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Simulating spin dynamics with quantum computers
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(Received 21 July 2022; accepted 7 September 2024)

IBM quantum computers are used to simulate the dynamics of small systems of interacting

quantum spins. For time-independent systems with fewer than three spins, we compute the exact

time evolution at arbitrary times and measure spin expectation values and energy. It is

demonstrated that even in such small systems, one can observe the connection between

conservation laws and symmetries in the model. Larger systems require approximating the time-

evolution operator, and we investigate the case of N ¼ 3 spins explicitly. While it is shown to be

unfeasible to use such devices to probe such larger systems without more advanced algorithms or

reliable error correction, we demonstrate that the quantum circuit simulator is an easy-to-use

method for studying spin dynamics in systems with N � Oð10Þ spins. The computations presented

provide an interesting experimental component to the standard treatment of quantum spin in an

undergraduate quantum mechanics course. # 2025 Published under an exclusive license by American
Association of Physics Teachers. https://doi.org/10.1119/5.0112717

I. INTRODUCTION

The field of quantum computation has experienced tre-
mendous growth in recent years. In 1982, Richard Feynman
suggested that (then-hypothetical) quantum computers were
the only practical way to simulate quantum mechanical sys-
tems with many degrees of freedom.1 Over the next several
decades, quantum computing algorithms were developed
that may play a potentially valuable role in an efficient fac-
torization scheme.2 Such algorithms present a threat to cur-
rent cryptographic systems because the security of the
widely used Rivest–Shamir–Adleman (RSA)3 cryptographic
scheme rests upon the computational difficulty of factoring a
product of two large, prime numbers. The so-called noisy,
intermediate-scale quantum (NISQ) devices4 are widely
available from providers such as Rigetti,5 IonQ,6 and IBM,7

though the currently available devices are still far from capa-
ble of these advanced types of computations. The question
for the foreseeable future appears to be: what kinds of prob-
lems are these NISQ devices capable of solving?

While many potential uses for NISQ-era hardware have
been proposed,8 one under-appreciated use for these devices
is as a learning tool for quantum mechanics. Presently avail-
able quantum computers are ideally suited for exploring spin
physics in small systems,9 such as those that would be
explored theoretically in a typical undergraduate course on
quantum mechanics. Recent papers in this journal have show-
cased a variety of quantum information applications suitable
for undergraduate students. Examples include exploring basic
problems future quantum computers can conceivably be used
to solve,10 employing the Grover search algorithm on actual
quantum hardware,11 and applying basic error mitigation to
improve results on currently available hardware.12 A particu-
larly interesting physical application of this technology used
quantum computers to measure spin correlations.9 Given the
free availability actual quantum hardware from IBM, the sim-
ulation of spin systems provides an incredible opportunity to
students. In other words, there is now a no-cost experimental
component to complement the fairly abstract theory one finds
in a typical, undergraduate course in quantum mechanics.

The main purpose of this paper is to describe several types
of spin simulations involving the time evolution of arbitrarily
prepared initial states. The Qiskit software development kit

(SDK)13 is used to encode time evolution in quantum cir-
cuits, which are then run on the cloud-based IBM hard-
ware. Time evolution of a single spin is simulated by
mapping the spin to a qubit and applying a single unitary
gate corresponding to the exact time-evolution operator.
The results for two- and three-spin systems with nontrivial
interactions are also presented. The scheme for performing
time evolution on two-spin systems is exact, but it requires
a more complicated circuit than the single-spin case. We
are forced to use approximate methods when performing
time evolution in systems with three or more spins. An
additional challenge is that errors from currently available
devices make accurate results quite difficult to obtain for
systems as small as three spins. However, we demonstrate
how students can use Qiskit’s built-in circuit simulator to
explore systems with sizes up to N ¼ 20 spins. The circuit
simulator is a fairly efficient and easy-to-use tool for
exploring the expected output of quantum circuits for mod-
est system sizes. Operationally, the Qiskit simulator con-
sists of a classical computation that gives the expected
output of a given quantum circuit subject only to statistical
fluctuations. In this work, we use the simulator to verify
the expected output of certain circuits. Using the simulator
as a computational tool in its own right, we demonstrate
evidence of a quantum phase transition that appears in a
large spin system as a particular system parameter is
varied.

The remainder of this paper is organized as follows: Sec.
II contains a review of relevant spin physics and the essential
ingredients needed to simulate spin systems on IBM’s quan-
tum hardware. Dynamics in interacting systems of two and
three spins are shown in Sec. III, and the Lie–Trotter decom-
position is employed as a method for performing approxi-
mate time evolution in a three-spin system and on a large
(N ¼ 20) system using Qiskit’s circuit simulator. Finally, a
brief discussion is included in Sec. IV.

II. SINGLE SPIN DYNAMICS

In this section, we present the basic framework for simu-
lating a spin degree of freedom on a quantum computer. To
illustrate the approach in the simplest possible setting, we
discuss the interaction of a single spin with a static magnetic
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field. However, the methods detailed below can also accom-
modate time-dependent magnetic fields with only minor
modifications.14

A single spin-1/2 degree of freedom is a two-level system
whose quantum state can be expressed as a linear combina-
tion of basis kets jwi ¼ ajþi þ bj�i, where j6i are eigen-
states of the operator Ŝz, satisfying

Ŝzj6i ¼ 6
�h

2
j6i: (1)

We follow standard notation for labeling the eigenstates of

Ŝz (e.g., Ref. 15), but we caution the reader with experience
in quantum information theory that these labels often refer to

eigenstates of Ŝx in other sources.16 The complex amplitudes
are constrained by the normalization of the quantum state,

hwjwi ¼ jaj2 þ jbj2 ¼ 1. As the global phase of jwi is unob-
servable, a common parameterization is given by

a ¼ cos h=2, b ¼ ei/ sin h=2. To aid in calculations, the basis

states can be represented * by jþi¼: ð1; 0ÞT and j�i¼: ð0; 1ÞT
so that the state jwi ! jwðh;/Þi can represented by the two-
component vector

jwðh;/Þi¼:
cos

h
2

ei/ sin
h
2

0
BB@

1
CCA: (2)

By employing the explicit matrix representations of the spin
operators Ŝa ¼ ð�h=2Þr̂a, where

r̂x¼:
0 1

1 0

 !
; r̂y ¼:

0 �i

i 0

 !
;

r̂z¼:
1 0

0 �1

 !
; (3)

one may compute the expectation values of the spin opera-

tors hŜai � hwjŜajwi for the state in Eq. (2). Simplifying
with standard, trigonometric identities, we obtain

hŜxi ¼ �h

2
sin h cos /;

hŜyi ¼ �h

2
sin h sin /;

hŜzi ¼ �h

2
cos h: (4)

In this form, it is apparent that the parameters h and / corre-
spond to angular coordinates that map the possible states to
points on an abstract, unit sphere—also known as the Bloch
sphere.17 Time evolution for a single spin is generated by the
interaction of the spin with a magnetic field B via the
Hamiltonian

Ĥ1 ¼ �lB � Ŝ; (5)

where the constant l represents the magnetic moment that
couples the spin to an external field. The time-dependent
state jwðtÞi is obtained by solving the Schr€odinger equation,

i�h
d

dt
jwðtÞi ¼ ĤjwðtÞi; (6)

given some initial state jwð0Þi and appropriate Hamiltonian
operator, Ĥ . The calculation of jwðtÞi is typically performed
by representing Ĥ as a 2� 2 matrix and extracting separate,
coupled, first-order equations for the time-dependent ampli-
tudes aðtÞ and bðtÞ, which can be solved using standard
methods.19 With the aim of simulating such dynamics on a
quantum computer, it is convenient to take a different
approach. One may write the formal solution as

jwðtÞi ¼ exp � i

�h
Ĥt

� �
jwð0Þi � ÛðtÞjwð0Þi (7)

and calculate the time-evolution operator ÛðtÞ explicitly as a
2� 2 matrix. As matrix exponentiation is not always cov-
ered in introductory quantum mechanics, we consider the
representative example Ĥ ¼ Ĥ1 with B ¼ B0x̂ in detail. In
this case, the time-evolution operator can be written as

ÛðtÞ ¼ exp
ix0t

2
r̂x

� �
; (8)

where x0 � lB0. Using the property that ½r̂x�2 ¼ Î , one may
expand the exponential as a Taylor series, then group even
and odd terms separately to obtain

ÛðtÞ ¼ Î 1� ðx0t=2Þ2

2!
þ ðx0t=2Þ4

4!
þ � � �

� �

þir̂x x0t=2� ðx0t=2Þ3

3!
þ ðx0t=2Þ5

5!
þ � � �

� �

¼ cos
x0t

2
Î þ i sin

x0t

2
r̂x

¼:
cos

x0t

2
i sin

x0t

2

i sin
x0t

2
cos

x0t

2

0
BB@

1
CCA: (9)

Here we have made use of the Taylor expansions for
sinðx0t=2Þ and cosðx0t=2Þ to sum the infinite series explic-
itly. For the specific initial state jwð0Þi ¼ jþi, one can
employ Eqs. (2) and (3) to obtain

hŜxðtÞi ¼ 0;

hŜyðtÞi ¼ �h

2
sin x0t;

hŜzðtÞi ¼ �h

2
cos x0t: (10)

One might recognize these final expressions as a description
of the steady Larmor precession exhibited by a spin in a
static magnetic field. Larmor precession lies at the heart of
nuclear magnetic resonance (NMR) and magnetic resonance
imaging (MRI) and is discussed in several widely used texts
on quantum mechanics.15,19 Notably, the precession fre-
quency x0 is independent of the initial spin orientation, only
depending on field strength B0.

*Following the convention of Sakurai18 and McIntyre,15 the symbol ¼:
stands for “is represented by” in the chosen basis. While the basis

employed in this work is almost universally adopted elsewhere in the liter-

ature, the specific matrix representations shown (e.g., Eq. (3)) would be

different for another choice of basis.
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Equations (10) are the types of theoretical predictions we
wish to test on a quantum computer. In a quantum computer,
the fundamental object is a qubit, which can exist in a super-
position of two basis states. These abstract basis states are
typically labeled j0i and j1i. Using the widely adopted
“computational basis,” these basis states take the representa-
tions, j0i¼: ð1; 0ÞT, j1i¼: ð0; 1ÞT. Thus, a quantum spin is
normally represented by a qubit with the mapping

jþi ! j0i;
j�i ! j1i:

(11)

Admittedly, the opposite mapping might reasonably appear
more natural based on the labels. However, using Eq. (11),

the matrix representations of Pauli operators in the Ŝz eigen-
basis will be identical to those in the computational basis,
greatly simplifying the design of quantum circuits to simu-
late spin physics.

Users may access quantum hardware through the Qiskit
SDK.13 The Qiskit textbook16 and the IBM Quantum
Learning resources20 provide detailed information on using
Qiskit to construct quantum circuits, so we only sketch the
main steps in translating the physical problem of spin
dynamics into a quantum circuit. The reader is referred to
other excellent resources9,16,20 for additional background
information. Sample Jupyter notebooks containing programs
used in this work are included in the supplementary material.

Universal quantum computers execute circuits of series of
gates that modify the states of the qubits. To extract informa-
tion about the system, a measurement must be performed.
Thus, the three basic stages in a quantum circuit appropriate
for simulating the spin dynamics discussed above are (1)
state initialization, (2) time evolution of the state, and (3)
measurement of the spin components. IBM’s quantum hard-
ware automatically initializes each qubit to the state j0i. An
arbitrary quantum state of the form in Eq. (2) can be gener-
ated by applying the following unitary operator:

Û3ðh;/; kÞ ¼:
cos

h
2

�eik sin
h
2

ei/ sin
h
2

eið/þkÞ cos
h
2

0
BB@

1
CCA: (12)

This Û3 gate is available as a three-parameter gate in Qiskit,
u(theta,phi,lambda). The operator in Eq. (12) is
actually more general than we require to create the state in
Eq. (2). Moreover, the careful reader might observe that

Û3ðh; k;/Þ is not Hermitian for arbitrary choices of h, /, k.
Operators corresponding to physical observables must be

Hermitian, but unitarity (ÔÔ
† ¼ Ô

†
Ô ¼ Î) is the only

restriction on operators that change the state of a quantum
system. This operation provides an efficient mechanism for
generating a qubit in an arbitrary state jwðh;/Þi
¼ Û3ðh;/; 0Þj0i.† Conveniently, time evolution is per-
formed by noting that our expression for the time evolution

operator ÛðtÞ in Eq. (8) may also be written in terms of the

Û3 gate as ÛðtÞ ¼ Û3 x0t;þp=2;�p=2ð Þ.

When using IBM quantum devices, measurements can
only be performed in the computational basis. That is, for a
qubit in the state jwi ¼ aj0i þ bj1i, a measurement will only
return 0 or 1 corresponding to the measured state being j0i
or j1i. This constraint suggests that a single measurement
operation can only measure Ŝz. Measurement of spin projec-
tion along other directions is made possible by rotating the
system appropriately before making a measurement in the
computational basis.9,14 Within Qiskit, one may perform
such an operation through the use of rotation gates, R̂aðhÞ,
for a ¼ x; y; z. With ordinary (classical) three-dimensional
vectors in physical space, a rotation is performed by apply-
ing a standard rotation matrix. For example, to rotate a
three-dimensional vector by an angle h about the x-axis, the
appropriate transformation is given by

RxðhÞ ¼
1 0 0

0 cos h �sin h

0 sin h cos h

0
B@

1
CA: (13)

For quantum mechanical systems, rotations can be more sub-
tle. While we associate spin components with directions in
real space, the two-component object representing a spin
exists in the abstract, Bloch sphere rather than in real space.
Clearly, the three-dimensional rotation matrices cannot be
applied to such a state. Rotation of quantum states is not
commonly included in a traditional undergraduate course on
quantum mechanics, so we quote the needed result and dem-
onstrate its plausibility. Suppose we take a state jwi and per-
form a rotation about the a-axis (a ¼ x; y; z) by angle h,
transforming the state to jw0i ¼ R̂aðhÞjwi. The appropriate
operator, derivable from commutation relations of the spin-
1/2 operators, is R̂aðhÞ ¼ exp½�ir̂ah=2�.17,18 The diligent
reader can use Eq. (3) and the method of matrix exponentia-
tion discussed above to show

R̂aðhÞ ¼ Î cos
h
2
� ir̂a sin

h
2
: (14)

If we compute the expectation value of, say, Ŝz in a rotated
state jw0i ¼ R̂xðhÞjwi, we get

hw0jŜzjw0i ¼ hwjR̂†

xðhÞŜzR̂xðhÞjwi
¼ cos hhwjŜzjwi þ sin hhwjŜyjwi: (15)

The fastest way to arrive at Eq. (15) is to employ the com-
mutation relation r̂zr̂x � r̂xr̂z ¼ 2ir̂y, the anticommutation
relation r̂xr̂z ¼ �r̂zr̂x, and the fact that ½r̂z�2 ¼ Î . These
properties are straightforward to verify with the explicit
matrix representations of the Pauli operators in Eq. (3).
Alternatively, it is also instructive to evaluate both sides of
Eq. (15) by brute force for an arbitrary state jwi¼: ða; bÞT.
Regardless of the overall strategy, double-angle formulas
again prove essential to the simplification.

To interpret Eq. (15), let hÔi � hwjÔjwi denotes the
expectation value of Ô in the original (unrotated) state.
Then, consulting Eq. (13), the right-hand side of Eq. (15)
represents the z-component of the vector formed by rotating

the vector ðhŜxi; hŜyi; hŜziÞT about the x-axis by angle h.
That is, rotating the state about the x-axis before measure-

ment of Ŝz results in an effective spin measurement of the
unrotated system about an axis n̂ ¼ sin hŷ þ cos hẑ. In

†Note that k can actually take on any value for this operation. When using

this gate in a circuit to generate jwðh;/Þi, a value must be specified for k.

For simplicity, we choose k ¼ 0.
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summary, to measure spin about an arbitrary axis n̂, one can

measure Ŝz after performing the rotation on the quantum
state that corresponds to the classical rotation that brings n̂
into alignment with the z-axis. The reader is invited to check
that RxðhÞn̂ ¼ ẑ.

Conveniently, rotation gates are accessible directly as pre-
defined gates in Qiskit (e.g., rx(theta)). The motivated
reader is encouraged to work out matrix representations for

R̂aðhÞ ¼ exp½�ir̂ah=2� and verify that these non-Hermitian

matrices are special cases of Û3ðh; k;/Þ for particular
choices of h, k, /. An algorithmic method for performing
arbitrary rotations involving two rotations about fixed axes is
depicted in Fig. 1. It is also instructive to show explicitly

that Û3ðh;/; 0Þ ¼ ei/=2R̂zð/ÞR̂yðhÞ, so that one may view

the unitary transformation jwðh;/Þi ¼ Û3ðh;/; 0Þjþi in
terms of the successive rotations that map jþi to any point

on the Bloch sphere. The extra (global) phase ei/=2 cannot be
measured and has no physical effects. This equivalence is a
particular example of the general statement that any unitary,
single-qubit gate (or sequence of such gates) can be written

as Û3ðh;/; kÞ for some choice of parameters h, /, k.
Regarding measurements, we will need only to measure

spin projections along the x̂ and ŷ directions. With this con-
vention, these required rotations are encapsulated in the
statement, ẑ ¼ Ryð�p=2Þx̂ ¼ Ryð�p=2ÞRzð�p=2Þŷ. It is
also possible to use the single rotation ẑ ¼ Rxðp=2Þŷ, but
there are no significant gains in result quality for using dif-
ferent rotation “formats.” In practice, Qiskit performs an
automatic, optimization procedure that simplifies a circuit as
much as possible before execution on real hardware in order
to reduce the effects of noise. We also note that if one were
interested in the dynamics after such a measurement, it
would be necessary to perform the corresponding inverse
rotation after the measurement but before implementing
additional time evolution.

As IBM quantum devices are freely available, jobs sent
from an open-access account are often queued—sometimes
for significant times. With efficiency in mind, it is helpful to
embed three independent, single-spin circuits into a single
three-qubit circuit to measure all three spin components in a
single job. The circuit shown in Fig. 2(a) creates three copies
of this single spin, performs time evolution generated by a
single Hamiltonian on each spin, and then measures one of
the three spin components on each qubit. Using Qiskit, the

circuit in Fig. 2(a) can be constructed and sent to IBM quan-
tum devices for execution.

When one executes the quantum circuit in Fig. 2(a), the
result yields a sequence of three digits, each being either 0 or
1, which is written as a string to the classical register that
uses classical bits to store the measurement results. For
example, one might obtain the readout ‘100’, indicating
that þ�h=2 was obtained for Ŝx and Ŝy, while ��h=2 was
obtained for Ŝz.‡ The framework of quantum mechanics does

Fig. 1. To measure spin about the axis n̂, one must perform the required

rotations to bring n̂ into alignment with the z-axis (the computational basis).

Given polar-spherical angles h, / corresponding to n̂, one finds

n̂
0 � ẑ ¼ Ryð�hÞRzð�/Þn̂.

Fig. 2. Quantum circuits used to perform various tasks described in the main

text; (a) circuit to perform time evolution and measure three different spin

components for three copies of the same single spin; (b) circuit to create the

two-spin state jwð/Þi described in Sec. III and measure Ŝx on both spins; (c)

circuit representation of N̂ða; b; cÞ defined and used to perform time evolu-

tion for two-spin system in Sec. III; (d) circuit to create two-spin state in Eq.

(30) and perform time evolution under Hamiltonian Ĥ2 (Eq. (26)); (e) circuit

for approximate time evolution of a three-spin state with Hamiltonian ĤN

(Eq. (37)); and (f) circuit for initializing a domain wall state for N ¼ 6 spins

and performing approximate time evolution.

‡Qiskit uses a qubit labeling convention, which is opposite to the common

convention used for labeling many-particle states in physics. For example,

Qiskit labels three-qubit states according to jwi ¼ jq2q1q0i, where q0

refers to the top qubit in the circuit diagram and q2 refers to the bottom

qubit in the diagram. We employ the standard notation convention from

physics in this work (e.g., labeling three-qubit sates by jq0q1q2i) and

account for the labeling reversal when analyzing counts.
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not allow for exact predictions of the outcome of a single such
experiment. We are only able to compute statistical quantities
such as probabilities and expectation values, which give us
information about the averages of many repetitions of an
experiment performed on identically prepared systems.
Typically, one executes a circuit for some large number of
executions, or “shots,” so that experimental averages can be
constructed and compared to theoretical predictions (e.g., Eq.
(10)). With the release of Qiskit 1.x in 2024, circuit executions
on IBM quantum hardware now require the use of Qiskit
Runtime21 environment. Within this framework, the user
selects one of two possible “primitives,” or computational
building blocks, for performing an experiment. Both primi-
tives employ additional classical computing resources to opti-
mize a particular job for a given device. The Estimator
primitive returns estimates of expectation values for specified
operators. This approach can be quite efficient for complicated
circuits, but it obscures the actual manner in which these
results are obtained. We will focus on the Sampler primi-
tive, which is designed to return a (quasi)-probability distribu-
tion of the measurement outcomes. This approach has
additional pedagogical value in requiring the user to recon-
struct experimental averages from the low-level “counts” that
accumulate over successive shots. These counts correspond to
the number of times each state was observed during the
repeated circuit executions. Examples of using the
Estimator to calculate spin expectation values directly are
contained in the supplementary material.

When executing a circuit using the Sampler primitive,
the user can access the counts in the form of Python dictio-
nary. This dictionary consists of pairs of variables, a bitstring
(e.g., ‘101’) labeling each state, and a corresponding inte-
ger value representing the counts associated with that state.
From this information, we construct spin expectation values
as follows: let nq2q1q0

be the counts for state jq2q1q0i, where
q0;1;2 2 f0; 1g. Taking hŜyi as an example, we have eight
counts, n000; n001;…; n111. A weighted average of this spin
component is given by

hŜyi ¼ 1

Nshots

�
n000 þ n001 þ n100 þ n101ð Þ þ

�h

2

� �

þ n010 þ n011 þ n110 þ n111ð Þ �
�h

2

� ��
: (16)

Note that the counts for which the middle qubit is measured
to be j0i (corresponding to spin “up”) weight the contribu-
tion of þ�h=2, while those in which the middle qubit is in j1i
(corresponding to spin “down”) weight the contribution of
��h=2. Analogous averaging can be performed on the other
qubits to obtain experimental values for the expected aver-
ages hŜxi, hŜzi. Everything discussed so far, from circuit
construction to circuit execution, could be performed using
the graphical user interface of the IBM Quantum
Composer,22 accessible to anyone with a free IBM Quantum
account. In that environment, the results of circuit executions
are returned as probability distributions, and it becomes cum-
bersome to perform any processing of count data for all but
the simplest of circuits. Employing the Qiskit SDK within a
Jupyter notebook (i.e., a Python environment) allows for
straightforward extraction of the counts for computation of
expectation values as described above. A more compelling
reason for accessing IBM devices from within a Jupyter
notebook is that it enables users to bundle much more

complicated jobs into a single “primitive unified bloc”
(PUB) to be sent to a quantum computer as a single unit.
Since a quantum measurement affects the state of the system,
the circuit in Fig. 2(a) can only measure the spin components
at a single time t. By making multiple copies of the circuit
using a loop over a range of values for time t or by employ-
ing built-in Qiskit techniques to rerun a circuit with different
parameter values, one can obtain the spin measurements
over a range of time samples. The results from running the
circuit in Fig. 2(a) on ibmq_casablanca (v 1.2.35, a
Falcon r4H processor) over a full cycle 0 � t � 2p=x0 with
75 time samples and 8192 shots per sample are shown in
Fig. 3. Error bars shown are statistical estimates given by
r=�h 	 1=2

ffiffiffiffiffiffiffiffiffiffiffi
Nshots

p
.

The data in Fig. 3 show better agreement with theory
when hŜai is closer to þ�h=2 than ��h=2. The simple reason
for this uneven signal quality is rooted in the physical reali-
zation of the two qubit states, j0i and j1i. IBM’s devices
employ transmon qubits23 in which j0i represents the ground
state of a small LC circuit (i.e., a quantum harmonic oscilla-
tor) with controllable anharmonicity due to a (nonlinear)
Joesphson junction. This anharmonicity allows for isolation
of the ground state and first excited state (j1i) as the two
states of a physical qubit. As j1i is an excited state, it decays
to j0i with characteristic timescale T1 � 100 ls, resulting in
the so-called “spin-flip” errors when the circuit’s execution
time becomes significant compared to T1. Circuit execution
time is linked to the time required to execute the circuit’s
gates rather than the physical time we are simulating. Thus,
one expects higher rates of errors when the qubit state is
placed in the state j1i, which we have mapped to j�i.

The process of simulating time evolution on a quantum
computer and constructing observables from the raw counts
is an instructive process for students of quantum mechanics.
Common student difficulties in interpreting expectation val-
ues, measurement, and the general mathematical structure of
quantum mechanics are well documented.24,25 The opportu-
nity to construct operator expectation values from experi-
mental measurements of common textbook-level systems
gives students a different perspective of these abstract con-
cepts. Though we have only considered the simplest case of

Fig. 3. Theory (lines) and actual results (markers with error bars) for time

evolution of spin components with B ¼ B0x̂ and jwð0Þi ¼ jþi using circuit

shown in Fig. 2(a) on ibmq_casablanca (v 1.2.35, a Falcon r4H

processor).
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Larmor precession, probing dynamics under time-dependent
magnetic fields would require only modest modification to
the basic scheme outlined in this section.14 In the remainder
of this paper, we shift focus to investigating the dynamics of
multiple, interacting spins.

III. MULTIPLE SPINS

The main focus of this section is to explore the dynamics of
interacting spins with quantum computers. Multi-particle
quantum states give rise to new phenomena—such as entan-
glement—which are not present at the single-particle level.
Before exploring the dynamics of multiple, interacting spins,
we briefly examine some basic aspects of entangled spin states.
We demonstrate that quantum computers can be used to distin-
guish between different types of entangled states by effectively
measuring the total spin of the combined state. Additionally,
this first exploration provides a simplified setting to introduce
two-qubit gates, which will be required for performing time
evolution. Subsequent subsections treat dynamics of interact-
ing spins for system sizes N ¼ 2 and N ¼ 3 separately.
Subsection III D outlines how to extend the approach for
N ¼ 3 to larger systems with a specific focus on obtaining evi-
dence for a phase transition in a particular spin model.

A. Entanglement and spin

The most general single-spin state (Eq. (2)) is represented
by a two-component vector. For N spins, a state is repre-
sented by a 2N-component vector with the most general state
for N ¼ 2 taking the form

jW2i / cþþjþi 
 jþi þ cþ�jþi 
 j�i
þc�þj�i 
 jþi þ c��j�i 
 j�i; (17)

where c66 are the complex constants. The symbol 
 denotes
the tensor product operation. This construction reflects that a
“product” of single-spin operators should act on a product of
single-spin kets as ðÂ 
 B̂Þðjw1i 
 jw2iÞ ¼ ðÂjw1iÞ

ðB̂jw2iÞ. In the same way, the notation j � þþi for label-
ing a state of three spins in Sec. II is actually shorthand for
j�i 
 jþi 
 jþi. Another common convention19 for writing
the same state is j�i1jþi2jþi3, where site labels are
included explicitly and the tensor product is “hidden.” We
will not need an explicit representation of this operation in
terms of matrices (e.g., the Kronecker product), so this nota-
tion merely provides a careful prescription for keeping track
of the particular spins upon which an operator acts. The case
of two spins provides simplest setting for probing quantum
entanglement and quantum correlations. To this end, let us
use the common shorthand (e.g., jþ �i � jþi 
 j�i) and
consider the family of states defined by

jwð/Þi ¼ 1ffiffiffi
2
p jþ �i þ ei/j� þi
� �

; (18)

for some real phase angle /. This particular family of states
is interesting because it interpolates smoothly between two
particular, entangled states, such that

jWþi ¼ jwð0Þi ¼ 1ffiffiffi
2
p j þ �i þ j � þið Þ;

jW�i ¼ jwðpÞi ¼ 1ffiffiffi
2
p j þ �i � j � þið Þ: (19)

Saying that jW6i are entangled states is equivalent to the
statement that there are no single-spin states ju1;2i for which
one may write jW6i ¼ ju1i 
 ju2i. That is, the state of one
spin cannot be fully specified independently of the state of
the other spin. Despite their strikingly similar structure, the
states jW6i are physically distinct. Specifically, jWþi is a
spin-1 state and jW�i is a spin-0 state,19 and a measurement
of total spin should distinguish between these two states.
This is a particular example of the general statement that,
while the overall phase of a state is not measurable, the rela-
tive phase of a superposition state (i.e., ei0 vs eip) is
measurable.

Measuring the total spin of a two-spin system is a more
complicated process than measuring single-spin components,
as described in Sec. II. To represent a total-spin measure-
ment in terms of single-spin properties that can be measured
directly, let us write the total, squared-spin operator as

Ŝ
2

tot ¼ Ŝ
x

1 þ Ŝ
x

2

	 
2

þ Ŝ
y

1 þ Ŝ
y

2

	 
2

þ Ŝ
z

1 þ Ŝ
z

2

	 
2

: (20)

Here we make use of the common convention Ŝ
x

1 ¼ Ŝx 
 Î ,

Ŝ
x

2 ¼ Î 
 Ŝx for brevity. Squaring the first term yields quanti-

ties such as ½Ŝx

1�
2
, ½Ŝx

2�
2
, and Ŝ

x

1Ŝ
x

2. Using the tensor-product
multiplication rule,

Ŝ
x

1

h i2

¼ Ŝ
x

2

h i2

¼ �h2

4
Î 
 Î;

Ŝ
x

1Ŝ
x

2 ¼ Ŝx 
 Ŝx; (21)

where Ŝx without label is the ordinary spin-1/2 operator
ð�h=2Þr̂x. Here we have employed the useful property of Eq.

(3) that ½Ŝx�2 ¼ ½Ŝy�2 ¼ ½Ŝz�2 ¼ ð�h2=4ÞÎ . Collecting the
remaining terms and taking an expectation value, we obtain

hŜ2

toti ¼
3

2
�h2 þ 2hŜx 
 Ŝxi þ 2hŜy 
 Ŝyi þ 2hŜz 
 Ŝzi;

(22)

which is valid for the expectation value taken with respect to

any state. The quantities hŜa 
 Ŝai are sometimes called spin
correlation functions and have been measured for various
entangled, two-spin states in Ref. 9. Equation (22) demon-
strates that we can effectively measure the expectation value
of total (squared) spin for a two-spin state by measuring these

spin correlation functions. For the entangled states jW6i, each

contribution of hŜa 
 Ŝai yields four terms, which can be

evaluated according to the rule ðhu1j 
 hu2jÞŜa


 Ŝaðju1i 
 ju2iÞ ¼ hu1jŜaju1ihu2jŜaju2i. It is also known
from the general theory of spin angular momentum19 that
eigenstates jsi of the spin operator in Eq. (20) satisfy

Ŝ
2

totjsi ¼ �h2sðsþ 1Þjsi; (23)

where s ¼ 0; 1=2; 1;… gives the maximal projection of spin
on any axis in units of �h. What remains is to demonstrate
that a quantum computer can effectively measure the appro-
priate values of s for jWþi (s ¼ 1) and jW�i (s ¼ 0).

The state jwð/Þi can be initialized for arbitrary / by appli-
cation of three successive gates. First, one applies a unitary
gate to the first qubit to place it in a superposition state with
a phase difference of / such that
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Û3

p
2
;/; 0

� �
j00i ! 1ffiffiffi

2
p j00i þ ei/j10i
� �

: (24)

Next, applying a logical NOT operation X̂ ¼ Û3ðp; 0; pÞ to
the second qubit to yield the state 1=

ffiffiffi
2
p� �
ðj01i þ ei/j11iÞ.

Finally, one applies a controlled NOT (CNOT) operation
with the first qubit as the control and the second qubit as the
target. Specifically, a CNOT gate flips the target qubit if the
control qubit is in the state j1i. In the circuit diagram, the tar-
get qubit is denoted by the “þ” and connected to the control
qubit. The action of this gate on two qubit states can be sum-
marized as

CNOT½j0i
j0i�¼j0i
j0i; CNOT½j0i
j1i�¼j1i
j1i;
CNOT½j1i
j0i�¼j1i
j0i; CNOT½j1i
j1i�¼j0i
j1i;

(25)

with the qubits arranged in the form jtargeti 
 jcontroli.
Two-qubit gates such as CNOT typically lead to errors,

which are an order of magnitude larger than those associated
with single-qubit gates.26 Consequently, it is desirable to use
the minimum number of CNOT gates required for a given
calculation, and we should expect larger errors in interacting
systems than the single spin systems considered in Sec. II.

A circuit to prepare jwð/Þi and measure hŜx 
 Ŝxi is
depicted in Fig. 2(b). As in the single-spin case, we cannot
measure all three spin components with a single realization
of the state. Thus, we repeat the entire initialization, time
evolution, and measurement process for the other spin com-
ponents with 8192 shots per component measurement for
each of the 75 samples of / 2 ½0; p�. Computing the spin cor-
relation functions entails averaging the product of spin com-
ponents. For example, suppose execution of the circuit in
Fig. 2(b) yields n00 counts of state j00i, …, n11 counts for
state j11i. The corresponding spin correlation function is

given by hŜx 
 Ŝxi ¼ ð�h2=4Þðn00 þ n11 � n01 � n10Þ=Nshots.
The results obtained from the device ibm_oslo are shown

in Fig. 4. The measured expectation value hŜ2

toti is

ð1:92160:003Þ�h2 and ð0:18960:003Þ�h2 for states jWþi and
jW�i, respectively. From Eq. (23), these measurements

should correspond 2�h2 and 0. Due to the higher errors associ-
ated with CNOT gates, measured correlations on actual devi-
ces are typically smaller in magnitude than theoretical
predictions when the expectation value is high and larger
when the expectation value is low.9 However, these measure-
ments are still roughly consistent with the predicted values,
given the significant noise.

B. Dynamics for N52

For the simplest case of N ¼ 2 interacting spins, a general
two-body interaction Hamiltonian is

Ĥ2 ¼ �JxŜx 
 Ŝx � JyŜy 
 Ŝy � JzŜ
z 
 Ŝz; (26)

where Jx;y;z are the couplings. Additional, “mixed” terms such
as Ŝx 
 Ŝy could also be included, but Eq. (26) is sufficient to
give rise to the rich dynamics discussed in this section. The
structure of Eq. (26) is motivated by the quantum mechanical
exchange interactions,27 which (for Jx;y;z > 0) predicts a lower
interaction energy for aligned magnetic dipoles (i.e., spins). For
now, we take the couplings as arbitrarily tunable parameters to
explore how to simulate such a system on a quantum computer.
Later in this section, we return to the interesting question of
how the coupling values affect the dynamics.

To explore dynamics, we must compute the time evolution
operator ÛðtÞ ¼ exp½�iĤt�. For brevity, we employ units in
which �h! 1 for the remainder of this paper. For a
Hamiltonian with the basic structure of Eq. (26), we need a
circuit representation of the operator N̂ða; b; cÞ
� exp½iar̂x 
 r̂x þ ibr̂y 
 r̂y þ icr̂z 
 r̂z� for some con-
stants a, b, c. Setting a ¼ Jx=4, b ¼ Jy=4, and c ¼ Jz=4, the
full time evolution operator ÛðtÞ is given conveniently by
exactly N̂ða; b; cÞ. To motivate the structure of a circuit rep-
resentation for N̂ða; b; cÞ, let us consider the simpler case of
the operator

ÔZ ¼ exp½icr̂z 
 r̂z�: (27)

Working with four basis states, we wish to obtain a circuit
that performs the following operations:

ÔZj þ þi ¼ eicj þ þi;

ÔZj þ �i ¼ e�icj þ �i;

ÔZj � þi ¼ e�icj � þi;

ÔZj � �i ¼ eicj � �i: (28)

Applying the circuit in Fig. 5(a) to all four basis states using
the matrix representation in the fj0i; j1ig basis (or, equiva-
lently, the fj6ig basis),

Fig. 4. Measurements of hŜa 
 Ŝai (markers with error bars) for a ¼ x; y; z
shown alongside theoretical predictions (lines) for the state jwi ¼ ðj þ �i
þei/j � þiÞ=

ffiffiffi
2
p

, with 0 � / � p. The case / ¼ 0 corresponds to the s ¼ 1

state jWþi, whereas / ¼ p corresponds to the s ¼ 0 state jW�i. Data were

collected from the device ibm_oslo (v1.0.8, a Falcon r5.11H processor).

Results for a ¼ x; y are virtually indistinguishable, in agreement with theory.

Fig. 5. (a) Circuit representation of operator ÔZðcÞ. (b) Circuit representa-

tion of ÔXðaÞ.
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R̂zð/Þ ¼ exp½�i/r̂z=2� ¼: e�i/=2 0

0 ei/=2

 !
; (29)

one recovers the exact transformation defined by Eq. (28).
One could show this algebraically or explore experimentally
by using the IBM Quantum Composer22 to drag and drop cir-
cuit elements and explore the output for all four input basis
states individually. The computational basis treats the z
direction preferentially, but simple modifications allow us to
realize other operators such as ÔXðaÞ ¼ exp½iar̂x 
 r̂x� and
ÔYðbÞ ¼ exp½ibr̂y 
 r̂y�. One approach is to first rotate the
state before performing the same operation and then to perform
the opposite rotation to “undo” the initial rotation. For the case
of ÔXðaÞ, we can apply the methods of Sec. II to first rotate
each qubit so that the þx direction aligns with j0i. Specifically,
one can apply R̂yð�p=2Þ before the CNOT and R̂zð�2aÞ
operations and then apply R̂yðþp=2Þ, as shown in Fig. 5(b).

Another set of carefully chosen rotations also yields a cir-

cuit representation for ÔYðbÞ. Unfortunately, obtaining the

full time-evolution operator N̂ða; b; cÞ is not as simple as

stitching these three circuits together. In general, eÂþB̂

6¼ eÂeB̂ when Â and B̂ do not commute and different spin-
component operators at the same site do not commute. When
using an approximation scheme (such as the Lie–Trotter
decomposition discussed in Sec. III B), one only advances
over small time steps, and this level of error might be accept-
able. However, in the case of two interacting spins, it is pos-

sible26 to construct an exact representation for N̂ða; b; cÞ,
which is shown in Fig. 2(c). Note that this circuit, still con-
sisting of only CNOT gates and rotations, requires only three
CNOT gates instead of the six one would need to apply the

sequence of circuits for ÔXðaÞ, ÔYðbÞ, and ÔZðcÞ. Vatan and
Williams28 have shown that any two-qubit gate (e.g.,

N̂ða; b; cÞ) can be constructed using no more than three
CNOT gates, so this representation turns out to be optimal.
We will now proceed to use this circuit to perform time evo-
lution in two-spin systems.

As a specific example, let us take Jx ¼ 0:5J, Jy ¼ �0:45J,
Jz ¼ 0:25J for some arbitrary energy scale J and simulate
time evolution on an actual quantum computer. We take the
following initial single-qubit states:

jw1i ¼ cos
p
12

� �
jþi þ eip=3 sin

p
12

� �
j�i;

jw2i ¼ cos
3p
10

� �
jþi þ ei4p=3 sin

3p
10

� �
j�i; (30)

which represent generic superposition states. Both the cou-
pling parameters Ja and these initial spin states jw1;2i are
chosen to have no obvious spin structure and provide a repre-
sentative example of generic dynamics. The initial two-spin
state is jwð0Þi ¼ jw1i 
 jw2i. Dynamics generated by Ĥ
¼ Ĥ2 (Eq. (26)) with Jx ¼ 0:5J, Jy ¼ �0:45J, Jz ¼ 0:25J, is
simulated using the circuit shown in Fig. 2(d) on the device
ibmq_bogota (v1.4.50, a Falcon r4L processor), which
measures hŜz

1;2i at a particular value of t. Two additional
copies of this circuit with appropriate rotation gates for mea-
suring the orthogonal spin-component expectation values are
also used. With 8192 shots per time sample and 100 total
time samples, each of the three circuits is executed a total of
100� 8192 times to generate the results shown in Fig. 6.

The theoretical predictions are obtained by calculating
jwðtÞi ¼ e�iĤ 2tjwð0Þi via an explicit exponentiation of the
Hamiltonian matrix with the function expm() in MATLAB.29

A MATLAB script that computes the theoretical predictions is
included in the supplementary material.

In addition to computing spin expectation values, we can
compute other observables directly from the counts used to
produce Fig. 6. In particular, one may use the counts to com-
pute basic spin correlation functions, hŜa 
 Ŝbi for
a; b 2 fx; y; zg, as described in Subsection III A. Such corre-
lations give us directly the expected value of Ĥ , since

hĤi ¼ �JxhŜx 
 Ŝxi � JyhŜy 
 Ŝyi � JzhŜz 
 Ŝzi: (31)

In Fig. 7, we show the time evolution of hĤi and hŜz

1 þ Ŝ
z

2i
for two different sets of parameters in Eq. (26). As the
Hamiltonian Ĥ2 (Eq. (26)) describes a closed system with no
explicit time dependence (e.g., Ĥ2 possesses time-translation
invariance), hĤi should be constant in time. This statement
is an example of Noether’s theorem,15 which states that con-
servation laws follow from symmetries. For Jx ¼ Jy, rota-
tional invariance of Ĥ2 (Eq. (26)) leads to the conservation
of the total spin projection along the z-axis. Accordingly,
one expects hŜz

1 þ Ŝ
z

2i to remain constant when Jx ¼ Jy but
possibly vary when Jx 6¼ Jy. In both cases, hĤi should be
constant in time. The initial state for both cases is given by
Eq. (30).

As noted previously, the two-qubit CNOT gates used to
define the initial state and perform time evolution have sig-
nificantly higher error rates than single qubit gates. These

Fig. 7. Expectation value of energy, hĤi (left) and total z-projection of spin,

hŜz

1 þ Ŝ
z

2i (right) as functions of time for the initial state in Eq. (30) for two

sets of parameters (Jx ¼ Jy and Jx 6¼ Jy). For Jx ¼ Jy, both energy and hŜz

1

þŜ
z

2i should be conserved, whereas only energy is conserved for Jx 6¼ Jy.

Data (markers with error bars) were collected using ibm_lagos (v1.0.30, a

Falcon r5.11H processor). Theoretical predictions (lines) were obtained via

exact diagonalization. Circuit simulator results (faint markers) are in good

agreement with theory.

Fig. 6. Time-dependence of spin expectation values (markers with error

bars) and theoretical predictions (lines) for an interacting, two-spin system

using ibmq_bogota to simulate the model in Eq. (26) with the initial state

given by Eq. (30).
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errors are compounded when computing averages of prod-
ucts of spin measurements.9 Accordingly, we find noticeable
discrepancies between the actual results and the theoretical
predictions in Fig. 7. For the symmetric case, we take Jx

¼ Jy ¼ 0:5J and Jz ¼ 0:25J. In this case, neither hĤi nor

hŜz

1 þ Ŝ
z

2i exhibits significant dynamics, with each closely
tracking its initial value. Breaking rotational symmetry by
setting Jy ¼ �0:45J 6¼ Jx results in conserved energy, but
the total z projection of spin varies significantly over the
timescales considered. Qiskit also provides a circuit simula-
tor that produces counts according to exact, theoretical
results for a given circuit. The simulator is especially useful
for the comparison of experimental results in order to assess
the impact of the errors of the physical device. Simulator
results (faint markers) are shown to be in good agreement
with the theoretical predictions in Fig. 7, indicating that the
circuit is performing the desired simulation but that the
errors of the device are significant.

Sample Jupyter notebooks for obtaining the results and
theoretical predictions in this section are included in the
supplementary material. In addition to exploring how param-
eter choices affect conservation laws, students could also
generalize this basic framework to explore other types of
systems. For example, in addition to the pure initial states
considered in this work, it is possible to compute the dynam-
ics of observables when the initial state is a mixed state, cor-
responding to thermodynamic equilibrium.30

C. Dynamics for N53

In this subsection, we outline how to investigate larger
systems. For N � 3, it is generally not possible to perform
exact time evolution. An exact representation of the time
evolution in terms of quantum gates is generally possible
only for models that can be diagonalized analytically and
are, therefore, “exactly solvable.” Though such models do
exist,31 the aim of this section is to equip the reader with tac-
tics for the more general situation. The basic strategy,
detailed below, uses the Lie–Trotter decomposition32 to
break the full time evolution into small-time increments.
Other, more efficient approximation schemes, which scale
better with increasing circuit depth, are possible,33 but the
basic Lie–Trotter decomposition is chosen as a conceptually
simple approach requiring minimal prerequisites to apply. It
is also notable that the focus of the 2021 IBM Quantum
Open Science Contest34 was to maximize state fidelity using
a Lie–Trotter decomposition scheme to perform time evolu-
tion in a modest, three-qubit system.

To explore the method, let us consider a time-independent
Hamiltonian, which is composed of two parts that do not
commute,

Ĥ ¼ Â þ B̂; (32)

such that ½Â; B̂� 6¼ 0. The time-evolution operator for this
system is given by

ÛðtÞ ¼ exp½�iĤt� ¼ exp½�iÂt� iB̂t�: (33)

For the case of N ¼ 1; 2, we computed ÛðtÞ exactly. In gen-
eral, such exact computations are not possible. Let us define
the operators

ÛAðtÞ ¼ exp½�iÂt�; ÛBðtÞ ¼ exp½�iB̂t�: (34)

As Â and B̂ do not commute, ÛðtÞ 6¼ ÛAðtÞÛBðtÞ. However,
according to the Lie–Trotter product formula,32 one may
write formally

exp½�iðÂþ B̂Þt� ¼ lim
n!1

exp½�iÂt=n�exp½�iB̂t=n�
� �n

(35)

or

ÛðtÞ ¼ lim
n!1

ÛA
t

n

� �
ÛB

t

n

� �� �n

: (36)

That is, if we subdivide a time step into n sub-steps, the
product of exponentials will converge to the true expression
for ÛðtÞ as n!1. We note that including more Trotter
steps requires more circuit gates, leading to an increased cir-
cuit depth. Since errors scale with circuit depth, there is a
very real tradeoff between using more steps to aid in conver-
gence of the algorithm and using as few steps as possible to
minimize accumulation of errors. It has been shown26 that
this optimization results in extremely limited timescales for
accurate simulation of systems with size N � Oð10Þ.

Most IBM devices allow for the application of CNOT
gates only between small subsets of nearest-neighboring
qubits. Applying CNOT gates to qubits, which are not
directly connected, is possible through the application of a
sequence of the so-called SWAP gates.16 In the interest of
minimizing circuit depth, we only consider nearest-neighbor
interactions in small systems, which can be mapped to physi-
cally connected qubits. In this section, we consider the
many-body (N > 2) generalization of Ĥ2 (Eq. (26)) with
only nearest-neighbor interactions,

ĤN ¼
XN�1

j¼1

�JxŜ
x

j Ŝ
x

jþ1 � JyŜ
y

j Ŝ
y

jþ1 � JzŜ
z

j Ŝ
z

jþ1

h i
: (37)

Here, we employ the shorthand Ŝ
a
j Ŝ

a
jþ1 � Î 
 � � � 
 Î 
 Ŝa


Ŝa 
 Î 
 � � � 
 Î . Such nearest-neighbor models are sur-
prisingly useful tools for describing certain interacting,
condensed-matter systems. To apply the Trotter decomposi-

tion to the time-evolution operator, let us define ĥjk

¼ �ðJxŜ
x

j Ŝ
x

k þ JyŜ
y

j Ŝ
y

k þ JzŜ
z

j Ŝ
z

kÞdjþ1;k; so that the time evolu-

tion operator can be written as

ÛðtÞ ¼ exp �it
X

j;k

ĥjk

� �
	
Yn

l¼1

Y
j;k

e�iðt=nÞĥjk : (38)

Each factor of e�iðt=nÞĥ jk corresponds to the circuit gate
N̂ða; b; cÞ shown in Fig. 2(e), which contains three CNOT
gates.

We consider three spins, each initialized to the state given
in Eq. (2) with h1 ¼ p=6, /1 ¼ p=3, h2 ¼ 3p=5, /2 ¼ 4p=3,
h3 ¼ �p=5, /3 ¼ 2p=3. These particular choices carry no
particular significance and simply represent a typical state
with no obvious structure. Time evolution is performed using
the N ¼ 3 case of Eq. (37). Students can use the programs in
the supplementary material to explore how the results change
with different initial states.

As with the N ¼ 2 case, we take Jx ¼ 0:5J, Jy ¼ �0:45J,
Jz ¼ 0:25J and work with dimensionless time Jt. A sche-
matic circuit for computing hŜz

j i is shown in Fig. 2(e) for
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j ¼ 1; 2; 3. The results obtained from ibm_perth v1.1.14, a
Falcon r5.11H processor, are depicted alongside theoretical
predictions in Fig. 8 for n ¼ 1; 2; 3 Trotter steps. To produce
Fig. 8, the circuit in Fig. 2(e) is executed for 8192 shots for
each of the 75 time samples in the range 0 � t � 10=J. The
challenge of simulating even a three-spin system is evident
from the observation that n ¼ 2 yields notably better agree-
ment between experiment and theory than n ¼ 1, but signifi-
cant degradation occurs upon increasing the number of
Trotter steps to n ¼ 3. The noiseless simulator results are
unaffected by CNOT errors, as shown by the excellent agree-
ment between simulation and theory when the number of
Trotter steps is increased significantly to n ¼ 50. We note that
the theoretical prediction is obtained from exact diagonaliza-
tion without Trotter decomposition, so the right-most panel in
Fig. 8 demonstrates that the Trotter decomposition itself
indeed converges to the exact result for a sufficiently large
number of Trotter steps. A MATLAB script to reproduce the
theoretical predictions and a Jupyter notebook that executes
the circuit in Fig. 2(e) are included in the supplementary
material. Due to the significant errors obtained for only three
spins, investigation of larger systems is only possible by
applying some form of error correction35 or using a more
sophisticated algorithm than the Lie–Trotter decomposition.

D. Many-body dynamics: Spin chains

The simple techniques of the preceding sections can now
be applied to study complex, condensed-matter systems. We
employ the quantum circuit simulator rather than actual
hardware due to the significant errors associated with the sig-
nificant number of Trotter steps required to study larger sys-
tems. In this section, we show results for the XXZ spin chain,
defined by the Hamiltonian ĤN with Jx ¼ Jy � Jxy and
N � 1. Giamarchi27 describes the XXZ model and its low-
energy properties in the thermodynamic limit (N !1) in
detail. We will not repeat this full description here. Instead
we give a brief summary and then discuss our results using
the terminology of Giamarchi. We consider the antiferro-
magnetic regime in which Jz < 0, while Jxy > 0. In the ther-
modynamic limit, the XXZ spin chain exhibits a quantum
phase transition36,37 at the point jJzj ¼ Jxy. For 0 < jJzj
< Jxy, transport in the system is “ballistic,”27 with excita-
tions moving freely through the system without scattering.
For jJzj > Jxy, transport becomes “diffusive,” as excitations
interact with each other via scattering processes.38

We note that nonequilibrium dynamics in isolated, many-
body systems is an active area of research.39 A particular
topic of recent interest is “quench dynamics” in which

many-body time evolution is computed for some arbitrary
initial state that differs from the many-body ground state.40

The circuits described in Secs. III A–III C effectively simu-
late quantum quenches for systems of size N ¼ 1; 2; 3. Here
we consider system size N ¼ 20. To generate nonequilibrium
dynamics, the initial state can be constructed as a “domain
wall” spin configuration in which all spins in the left half the
system are in the state jþi, while those in the right half of
the system are in j�i. Succinctly, jW0i ¼ j þ þ � � � þ � � � �
��i. As the system evolves, the domain wall will spread. In
the ballistic phase, it is expected that the domain edges will
spread with constant speed. For larger jJzj > Jxy, the trans-
port should become diffusive.

A circuit to prepare the domain wall state for N ¼ 6 spins
and perform approximate time evolution is shown in Fig. 2(f).
Generalizing to larger systems such as N ¼ 20 is accom-
plished by implementing this pattern on a larger number of
qubits. It is striking how the same structure used for N ¼ 3
spins (c.f., Fig. 2(e)) generalizes immediately to larger sys-
tems with no significant, structural modifications. The results
are shown in the top row of Fig. 9 for N ¼ 20 spins, 8192
shots, and n ¼ 100 Trotter steps for each spin at each of the
20 time samples. For simplicity, we have used n Trotter steps
for each time sample. In practice,26 one generally maintains
constant Trotter step size Dt and varies the number of Trotter
steps according to simulation time t. For theoretical compari-
son, the bottom row of Fig. 9 depicts predictions obtained
using the EXPOKIT package41 to compute the time-evolution
operator from a sparse-matrix representation of Eq. (37) in
MATLAB. A Jupyter notebook and a MATLAB script, which,
respectively, reproduce the simulation and theoretical predic-
tions, are included in the supplementary material.

In general, excellent agreement is observed between simu-
lation and theory. The transition from ballistic expansion of
the domain wall to diffusive behavior in which the wall does
not move appreciably at timescales considered is observed
clearly. Somewhat crudely, one can think of the transition
from ballistic expansion to diffusive spreading as being
rooted in the strength of the Jz term, which favors antiferro-
magnetic alignment in the z direction for Jz < 0. For
jJzj > Jxy, destroying the antiferromagnetic alignment of the
two central spins in the domain wall presents an energy pen-
alty, which is not overcome by any order that develops in the
xy-plane as the wall spreads.

We note the potentially under-appreciated value of using
the simulator to perform such calculations, especially for stu-
dents. The sparse-matrix-based approach using EXPOKIT is
quite efficient, producing each panel of Fig. 9 with 100 time

Fig. 8. Approximate time evolution of spin expectation values in three-spin system (Eq. (37)) with a variable number of Trotter steps using ibm_perth. The

initial state is given in the main text. Results from quantum hardware (markers with error bars) are shown with theory (lines). Results in the right-most panel

ðn ¼ 50Þ are obtained from the circuit simulator rather than actual quantum hardware.
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samples in approximately 10 min. Each panel on the top row
required roughly an hour of computation time on the same
personal computer for 20 time samples. However, even with a
simple-to-use software package such as EXPOKIT, the user
must be able to write a program from scratch to represent the
Hamiltonian in Eq. (37) and observables (e.g., Ŝ

z

j ) as sparse
matrices. It is notable that the same thermodynamic-limit
physics (ballistic vs diffusive transport) can be probed using a
circuit scarcely more complex than that used for the system
size N ¼ 3. The application to N � 3 requires a many more
Trotter steps to converge than the N ¼ 3 case. However, this
is not a fundamental change in the complexity of the circuit’s
working principle, as additional Trotter steps can be imple-
mented with a loop. Thus, the barrier to entry for students and
non-experts to use the quantum circuit simulator to investigate
many-body physics is arguably lower than that of many tradi-
tional computational approaches. Admittedly, the landscape
of user-friendly, high-level libraries for probing these types of
many-body systems is evolving rapidly. Some recently devel-
oped libraries for computing approximate time evolution in
many-body systems are quite easy to implement and undeni-
ably much more efficient than quantum circuit simulation.
Notably, the iTensor42 library allows users to compute
approximate dynamics using matrix-product state (MPS) ten-
sor networks for systems with N � Oð100Þ. However, we
argue that there is significant pedagogical value to developing
a fairly robust many-body simulation from scratch.

IV. DISCUSSION

We have presented schemes for simulating small
(N � 3) spin systems on IBM quantum computers and
measuring the time-dependent expectation values of vari-
ous spin components. Systems of size N ¼ 1; 2 have been
treated exactly, and the results contained only modest
errors due to the simple circuits employed. For larger sys-
tems, approximate schemes must be employed to perform
time evolution. A Lie–Trotter decomposition was used to
approximate the time-evolution operator in a three-spin
system. Even in a system with as few as three spins, the
tradeoff between adding circuit elements to yield

convergence of the algorithm and reducing circuit ele-
ments to minimize noise becomes apparent. Finally,
Qiskit’s quantum circuit simulator has been shown to be a
useful and easy-to-use tool for simulating large (N ¼ 20)
interacting quantum systems.

The dynamics of small, spin systems are treated frequently
in introductory quantum mechanics. The use of free, cloud-
based IBM hardware provides a highly accessible opportu-
nity for students to explore these systems experimentally.
When comparing experimental results to theoretical predic-
tions, students gain valuable experience in extracting experi-
mental values of physical observables by manipulating the
raw counts that are returned from the quantum circuit execu-
tions. Students must wrestle with what it means to “measure”
a quantum mechanical observable, averaging a large number
of independent results, and compute statistical uncertainties.
Extensions of the problems presented here could form the
basis of student projects in which the basic tools are applied
to more complex systems (e.g., assessing effects of next-
nearest neighbor interactions in larger systems using the
quantum circuit simulator, or investigating time-dependent
systems). Using the approach detailed in this work, students
are well-equipped to use quantum computers and quantum
circuit simulators to probe interesting physics.

In addition to providing a useful and accessible experi-
mental component to the traditional undergraduate treat-
ment of quantum mechanics, these types of simulations
give students experience using cutting-edge technology.
In this sense, the seemingly abstract content in a quan-
tum mechanics course has direct relevance to an exciting
area of industry. Companies such as IBM,7 Rigetti,5 and
IonQ6 have devoted considerable resources to construct-
ing functional NISQ devices. Such devices represent a
small-but-important step toward the construction of fault-
tolerant quantum computers. The current generation of
hardware is far from capable of breaking RSA encryp-
tion, simulating complex molecules for drug design, or
performing any of the other tasks that likely motivate
large corporations to invest heavily in the technology.
However, this currently available hardware is capable of
simulating—albeit imperfectly—the type of conceptually

Fig. 9. (Color online) Magnetization dynamics hŜz

j i are shown for time evolution of a domain wall initial state jW0i ¼ j þ � � � þ � � � � �i using the

Hamiltonian ĤN (Eq. (37)) with Jx ¼ Jy � Jxy and various values of Jz < 0. For jJzj < Jxy, ballistic transport is observed in which the domain wall spreads at a

constant speed. A quantum critical point exists at jJzj ¼ Jxy, and transport becomes diffusive for jJzj > Jxy. The cases considered are Jz ¼ �0:5Jxy (left),

Jz ¼ �Jxy (center), and Jz ¼ �2Jxy (right). Data collected from the quantum circuit simulator are shown on the top row, while corresponding theoretical pre-

dictions are shown in the bottom row. Quantum circuit simulator results were obtained with n ¼ 100 Trotter steps.
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simple quantum physics one finds in undergraduate-level
textbooks on quantum mechanics. Thus, students with a
working knowledge of basic quantum mechanics are well
equipped to explore such technology. It is not yet clear if
sufficiently clever error correction and programming will
enable NISQ devices to show a legitimate quantum advan-
tage over classical computers or if they simply represent a
pivotal step in the evolution of practical quantum computa-
tion. Excellent resources20,43–45 are available for introducing
quantum computing to students with minimal assumptions
regarding background. We hope the present work demon-
strates how a familiarity with undergraduate-level quantum
mechanics can be leveraged to acquire expertise in using
this exciting, emerging technology.

SUPPLEMENTARY MATERIAL

Please click on this link to access the supplementary mate-
rial for Jupyter notebooks for performing the calculations on
quantum computers and quantum circuit simulators
described in the main text. The MATLAB scripts to perform
theoretical calculations described in the main text are also
included. Print readers can see the supplementary material at
https://doi.org/10.60893/figshare.ajp.c.7438423.
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