
Ejnikì kai Kapodistriakì Panepist mio Ajhn¸n, Tm ma Fusik c
Exet�seic sth Mhqanik  I, 28 SeptembrÐou 2022
Di�rkeia exètashc 2 ¸rec, Apant ste sta 3 apì ta 4 jèmata, Kal  epituqÐa

Jèma 1o:

S¸ma m�zac m = 1 kineÐtai monodi�stasta ston

hmi�xona x > 0 upì thn epÐdrash dÔnamhc F =
2

x3
− 1

x2
.

(a) BreÐte th dunamik  enèrgeia jewr¸ntac ìti
mhdenÐzetai sto �peiro kai sqedi�ste to gr�fhm� thc.
(b) Se poia perioq  prèpei na af soume to s¸ma (me
mhdenik  dhl. arqik  taqÔthta) ¸ste na arqÐsei men
na kineÐtai proc megalÔtera x all� sth sunèqeia na
epistrèyei sto shmeÐo pou xekÐnhse?
(g) An af soume to s¸ma sth jèsh x1 = 3/2 se pìso
qrìno epistrèfei sth jèsh aut ?
(d) An af soume to s¸ma polÔ kont� sth jèsh x0 = 2
poia h perÐodoc kÐnhshc?

DÐnetai

∫ b

a

x dx√
(x− a)(b− x)

=
π(a+ b)

2
gia a < b.

Jèma 2o:

'Estw ènac diplìc asteroeid c pou apoteleÐtai apì èna
asteroeid  meg�lhc m�zac, ton DÐdumo, kai èna mikr c
m�zac, ton DÐmorfo. Jewr ste ìti o DÐdumoc eÐnai
akÐnhtoc kai o DÐmorfoc kineÐtai se kuklik  troqi�
aktÐnac R gÔrw tou (agno ste thn epÐdrash apì ton
'Hlio).
(a) An M eÐnai h m�za tou DÐdumou poia h taqÔthta
peristrof c v0 tou DÐmorfou kai poia h perÐodoc
peristrof c tou T0?
(b) 'Enac teqnhtìc dorufìroc sugkroÔetai metwpik� me
ton DÐmorfo me apotèlesma o DÐmorfoc amèswc met�
thn kroÔsh na èqei taqÔthta mètrou λv0 me 0 < λ < 1.
(b1) Poia eÐnai ta �kra (apìkentro kai perÐkentro) thc
nèac troqi�c tou DÐmorfou? (O DÐdumoc jewr ste ìti
paramènei akÐnhtoc.)
(b2) Poioc o lìgoc T/T0 ìpou T h nèa perÐodoc
peristrof c tou DÐmorfou gÔrw apì to DÐdumo?

Jèma 3o:

(a) S¸ma m�zac m isorropeÐ kremasmèno sthn orof 
akÐnhtou asansèr mèsw enìc idanikoÔ elathrÐou
stajer�c k = mω2 kai fusikoÔ m kouc ℓ0 > g/ω2,
ìpou g h epit�qunsh barÔthtac. K�poia stigm  t = 0
to asansèr af netai na ektelèsei eleÔjerh pt¸sh.
Poia h jèsh thc m wc sun�rthsh tou qrìnou gia
parathrht  mèsa sto asansèr? Jewr ste th m�za tou
s¸matoc m polÔ mikrìterh apì th m�za tou asansèr.
(b) Epanal�bate ton upologismì an h m�za m den eÐnai
polÔ mikrìterh apì th m�za tou asansèr M .

Jèma 4o:

'Estw dÔo swmatÐdia, m�zac m to kajèna, se apìstash
2R to èna apì to �llo.
(a) Na upologisjeÐ to barutikì dunamikì kaj¸c
kai to di�nusma thc èntashc tou barutikoÔ pedÐou,
p�nw sthn mesok�jeto tou eujÔgrammou tm matoc pou
sundèei tic dÔo m�zec, se apìstash z apì to kèntro
tou eujÔgrammou autoÔ tm matoc. [Jewr ste thn
mesok�jeto wc ton �xona z.]
(b) Exhg ste giatÐ to apotèlesma tou prohgoÔmenou
erwt matoc perigr�fei swst� to barutikì dunamikì kai
thn èntash tou pedÐou barÔthtac enìc daktulÐou m�zac
2m kai aktÐnac R p�nw ston �xona summetrÐac z tou
daktulÐou.
(g) Jewr¸ntac ton daktÔlio stajerì, poia eÐnai h
taqÔthta pou ja prèpei na èqei èna swmatÐdio m�zac
µ gia na diafÔgei apì th barutik  èlxh tou daktulÐou,
an arqik� to swmatÐdio briskìtan ston �xona summe-
trÐac tou daktulÐou kai se apìstash z0 apì to kèntro
autoÔ? H taqÔthta diafug c aut  afor� mìno kin seic
apom�krunshc tou swmatidÐou apì to daktÔlio epÐ tou
�xona z?
(d) Arqik� o daktÔlioc brÐsketai akÐnhtoc p�nw sto
epÐpedo x, y me to kèntro tou sthn arq  twn axìnwn
kai èna deÔtero swmatÐdio m�zac m brÐsketai akÐnhto
sth jèsh (0, 0, a). Ta dÔo s¸mata plhsi�zoun to èna to
�llo lìgw thc barutik c touc èlxhc. PoÔ ja brÐsketai
to swmatÐdio, ìtan ja diapern� to kèntro tou daktulÐou
kai poia h jèsh tou ìtan ja xanabrejeÐ kai p�li akÐnhto?



LUSEIS:

Jèma 1o:

(a) V = −
∫ x

∞
F (x) dx =

1

x2
− 1

x
. V ′ =

1

x3
(x − 2),

�ra sta jetik� x h V (x) fjÐnei sto di�sthma x ∈ (0, 2)
apì V (0) = +∞ se V (2) = −1/4 = Vmin (aut 
eÐnai h el�qisth tim ) kai met� aux�netai sto di�sthma
x ∈ (2,∞) apì Vmin se V (∞) = 0.
To dunamikì eÐnai isodÔnamo me to energì dunamikì tou
probl matoc Kèpler me GM = 1 kai L =

√
2.

(b) Gia na kineÐtai proc megalÔtera x prèpei F (x1) > 0,
dhl. V ′(x1) < 0 k�ti pou isqÔei sto di�sthma
x ∈ (0, 2). Gia na xanagurÐsei to s¸ma sto shmeÐo
afethrÐac prèpei k�pou na anaklasteÐ, dhl. na up�rqei
kai deÔterh lÔsh x2 thc exÐswshc V (x) = E me
E = V (x1) afoÔ sthn arqik  jèsh h taqÔthta eÐnai
mhdenik  (�ra h mÐa lÔsh thc exÐswshc eÐnai h x = x1).
To gr�fhma deÐqnei ìti autì sumbaÐnei gia arnhtikèc
enèrgeiec, dhl. gia V (x1) < 0 ⇔ x1 > 1. Kai oi dÔo
sunj kec ikanopoioÔntai an 1 < x1 < 2.
(g) H mègisth jèsh x2 brÐsketai apì V (x2) = V (x1) ⇔
1

x2
2

− 1

x2
1

=
1

x2

− 1

x1

⇔ 1

x2

+
1

x1

= 1 ⇔ x2 =
x1

x1 − 1
= 3.

H perÐodoc thc kÐnhshc eÐnai T = 2

∫ x2

x1

dx

ẋ
kai

h taqÔthta brÐsketai apì to olokl rwma enèrgeiac
ẋ2

2
= V (x1) − V (x) =

1

x1x2

(x− x1)(x2 − x)

x2
⇔

ẋ =

√
2

x1x2

(x− x1)(x2 − x)

x2
(eÐnai jetik 

sthn met�bash apì to x1 sto x2), opìte

T = 2

√
x1x2

2

∫ x2

x1

x dx√
(x− x1)(x2 − x)

=

2π
x1 + x2

2

√
x1x2

2
=

27π

4
.

To dunamikì eÐnai isodÔnamo me to energì dunamikì tou
probl matoc Kèpler me GM = 1 kai L =

√
2, �ra h

perÐodoc mporeÐ na brejeÐ apì ton 3o nìmo Kèpler.

O hmi�xonac eÐnai α =
x1 + x2

2
=

9

4
kai h perÐodoc

T =
2π

Ω
me Ω =

√
GM

α3
, dhl. T = 2πα3/2 =

27π

4
.

(d) To s¸ma ekteleÐ talant¸seic mikroÔ pl�touc gÔrw
apì th jèsh eustajoÔc isorropÐac x0 = 2 (ìpou to
dunamikì eÐnai el�qisto). Me q = x − 2 eÐnai V (x) ≈
V (2) +

1

2
V ′′(2)q2 me V ′′(2) =

1

8
kai h exÐswsh kÐnhshc

eÐnai
q̇2

2
+

1

2
V ′′(2)q2 = stajer�,   paragwgÐzontac

q̈ + V ′′(2)q = 0 (exÐswsh armonikoÔ talantwt ). H
kuklik  suqnìthta eÐnai ω =

√
V ′′(2) = 1/

√
8 kai h

perÐodoc T = 2π/ω = 4π
√
2.

To Ðdio dÐnei kai o akrib c tÔpoc T = 2π
x1 + x2

2

√
x1x2

2
pou brèjhke sto prohgoÔmeno er¸thma, sto ìrio
x1 = x2 = x0.

Jèma 2o:

(a)
mv20
R

=
GMm

R2
⇔ v0 =

√
GM

R
.

Apì 3o nìmo Kèpler T0 = 2π

√
R3

GM
.

(b1) Met� thn kroÔsh h stroform  eÐnai L = λmv0R =

λm
√
GMR kai h enèrgeia E =

mv21
2

− GMm

R
=

−2− λ2

2

GMm

R
. (EÐnai profan¸c arnhtik , �ra h

troqi� eÐnai elleiptik .) Oi aktÐnec apìkentrou
kai perÐkentrou brÐskontai sundu�zontac diat rhsh

enèrgeiac
mv2

2
− GMm

r
= −2− λ2

2

GMm

R
kai

stroform c mvr = λm
√
GMR, dhl. eÐnai oi rÐzec

thc
L2

2mr2
− GMm

r
= E ⇔

(
2− λ2

)
r2 − 2Rr +

λ2R2 = 0. Autèc eÐnai r = R
1±

√
1− 2λ2 + λ4

2− λ2
=

R
1± (1− λ2)

2− λ2
, dhl. sto apìkentro ra = R

(h megalÔterh rÐza pou antistoiqeÐ sth stigm  thc

kroÔshc) kai sto perÐkentro rπ = R
λ2

2− λ2
.

(b2) O meg�loc hmi�xonac eÐnai α =
ra + rπ

2
=

R

2− λ2

kai apì 3o nìmo Kèpler h nèa perÐodoc peristrof c

eÐnai T = 2π

√
α3

GM
, �ra

T

T0

=
(α

R

)3/2

=
1

(2− λ2)3/2
.

Jèma 3o:

(a) Sto mh-adraneiakì sÔsthma tou asansèr to opoÐo
epitaqÔnetai me a⃗0 = g⃗ h exÐswsh kÐnhshc thc m�zac
eÐnai (se �xona x̂ me for� proc ta k�tw kai arq  thn
orof )mẍx̂ = −k(x−ℓ0)x̂+mg⃗−ma⃗0 ⇔ ẍ = −ω2(x−
ℓ0) me genik  lÔsh x = ℓ0 + C1 sin(ωt) + C2 cos(ωt).
Oi arqikèc sunj kec x = ℓ0 + mg/k kai ẋ = 0 (apì
v⃗a = v⃗0 + v⃗σ me v⃗σ = ẋx̂ kai v⃗0 = ẋ′x̂) dÐnoun C1 = 0

kai C2 = g/ω2, opìte x = ℓ0 +
g

ω2
cos(ωt).

(b) H exÐswsh kÐnhshc tou asansèr (mazÐ me to

elat rio) eÐnai M
¨⃗
R1 = k(x− ℓ0)x̂+Mg⃗ kai thc m�zac

m
¨⃗
R2 = −k(x−ℓ0)x̂+mg⃗. Qrhsimopoi¸ntac tic sqèseic



autèc brÐskoume ìti h exÐswsh gia th sqetik  jèsh

R⃗2 − R⃗1 = c⃗+ xx̂, ìpou c⃗ to stajerì di�nusma apì to
kèntro m�zac tou asansèr mèqri thn orof  tou, eÐnai
ẍ = −ω′2(x − ℓ0) ìpou ω′ = ω

√
1 +m/M . H lÔsh

brÐsketai ìpwc prin x = ℓ0 +
g

ω2
cos(ω′t).

Ousiastik� èqoume prìblhma dÔo swm�twn. H exÐswsh
kÐnhshc tou 2 (m�za m = m1) wc proc to 1 (asansèr
� mazÐ me to elat rio � m�zac M = m2) eÐnai µ¨⃗r =

F⃗2 ,eswt +
µ

m2

F⃗2 ,exwt −
µ

m1

F⃗1 ,exwt, ìpou r⃗ = c⃗ + xx̂,

µ =
m1m2

m1 +m2

, F⃗2 ,eswt = −k(x − ℓ0)x̂, F⃗1 ,exwt = Mg⃗

kai F⃗2 ,exwt = mg⃗.

Jèma 4o:

(a) Φ = − G 2m√
R2 + z2

kai g⃗ = −ẑ
G 2mz

(R2 + z2)3/2
me ton

èxtra gewmetrikì par�gonta z/(R2 + z2)1/2 na proè-
rqetai apì to dianusmatikì �jroisma dÔo dun�mewn upì
gwnÐa.
(b) 'Enac daktÔlioc apoteleÐtai apì thn epallhlÐa
�peirwn zeug¸n shmeiak¸n swmatidÐwn pou katala-
mb�noun antidiametrikèc jèseic sto daktÔlio.
Dedomènou ìti to dunamikì eÐnai bajmwtì mègejoc
oi sumbolèc apì ìla aut� ta zeug�ria ajroÐzontai
odhg¸ntac sto apotèlesma tou dunamikoÔ tou
prohgoÔmenou erwt matoc. EpÐshc dedomènou ìti k�je
tètoio zeÔgoc suneisfèrei sthn èntash tou pedÐou
barÔthtac tou daktulÐou kat� èna apeirostì di�nusma
ston �xona z, h epallhlÐa ìlwn twn antidiametrik¸n
zeug¸n pou èqoun koin  mesok�jeto, ja odhg sei sto
apotèlesma, kai p�li, tou prohgoÔmenou erwt matoc.

(g)
1

2
µv2diaf + µΦ(z0) = 0 me lÔsh (anex�rthth tou µ)

vdiaf =

√
4Gm√
R2 + z20

.

(d) Wc apomonwmèno sÔsthma ja diathreÐ thn taqÔthta
tou KM tou, epomènwc to KM tou en lìgw sust matoc
ja eÐnai stajerì. Epomènwc ìtan to swmatÐdio ja
dièrqetai apì to kèntro tou daktulÐou, autì ja eÐnai
to KM tou sust matoc to opoÐo ja brÐsketai p�nta

sto R⃗KM = (0, 0,
2m · 0 +ma

3m
) = (0, 0, a/3).

Sth sunèqeia ìtan to swmatÐdio diaper�sei ton
daktÔlio kai brejeÐ kai p�li akÐnhto (ìpwc kai o
daktÔlioc) h sqetik  touc apìstash ja eÐnai kai p�li
a all� me antÐjeth di�taxh. Arqik� to swmatÐdio
briskìtan se apìstash a − a/3 p�nw apì to KM,
t¸ra ja brÐsketai se apìstash 2a/3 k�tw apì to KM,
dhlad  sth jèsh (0, 0,−a/3).


