell - Boltzman f0(~r,~v) mac dÐdei ton arijmì twn atìmwn
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Sq. 3.2 Katanom  Maxwell twn taqut twn sth dieÔjunsh vx tou fasikoÔ q¸rou,
f(vx).

me taqÔthta metaxÔ ~v,~v + d~v an� mon�da ìgkou d~r.
E�n to pl�sma kineÐtai me mèsh taqÔthta ~V , tìte h prohgoÔmenh katanom  gr�fetai,

f0(~r,~v) = n(~r)
(

m

2πkT

)3/2

exp


−(~V − ~v)

2

v2
θ


 ,

kai eÐnai h metatopismènh katanom  Maxwell.
Epeid  h katanom  Maxwell eÐnai isìtroph, boleÔei na eis�goume thn katanom  F0(v)
antÐ thc katanom c f0(~v) ètsi ¸ste h F0(v)dv na mac dÐnei ton arijmì twn atìmwn me
mètro taqÔthtac metaxÔ v, v + dv, an� mon�da ìgkou d3~r,

F0(v)dv = f0(~v)d~v = f04πv2dv ,

kai epomènwc,

F0(v) = 4πn
(

m

2πkT

)3/2

v2 exp

(
−mv2

2kT

)
.

Prìblhma 3.1

DeÐxte ìti gia thn katanom  Maxwell isqÔoun:

(α) < vx >=< vy >=< vz >= 0 ,

(β) < v2
x >=

1

n

∫ ∫ +∞∫

−∞
f0(~v)v2

xd
3~v =

1

n

+∞∫

−∞
F (v)v2

xdv =
kT

m
=< v2

y >=< v2
z > ,

(γ) < v2 >= 3 < v2
x >= 3

kT

m
≡ v2

rms ,
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Sq. 3.3 Katanom  Maxwell tou mètrou thc taqÔthtac, F0(v)

(δ) < v >=
1

n

+∞∫

0

F0(v)vdv =

√
8

π

kT

m
,

(ε) vmax = vθ =

√
2kT

m
ìpou F0(vmax) = max F0(v) .

Prìblhma 3.2

Sqedi�ste thn katanom  Maxwell gia ta �toma twn eugen¸n aerÐwn He4, Ne20, Ar40,
Xe132 sth jermokrasÐa dwmatÐou 25oC (298.15oK).

3.3 Oi exis¸seic metafor�c Boltzmann kai
Vlasov

Epeid  h sun�rthsh katanom c eÐnai mi� sun�rthsh 7 metablht¸n, fa =
fa(x, y, z, vx, vy, vz, t), h olik  qronik  thc par�gwgoc eÐnai,

dfa

dt
=

∂fa

∂t
+ vx

∂fa

∂x
+ vy

∂fa

∂y
+ vz

∂fa

∂z
+ ax

∂fa

∂vx

+ ay
∂fa

∂vy

+ az
∂fa

∂z
,

ìpou ~a = d~v/dt eÐnai h epit�qunsh ~F/m ,  ,

dfa

dt
=

∂fa

∂t
+ (~v · ~∇)fa +




~F

m
· ~∇~v


 fa .

H metabol  thc sun�rthshc fa me to qrìno t mporeÐ na ofeÐletai se kroÔseic (p.q.,
sked�seic Coulomb), lìgw twn opoÐwn metab�lletai o arijmìc dN twn fortÐwn
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k�poiou tÔpou sth mon�da tou fasikoÔ ìgkou.
Epomènwc, èqoume gia th qronik  metabol  thc sun�rthshc fa lìgw kroÔsewn,

(
∂fa

∂t

)

coll.

=
∂fa

∂t
+ (~v · ~∇)fa +




~F

m
· ~∇~v


 fa ,

pou onom�zetai h kinhtik  exÐswsh tou Boltzmann. Sthn perÐptwsh apousÐac
kroÔsewn, h kinhtik  exÐswsh gia th sun�rthsh katanom c onom�zetai exÐswsh tou
Vlasov (1947):

∂fa

∂t
+ (~v · ~∇)fa +




~F

m
· ~∇~v


 fa = 0 ,

kai prèpei na lujeÐ se sunduasmì me tic exis¸seic tou Maxwell kai kai thn èkfrash
thc dÔnamhc Lorenz, ~F = q( ~E + ~v × ~B/c).

3.4 Oi exis¸seic Maxwell–Boltzmann

Oi exis¸seic Maxwell–Boltzmann eÐnai to pl rec sÔsthma twn exis¸sewn Maxwell

pou perigr�fei thn allhlepÐdrash twn fortismènwn swmatidÐwn me ta hlektrik� ( ~E)
kai magnhtik� ( ~B) pedÐa kai thc exÐswshc metafor�c Boltzmann pou perigr�fei thn
exèlixh thc sun�rthshc katanom c fα twn sunistws¸n tou pl�smatoc,

∂fα

∂t
+ (~v · ~∇)fα +


 qα

mα


 ~E +

~v × ~B

c


 · ~∇v


 fα =

(
∂fα

∂t

)

coll

,

~∇× ~E = −1

c

∂ ~B

∂t
, ~∇× ~B =

4π

c
~J +

1

c

∂ ~E

∂t
,

~∇ · ~E = 4πδ , ~∇ · ~B = 0 ,

ìpou,
δ =

∑
α

qα

∫ ∫ ∫

~v
fα(~r,~v, t)d~v ,

~J =
∑
α

qα

∫ ∫ ∫

~v
fα(~r,~v, t)~vd~v ,

me α = e, i.
To sÔsthma twn exis¸sewn aut¸n prèpei na lujeÐ gia ta ~E, ~B kai fα autosunep¸c,
dhlad  prèpei na brejoÔn oi katanomèc fα pou dÐnoun ta (δ, ~J) ta opoÐa en suneqeÐa
dÐnoun ta ( ~E, ~B) pou kajorÐzoun kai thn kÐnhsh twn fortÐwn.

3.5 H pl rhc exÐswsh Boltzmann

Se aut  thn par�grafo ja upologÐsoume th metabol  thc sun�rthshc katanom c
(∂fα/∂t)coll lìgw sked�sewn Coulomb. Autèc oi sked�seic prokaloÔn metabol  thc
sun�rthshc katanom c fα(~r,~v, t) gia dÔo lìgouc:
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1. K�poia swmatÐdia pou arqik� èqoun taqÔthta ~v kai sun�rthsh katanom -
c fα(~r,~v, t) met� th skèdash èqoun diaforetik  taqÔthta ~v′ kai epomènwc
sun�rthsh katanom c fα(~r,~v′, t). Autì odhgeÐ se el�ttwsh thc sun�rthshc
katanom c fα(~r,~v, t).

2. K�poia swmatÐdia pou èqoun arqik� taqÔthta ~v′ kai sun�rthsh katanom -
c fα(~r,~v′, t) met� th skèdash èqoun taqÔthta ~v kai epomènwc sun�rthsh
katanom c fα(~r,~v, t). Autì odhgeÐ se aÔxhsh thc sun�rthshc katanom c
fα(~r,~v, t).

JewroÔme th skèdash enìc swmatidÐou me taqÔthta ~v1 (hlektrìnio) apì èna swmatÐdio
taqÔthtac ~v2 (prwtìnio). Metaferìmenoi sto sÔsthma tou K.M, mporoÔme na jewr -
soume th skèdash tou swmatidÐou m�zac m1m2/m1 +m2 apì èna stajerì skedastikì
kèntro (K.M).

′Estw ~q = ~v1−~v2 kai ~q
′
= ~v

′
1−~v

′
2 oi sqetikèc taqÔthtec twn swmatidÐwn prin kai

met� th skèdash. Tìte dΩ′ = sin θ′dφ′ kai :

b

b

’

d

d

q

qd

KM
θ

φ

φ

φ

Ω’

’

Ω

’

Sq. 3.4 Di�gramma thc elastik c hlektrostatik c skèdashc Coulomb enìc
hlektronÐou apì èna barÔ (akÐnhto) iìn pou èqei san apotèlesma th metabol  tou

dianÔsmatoc thc taqÔthtac kai orm c tou hlektronÐou.

• Apì th diat rhsh orm c kai enèrgeiac èqoume: |~q| = |~q′|, upojètontac elastik 
skèdash.

• Apì th diat rhsh stroform c èqoume: b = b′

• O arijmìc swmatidÐwn (1) pou pernoÔn apì th stoiqei¸dh epif�neia b db dφ an�
sec eÐnai: f(1) b db dφ|~q|d~v1

• H puknìthta twn skedast¸n eÐnai: f(2)d~v2

• O arijmìc twn sugkroÔsewn an� mon�da ìgkou kai qrìnou eÐnai:

{f(1) b db dφ|~q|d~v1}{f(2) d~v2} = f(1) f(2)|~q|b db dφ d~v1d~v2
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• O sunolikìc arijmìc twn sugkroÔsewn ìpou swmatÐdia (1) sked�zontai èxw
apì to stoiqeÐo ìgkou d~v1 sto q¸ro twn taqut twn, an� mon�da qrìnou eÐnai:

d~v1

(
∂f

∂t

)out

coll

=
∫

b

∫

φ

∫

~v2

f(1)f(2)|~v1 − ~v2|b db dφd~v2d~v1

apì sked�seic tou tÔpou (~v1, ~v2) → (~v
′
1, ~v

′
2).

AntÐstoiqa, èqoume gia ton arijmì twn sugkroÔsewn ìpou swmatÐdia (1) sked�zontai
mèsa sto stoiqeÐo ìgkou d~v1 sto q¸ro twn taqut twn (an� mon�da qrìnou), met�
apì sked�seic tou tÔpou:

(~v
′
1, ~v

′
2) → (~v1, ~v2)

antistrèfontac touc rìlouc twn (1) kai (2), dhlad  ta swmatÐdia na xekinoÔn me
taqÔthtec ~v

′
1, ~v

′
2 kai na termatÐzoun me (~v1, ~v2):

f(1′)f(2′)|~v′1 − ~v
′
2|b′db′dφ′d~v

′
1d~v

′
2

′Etsi, o sunolikìc rujmìc twn sugkroÔsewn ìpou swmatÐdia tÔpou (1) sked�zontai
mèsa sto stoiqeÐo ìgkou d~v1 eÐnai,

d~v
′
1

(
∂f

∂t

)in

coll

=
∫

b′

∫

φ

∫

~v
′
2

f(1′)f(2′)|~v′1 − ~v
′
2|b′db′dφ′d~v

′
1d~v

′
2 .

Epeid  b = b′, |~v′1−~v
′
2| = |~v1−~v2|, d~v

′
1d~v

′
2 = J (~v1,~v2)

~v
′
1,~v

′
2

d~v1d~v2, h sunolik  metabol  thc
puknìthtac lìgw sugkroÔsewn an� sec eÐnai:

(
∂f

∂t

)

coll

=
∫

b

∫

φ

∫

~v2

[f(1′)f(2′)− f(1)f(2)]b db dφd~v2|~v1 − ~v2| ,

kai an b db dφ = σ(~v1, ~v2|~v′1, ~v′2)dΩ prokÔptei telik� gia ton ìro twn kroÔsewn:
(

∂f

∂t

)

coll

=
∫

b

∫

φ

∫

~v2

[f(1′)f(2′)− f(1)f(2)]|~v1 − ~v2|σ(~v1, ~v2|~v′1, ~v
′
2)dΩd~v2 .

Qrhsimopoi¸ntac to apotèlesma tou epìmenou probl matoc èqoume,

σ = −b db dφ

dΩ
= − b db dφ

sin θdθdφ
=

b2
0

4 sin4 θ/2
= σ(|~v1 − ~v2|, θ) .

Sunep¸c, h exÐswsh tou Boltzmann gÐnetai:

∂f

∂t
+(~v·~∇)f+




~F

m
· ~∇~v


 f =

∫ [
f(~v

′
1)f(~v

′
2)− f(~v1)f(~v2)

]
|~v1−~v2|σ(|~v1−~v2|, θ)dΩd~v2 .

Shmei¸noume tic basikèc upojèseic gia thn isqÔ thc exÐswshc aut c :
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• H klÐmaka thc allhlepÐdrashc eÐnai polÔ mikrìterh thc klÐmakac mèsa sthn
opoÐa metab�lletai h f .

• H di�rkeia thc allhlepÐdrashc eÐnai polÔ mikrìterh thc qronik c klÐmakac mèsa
sthn opoÐa metab�lletai h f .

• ′Olec oi allhlepidr�seic eÐnai suzugeÐc.

• Ta sugkrouìmena swmatÐdia den susqetÐzontai.

3.5.1 Prìblhma 3.3

Gia sked�seic Coulomb (~F = (e1e2/r
2)r̂) pou wc gnwstìn diathroÔn orm , stroform 

kai enèrgeia, deÐxte ìti:

b = b0 cot
θ

2
, b0 =

e1e2(m1 + m2)

m1m2|~v1 − ~v2|2 ,

ìpou b0 eÐnai h par�metroc skèdashc gia sked�seic π/2 (deÐte to peÐrama twn Ruther-
ford, Geiger–Marsden - Eisagwg  sth Jewrhtik  Mhqanik , K. TsÐgkanoc).

3.6 To Je¸rhma-H tou Boltzmann (1872) kai
h aÔxhsh thc entropÐac.

H kajhmerin  empeirÐa deÐqnei ìti ìtan èna pot ri pèsei apì to trapèzi kai jrumma-
tisteÐ, h perÐptwsh na xanakoll soun metaxÔ touc ta jraÔsmata kai na shkwjeÐ to
pot ri den eÐnai kajìlou alhjin . MporoÔme bèbaia na paÐxoume thn kinhmatografik 
tainÐa tou gegonìtoc autoÔ an�poda kai na sugkollhjoÔn ta jraÔsmata, all� sth-
n kajhmerin  pragmatikìthta autì den gÐnetai potè ! Se aut  th par�grafo ja
doÔme pwc h exÐswsh tou Boltzmann enèqei m  antistreyimìthta, par� to ìti oi
mikroskopikèc kin seic eÐnai antistreptèc. Pr�gmati, mi� upìjesh gi� na exaqjeÐ
to olokl rwma twn sked�sewn tou Boltzmann  tan ìti oi mikroskopikèc diadikasÐec
eÐnai antistreptèc. Wstìso, h Ðdia exÐswsh tou Boltzmann ja deÐxoume ìti odhgeÐ se
m  antistreptèc diadikasÐec. Ara, apì thn exÐswsh aut  ja prèpei k�pwc na odhgeÐtai
kaneÐc se m -antistreyimìthta.
Par� to gegonìc ìti oi allhlepidr�seic Coulomb sto mikroskopikì epÐpedo eÐnai
ìntwc pl rwc antistreptèc, gnwrÐzoume ìti h makroskopik  sumperifor� susth-
m�twn den eÐnai antistrept , sÔmfwna me ton 2o nìmo thc jermodunamik c. Gi�
par�deigma, ìtan met� apì k�poio qrìno kai allhlepidr�seic ìpwc ja doÔme sth
sunèqeia, h katanom  twn taqut twn f(~v) enìc sust matoc swmatidÐwn gÐnetai h
katanom  Maxwell f0(~v), aut  eÐnai mÐa m  antistrept  diadikasÐa, afoÔ eÐnai apÐjano
na metatrapeÐ h f0(~v) sthn f(~v).
Perigr�fontac th morf  tou oloklhr¸matoc kroÔsewn (∂f/∂t)coll, o Boltzmann
kat�fere na apodeÐxei dÔo apì ta pio endiafèronta apotelèsmata thc Fusik c:
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1. ìti up�rqei m  antistreyimìthta sth makroskopik  sumperifor� enìc sust -
matoc kai sugkekrimèna h entropÐa enìc apokleismènou sust matoc den elat-
t¸netai kai

2. ìti h sun�rthsh katanom c f met� apì t →∞ gÐnetai Maxwellian.

AxÐzei na apodeÐxoume en suntomÐa sta epìmena aut� ta dÔo shmantik� apotelèsmata.
1. Ja upojèsoume ìti h sunolik  dÔnamh sta swmatÐdia eÐnai mhdèn, ~F = 0, kai ìti h
qwrik  puknìthta eÐnai stajer , n = stajerì.
′Ac orÐsoume katarq n th makroskopik  posìthta

H ≡< ln f(~v1) >=
∫ ∫ ∫

~v1

f(~v1) ln f(~v1)d~v1 .

AfoÔ oloklhr¸nome sto q¸ro twn taqut twn, h posìthta H eÐnai mi� posìthta pou
antistoiqeÐ sth mon�da tou ìgkou. 'Eqoume,

dH

dt
=

∫ ∫ ∫

~v1

(ln f(~v1) + 1)

(
∂f

∂t

)

coll

d~v1 .

Epeid , ìpwc deÐxame prohgoumènwc
(

∂f

∂t

)

coll

=
∫

~v2

[
f(~v

′
1)f(~v

′
2)− f(~v1)f(~v2)

]
|~v1 − ~v2|σ(|~v1 − ~v2|, θ)dΩd~v2 ,

èqoume,

dH

dt
=

∫

~v1

∫

~v2

(ln f(~v1) + 1)
[
f(~v

′
1)f(~v

′
2)− f(~v1)f(~v2)

]
|~v1 − ~v2|σ(|~v1 − ~v2|, θ)dΩd~v2d~v1 .

'Omwc, epeid  up�rqei summetrÐa sto olokl rwma wc proc tic metablhtèc ~v1 kai ~v2

mporoÔme na tic antimetajèsoume sto olokl rwma. 'Etsi, mporoÔme na antikatast -
soume to prohgoÔmeno olokl rwma me to  misu autoÔ sÔn to Ðdio olokl rwma me tic
metablhtèc ~v1 kai ~v2 antimetajèmenec. Autì dÐnei,

dH

dt
=

1

2

∫

~v1

∫

~v2

[2 + ln(f(~v1)f(~v2))]
[
f(~v

′
1)f(~v

′
2)− f(~v1)f(~v2)

]
|~v1 − ~v2|σdΩd~v1d~v2 .

Epeid  oi antÐstrofec sked�seic me taqÔthtec apì (~v′1, ~v
′
2) se (~v1, ~v2) èqoun thn

Ðdia diatom  skèdashc ìpwc kai oi arqikèc apì (~v1, ~v2) se (~v′1, ~v
′
2) ja èqoume mia

summetrik  proc thn prohgoÔmenh exÐswsh, dhl.,

dH

dt
=

1

2

∫

~v
′
1

∫

~v
′
2

[
2 + ln(f(~v

′
1)f(~v

′
2))

] [
f(~v1)f(~v2)− f(~v

′
1)f(~v

′
2)

]
|~v1 − ~v2|σdΩd~v

′
1d~v

′
2 .

11
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Epeid  d~v
′
1d~v

′
2 = J

(~v
′
1, ~v

′
2)

(~v1, ~v2)
d~v1d~v2 = d~v1d~v2 kai |~v′1−~v

′
2| = |~v1−~v2|, prosjètontac tic

dÔo prohgoÔmenec exis¸seic èqoume,

dH

dt
= −1

4

∫

~v1

∫

~v2

ln

[
f(~v

′
1)f(~v

′
2)

f(~v1)f(~v2)

] [
f(~v

′
1)f(~v

′
2)− f(~v1)f(~v2)

]
|~v1 − ~v2|σdΩd~v1d~v2 .

Omwc, isqÔei p�nta gia touc pragmatikoÔc a kai b ìti (a−b) ln(a/b) ≥ 0, an a, b >
0 kai sunep¸c,

dH

dt
≤ 0 ,

qrhsimopoi¸ntac to prohgoÔmeno apotèlesma.
E�n orÐsoume thn entropÐa wc,

S ≡ −k
∫ ∫ ∫

~v

f ln fd~vd~r =⇒ dS

dt
≥ 0 .

Sunep¸c, h entropÐa eÐnai mia posìthta pou mporeÐ mìno na aux�nei me to qrìno.
Gi� thn ¸ra den èqei shmasÐa o orismìc thc entropÐac. Autì pou pragmatik� èqei
shmasÐa eÐnai ìti up�rqei mi� posìthta pou mporeÐ na aux�nei me to qrìno kai potè
na elatt¸netai !

2. Anazht¸ntac thn f pou k�nei thn posìthta H el�qisth k�tw apì touc perioris-
moÔc thc diat rhshc m�zac, orm c kai enèrgeiac, me th mèjodo twn pollaplasiast¸n
tou Lagrange mporoÔme na metab�lloume th sun�rthsh pou apoteleÐtai apì thn H
kai tic diathroÔmenec posìthtec,

∫

~v
d~v[ln f + 1 + A + ~B · ~v + cv2]δf = 0 ,

ìpou h metabol  δf eÐnai tuqaÐa. Tìte h posìthta mèsa stic parenjèseic prèpei na
eÐnai mhdèn,

f0 = stajerì · exp[−cv2 − ~B · ~v] , u =
1

2
mnV 2 +

3

2
nkT .

ProsdiorÐzontac tic stajerèc, apì ta oloklhr¸mata
∫

~v

fd~v = n,
∫

~v

fm~vd~v = nm~V ,
∫

~v

f(mv2/2)d~v = u

èqoume:

f0 = n
(

m

2πkT

)3/2

exp


−m(~v − ~V )2

2kT


 ,

dhl. thn thn katanom  taqut twn Maxwell.

12



Kinhtik  JewrÐa Fusik  Pl�smatoc

3.6.1 Prìblhma 3.4

Epeid ,

dH

dt
= −1

4

∫

~v1

∫

~v2

ln
f(~v

′
1)f(~v

′
2)

f(~v1)f(~v2)

[
f(~v

′
1)f(~v

′
2)− f(~v1)f(~v2)

]
σ|q|d~v1d~v2

sunep�getai ìti
dH

dt
≤ 0 .

H isìthta, dH/dt = 0, isqÔei mìno ìtan f(1′)f(2′) = f(1)f(2). Epomènwc se mia
kat�stash isorropÐac, prèpei na èqoume,

ln f(1′) + ln f(2′) = ln f(1) + ln f(2) ,

dhlad  to �jroisma ln f(1) + ln f(2) prèpei na eÐnai to Ðdio prin kai met� th skèdash.
All� kat� th skèdash, oi mìnec posìthtec pou diathroÔntai eÐnai, ektìc apì mia
stajer�, oi treic sunist¸sec thc orm c kai h kinhtik  enèrgeia. Epomènwc, h pro-
hgoÔmenh sunj kh gia thn isorropÐa ikanopoieÐtai mìno ìtan

ln f = α + βmvx + γmvy + δmvz + η
(1

2
mv2

)
,

ìpou α, β, γ, δ, η eÐnai stajerèc. ProsdiorÐste autèc tic stajerèc gia èna aèrio
tou opoÐou h mèsh taqÔthta eÐnai ~V .

3.6.2 Prìblhma 3.5
H eswterik  enèrgeia an� mon�da m�zac enìc aerÐou eÐnai,

u =
P

(γ − 1)ρ
.

Sta idanik� aèria γ = 5/3 kai ètsi u = 3kT/2. Tìte, ènac orismìc thc entropÐac
dÐnetai apì ton 1o nìmo thc jermodunamik c,

Tds = du + Pd(1/ρ) ,

ìpou s h entropÐa an� mon�da m�zac. Dhlad , gia k�je prosj kh jermìthtac dq =
Tds to aèrio antidr� aux�nontac thn eswterik  tou enèrgeia, du kai ektel¸ntac
k�poio èrgo, PdV/m.

′Estw ìti to aèrio brÐsketai se jermodunamik  isorropÐa ètsi ¸ste h sun�rthsh
katanom c na eÐnai Maxwellian,

f0 = n
(

m

2πkT

)3/2

exp
[
−m(~v − ~V )2/2kT

]
.
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Oloklhr¸nontac thn posìthta, −kf0 ln f0, dhlad ,

−kH = −k
∫

f0 ln f0d~v = ρs

deÐxte ìti isoÔtai me thn entropÐa an� mon�da ìgkou, dhlad , nms = ρs kai S =∫
v

ρsd~r.
Epomènwc, deÐxte ìti to je¸rhma-H tou Boltzmann sunep�getai to 2o nìmo thc

jermodunamik c, dS/dt ≥ 0 me thn isìthta na isqÔei gia sust mata se jermodunamik 
isorropÐa, an epekteÐnoume ton orismì ρs = −kH kai gia sust mata pou den eÐnai se
jermodunamik  isorropÐa.

3.6.3 Prìblhma 3.6
JewreÐste èna dunamikì sÔsthma n swmatidÐwn tou opoÐou mi� kat�stash mporeÐ
na perigrafeÐ me tic genikeumènec suntetagmènec kai ormèc twn sustatik¸n tou,
(qs, ps; s = 1, 2, ...n). H exèlixh tou sust matoc autoÔ upì orismènec proupojèseic
mporeÐ na perigrafeÐ apì tic exis¸seic tou Hamilton :

ṗs = −∂H

∂qs

, q̇s =
∂H

∂ps

,

ìpou h Hamiltonian H(qs, ps, t) eÐnai sun�rthsh twn genikeumènwn suntetagmènwn,
orm¸n kai tou qrìnou t. Sth statistik  perigraf  tou sust matoc autoÔ eis�getai
h ènnoia tou statistikoÔ sunìlou (ensemble), dhl., enìc sunìlou pist¸n antigr�fwn
tou sust matoc pou ìmwc brÐskontai se tuqoÔsa kat�stash mi� dedomènh qronik 
stigm . Etsi, k�je mèloc autoÔ tou statistikoÔ sunìlou parist�netai me èna shmeÐo
sto fasikì q¸ro k�je dedomènh qronik  stigm . Aut� ta shmeÐa kinoÔntai se di-
aforetikèc fasikèc troqièc. Ean ta shmeÐa aut� eÐnai arket� pukn� katanemhmèna
sto fasikì q¸ro mporoÔme na mil�me gi� thn puknìthta twn shmeÐwn tou statistikoÔ
sunìlou, ρens(qs, ps, t).

ApodeÐxte to jemeli¸dec je¸rhma thc statistik c mhqanik c tou Liouville, dhlad 
ìti en apousÐa kroÔsewn h puknìthta katast�sewn ρens(qs, ps, t) sto fasikì q¸ro
paramènei amet�blhth,

dρens

dt
= 0 .

Upìdeixh: Ean (qs, ps) kai (qs + δqs, ps + δps) parist�noun tic katast�seic tou
sust matoc tic qronikèc stigmèc t kai t + δt, tìte

dρens

dt
= limδt→0

ρens(qs + δqs, ps + δps, t + δt)− ρens(qs, ps, t)

δt
.

AnaptÔxte tic posìthtec autèc se seir� Taylor kai qrhsimopoieÐste thn exÐswsh thc
suneqeÐac

∂ρ

∂t
+ ~∇ · (ρ~v) = 0 ,

me ρ = ρens kai ~v = (q̇s, ṗs), kaj¸c kai tic exis¸seic Hamilton.
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3.7 Oi exis¸seic twn rop¸n
Apì thn kinhtik  exÐswsh tou Boltzmann:

∂f

∂t
+ (~v · ~∇)f +




~F

m
· ~∇~v


 f =

(
∂f

∂t

)

coll

,

mporoÔme na p�roume tic exis¸seic twn rop¸n an pollaplasi�soume me di�forec
sunart seic thc taqÔthtac ψ(~v) kai oloklhr¸soume sto q¸ro twn taqut twn. ′Etsi,
prokÔptoun oi exis¸seic twn rop¸n paÐrnontac,

ψ(~v) = m, m~v, m~v~v, · · · ,

kai antistoiqoÔn stic exis¸seic rop¸n mhdenik c, pr¸thc, deutèrac t�xewc k.t.l., wc
proc thn taqÔthta. Me aut  th diadikasÐa, mporoÔme na antikatast soume thn exÐsw-
sh gia th sun�rthsh katanom c f(~r,~v, t) twn metablht¸n (~r, ~v, t) me èna sÔsthma
exis¸sewn pou eÐnai sunart seic mìno twn (~r, t).

An orÐsoume th mèsh tim  mi�c posìthtac ψ(~v) sto q¸ro twn taqut twn:

< ψ(~v) >=
1

n(~r, t)

∫ ∫ ∫

~v
ψ(~v)f(~r,~v, t)d~v .

kai pollaplasi�soume thn kinhtik  exÐswsh tou Boltzmann me th sun�rthsh thc
taqÔthtac ψ(~v) kai oloklhr¸soume sto q¸ro twn taqut twn, ja deÐxoume sth sunè-
qeia ìti prokÔptoun oi akìloujec genikèc exis¸seic metafor�c,

∂

∂t
(n < ψ >) +

∂

∂~r
· (n < ~vψ >)− nq ~E

m

〈
∂ψ

∂~v

〉
− nq

mc

〈
~v × ~B · ∂ψ

∂~v

〉

=

{
∂

∂t
(n < ψ >)

}

coll

,

gia opoiad pote ψ(~v).
'Otan ψ(~v) = m, h antÐstoiqh exÐswsh metafor�c perièqei ta n kai < ~v > kai gia

na prosdioristeÐ h puknìthta n qrei�zetai h mèsh tim  thc taqÔthtac < ~v >. H mèsh
tim  thc taqÔthtac < ~v > ìmwc mporeÐ na prosdioristeÐ apì thn exÐswsh metafor�c
pr¸thc t�xhc pou prokÔptei jètontac ψ = m~v. Aut  h exÐswsh ìmwc perièqei kai
th mèsh tim  thc posìthtac < ~v~v >. H mèsh tim  thc posìthtac < ~v~v > ìmwc
mporeÐ na prosdioristeÐ apì thn exÐswsh metafor�c deÔterhc t�xhc pou prokÔptei me
ψ = m~v~v/2, k.t.l. Dhlad , k�je exÐswsh rop c apaiteÐ thn Ôparxh thc exÐswshc
rop c uyhlìterhc t�xhc. Autì eÐnai to prìblhma tou kleisÐmatoc tou sust matoc
pou suzhtoÔme pio k�tw.

3.8 Oi exis¸seic twn mèswn tim¸n
An oi sked�seic Coulomb an�mesa sta hlektrìnia kai ta prwtìnia eÐnai elastikèc,
up�rqoun 3 posìthtec pou diathroÔntai kat� th di�rkeia thc skèdashc: o arijmìc  
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h m�za twn swmatidÐwn, h orm  touc kai h olik  enèrgeia,



nm

nm~V
nmE


 =

∫ ∫ ∫

~v




m
m~v

m|~v|2/2


 f(~r,~v, t)d3~v

ìpou ~V eÐnai h mèsh taqÔthta kai E h mèsh kinhtik  enèrgeia. Autèc oi posìthtec
mporoÔn na jewrhjoÔn san sunart seic ψ(~v) thc ~v me ψ(~v) = m, ψ(~v) = m~v, ψ(~v) =
m|~v|2/2.

ApodeiknÔetai (bl. Par�rthma), ìti gia k�je posìthta ψ pou diathreÐtai kat�
thn kroÔsh:

ψ(~v1) + ψ(~v2) = ψ(~v
′
1) + ψ(~v

′
2) ,

tìte isqÔei, ∫ ∫ ∫

~v

(
∂f

∂t

)

coll

ψ(~v) · d~v = 0 .

MporoÔme epomènwc na gr�youme treic exis¸seic gia tic treic diathroÔmenec posìtht-
ec ψ = m, ψ = m~v, ψ = m|~v|2/2

∫ ∫ ∫

~v
ψ(~v)

∂f

∂t
d~v +

∫ ∫ ∫

~v
ψ(~v)~v · ∂f

∂~r
d~v +

∫ ∫ ∫

~v
ψ(~v)

~F

m
· ∂f

∂~v
· d~v+

∫ ∫ ∫

~v

q

mc
ψ(~v)(~v × ~B) · ∂f

∂~v
d~v = 0 ,

ìpou ~F eÐnai dun�meic anex�rthtec thc ~v, ìpwc p.q., h hlektrik  dÔnamh ~F = q ~E. Gi'
autèc tic dun�meic,

1

m

∫ ∫ ∫

~v
ψ ~F · ∂f

∂~v
d~v =

~F

m

∫ ∫ ∫

~v
ψ

∂f

∂~v
d~v =

~F

m

∫ ∫ ∫

~v

[
∂

∂~v
(ψf)− f

∂ψ

∂~v

]
d~v = −

~F

m

∫ ∫ ∫

~v

∂ψ

∂~v
fd~v ,

ìpou sthn teleutaÐa isìthta l�bame up' ìyh ìti kaj¸c ~v → ±∞, f → 0 ètsi
¸ste gia ìla ta ψ(~v), lim~v→±∞(ψf) = 0. Gia thn perÐptwsh thc dÔnamhc Lorentz,
~FL = q(~v

c
× ~B),

q

mc

∫ ∫ ∫

~v
ψ(~v)(~v × ~B)i

∂f

∂vi

d~v =

q

mc

∫ ∫ ∫

~v

[
∂

∂vi

(
ψf(~v × ~B)i

)
− (~v × ~B)if

∂ψ

∂vi

]
d~v = − q

mc

∫ ∫ ∫

~v
f(~v × ~B)i

∂ψ

∂vi

d~v ,

ìpou l�bame upìyh ìti (~v× ~B)i eÐnai anex�rthto tou vi. Me to sumbolismì twn mèswn
tim¸n, < Q >= n−1

∫ ∫ ∫
~v Qfd~v gia k�je posìthta Q èqoume:

∂

∂t
(n < ψ >) +

∂

∂~r
· (n < ψ~v >)− n~F

m

〈
∂ψ

∂~v

〉
− nq

mc

〈
(~v × ~B) · ∂ψ

∂~v

〉
= 0
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gia thn perÐptwsh ìpou ψ = m, m~v, m|~v|2/2.
Sth sunèqeia, eÐmaste plèon ètoimoi na qrhsimopoi soume aut  th genik  exÐswsh
twn mèswn tim¸n gia ex�goume tic exis¸seic kÐnhshc gia to pl�sma.

3.9 Diat rhsh arijmoÔ fortÐwn (ψ = 1) kai
m�zac (ψ = m)

Oi prohgoÔmenec exis¸seic mèswn tim¸n gi� ta hlektrìnia kai ta iìnta me ψ = m
eÐnai,

∂n−

∂t
+ ~∇ · (n− ~V −) = 0 , n− : puknìthta hlektronÐwn ,

∂n+

∂t
+ ~∇ · (n+ ~V +) = 0 , n+ : puknìthta iìntwn .

′Estw ρ = n+m+ + n−m− h sunolik  mèsh puknìthta, n±~V ± =
∫ ∫ ∫

~v f±~v±d~v± , h
mèsh taqÔthta iìntwn kai hlektronÐwn kai ~V h mèsh taqÔthta tou sust matoc iìntwn
kai hlektronÐwn,

~V =
m+n+~V + + m−n−~V −

n+m+ + m−n−
.

AjroÐzontac tic prohgoÔmenec exis¸seic èqoume,

∂ρ

∂t
+ ~∇ · ρ~V = 0 ,

pou eÐnai h gnwst  exÐswsh thc suneqeÐac kai ekfr�zei thn diat rhsh thc m�zac.
EpÐshc mporoÔme na orÐsoume thn olik  puknìthta fortÐou

δ = n+e+ + n−e− ,

kai thn puknìthta reÔmatoc ~J :

~J = n+e+~V + + n−e−~V − .

Apo tic exis¸seic,

∂n−e−

∂t
+ ~∇ · (n−e− ~V −) = 0 , n− : puknìthta hlektronÐwn ,

∂n+e+

∂t
+ ~∇ · (n+e+ ~V +) = 0 , n+ : puknìthta iìntwn .

ajroÐzontac prokÔptei h exÐswsh diat rhshc tou fortÐou,

∂δ

∂t
+ ~∇ · ~J = 0 , exÐswsh sunèqeiac tou fortÐou
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pou eÐnai h gnwst  exÐswsh pou ekfr�zei th diat rhsh tou sunolikoÔ hlektrikoÔ
fortÐou.

'Enac �lloc trìpoc exagwg c thc exÐswshc thc suneqeÐac eÐnai kai o ex c. Estw
ρ = ρ(~r, t) h olik  puknìthta tou hlektrikoÔ fortÐou (  m�zac) se k�poion ìgko V.
Efìson to olikì fortÐo (  m�za) se èna kleistì sÔsthma paramènei stajerì, an h
puknìthta ρ elatt¸netai se k�poio ìgko V autì ofeÐletai sth diafug  fortÐou ( 
m�zac) kai epomènwc sth ro  enìc reÔmatoc ~J pou diarrèei thn epif�neia S tou V:

I =
∮

S

~J · ~dS , I > 0 gia ekro  reÔmatoc .

Dhlad ,
∮

S

~J · ~dS = −dq

dt
= − d

dt

∫

V
ρdV gia stajer  epif�neia S ,

 , ∫

V

(
∂ρ

∂t
+ ~∇ · ~J)dV = 0

Epeid  autì isqÔei gia tuqìnta ìgko, prèpei h oloklhrwtèa posìthta na mhdenÐzetai,
dhl.,

~∇ · ~J +
∂ρ

∂t
= 0 , exÐswsh sunèqeiac thc m�zac

H exÐswsh thc suneqeÐac ekfr�zei to peiramatikì apotèlesma thc diat rhshc tou
hlektrikoÔ fortÐou kai eÐnai an�logh thc exÐswshc thc suneqeÐac gia thn diat rhsh
thc m�zac kai thc enèrgeiac.

3.10 Diat rhsh Orm c (ψ = m~v)
PaÐrnontac thn i-sunist¸sa twn prohgoÔmenwn exis¸sewn mèswn tim¸n gi� ta hlek-
trìnia kai ta iìnta me ψ = m~v èqoume,

∂

∂t
nm<vi>+

∂

∂xj

(nm<vivj>)− nq


Ei +




~V × ~B

c




i


== 0 ,

ìpou uponoeÐtai �jroish wc proc tic posìthtec ìtan ènac deÐkthc emfanÐzetai pollèc
forèc (dhl., wc proc to deÐkth j). AjroÐzoume autèc tic exis¸seic gia ta hlektrìnia
kai ta iìnta kai gr�foume ~v = ~V + ~w ìpou ~V eÐnai h mèsh taqÔthta kai ~w h tuqaÐa
apìklish apì th mèsh taqÔthta ètsi. Tìte isqÔei < wi >=< wj >= 0, kai èqoume
gia tic mèsec timèc,

< vivj >= ViVj+ < wiwj > .

OrÐzontac ton tanust  (pÐnaka) thc pÐeshc pij = nm < wiwj > kai diaqwrÐzontac ta
diag¸nia apì ta mh diag¸nia stoiqeÐa tou pÐnaka pij,

pij = nm < wiwj >= pδij − πij ,
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ìpou p h sun jhc pÐesh, p = 1
3
nm < |~w|2 > kai πij ta stoiqeÐa tou tanust  (pÐnaka)

twn diastrwmatik¸n t�sewn,

πij ≡ nm
〈

1

3
|~w|2δij − wiwj

〉
.

To ìti h pÐesh p dÐdetai apì thn prohgoÔmenh èkfrash mporoÔme na to epalh-
jeÔsoume kai me ton akìloujo aplì upologismì. PerÐpou to 1/3 twn swmatidÐwn
kineÐtai sth dieÔjunsh z kai ex aut¸n ta mis� sthn kateÔjunsh ẑ. 'Otan èna apì
aut� ta swmatÐdia   fortÐa sugkroÔetai elastik� me to toÐqwma tou doqeÐou ìpou
eurÐsketai to aèrio   to pl�sma, h kinhtik  tou enèrgeia paramènei amet�blhth, h
orm  tou ìmwc metab�lletai kat� −2m~w. Lìgw diat rhshc thc orm c sto toÐqwma
metafèretai orm  Ðsh me 2m~w. H mèsh dÔnamh pou askeÐtai sto toÐqwma mporeÐ na
upologisjeÐ an pollaplasi�soume th mèsh orm  2m~w pou dÐdetai sto toÐqwma apì
mia sÔgkroush me to rujmì tètoiwn sugkroÔsewn n~wA/6. Epomènwc h mèsh dÔnamh
sto toÐqwma ana mon�da epif�neiac A, dhl., h mèsh pÐesh eÐnai

p =
1

A
(2m~w)

(
n~wA

6

)
=

nm|~w2|
3

.

OrÐzontac thn olik  pÐesh Pij kai ton olikì pÐnaka twn diastrwmatik¸n t�sewn Πij,
wc to �jroisma twn antÐstoiqwn suneisfor¸n apì ta hlektrìnia kai ta iìnta,

Pij = p+
ij + p−ij , Πij = π+

ij + π−ij ,

èqoume,

∂

∂t
(ρVi) +

∂

∂xj

(ρViVj + Pδij − Πij)− δEi −



~J × ~B

c




i

= 0 ,

 ,

Vi

[
∂ρ

∂t
+

∂(ρVj)

∂xj

]
+ ρ

∂Vi

∂t
+ ρVj

∂Vi

∂xj

= −∂P

∂xi

+
∂Πij

∂xj

+ δEi + (
~J × ~B

c
)i .

Qrhsimopoi¸ntac ìmwc thn exÐswsh thc sunèqeiac o pr¸toc ìroc mhdenÐzetai opìte
paÐrnoume telik� se dianusmatik  morf ,

ρ
∂~V

∂t
+ ρ(~V · ~∇)~V = −~∇P + ~∇ ·

↔
Π + δ ~E +

~J × ~B

c
, exÐswsh diat rhshc orm c

pou ekfr�zei th diat rhsh thc sunolik c orm c. Se aut  thn exÐswsh mporoÔme na
katal xoume gr�fontac to 2o nìmo tou NeÔtwna m~a = ~F gia th mon�da tou ìgkou
tou pl�smatoc. Oi dÔo ìroi sto aristerì mèloc eÐnai h epit�qunsh an� mon�da ìgkou,
ρd~V /dt, en¸ oi ìroi sto dexÐ mèloc eÐnai h bajmÐda thc pÐeshc kai twn diastrwmatik¸n
t�sewn, h hlektrik  dÔnamh an� mon�da ìgkou δ ~E kai tèloc h dÔnamh Lorentz an�
mon�da ìgkou ( ~J × ~B)/c.
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3.11 Diat rhsh Enèrgeiac (ψ = m|~v|2/2 = m(~V +

~w)2/2)

Antikajist¸ntac ψ = m|~v|2/2 = m(~V + ~w)2/2 sthn exÐswsh twn mèswn tim¸n kai
epeid  ~F = q ~E, ~J = nq~V , (~v × ~B) · ~v = 0 èqoume,

∂

∂t

[
ρ

2
(~V 2+ < ~w >2)

]
+

∂

∂xj

[
ρ

2
< (Vi + wi)

2(Vj + wj) >
]
− ~J · ~E = 0 ,

ìpou ìpwc prin uponoeÐtai �jroish wc proc tic posìthtec pou èqoun ton Ðdio deÐkth
(ìpwc sumbaÐnei me ton 2o ìro, < (Vi + wi)

2(Vj + wj) >=< (Vi + wi)(Vi + wi)(Vj +
wj) >). All�,

< (Vi + wi)
2(Vj + wj) >= V 2Vj + 2Vi <wiwj > +Vj <w2 > + <wjw

2 > ,

kai an orÐsoume thn enèrgeia an� mon�da ìgkou, u

ρu ≡ ρ <
1

2
|~w|2 >=

3

2
P ,

kai th ro  thc jermik c enèrgeiac,

Fj ≡ ρ < wj
1

2
|~w|2 > ,

ìpou h posìthta Fi èqei diast�seic ro c enèrgeiac, dhl., enèrgeia pou diarrèei thn
mon�da thc epif�neiac an� mon�da qrìnou, èqoume,

∂

∂t

(
ρ

2
|~V |2 + ρu

)
+

∂

∂xj

[
ρ

2
|~V |2Vj + Vi(Pδij − Πij) + ρuVj + Fj

]
= ~J · ~E .

Dhlad  h qronik  aÔxhsh thc olik c enèrgeiac pou brÐsketai sth mon�da tou ìgkou V
[ρV 2/2 (kinhtik ) kai ρu (eswterik -jermik )] isoÔtai me thn eisro  di� thc epif�neiac

S pou perib�llei ton V kinhtik c enèrgeiac kai enjalpÐac,
∂

∂xj

[
ρ

2
|~V |2 + (P + ρu)

]
Vj,

mazÐ me th ro  jermik c enèrgeiac (Fj), meÐon tic ap¸leiec lìgw trib¸n, − ∂
∂xj

(ΠijVi)

kai to rujmì pou enapojètei enèrgeia sto sÔsthma h jèrmansh Joule ( ~J · ~E).
Qrhsimopoi¸ntac thn exÐswsh thc sunèqeiac mporoÔme na gr�youme thn exÐswsh

diat rhshc thc enèrgeiac (bl. akìlouja Probl mata) wc ex c:

ρ
∂u

∂t
+ ρ(~V · ~∇)u = −P∇ · ~V − ~∇ · ~F + (

↔
Π · ~∇)~V , exÐswsh diat rhshc enèrgeiac

3.11.1 Prìblhma 3.7
Apì tic exis¸seic diat rhshc m�zac kai orm c sun�gete thn exÐswsh

∂

∂t

(
ρ

2
|~V |2

)
+

∂

∂xj

(
ρ

2
|~V |2Vj

)
= ~J · ~E − ~V · ~∇P + ~V · (~∇ · ↔Π) .
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En suneqeÐa, afair¸ntac thn exÐswsh aut  apì thn prohgoÔmenh exÐswsh diat rhshc
enèrgeiac deÐxte ìti,

∂

∂t
(ρu) = −P

∂Vj

∂xj

+ Πij
∂Vi

∂xj

,

  se dianusmatik  morf 

ρ
∂u

∂t
+ ρ(~V · ~∇)u

︸ ︷︷ ︸
aÔxhsh eswterik c enèrgeiac =

= − P ~∇ · ~V︸ ︷︷ ︸
rujmìc
èrgou
−ρPdV

− ~∇ · ~F︸ ︷︷ ︸
agwg 

jermìthtac

+ (
↔
Π · ~∇)~V︸ ︷︷ ︸
tribèc

.

3.11.2 Prìblhma 3.8
Qrhsimopoi ste thn exÐswsh thc suneqeÐac gia na deÐxete ìti:

P ~∇ · ~V = ρP
d

dt
(1/ρ) .

Fusik  ex ghsh thc exÐswshc thc enèrgeiac : Gr�fontac thn exÐswsh thc enèrgeiac
sth morf :

ρ

[
du

dt
+ P

d

dt
(1/ρ)

]
= −~∇ · F +

↔
Π · ~∇~V = ρ

dq

dt
,

blèpoume thn �mesh sqèsh thc me ton 1o nìmo thc jermodunamik c,

dQ = dU + PdV ,

ìpou Q h prostijèmenh enèrgeia sto reustì kai U h eswterik  tou enèrgeia.
Dhl., h prìsjesh enèrgeiac an� mon�da tou ìgkou tou reustoÔ kai an� mon�da
qrìnou, ρdq/dt odhgeÐ (1) sthn aÔxhsh thc eswterik c tou enèrgeiac u an� mon�da
m�zac tou kai an� mon�da qrìnou [ρdu/dt] kai (2) sthn ektìnws  tou [ρPd(1/ρ)]. O
rujmìc prostijèmenhc enèrgeiac sto reustì an� mon�da m�zac tou (ρdq/dt), proèrqe-
tai afenìc apì tic tribèc [

↔
Π · ~∇~V ] kai afetèrou apì thn eÐsodo enèrgeiac dia ag-

wgimìthtac [−~∇ · F ].

3.12 Oi exis¸seic Eüler

Epeid  sthn prosèggish f ≈ fo h sun�rthsh katanom c eÐnai mi� isìtroph sun�rthsh
thc tuqaÐac taqÔthtac ~w = ~v − ~V , isqÔei ìti,

π
(0)
ij ≡ nm

〈
1

3
|~w|2δij − wiwj

〉
= 0 , F (0)

i ≡ ρ < wi
1

2
|~w|2 >= 0 .

Me autèc tic upojèseic (dhl., jewr¸ntac ìti h katanom  twn taqut twn eÐnai se pr¸th
prosèggish Maxwellian), paÐrnoume se qamhlìterh t�xh tic akìloujec exis¸seic tou
Eüler (1755), gia th diat rhsh m�zac, orm c kai enèrgeiac,

∂ρ

∂t
+ ~∇ · ρ~V = 0 ,
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ρ
∂~V

∂t
+ ρ(~V · ~∇)~V = −~∇P + δ ~E +

~J × ~B

c
,

ρ

(
∂u

∂t
+ ~V · ~∇u

)
+ P ~∇ · ~V = 0 ,

Oi 5 autèc exis¸seic apoteloÔn èna kleistì sÔsthma gia touc 5 agn¸stouc (ρ, ~V , P )
an prosjèsoume kai thn exÐswsh

ρu =
P

γ − 1
,

pou isqÔei gia thn katanom  Maxwell.
Gia monoatomikì aèrio γ = cp/cv = 5/3, ìpou cv, cp oi eidikèc jermìthtec upì

stajerì ìgko kai pÐesh, cv = 3k/2m, cp − cv = R.

ρu =
3

2
P =

3

2
nkT .

3.12.1 Prìblhma 3.9
Gia katanom  Maxwell f = f0, deÐxte ìti h entropÐa eÐnai:

S = cv ln

(
P

ργ

)
+ S0 ,

me cv = 3k/2m, γ = 5/3, an ρs = −k
∫

f0 ln f0d~v kai S0 eÐnai mia stajer�. En
suneqeÐa deÐxte ìti ds/dt = 0.

3.12.2 Prìblhma 3.10
• DeÐxte ìti gia èna aèrio se jermodunamik  isorropÐa, ìpou èqoume P =

k
m

ρT, cv = k
(γ−1)m

me γ = cp/cv isqÔei:

du + Pd(1/ρ) =
ργ−1

γ − 1
d(P/ργ) .

• En suneqeÐa, orÐste thn posìthta thc entropÐac an� mon�da m�zac, Sm, apì thn

du + Pd(1/ρ) = TdSm ,

gia na deÐxete ìti h entropÐa S eÐnai:

S = cv ln(P/ργ) + S0 .

• H entropÐa an� mon�da ìgkou eÐnai ρS. Epomènwc, deÐxte ìti h olik  entropÐa
S tou aerÐou dÐnetai apì thn èkfrash,

S =
∫

v

ρSd~r =
∫

v

ρcv ln

(
P

ργ

)
d~r .
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• Gia thn perÐptwsh thc adiabatik c metabol c enìc aerÐou epomènwc èqoume
dS/dt = 0. DeÐxte ìti gia aèrio pou kineÐtai me thn taqÔthta ~V autì odhgeÐ
sthn

(~V · ~∇)S = 0 .

gia qrono-anex�rthtec katast�seic.

• Epomènwc deÐxte ìti sthn prohgoÔmenh perÐptwsh

P = K(A)ργ ,

ìpou A eÐnai mia posìthta pou paramènei stajer  p�nw stic grammèc ro c.

3.13 Nìmoi diat rhshc m�zac, orm c,
enèrgeiac gia pl�sma

Oi nìmoi diat rhshc olik c m�zac, olik c orm c kai olik c enèrgeiac mporoÔn na
tejoÔn sthn akìloujh apl  morf  ìtan to pl�sma eÐnai se jermodunamik  isorropÐa
kai h katanom  twn taqut twn eÐnai Maxwellian,

Diat rhsh m�zac :
∂ρ

∂t
= −~∇ · ρ~V ,

Diat rhsh orm c :
∂ ~G

∂t
= −~∇ ·

↔
R ,

Diat rhsh enèrgeiac :
∂W

∂t
= −∇ · ~S ,

ìpou,
ρ = h sunolik  puknìthta m�zac,

~G = ρ~V +
~E × ~B

4πc
= h puknìthta thc sunolik c orm c,

W =
P

γ − 1
+

1

2
ρV 2 +

E2 + B2

8π
= h puknìthta thc sunolik c enèrgeiac,

Rij = ρViVj + Pδij + Tij = h ro  thc sunolik c orm c,

Tij =
E2 + B2

8π
δij − EiEj + BiBj

4π
= o tanust c e/m pedÐou,

~S =
c

4π
( ~E × ~B) + P ~V + ρ~V

[
1

γ − 1

P

ρ
+

1

2
V 2

]

=
c

4π
( ~E × ~B) + ρ~V

[
γ

γ − 1

P

ρ
+

1

2
V 2

]
= h ro  thc sunolik c enèrgeiac .
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3.13.1 Prìblhma 3.11
JewreÐste pl�sma me olik  puknìthta e kai iìntwn Ðsh me δ. Apì tic exis¸seic
diat rhshc m�zac kai orm c,

∂ρ

∂t
+ ~∇ · ρ~V = 0 ,

ρ
∂~V

∂t
+ ρ(~V · ~∇)~V = −~∇P +

~J × ~B

c
,

kaj¸c kai tic exis¸seic Maxwell:

~∇× ~E = −1

c

∂ ~B

∂t
, ~∇× ~B =

4π

c
~J +

1

c

∂E

∂t
,

~∇ · ~B = 0 , ~∇ · ~E = 4πδ ,

sun�gete to nìmo diat rhshc thc orm c:

∂

∂t


ρ~V +

~E × ~B

4πc


 + ~∇ ·


ρ~V ~V + P

↔
I +

E2 + B2

8π

↔
I −

~E ~E + ~B ~B

4π


 = 0 ,





∂

∂t


ρVi+




~E × ~B

4πc




i


+

∂

∂xj

[
ρ~Vi

~Vj+Pδij+
E2+B2

8π
δij − EiEj+BiBj

4π

]
=0





SuzhteÐste ton ìro ~E × ~B/4πc (eÐnai h orm  tou hlektromagnhtikoÔ pedÐou;) kaj¸c
kai ton tanust  tou e/m pedÐou:

Tij =
E2 + B2

8π
δij − EiEj + BiBj

4π
.

3.13.2 Prìblhma 3.12
Apì thn exÐswsh diat rhshc thc enèrgeiac

∂

∂t

[
ρu +

ρ

2
|~V |2

]
+ ~∇ ·





ρ|~V |2

2
+ ρu


 ~V + P ~V


 = ~J · ~E ,

kai tic exis¸seic tou Maxwell

~∇× ~E = −1

c

∂ ~B

∂t
, ~∇× ~B =

4π

c
~J +

1

c

∂E

∂t
,

sun�gete thn exÐswsh

∂

∂t

[
ρ

2
|~V |2 +

P

γ − 1
+

E2 + B2

8π

]
=−~∇ ·


 c

4π
( ~E × ~B) + P ~V +


ρ|~V |2

2
+ ρu


~V




pou ekfr�zei se �llh morf  th diat rhsh thc enèrgeiac.
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3.14 To prìblhma tou kleisÐmatoc tou sust -
matoc twn exis¸sewn twn rop¸n kai oi
exis¸seic Navier - Stokes

To sÔsthma twn 5 exis¸sewn (1 gia diat rhsh m�zac, 3 gia diat rhsh orm c kai
1 gia diat rhsh enèrgeiac) prèpei na prosdiorÐsei touc 14 agn¸stouc (ρ(1), ~v(3),
P (1), Πij(6), Fi(3)). Profan¸c, to sÔsthma autì den eÐnai kleistì kai ja prèpei
na brejeÐ ènac trìpoc gia na prosdiorisjoÔn merikèc apì autèc tic metablhtèc,   na
proqwr soume se uyhlìterec t�xeic twn ψ(~v).

H mèjodoc twn Chapman-Enskog prosdiorÐzei touc {suntelestèc metafor�c} sto
ìrio ìpou h posìthta ε = λ/L ' ω/νc ¿ 1, ìpou L eÐnai h di�stash tou sust matoc
kai l h mèsh eleÔjerh diadrom  lìgw sked�sewn.

[(
∂f

∂t

)

coll

∼ νcf , (~V · ~∇)f ∼ V f

L
' ωcf ⇒ ε ' ω

νc

]
.

MporoÔme na gr�youme tìte ìti,

f = f0 + εf1 + ε2f2 + . . . ,

ìpou se qamhlìterh t�xh h f0 eÐnai mia katanom  Maxwell ìpwc deÐxame ìtan to∫
~v

(
∂f
∂t

)
coll

d~v = 0.

Epeid  se aut n thn t�xh h f eÐnai isìtroph sun�rthsh tou ~w = ~v − ~V , isqÔei
ìti,

π
(0)
ij ≡ nm

〈
1

3
|~w|2δij − wiwj

〉
= 0 , F (0)

i ≡ ρ < wi
1

2
|~w|2 >= 0 .

Me autèc tic upojèseic, p rame se qamhlìterh t�xh tic exis¸seic tou Eüler (1755).
Proqwr¸ntac sthn t�xh ìpou f = f0 + εf1 mporeÐ na upologisjeÐ h f1 me th mèjodo
Chapman-Enskog, kai na p�roume,

πij = µ

{
∂Vi

∂xj

+
∂Vj

∂xi

− 2

3
(~∇ · ~V )δij

}

Fi = −κ
∂T

∂xi

ìpou µ eÐnai o suntelest c tou ix¸douc kai κ o suntelest c jermik c agwg c.
Gia par�deigma, an sto b�joc z h jermokrasÐa eÐnai T (z), h metabol  thc
enèrgeiac � lìgw eisìdou sto str¸ma swmatidÐwn me uyhlìterh jermokrasÐa eÐnai
∂E

∂z
· dz ' 3

2
kλ

∂T

∂z
.

H ro  aut c thc enèrgeiac sth dieÔjunsh z eÐnai:

Fz = −(nvT )

(
3

2
kλ

∂T

∂z

)
' −3

2

k · µ
m

∂T

∂z
= −κ

∂T

∂z
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⇒ o suntelest c jermik c agwg c κ = 3
2

k
m

µ ' cvµ.
Poiì leptomer c upologismìc dÐnei, κ

µ
= 5

3
cv.

Kinhmatikì ix¸dec: Sun jwc qrhsimopoieÐtai to µ/ρ = ν. Dhlad ,
ν =

mvT

nmσ
' vT λ.

Arijmìc Reynold: Re =
V L

ν
' V L

vT λ
=

1

ε
ìtan vt ∼ V, ε = λ/L.

′Otan Re À 1 (ε ¿ 1) oi dun�meic trib c eÐnai amelhtèec kai isqÔei h perigraf 
tou reustoÔ arket� kal�.

Arijmìc Mach: M2 =
V 2

v2
T

' V 2

cvT
' V 2µ

µcvT
=

µV 2/L

κT/L
.

′Otan M À 1 oi tribèc uperisqÔoun thc jermik c agwgimìthtac.

Suntelest c jermik c di�qushc: χ = κ/ρcp

3.15 Upologismìc
twn suntelest¸n metafor�c hlektrik c
kai jermik c agwgimìthtac, kai ix¸douc,
σE, κ, µ

3.15.1 H hlektrik  agwgimìthta σE

Aplìc upologismìc thc hlektrik c agwgimìthtac σE

Sta epìmena dÐnetai ènac aplìc upologismìc thc hlektrik c agwgimìthtoc σE jew-
r¸ntac monodi�stath kÐnhsh twn hlektronÐwn kat� th dieÔjunsh x. H puknìthta tou
hlektrikoÔ reÔmatoc tìte eÐnai,

Jx = neẋ .

Gr�fontac se pr¸th prosèggish ẋ = ẍ/νc, ìpou νc eÐnai h suqnìthta twn sked�sewn
Coulomb twn hlektronÐwn me ta iìnta, èqoume

Jx =
neẍ

νc

=
ne

νc

eEx

me

= σE · Ex .

Epomènwc, h hlektrik  agwgimìthta σE eÐnai,

σE =
ne2

me

1

νc

.

Epeid  ìmwc nσλ = 1 me

σ ' πe4

m2v4
,

kai νc = v/λ, èqoume

νc = nσv =
πne4

m2
ev

3
.
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Etsi,

σE =
e2

πme

m2
ev

3

e4
=

me(3kT/me)
3/2

πe2
,

ìpou antikatast same gia thn taqÔthta thn jermik  taqÔthta, v ' (3kT/me)
1/2 gia

Maxwellian katanom  twn taqut twn. Epomènwc,

σE =
(

27

π2

)1/2 (kT )3/2

e2
√

me

.

Piì akrib c upologismìc dÐnei,

σE = A
(kT )3/2

√
meZe2 ln Λ

, A =
(

32

π3

)1/2 1

γE

γE = 0.58, 0.68, 0.79 gia Z = 1, 2, 3, ln Λ ' 20 Antikajist¸ntac tic timèc twn
stajer¸n èqoume,

σE ' 107 T 3/2 sec−1 .

Sqìlia:

• Gia uyhlèc jermokrasÐec, T ∼ 106 ◦K èqoume σE ' 1016 sec−1, dhl., timèc
polÔ kont� sthn agwgimìthta enìc polÔ kaloÔ agwgoÔ ìpwc o qalkìc, σCu

E ∼
1017 sec−1.

• Stic atmìsfairec twn astèrwn h uyhl  hlektrik  agwgimìthta σE èqei san
sunèpeia to gegonìc ìti gia na jermanjoÔn autèc oi atmìsfairec wmik� qrei�-
zontai meg�lec puknìthtec hlektrikoÔ reÔmatoc ~J .

• H σE eÐnai anex�rthth thc puknìthtac, giatÐ upojèsame ìti ta oudètera den
paÐzoun kanèna rìlo. ′Etsi, to J ∼ n all� kai h suqnìthta twn sugkroÔsewn
Coulomb eÐnai νc ∼ n kai epomènwc σE ∼ J

νc
eÐnai anex�rthto thc puknìthtac

n.

Upologismìc thc hlektrik c agwgimìthtac σE apì thn exÐswsh
Boltzmann

′Estw f = f0 + f ′ ìpou f0 h Maxwellian kai f ′ k�poia mikr  apìklish. ′Estw ìti,
(

∂f

∂t

)

c

= νc(f0 − f) = −νcf
′

ìpou νc h suqnìthta twn sugkroÔsewn. Ac upojèsoume qwrÐc periorismì thc
genikìthtac ìti èqoume mìno th stajer  exwterik  dÔnamh ~F = e ~E,

e ~E

m
· ∂f0

∂~v
= −νcf

′
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paramel¸ntac to ginìmeno ìrwn ~E, f ′ k.t.l. Tìte,

σE · ~E = ~J = e
∫

~vfd~v = e
∫

~f ′d~v

Pollaplasi�zontac thn exÐswsh Boltzmann me e~v kai oloklhr¸nontac,

νc
~J =

e2

kT
~E ·

∫
~v~vf0dv

Epeid 
+∞∫

−∞
e−αx2

dx = I(α) =

√
π

α
⇒

√
π

2α3/2
=

+∞∫

−∞
e−αx2

x2dx ,

kai jewr¸ntac ~E = x̂E to prohgoÔmeno olokl rwma dÐnei

Jx = σEEx me σ =
ne2

mνc

.

O nìmoc tou Ohm gia pl�sma uyhl c agwgimìthtac

Wc gnwstìn, o nìmoc tou Ohm gr�fetai,

~J = σE
~E ′ ,

ìpou ~E ′ eÐnai to hlektrikì pedÐo sto sÔsthma twn kinoÔmenwn fortÐwn:

~E ′ = γ


 ~E +

~V

c
× ~B


 ' ~E +

~V

c
× ~B , (γ ' 1) ,

kai ~E eÐnai to hlektrikì pedÐo sto sÔsthma tou ergasthrÐou (  se k�poio adraneiakì
sÔsthma). Tìte,

~J = σE


 ~E +

~V

c
× ~B




All� epeid  h σE eÐnai polÔ meg�lh (σE → ∞) gia na èqoume peperasmèno reÔma ~J

prèpei na èqoume polÔ mikrì ~E ′ ( ~E ′ → 0). Epomènwc, ~E +
~V
c
× ~B ' 0 kai

~E = −
~V

c
× ~B .

3.15.2 H jermik  agwgimìthta κ

Aplìc upologismìc thc jermik c agwgimìthtac κ se pl�sma uyhl c
T

′Estw ìti h jermokrasÐa tou aerÐou eÐnai sun�rthsh tou z. H jermik  agwgimìthta
κ orÐzetai apì thn

~q = −κ~∇T , q ∼ κ
∆T

∆z
,
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ìpou q eÐnai h ro  thc jermik c enèrgeiac (ergs/cm2 sec)
E�n n h hlektronik  puknìthta, λ h mèsh eleÔjerh diadrom  twn e pou metafèroun
th jermik  enèrgeia (ta prwtìnia eÐnai arket� barÔtera) tìte,

q ∼ nV ∆E ∼ nV λ · ∆(kT )

∆z
,

Epomènwc,
κ ' knV λ .

All� h mèsh eleÔjerh diadrom  lìgw sked�sewn Coulomb upologÐsame ìti eÐnai,

λ =
1

nσ
' m2V 4

πe4n
, V ∼

√
3kT

m
.

Sunep¸c,

κ ' k
m2V 5

πe4
' km2

πe4

(
3kT

m

)5/2 (
× 1

ln Λ

)
.

Antikajist¸ntac tic timèc twn stajer¸n,

κ ∼ 6× 10−6 T 5/2 (erg/cm · ◦K · sec) .

Gi� qalkì sth jermokrasÐa dwmatÐou èqoume,

κ ' 1
cal

cm◦K · sec ' 4× 107 erg

cm · ◦K · sec .

Gi� pl�sma jermokrasÐac T ∼ 106◦K,

κ ∼ 6× 109 erg

cm · ◦K · sec .

Upologismìc jermik c agwgimìthtac κ apì thn exÐswsh Boltzmann

Gi� Maxwellian katanom  twn taqut twn,

f0 = n(~r)

[
m

2πkT (~r)

]3/2

exp

(
−mv2

2kT

)
,

h qronoanex�rthth kinhtik  exÐswsh Boltzmann dÐnei:

~v · ∂f

∂~r
= −νcf

′ ,

 ,

f0~v · ∂T

∂~r

[
mv2

2kT
− 5

2T

]
= −νcf

′ ,
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upojètontac ìti P = nkT = stajerì.
H ro  F thc jermik c enèrgeiac eÐnai

~F =
1

2
m

∫
v2~vf ′d~v ,

kai epomènwc

νc
~F =

5m

4T

∫
v2~v~v · ∇Tf0d~v − m2

4kT 2

∫
v4~v~v~∇Tf0d~v =

5nk2T

2m
∇T ,

dhl.,

κ =
5nk2T

2mνc

,
κ

ρcp

= χ =
5k2T

2m2νc

.

3.15.3 O suntelest c tou ix¸douc µ

Aplìc upologismìc tou suntelestoÔ ix¸douc µ

′Otan mia lèmboc kineÐtai sth j�lassa, h taqÔthta twn ud�tinwn strwm�twn exart�tai
apì to b�joc z kai ètsi èqoume vx(z). Tìte, h trib  pou anaptÔssetai an� mon�da
epif�neiac dydx kat� m koc dÔo diadoqik¸n strwm�twn sto z, z + dz eÐnai an�logh
tou ∂vx

∂z
kai h stajer� analogÐac eÐnai o gnwstìc suntelest c trib c µ.

′Enac sÔntomoc kai aplìc upologismìc tou µ edìjh apì ton Maxwell kai èqei wc
ex c. Jewr¸ntac èna str¸ma epif�neiac dA = dxdy metaxÔ twn uy¸n z, z+dz, h ro 
twn swmatidÐwn pou dièrqetai ta str¸mata aut� eÐnai nvT , ìpou vT h jermik  taqÔthta
vT ∼

√
kT/m kai o rujmìc pou th diasqÐzoun swmatÐdia eÐnai (nvT dA). MpaÐnontac

sto str¸ma autì kai met� apì sugkroÔseic mèshc eleÔjerhc diadrom c λ h metabol 
thc orm c me to qrìno sth dieÔjunsh x eÐnai (nvT dA) · λm ∂vx/∂z. PaÐrnontac th
diafor� aut c sta dÔo str¸mata z, z + dz, èqoume dz ∂

∂z
[(nvT dA) · λm ∂vx/∂z]. H

dÔnamh tìte an� mon�da ìgkou dAdz eÐnai

Fx =
∂

∂z

(
nvT λm

∂vx

∂z

)
=

∂

∂z
πxz me πxz = µ

∂vx

∂z

kai µ = nmvT λ ' mvT

σ
anex�rthth thc puknìthtac.

Upologismìc tou suntelestoÔ ix¸douc µ apì thn exÐswsh Boltzmann

Gi� Maxwellian katanom  twn taqut twn,

f0 = n
(

m

2πkT

)3/2

exp

[−m

2kT

[
[vx − u(z)]2 + vy + vz

]]
,

èqoume apì thn exÐswsh Boltzmann,

vz
∂f0

∂z
= −νcf

′ ,
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mvz

kT

du

dz
[vx − u(z)]f0 = −νcf

′

All�,

πxz = µ
dVx

dz
= µ

du

dz
= −m <vxvz>= −m

∫
vxvzfd~v = −m

∫
vxvzf

′dV .

Epomènwc,

µ =
nkT

νc

,
µ

ρ
= ν =

kT

mνc

.

Ac shmeiwjeÐ ìti κ
µ

= 5
2

k
m
.
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3.16 PARARTHMA
Ja apodeÐxoume ed¸ mi� qr simh sqèsh thn opoÐa qrhsimopoioÔme gi� na ex�goume tic
exis¸seic twn mèswn tim¸n. Upojètontac ìti h kroÔsh eÐnai elastik , up�rqoun 3
posìthtec pou diathroÔntai kat� th di�rkeia thc skèdashc : o arijmìc   h m�za twn
swmatidÐwn, h orm  touc kai h olik  enèrgeia,




nm

nm~V
nmE


 =

∫



m
m~v1

m|~v1|2/2


 f(~r,~v1, t)d

3~v1

Autèc oi posìthtec mporoÔn na jewrhjoÔn san sunart seic ψ(~v1) thc ~v1 me ψ(~v1) =
m, ψ(~v1) = m~v1, ψ(~v1) = m|~v1|2/2.
Epeid  èqoume summetrÐa wc proc tic metablhtèc ~v1, ~v2 isqÔei, gia thn f = f(~v1, ~r, t):

∫ 
ψ

∂f

∂t
+ ψ~v · ~∇f + ψ

~F

m
· ~∇~vf


 d3~v1 =

∫ (
∂f

∂t

)

c

ψ · d3~v1

=
∫

ψ(~v1)
[
f(~v

′
1)f(~v

′
2)− f(~v1)f(~v2)

]
|~v1 − ~v2|σ(|~v1 − ~v2|, θ)dΩd~v1d~v2

=
∫

ψ(~v2)
[
f(~v

′
1)f(~v

′
2)− f(~v1)f(~v2)

]
|~v1 − ~v2|σ(|~v1 − ~v2|θ)dΩd~v1d~v2 .

Epomènwc, to olokl rwma
∫ (

∂f

∂t

)

coll

ψ(~v1) · d3~v1 eÐnai summetrikì wc proc ~v1, ~v2

kai gi' autì mporoÔme na antikatast soume

ψ(~v1) ⇒ 1

2
(ψ(~v1) + ψ(~v2)) .

Parìmoia, all�zontac deÐktec apì (~v1, ~v2) → (~v
′
1, ~v

′
2) èqoume:

∫
ψ(~v

′
1)

[
f(~v1)f(~v2)− f(~v

′
1)f(~v

′
2)

]
σ(|~v′1 − ~v

′
2|, θ)|~v1 − ~v2|Ωd~v

′
1d~v

′
2

=
∫
ψ(~v

′
2)

[
f(~v1)f(~v2)− f(~v

′
1)f(~v

′
2)

]
σ(|~v′1 − ~v

′
2|, θ)|~v

′
1 − ~v

′
2|Ωd~v

′
1d~v

′
2

= −
∫
ψ(~v

′
1)

[
f(~v

′
1)f(~v

′
2)− f(~v1)f(~v2)

]
|~v1 − ~v2|σ(|~v1 − ~v2|, θ)dΩd~v1d~v2

= −
∫
ψ(~v

′
2)

[
f(~v

′
1)f(~v′2)− f(~v1)f(~v2)

]
|~v1 − ~v2|σ(|~v1 − ~v2|, θ)dΩd~v1d~v2 ,

epeid  d~v
′
1d~v

′
2 = J

(~v
′
1, ~v

′
2)

(~v1, ~v2)
d~v1d~v2 = d~v1d~v2 kai |~v′1−~v

′
2| = |~v1−~v2|. Epomènwc, prosjè-

tontac tic 4 autèc sqèseic èqoume,
∫(

∂f

∂t

)

coll

ψ(~v1) · d3~v1 =
1

4

∫ [
ψ(~v1) + ψ(~v2)− ψ(~v

′
1)− ψ(~v

′
2)

]
×

[
f(~v

′
1)f(~v

′
2)− f(~v1)f(~v2)

]
|~v1 − ~v2|σdΩd~v1d~v2 .
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