
Ejnikì kai Kapodistriakì Panepist mio Ajhn¸n, Tm ma Fusik c
Prìodoc sth Mhqanik  I, 29 NoembrÐou 2022
Di�rkeia exètashc 2 ¸rec, Apant ste kai sta 3 jèmata, Kal  epituqÐa

Jèma 1o:

S¸ma monadiaÐac m�zac m = 1 kineÐtai se dedomènh kampÔlh upì thn epÐdrash k�jethc antÐdrashc kai
dÔnamhc antÐstashc me mètro Ðso me autì thc taqÔthtac (se kat�llhlec mon�dec). H jèsh tou eÐnai se
k�je qrìno (se kartesianèc suntetagmènec)

x =
cos t− sin t

2
e−t, y =

cos t+ sin t

2
e−t, z = 0.

(a) Poio to monadiaÐo ε̂ sth for� kÐnhshc kai poia h epitrìqia sunist¸sa thc epit�qunshc a⃗ε?

(b) Poia h kentromìloc sunist¸sa thc epit�qunshc a⃗κ, poio to monadiaÐo n̂ proc to kèntro kampulìthtac
thc troqi�c kai poia h aktÐna kampulìthtac R?

(g) BreÐte tic dun�meic pou askoÔntai sto s¸ma san sun�rthsh tou qrìnou kai to èrgo touc gia thn
kÐnhsh apì t = 0 wc t = ln 2.

Jèma 2o:

H kÐnhsh sto q¸ro twn f�sewn enìc swmatidÐou m�zac m = 1 pou kineÐtai se mÐa di�stash dÐnetai apì th
sqèsh

v =

{
±
√
1− x gia 0 ≤ x ≤ 1

±
√
1 + x gia 0 > x ≥ −1

(a) Sqedi�ste thn kÐnhsh sto q¸ro twn f�sewn.

(b) Poia dÔnamh askeÐtai sto swmatÐdio?

(g) UpologÐste me opoiond pote trìpo thn perÐodo tal�ntwshc tou swmatidÐou.

(d) An arqik� to swmatÐdio pou dèqetai aut  th dÔnamh brejeÐ akÐnhto sth jèsh x = 1/2, se pìso qrìno
ja ft�sei sth jèsh x = 0?
(e) Sqedi�ste thn kÐnhsh x(t) tou swmatidÐou pou dèqetai aut  th dÔnamh an arqik� x(0) = 0 kai v(0) = 1.

Jèma 3o:

Jewr ste ènan armonikì talantwt  me m�za m = 1 kai elat rio tètoio ¸ste h suqnìtht� tou na eÐnai
ω0. O talantwt c den èqei dÔnamh antÐstashc.

(a) An o talantwt c diegeÐretai apì mia dÔnamh thc morf c F (t) = cos(2ω0t) + sin(ω0t) kai arqik�  tan
sthn kat�stash x(0) = v(0) = 0, na upologisteÐ h kÐnhs  tou, x(t).

(b) O Ðdioc armonikìc talantwt c, qwrÐc thn dÔnamh F (t) tou prohgoÔmenou erwt matoc, èqei to shmeÐo
st rix c tou se ìqhma pou epitaqÔnetai me stajer  epit�qunsh a0, en¸ oi arqikèc tou sunj kec (sto
epitaqunìmeno sÔsthma) eÐnai p�li x(0) = v(0) = 0. Na upologisteÐ sto epitaqunìmeno sÔsthma h kÐnhsh
tou talantwt .

(g) Sqetik� me to er¸thma (b), poia arqik  kat�stash tou talantwt  x(0), v(0) sto epitaqunìmeno
sÔsthma ja �fhne ton talantwt  mìnima sthn kat�stash aut , dhlad  x(t) = x(0), v(t) = v(0)?



LUSEIS:

Jèma 1o:

ẋ = − cos t e−t, ẏ = − sin t e−t, ẍ = (cos t+ sin t)e−t, ÿ = (sin t− cos t)e−t.
v⃗ = ẋx̂+ ẏŷ = e−t(− cos t x̂− sin t ŷ), a⃗ = ẍx̂+ ÿŷ = (cos t+ sin t)e−tx̂+ (sin t− cos t)e−tŷ.

(a) ε̂ =
v⃗

|v⃗|
= − cos t x̂− sin t ŷ, diìti |v⃗| = e−t.

a⃗ε = (⃗a · ε̂)ε̂ = e−t(cos t x̂+ sin t ŷ).

Alli¸c: a⃗ε =
d|v⃗|
dt

ε̂ me
d|v⃗|
dt

= −e−t.

(b) a⃗κ = a⃗− a⃗ε = e−t (sin t x̂− cos t ŷ).

n̂ =
a⃗κ
|⃗aκ|

= sin t x̂− cos t ŷ, diìti |⃗aκ| = e−t.

|⃗aκ| =
v2

R
⇔ R =

v2

|⃗aκ|
= e−t.

(g) H antÐstash eÐnai F⃗ = ma⃗ε = −e−tε̂ = −v⃗ kai h k�jeth antÐdrash N⃗ = ma⃗κ = e−tn̂.

H kinhtik  enèrgeia
mv2

2
=

1

2
e−2t mei¸netai apì

1

2
to qrìno t = 0 se

1

2
e−2 ln 2 =

1

8
to qrìno t = ln 2.

'Ara WF =
1

8
− 1

2
= −3

8
.

Alli¸c: WF =

∫
F⃗ · v⃗dt = −

∫ ln 2

0

e−2tdt = −3

8
.

To èrgo thc k�jethc antÐdrashc eÐnai mhdenikì.

Jèma 2o:

(a) Prìkeitai gia dÔo antikrustèc parabolèc. H for� eÐnai wrologiak .
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(b) Epeid  h sqèsh taqÔthtac-jèshc eÐnai h dosmènh

1

2
v2 + V (x) = E ⇒ 1− |x|

2
+ V (x) = E



ja prèpei na jewr soume ìti V (x) =
|x|
2

+ C, opìte

F (x) = −V ′(x) =

{
−1/2 gia 0 ≤ x
+1/2 gia 0 > x

O periorismìc sto di�sthma [−1, 1] sqetÐzetai me thn epilog  thc tim c thc enèrgeiac kai mporoÔme na
upojèsoume ìti h dunamik  enèrgeia eÐnai Ðdia kai ektìc autoÔ tou diast matoc.
(g) H perÐodoc eÐnai aut  enìc omal� epitaqunìmenou-epibradunìmenou swmatidÐou, me mètro epit�qunshc
|a| = F/m = 1/2 metaxÔ twn dosmènwn �krwn thc kÐnhshc x− = −1, x+ = 1 kai pÐsw.

T = 4
v(0)

a
= 8 .

To v(0)
a

antiproswpeÔei to qrìno met�bashc apì to shmeÐo isorropÐac mèqri k�poio akraÐo shmeÐo x+, x−,
kinoÔmeno sta jetik�   sta arnhtik� x, antÐstoiqa.
(d)

T1/2→0 =
√
2∆x/|a| =

√
2 · (1/2)/(1/2) =

√
2.

(e)

x(t) = v(0)t+
1

2
(−1/2)t2 = t− t2/4 = t(4− t)/4

gia to pr¸to komm�ti thc kÐnhshc 0 ≤ t ≤ 4 pou h dÔnamh eÐnai −1/2, kai

x(t) = −v(0)(t− 4) +
1

2
(+1/2)(t− 4)2 = −(t− 4) + (t− 4)2/4 = (t− 4)(t− 8)/4

gia to deÔtero komm�ti kai omoÐwc gia megalÔterouc qrìnouc. Oi kin seic antiproswpeÔoun komm�tia
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parabol¸n-den eÐnai hmitonoeid c kampÔlh.

Jèma 3o:

(a)
ẍ+ ω2

0x = cos(2ω0t) + sin(ω0t) .



Epeid  h dÔnamh perièqei akrib¸c th suqnìthta tou talantwt  ja th jèsoume ω kai sto tèloc afoÔ
broÔme th lÔsh ja p�roume to ìrio. H genik  lÔsh ja eÐnai

x(t) = C cos(ω0t) + S sin(ω0t) +
cos(2ωt)

ω2
0 − 4ω2

+
sin(ωt)

ω2
0 − ω2

.

Oi stajerèc C, S ja upologistoÔn apì tic arqikèc sunj kec:

0 = C +
1

ω2
0 − 4ω2

, 0 = Sω0 +
ω

ω2
0 − ω2

,

opìte h zhtoÔmenh lÔsh ja eÐnai

x(t) = lim
ω→ω0

[
1

ω2
0 − 4ω2

(cos(2ωt)− cos(ω0t)) +
1

ω2
0 − ω2

(sin(ωt)− (ω/ω0) sin(ω0t))

]
=

−1

3ω2
0

(cos(2ω0t)− cos(ω0t))− lim
ω→ω0

ω

ω0 + ω

sin(ωt)/ω − sin(ω0t)/ω0

ω − ω0

=
−1

3ω2
0

(cos(2ω0t)− cos(ω0t))−
1

2
t2 (sinw/w)′|w=ω0t

=
−1

3ω2
0

(cos(2ω0t)− cos(ω0t))−
1

2

cos(ω0t)ω0t− sin(ω0t)

ω2
0

.

To pl�toc megal¸nei grammik� me to qrìno.
(b)

ẍ = −ω2
0x− a0

me lÔsh

x(t) = C cos(ω0t) + S sin(ω0t)−
a0
ω2
0

kai lìgw twn arqik¸n sunjhk¸n

x(t) = − a0
ω2
0

(1− cos(ω0t)) .

(g) Ja èprepe x(t) = x(0), v(t) = v(0) dhlad  ja jèlame C = S = 0, opìte

x(t) = − a0
ω2
0

.

Me �lla lìgia ja èprepe x(0) = − a0
ω2
0
, v(0) = 0.


