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Four interacting spins: Addition of angular momenta, spin–spin
correlation functions, and entanglement
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We study four spins on a ring coupled through competing Heisenberg interactions between nearest

neighbors, J, and next-nearest neighbors, J2 � aJ > 0. From the pedagogical point of view,

dealing with few spins illustrates how to add more than two angular momenta in a systematic way.

The spectrum is obtained by using the rules for addition of four angular momenta, which allows us

to follow the evolution of the ground state with a, characterized by level crossings and by

spin–spin correlation functions. The reduced number of spins also allows us to illustrate how to

quantify bipartite entanglement. # 2024 Published under an exclusive license by American Association of Physics

Teachers.

https://doi.org/10.1119/5.0150433

I. INTRODUCTION

Some many-body systems are characterized by the pres-
ence of a quantum critical point occurring at zero absolute
temperature, which generically separates an ordered (or
quasi-ordered) phase from a disordered one. This phase tran-
sition is driven by some control parameter,1,2 which, for
magnetic systems, may be an external transverse field, com-
peting interactions, the doping fraction or pressure. Despite
being a zero temperature (that is, ground state) phenomenon,
the presence of a quantum critical point influences the behav-
ior of measurable quantities at finite temperatures.1,2 Given
that the singularities appearing in second-order phase transi-
tions only manifest themselves in the thermodynamic limit, a
widely used theoretical strategy to study measurable proper-
ties is to extract information from small-sized systems and
use finite-size scaling ideas3,4 to predict the large system
behavior. To this end, at zero temperature, we traditionally
have at our disposal properties such as spectral gaps,
response functions, and correlation functions; in recent years,
entanglement measures, which have been at the heart of pro-
posals for quantum computation,5,6 have also been used as
signatures of quantum critical behavior.7,8

While one usually resorts to numerical techniques to cal-
culate these properties for systems ranging from typically
tens to hundreds of spins, obtaining them analytically for just
a few spins proves extremely useful. Indeed, the correspond-
ing calculations can be particularly simple by exploiting the
system’s symmetry, and the results can provide data to check
the numerical codes devised for larger systems. From the
pedagogical point of view, dealing with few spins gives
examples of how to add more than two angular momenta in
a systematic way. It also sheds light on exploring less famil-
iar probes, such as entanglement.

A particularly interesting example consists of four
equally-spaced spins-1/2, fixed in positions on a ring
(Fig. 1). We assume that they are coupled through competing
exchange interactions J and J2 ¼ aJ between nearest- and
next-nearest neighbors, respectively. Quantum effects are
brought about by considering scalar interactions involving
the three cartesian spin components. The Hamiltonian
may therefore be expressed in terms of spin operators,
Si; i ¼ 1� 4, as

H ¼ J
X4

i¼1

Si � Siþ1 þ a
X4

i¼1

Si � Siþ2

" #
; (1)

with S5 � S1 and S6 � S2, thus setting up periodic boundary
conditions. For reasons that will become apparent, we always
consider J2 � 0, so that the sign of a is the same as that of J. A
semiclassical analysis for a¼ 0 immediately reveals that if
J< 0, the ground state corresponds to all spins aligned (ferro-
magnetic state, FM), e.g., j""""i, while if J> 0 the spins are in
an antiferromagnetic (AFM) (or N�eel-like) state, e.g., j"#"#i.
Therefore, when a > 0, a large J2 disrupts the AFM state,
favoring a dimerized state, j"##"i; by the same token, when
a < 0, a large J2 also favors a dimerized state.* An interesting
issue is to determine the ground state evolution as J2 increases
from zero, for both a > 0 and a < 0. Here, we will use addi-
tion of four angular momenta to obtain simple expressions for
both the eigenstates and energies of H, from which we discuss
the different “phase transitions” based on level crossings, corre-
lation functions, and entanglement entropy. As discussed later,
this example with four spins allows a much more diverse and
illustrative analysis of entanglement than with just two spins.

The outline of the paper is as follows. In Sec. II, we pre-
sent a diagonalization of H based on the addition of four
spins-1/2, and discuss its spectrum. This solution allows us to
obtain in Sec. III the spin–spin correlation functions for the
different ground states. In Sec. IV, we explore the fact that
there are three different ways of splitting a four-spin system
into two parts (one and three spins, two pairs of non-adjacent
spins, and two pairs of adjacent spins) to compare how their
entanglement entropies pinpoint a-driven quantum critical
points. Finally, in Sec. V, we briefly discuss the main features
of this model as unveiled by calculations on larger systems.

II. ENERGY SPECTRUM

The angular momentum eigenvalue problem for a single
spin-s particle is defined by

S2
i jsimii ¼ siðsi þ 1Þ�h2jsimii; (2)

Sz
i jsimii ¼ mi�hjsimii; (3)

*The reader should note that when J2 < 0 there is no competition with J,

irrespective of the sign of the latter.
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where S2
i � Si � Si; i ¼ 1� 4, and Sz

i is the z component of
Si; their associated quantum numbers are si and mi ¼ �si;
�si þ 1;…; si. For four spin-1/2 particles, the state space is
16-dimensional, and a possible basis may be taken as
fjs1m1s2m2s3m3s4m4ig. Since the labels si reflect an intrinsic
attribute of the particles, they remain fixed and may be omit-
ted to simplify the notation; that is, we refer to this basis as
fjm1m2m3m4ig, with mi ¼ 6 1=2 (or "; #, for short). In this
basis, the Hamiltonian is a block diagonal matrix, each block

being characterized by the value of M ¼
P4

i¼1 mi; this block
structure reflects the built-in axial symmetry of the basis due
to the conservation of the z component of the total spin,
Sz

T � Sz
1 þ Sz

2 þ Sz
3 þ Sz

4.
However, the Hamiltonian symmetry is actually higher than

this: it is invariant under a simultaneous rotation of all spins
by any angle around any axis. That is, the total angular
momentum is conserved, as expected classically in the absence
of an external torque. However, quantum-mechanically, the
non-commutation of the components of angular momentum
operators does not allow their simultaneous determination. At
any rate, further simplicity should arise by changing to a
higher-symmetry basis, e.g., to one labeled by the total angular
momentum quantum number, ST, in addition to M, which is
the quantum number associated with Sz

T .
The total spin operator is

ST ¼ S1 þ S2 þ S3 þ S4; (4)

and its square may be written as

S2
T ¼ K0 þ 2K1 þ K2; (5)

where we have introduced

K0 �
X4

i¼1

S2
i ; (6)

K1 �
X4

i¼1

Si � Siþ1; (7)

K2 �
X4

i¼1

Si � Siþ2: (8)

Thus, the Hamiltonian, Eq. (1), may be expressed as

H ¼ J K1 þ aK2½ �; (9)

where we note that periodic boundary conditions for four
sites imply that the coupling between any two second-
neighbor spins appears twice in the Hamiltonian; redefining
a solely for four sites would not allow direct comparison of
critical points with larger lattices.

Our aim now is to determine a basis in which H is
expressed solely in terms of eigenvalues of the operators
K0;K1; and K2. According to the rules for addition of more
than two angular momenta, one adds two spins at a time and
subsequently adds up the results.9 We may then evaluate K2

by taking the square of the partial sums S13 � S1 þ S3 and
S24 � S2 þ S4,

S2
13 ¼ S2

1 þ S2
3 þ 2 S1 � S3; (10)

S2
24 ¼ S2

2 þ S2
4 þ 2 S2 � S4; (11)

and adding them to obtain, with the aid of Eqs. (6) and (8),

K2 ¼ S2
13 þ S2

24 � K0: (12)

Taking this into Eq. (5) leads to

K1 ¼
1

2
S2

T � ðS2
13 þ S2

24Þ
� �

: (13)

We note that S2
T ; S2

i , with i ¼ 1� 4, and S2
iiþ2, with i¼ 1,

2 are scalar operators; as such, they commute with each other

as well as with Sz
T . Therefore, C � fS2

T ; S
z
T ; S

2
13; S

2
24; S

2
1; S

2
2;

S2
3; S

2
4g forms a complete set of commuting observables

(CSCOs, see, e.g., Ref. 10).
The Hamiltonian can then be cast in the form

H ¼ J

2
S2

T � 2aK0 þ ð2a� 1ÞðS2
13 þ S2

24Þ
� �

; (14)

and since (14) is expressed solely in terms of operators in C ,
we may replace the operators by their respective eigenvalues
when using this basis. The eigenvalues can be determined by
systematically adding up spins, starting with the partial sums,
S13 and S24: the possible quantum numbers for the square of
these partial sums are siiþ2 ¼ 0; 1, for i¼ 1, 2. We then add
up ST ¼ S13 þ S24, which leads to the possible quantum num-

bers ST ¼ 0; 1; 2, associated with S2
T . The eigenenergies can

finally be expressed in terms of ST, s, s13, and s24:

E

jJj�h2
¼ signðaÞ 1

2
STðST þ 1Þ � 8asðsþ 1Þ
�

þð2a� 1Þ s13ðs13 þ 1Þ þ s24ðs24 þ 1Þ½ �g; (15)

Fig. 1. A semiclassical representation of the four spins on a ring; J and J2

are the exchange coupling constants between spins on nearest (dotted lines)

and next-nearest neighbor sites (solid lines), respectively.

Table I. Quantum numbers for the addition of four spins-1/2. The partial

sum of two spins-1/2 yields the quantum numbers s13 ¼ 0; 1 and s24 ¼ 0; 1;

A given pair of values of s13 and s24 yields the total spin quantum number as

ST ¼ js13 � s24j; js13 � s24j þ 1;…; s13 þ s24. Since the total angular

momentum is conserved, the energy degeneracy for each total spin multiplet

is gS ¼ 2ST þ 1.

s13 0 1 0 1 1 1

s24 0 0 1 1 1 1

ST 0 1 1 0 1 2

gS 1 3 3 1 3 5
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where signðaÞ � a=jaj ¼ J=jJj is the sign function, which is
positive if a > 0 and negative if a < 0. As expected, the
energies do not depend on the orientation of the ring since
there is no preferred direction in space. The degeneracy in
M ¼ �ST ;�ST þ 1;…ST of each level is gS ¼ 2ST þ 1.
Table I lists all possible combinations of the quantum num-
bers entering in the evaluation of the energies. The eigenvec-
tors may then be denoted by jSTMs13s24i, where, since they
have a constant value, we keep omitting s1;…; s4. The corre-
sponding eigenenergies are plotted as functions of a in Fig. 2.

It will often prove illustrative to express the lowest energy
eigenstates in terms of a “split basis,” formed by fjs13m13i
� js24m24ig; see Appendix A. Note that the split basis is
composed of two two-spin states, each corresponding to the
sublattices {1,3} and {2,4}.

If �1=4 < a < 0, the ground state is the ferromagnetic
quintuplet,† j2M11i; M ¼ �2;�1; 0; 1; 2; see Eqs. (A3) and
(A7)–(A10). By contrast, if a < �1=4, the ground state is
the singlet

j0000i ¼ j00i � j00i; (16)

which may be thought of as a superposition of dimerized
states. Thus, the nature of the ground state changes at
ac;1 ¼ �1=4, which suggests that this crossing point in the
ground state energies evolves into a quantum critical point as
the number of sites, L, increases; more on this below.

If a > 0, the second-neighbor coupling frustrates the ten-
dency of forming a N�eel-like state, j"#"#i. Indeed, Fig. 2
shows that if 0 < a < 1=2, the ground state is a different
singlet,

j0011i ¼ 1ffiffiffi
3
p j1� 1i � j11i � j10i � j10i þ j11i � j1� 1i½ �

(17)

[see Eq. (A19)], which is a superposition of pairs (1,3) and
(2,4) forming triplets that add up in such a way to yield a
global singlet; note that each term in the superposition has
M ¼ m13 þ m24 ¼ 0.

Beyond a ¼ a� ¼ 1=2, the ground state is the same singlet
as for a < �1=4; see Eq. (16). As we will see, the correlation
functions highlight the difference between these two
singlets.

III. SPIN–SPIN CORRELATION FUNCTIONS

The spin–spin correlation function is defined as

S ðrÞ � hSi � Siþri; (18)

thus measuring the influence a spin variable at site i exerts on
the value of the spin variable at a site separated by a distance
r; at zero temperature, the averages h� � �i are understood as
ground state expectation values. If S > 0, spins i and iþ r
are correlated, whereas, for S < 0, they are anticorrelated.

Translational invariance allows us to write

S ðrÞ ¼ 1

4
hKri; r ¼ 0; 1; 2: (19)

We note that r¼ 2 is the maximum distance in this case
due to periodic boundary conditions. In a macroscopic sys-
tem, the behavior at large distances, r 	 1, probes the exis-
tence and the nature of microscopic ordering. Since here we
are dealing with only four sites, we cannot make any claims
about the long distance behavior of S ðrÞ. Nonetheless, even
for four sites, S ðrÞ provides useful insights into the nature
of the different ground states, as we will see below.

Similar to the eigenenergies, the hKri’s may be expressed
in terms of the eigenvalues of the operators in C , to yield

S ð0Þ ¼ STðST þ 1Þ�h2; (20)

S ð1Þ ¼ 1

8
STðST þ 1Þ � s13ðs13 þ 1Þ � s24ðs24 þ 1Þ½ ��h2; (21)

S ð2Þ ¼ 1

4
s13ðs13 þ 1Þ þ s24ðs24 � 1Þ � 4STðST þ 1Þ½ ��h2:

(22)

The correlation functions for the different ground states (cor-
responding to the different regimes of a) are displayed in Fig.
3. Note that S ð0Þ � hS2

i i ¼ ð3=4Þ�h2 is the same for all ground
states. When the ground state is the singlet j0000i [Eq. (16)],
spins on the same sublattice are maximally anticorrelated, since

Fig. 2. Energy eigenvalues for the four-site J-J2 Heisenberg model as a func-

tion of a � J2=J, with J2 > 0; the curves are labeled by jSTMs13s24i and we

recall that the states j1M10i and j1M01i are degenerate.

Fig. 3. Correlation functions corresponding to the different ground states,

jSTMs13s24i, of a four-site ring, as functions of the distance between spins.†By “ferromagnetic,” we mean all states which have M 6¼ 0.
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they are in two-spin singlet states; spins on different sublatti-
ces, on the other hand, are uncorrelated. This should be con-
trasted with the behavior for the overall singlet, j0011i [Eq.
(17)], which is made up from two-spin triplets. Indeed, mem-
bers of the two-spin triplets are positively correlated, but they
are negatively correlated with a spin in the other sublattice.
For a¼ 0 and J> 0, the triplets would be antiparallel to each
other. Also noteworthy is the overall decay in the magnitude
of S ðrÞ, which may be attributed to the fact that a superposi-
tion of several states, such as in Eq. (17), enhances fluctua-
tions at long distances.

The correlation function for the quintuplet j2M11i does
not depend on M since the basis satisfies rotational invari-
ance. Had we expressed the ground state in terms of
fjm1m2m3m4ig, the equality hSz

i S
z
iþri ¼ ð1=4ÞhSþi S�iþr þ

S�i Sþiþri would have only held by averaging each side of this
equation over M. This shows the advantage of using a
higher-symmetry basis. Figure 3 also shows the correlation
function for any member of the quintuplet: all spins are posi-
tively correlated, in accordance with the classical picture of a
ferromagnetic state. Another feature distinguishable from the
singlet cases is that S ðrÞ is a constant beyond r¼ 1. For a
L-site ring, L> 4, it is easy to see that this holds for the satu-
rated ferromagnetic state, jMj ¼ L�h=2. The constant correla-
tion function illustrates a fundamental difference between the
FM state and those generically referred to as AFM states as
can be appreciated by examining the a¼ 0 case. The FM
Hamiltonian, J< 0, can be mapped onto the AFM
Hamiltonian by a transformation U that takes Si ! �Si in
one sublattice, say the set of odd-labeled sites. Thus, each of
the FM ground states, jFi, satisfying HFjFi ¼ EFjFi, is
taken onto a state jUi ¼ U

† jFi, which satisfies HAjUi
¼ �HFjUi ¼ EFjUi. Note that the state jUi is not the ground
state of the AFM Hamiltonian, since the spectrum is not sym-
metric. Instead, with the AFM ground state being a superpo-
sition of states with M¼ 0, the correlations alternate in sign
and magnitude, as shown in Fig. 3; the AFM ground state is
therefore characterized by intense quantum fluctuations.

IV. ENTANGLEMENT

A. Two spins

To introduce the concept of entanglement, let us first con-
sider the case of two spins-1/2. The possible states, jSTMi, are
a singlet state j00i and the triplet states j11i; j1� 1i, and j10i.
The states with M 6¼ 0 are separable, that is, j11i ¼ j"i� j"i
and j1� 1i ¼ j#i � j#i. On the other hand, the M¼ 0 states
cannot be written as a direct product of single-particle

states since j10i ¼ 1=
ffiffiffi
2
p� �
½j "i � j#i þ j#i � j"i� and j00i

¼ 1=
ffiffiffi
2
p� �
½j"i � j#i � j#i � j"i�. In the latter cases, we say

that the spins are entangled: in a bipartite entangled spin
state, the determination of the state of one spin necessarily
implies knowledge of the other spin.11

One way to identify whether or not two parts of a system
are entangled is through the density operator, q. If one can
ascertain that a system is definitely in an arbitrary state jwi,
one says that the system is in a pure state, and the density

operator, defined by q � jwihwj, is such that q2 � q. By con-
trast, if one has limited amount of information about a sys-
tem, in the sense that it has a probability p1 of being in the
state jw1i, a probability p2 of being in the state jw2i, and so
forth, with

P
k pk ¼ 1, one says that the system is in a statis-

tical mixture of states or mixed state. A familiar example is

provided by a system in the canonical ensemble, in which
case pk ¼ ð1=ZÞ expð�Ek=kBTÞ, where jwki is the eigenstate
of the Hamiltonian associated with the eigenvalue Ek, kB is
the Boltzmann constant, T is the absolute temperature, and Z
is the partition function. Note also that a statistical mixture
should not be confused with a superposition of pure states,
jwi ¼

P
k ckjwki, which displays interference effects

between different jwki’s; these effects, in turn, are absent in
the mixture. In other words, one cannot associate a quantum
state with a mixture. Nonetheless, we can still define a den-
sity operator for a mixture as the weighted average of the
density operators, that is,

q �
X

k

pkqk; with qk � jwkihwkj: (23)

Therefore, if the jwki’s are orthonormalized, one has

q2 ¼
X

k

p2
kqk 


X
k

pkqk ¼ q: (24)

Since the equality only holds for a pure system, q2 6¼ q may
be taken as a signature of a mixed state.

Returning to the case of two spins, we note that the four
states, jSTMi, are all pure states, those with M¼ 0 being
written as superpositions of j"#i and j#"i. For these
entangled states, if we focus on, say, the first spin, it is not in
a definite state since it is equally probable to be found either
up or down; hence, although the two-spin state is a pure
state, the first spin is in a mixed state. By contrast, for the
separable (M ¼ 6 1) states, the first spin is in a definite state
[being up (down) in the M¼ 1 (M¼ –1) state]; hence, the
first spin is in a pure state. The conclusion is that spins 1 and
2 are entangled if each one is in a mixed state, and, con-
versely, they are separable if each one is in a pure state.
Therefore, a qualitative measure of the entanglement
between spins 1 and 2 may be given by the reduced density
operator for one of the spins obtained by taking the partial
trace of the density operator q on the sub-space correspond-
ing to the second spin. For instance, considering
q ¼ j10ih10j, we trace out the second spin,

~qð1Þ � Tr2 q; (25)

where the operation Tr2 is the trace restricted to the Hilbert
space corresponding to the second particle, by calculating
the matrix elements,12

hm1j~qð1Þjm01i ¼
X

m2¼";#
hm1m2j10ih10jm01m2i: (26)

We have ~qð1Þ ¼ 1=2 � 12, where 1d is the d� d identity

matrix. Since ½~qð1Þ�2 6¼ ~qð1Þ, spin 1 is not in a pure state: it
is therefore entangled with spin 2.

One may also use a quantitative measure of entanglement,
namely the von Neumann entropy associated with the
reduced density operator,11

Sð1Þ ¼ �
X2

i¼1

ki ln ki; (27)

where k1 and k2 are the two eigenvalues of ~qð1Þ; in the pre-
sent case, k1 ¼ k2 ¼ 1=2, so that Sð1Þ ¼ ln 2, which is the
maximum possible entanglement for two spins-1/2.11 By
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contrast, the entropy is zero for separable states such as j ""i
and j##i.

B. Four spins

Extending these ideas to the present case of four spins, we
note that there are three nonequivalent ways of partitioning
the system into two subsystems: spins 1 and 3 could be
grouped together, or spins 1 and 2, or spins 2, 3 and 4; we
denote these partitions by (13)–(24), (12)–(34), and
(1)–(234), respectively. Note that the first partition involves
the good quantum numbers s13 and s24, so one expects fea-
tures different from the (12)–(34) partition. We now consider
each of these bipartite cases in turn.

1. Subsystems (13) and (24)

The state j0000i ¼ j00i13 � j00i24 can be written as a
direct product of two pairs of singlets, (13) and (24). This is
also manifest by taking the partial trace12 over spins 2 and 4
to obtain the reduced density operator,

~qð13Þ ¼ Trs24;m24
j00i13 � j00i24 13h00j�24h00j

¼ j00i13 13h00jTrs24;m24
j00i24 24h00j

¼ j00i13 13h00j; (28)

since Trs24;m24
j00i24 24h00j ¼ 1. Thus,

~qð13Þ½ �2 ¼ ~qð13Þ; (29)

so that the (13) subsystem is in a pure state, hence separable
from (24). This is hardly surprising, given that the ground
state is a direct product of pure states. Accordingly, the
eigenvalues of ~qð13Þ are 1 and 0 (threefold degenerate),
which leads to a vanishing von Neumann entropy.

We now discuss the ground state for 0 < a < 1=2, namely,
j0011i, as given by Eq. (A19). Unlike j0000i [Eq. (A23)],
one sees by inspection that spins 1 and 3 are entangled with
spins 2 and 4: the state j0011i is a superposition of states,
such that if one determines js13m13i, the state js24m24i is read-
ily determined. Furthermore, following steps similar to those
in Eq. (28), we obtain the reduced density operator,

~qð13Þ ¼ 1

3
j1� 1ih1� 1j þ j10ih10j þ j11ih11j½ �; (30)

which, in the js13m13i basis, is represented by

~qð13Þ ¼ 1

3

1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 0

0
BB@

1
CCA; (31)

and is such that ½~qð13Þ�2 6¼ ~qð13Þ, so that the partitions (13)
and (24) are entangled. With the eigenvalues of ~qð13Þ being
k¼ 0 and k ¼ 1=3 (threefold degenerate), the von Neumann
entropy becomes

Sð13Þ ¼ �
X4

i¼1

ki ln ki ¼ ln 3; (32)

yet another signature of entanglement.

In the interval �1=4 < a < 0, the ground state is the quin-
tuplet ST¼ 2, with two separable states, j2 6 211i ¼ j1 6 1i13

� j1 6 1i24, and three entangled states, j2 6 111i and j2011i;
see Eqs. (A7)–(A9). The reduced density matrices (now with
a subscript corresponding to the value of m13) are

~q1ð13Þ ¼ 1

2

1 0 0 0

0 1 0 0

0 0 0 0

0 0 0 0

0
BB@

1
CCA; ~q�1ð13Þ ¼ 1

2

0 0 0 0

0 0 0 0

0 0 1 0

0 0 0 1

0
BB@

1
CCA;

(33)

and

~q0ð13Þ ¼ 1

6

1 0 0 0

0 4 0 0

0 0 1 0

0 0 0 0

0
BB@

1
CCA: (34)

The von Neumann entropies for the five states are

S 6 2ð13Þ ¼ 0; (35)

S 6 1ð13Þ ¼ ln 2; (36)

S0ð13Þ ¼ ln 3� 1

3
ln 2; (37)

so that among this quintuplet, the maximally entangled state
is the one with M¼ 0, corresponding to the largest number
of possibilities for m13 (and consequently for m24) in the lin-
ear combination, Eq. (A8).

2. Subsystems (12) and (34)

Let us then investigate what happens when we consider as
subsystems the pairs (12) and (34). In this case, however, we
must express the density operators in the basis of individual
spins (see Appendix B) and trace out spins 3 and 4. The
matrix elements of the reduced density operator, ~q12, are

hm1m2j~q12jm01m02i ¼
X
m3m4

hm1m2m3m4jqjm01m02m3m4i: (38)

For q ¼ j0000ih0000j, we take Eq. (B16) into Eq. (38) to
obtain

~q12 ¼
1

4
14: (39)

Since ~q2
12 6¼ ~q12, the subsystem (12) is not pure, meaning

that (12) and (34) are entangled. The eigenvalues of ~q12 are
k ¼ 1=4 (fourfold degenerate), so that the von Neumann
entropy is Sð12Þ ¼ 2 ln 2.

In the interval 0 < a < 1=2, the density operator is q
¼ j0011ih0011j [see Eq. (B9)], and the trace over m3 and m4

yields

~qð12Þ ¼ 1

12

1 0 0 0

0 5 �4 0

0 �4 5 0

0 0 0 1

0
BBBB@

1
CCCCA; (40)
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whose eigenvalues are k ¼ 1=12 (threefold degenerate) and
3/4, so that the von Neumann entropy is

Sð12Þ ¼ 2 ln 2� 1

2
ln 3: (41)

And, finally, for �1=4 < a < 0, the same structure found
for ~qm13

applies: the M ¼ 6 2 states are separable, while the
states with M ¼ 0; 6 1 are entangled. Again with the aid of
the basis of individual spins, Eq. (38) yields the reduced den-
sity operators as

~q1ð12Þ ¼ 1

4

2 0 0 0

0 1 1 0

0 1 1 0

0 0 0 0

0
BB@

1
CCA; ~q�1ð12Þ ¼ 1

4

0 0 0 0

0 1 1 0

0 1 1 0

0 0 0 2

0
BB@

1
CCA;

(42)

and

~q0ð12Þ ¼ 1

6

1 0 0 0

0 2 2 0

0 2 2 0

0 0 0 1

0
BB@

1
CCA: (43)

The associated von Neumann entropies are then

S 6 2ð12Þ ¼ 0; (44)

S 6 1ð12Þ ¼ ln 2; (45)

S0ð12Þ ¼ ln 3� 1

3
ln 2; (46)

which are identical to the ones obtained for the partition
(13)–(24). This indicates that the entanglement properties of
the ground states in this quintuplet are not sensitive to the
way the system is partitioned in half.

3. Subsystems (1) and (234)

Consider now the partition into, say, spin 1 on the one
hand and spins 2, 3, and 4 on the other. The elements of the
single-spin reduced matrix, ~q1, are then given by

hm1j~q1jm01i ¼
X

m2m3m4

hm1m2m3m4jqjm01m2m3m4i: (47)

For the state j0000i, we have

~qð1Þ ¼ 1

4
12: (48)

Since ½ ~qð1Þ�2 6¼ ~qð1Þ, spin 1 is entangled with the remaining
spins, and the entropy is Sð1Þ ¼ ln 2.

Similarly, for the state j0011i, Eq. (47) yields

~qð1Þ ¼ 1

2
12; (49)

which leads to the same entropy as for the state j0000i.
For the quintuplet of states, we start with j2 6 211i,

~q2ð1Þ ¼
1 0

0 0

� 	
and ~q�2ð1Þ ¼

0 0

0 1

� 	
; (50)

both of which lead to S 6 2ð1Þ ¼ 0, as it should for a separa-
ble state. For the states j2 6 111i, we take Eqs. (B2) and
(B4) into Eq. (47) to obtain, respectively,

~q1ð1Þ ¼
1

4

3 0

0 1

� 	
and ~q�1ð1Þ ¼

1

4

1 0

0 3

� 	
; (51)

whose entropies are S 6 1ð1Þ ¼ 2 ln 2� ð3=4Þ ln 3. Finally,
the reduced density matrix for j2011i becomes ~q0ð1Þ
¼ ð1=2Þ12, and the associated entropy is S0ð1Þ ¼ ln 2.

C. Overall discussion of the entropies

The discussion of Sec. IV B illustrates that when we split a
spin system, the parts bear the signature of how entangled
the subsystems are with each other. This in turn reflects the
multiplicity of states accessible to the individual spins within
the remaining part, which is captured by the entropy. Indeed,
Fig. 4 shows the entropy as a function of a for each choice of
partition. In the FM region, �1=4 < a < 0, there are always
three different values of the entropy depending on the value
of jMj. As jMj increases, the number of states of the superpo-
sition decreases, leading to a decreasing entropy until a mini-
mum value of zero for the saturated states jMj ¼ 2. When
the system is partitioned according to the partial sums, S13

Fig. 4. Ground state entanglement entropies as functions of a: (a) S(13),

which measures entanglement between spins on different sublattices, (b)

S(12), which measures entanglement between dimers, and (c) S(1), which

measures entanglement between a single spin and the remaining ones. In all

panels, the entropy depends on jMj in the region �1=4 < a < 0.
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and S24, one has separable states for all a, except in the range
0 < a < 1=2. By contrast, by choosing the (12)–(34) parti-
tion, the system is maximally entangled when the ground
state is j0000i, as given by Eq. (16): this was to be expected,
since spins 1 and 3, as well as 2 and 4, form singlets and are
therefore entangled. Finally, when the partition involves one
spin and three spins, the entanglement is uniform. These
findings indicate that coupling q-bits in a controlled way
gives rise to a wider range of entanglements that can be
exploited in quantum computation.5

V. COMMENTS ON LARGER SYSTEMS

For completeness, we note that numerical studies of this
model have been carried out for much larger lattice sizes,
L,13–15 which allowed to extrapolate the spectral data for
L!1. Figure 5 compares the phase diagrams for the four-
site ring with the one obtained through different numerical
methods in the thermodynamic limit.13–16 We see that the
FM phase is already present for L¼ 4, and its boundaries are
the same as in the thermodynamic limit. By contrast, when
L¼ 4 the ground state for a < �1=4 is j0000i, while in the
thermodynamic limit it is an incommensurate state, which
means that the spatial period of the magnetic arrangement is
not an integer multiple of the lattice spacing; one may think
of classical vectors whose tips describe a spiral as one moves
along the lattice without actually returning to the initial ori-
entation at a lattice site. This difference is due to the fact that
the L¼ 4 system is too small to accommodate an incommen-
surate spin arrangement. For a > 0, the thermodynamic limit
predicts a second-order phase transition between a spin liq-
uid (SL) and a dimerized (D) state taking place at
ac � 0:2411. The SL phase may be thought of as a superpo-
sition of singlets, involving pairs of spins on all possible
sites; this results in gapless excitations and power-law decay
of the spin–spin correlation function. The D phase may be
thought of as superposition of singlets, involving pairs of
spins on nearby sites only; this results in gapped excitations
and exponential decay of the spin–spin correlation function.
Here also, the ground states for L¼ 4 do not resemble their
L!1 counterparts: The state j0011i is a superposition of
direct products of triplet states, and the state j0000i is a
direct product of next-nearest-neighbor singlets. Again, the
smallness of the L¼ 4 ring accounts for these differences,
which should decrease as L increases. Indeed, the transitions
involving these subtle phases can only be identified on
systems of size L � n, where n is the correlation length;
however, by examining data for different sizes, one may

extrapolate to the thermodynamic limit using finite-size scal-
ing theories.3,4,17

Another interesting feature is that a ¼ aMG � 1=2 marks
the point (the so-called Majumdar–Ghosh point16) at which
the dimerized ground state is doubly degenerate: Nearest-
neighbor dimers form between sites 1 and 2, 3 and 4, 5 and
6, and so forth, or between sites 2 and 3, 4 and 5, 6 and 7,
and so forth. For the L¼ 4 ring, we found that the singlet-
from-singlets state and the singlet-from-triplets state cross
exactly at aMG, which indeed suggests that, for larger sys-
tems, similar crossings should occur at this point.

VI. CONCLUSIONS

By considering a small number of interacting spins, we
have illustrated how to add more than two angular momenta,
and, for an evenly spaced four spin-1/2 ring, how the addi-
tion algorithm provides a set of actual eigenstates of the
Hamiltonian. We have analyzed entanglement and illustrated
how the different ways of splitting the system in two parts
leads to different quantitative measures of entanglement. We
believe that the problem treated here should attract the inter-
est of students and educators involved in quantum mechanics
courses: (1) addition of four spins goes beyond the usual
examples of addition of just two angular momenta, while
tractable; (2) this addition problem is applied to determine
the spectrum of an interacting system; (3) the solution thus
obtained is used to illustrate how correlation functions are
important to characterize some physical properties of a spin
system; and (4) it is also applied to introduce entanglement
and characterize it through different quantities.

It is useful to present a few suggestions for natural follow-
ups: First, we recall that some of the eigenstates for L¼ 4
(see Fig. 5) do not display the same features as the corre-
sponding ones in the thermodynamic limit. It would there-
fore be illustrative to perform calculations for L¼ 6, 8,…,
and examine the symmetries of the various ground states.
This would demand implementing symmetries, such as the
translational symmetry setting up basis states, and perform-
ing computer (numerical or algebraic) diagonalizations.
Analyses of correlations and entanglement (also as a quan-
tum critical point marker) would also add considerable
insight.

A second line to pursue is that of spin ladders: instead of a
single chain with L sites, one can consider two spin chains
(initially with nearest-neighbor couplings along the chain
direction, i.e., a¼ 0) coupled through exchange interactions,
J0, between spins on the same rung.18 One could consider
ladders with L ¼ 6; 8;… sites along the chain direction and
investigate how the ground state evolves with J=J0 either by
numerical diagonalizations or through perturbation theory.
Again, correlation functions and entanglement properties
could be studied once the ground state is determined.

We can also make some comments related to multipartite
entanglement (ME). Many definitions and measures of ME
have been proposed throughout the years (see, e.g., Ref. 8),
and it is still a very active area of research. A simple exam-
ple, applicable to the present context of quantum phase tran-
sitions in spin systems, is that of global entanglement (GE),
defined as19

E
ð1Þ
G ¼ 2� 2

L

XL

j¼1

Tr q2
j ; (52)

Fig. 5. (a) The phase diagram for the four-site ring, where the kets follow

the notation of Fig. 2, and FM corresponds to the quintuplets j2M11i. (b)

The phase diagram obtained from different numerical approaches allowing

for extrapolations to the thermodynamic limit (Refs. 13–16). IC stands for

incommensurate spiral phase, FM for saturated ferromagnetic phase, SL for

spin liquid, and D for dimerized.
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where qj ¼ Trkq is the reduced single-spin density matrix,
obtained by taking the partial trace of the full density opera-
tor, q, over all spins at sites k 6¼ j. A generalized version of
this entanglement measure20 is

E
ð2Þ
G ¼

1

L� 1

XL�1

‘¼1

Gð2; ‘Þ; (53)

where 0 < ‘ < L is the distance between two spins, and

Gð2; ‘Þ ¼ 4

3
1� 1

L� ‘
XL�‘
j¼1

Tr q2
j;jþ‘

0
@

1
A; (54)

with qj;jþ‘ being the reduced density matrix for spins j and
jþ ‘, obtained from the partial trace over the other L – 2
spins. In the thermodynamic limit, both measures reach a
maximum value at the quantum critical point of the trans-
verse Ising model;20 it is therefore legitimate to wonder
whether these quantities are equally useful in locating the
critical points of the frustrated Heisenberg model discussed
here, when L!1.

Finally, it is worth mentioning that competing interactions
along the lines considered here have been invoked to explain
the magnetic behavior of materials such as CuGe03,21,22

SrCuO2,23 and, more recently, a szenicsite.24
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APPENDIX A: THE SPLIT BASIS

Here, we discuss how to express the states jSTMs13s24i as
linear combinations of direct products js13m13i � js24m24i;
we refer to these as the split basis. Since

hSTMs013s024j js13m13i � js24m24i½ � ¼ 0;

if s013 6¼ s13 or s024 6¼ s24; (A1)

for a fixed pair ðs13; s24Þ, we may write

jSTMs13s24i ¼
X

m13þm24¼M

am13;m24
js13m13i � js24m24i; (A2)

so that the Hilbert space is decomposed into subspaces
Es13;s24

with dimensions ð2s13 þ 1Þ � ð2s24 þ 1Þ. The coeffi-
cients am13;m24

are known as the Clebsch–Gordan coefficients
(see, e.g., Ref. 25), which we will determine explicitly, for
completeness.

We start with the state with the largest ST, namely ST¼ 2,
and M ¼ ST ¼ 2 (Table I). The only possible correspondence
for this state is

j2211i ¼ j11i � j11i; (A3)

where from now on we adopt the convention that the first
(second) ket on the RHS is relative to the pair (1,3) ((2,4)).

Recalling that each one of the ladder operators,

S 6
T � S 6

13 þ S 6
24 ; (A4)

changes the value of M by one unit, that is (see, e.g., Ref. 26),

S 6
T jSTMi ¼ �h

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
STðST þ 1Þ �MðM 6 1Þ

p
jST M 6 1i; (A5)

we apply S�T to both sides of Eq. (A3) to obtain

S�T j2211i ¼ 2�hj2111i
¼ S�13 þ S�24½ � j11i � j11i½ �
¼

ffiffiffi
2
p

�h j10i � j11i þ j11i � j10i½ �; (A6)

from which we extract

j2111i ¼ 1ffiffiffi
2
p j10i � j11i þ j11i � j10i½ �: (A7)

Now we further decrease M by one unit, still considering
the ST¼ 2 states. Following the same steps leading to Eq.
(A7), we arrive at

j2011i ¼ 1ffiffiffi
6
p j1� 1i � j11i þ 2j10i � j10i þ j11i � j1� 1i½ �:

(A8)

The states j2� 111i and j2� 211i are obtained by flip-
ping all spins in Eqs. (A7) and (A3), respectively,

j2� 111i ¼ 1ffiffiffi
2
p j10i � j1� 1i þ j1� 1i � j10i½ � (A9)

and

j2� 211i ¼ j1� 1i � j1� 1i: (A10)

Our next task is to express the states with ST¼ 1 in the
split basis. Similar to Eq. (A7), we may write

j1111i ¼ aj10i � j11i þ bj11i � j10i; (A11)

where the coefficients a and b are chosen by both orthogo-
nalizing the state with respect to Eq. (A7),

h2111j1111i ¼ 1ffiffiffi
2
p ðaþ bÞ ¼ 0 ) b ¼ �a; (A12)

and normalization. We end up with

j1111i ¼ 1ffiffiffi
2
p j10i � j11i � j11i � j10i½ �: (A13)

Starting from Eq. (A13), we repeat the procedure above to
generate the states corresponding to M< 1; we obtain

j1011i ¼ 1ffiffiffi
2
p j1� 1i � j11i � j11i � j1� 1i½ �; (A14)

j1� 111i ¼ 1ffiffiffi
2
p j10i � j1� 1i � j1� 1i � j10i½ �: (A15)
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We finally arrive at the last state arising from S13 ¼ S24

¼ 1, namely, j0011i. It may be obtained by writing

j0011i ¼ aj11i � j1� 1i þ bj10i � j10i þ cj1� 1i � j11i;
(A16)

with the coefficients being determined by orthogonalization,

h2011j0011i ¼ 1ffiffiffi
6
p cþ 2bþ a½ � ¼ 0; (A17)

h1011j0011i ¼ 1ffiffiffi
6
p c� a½ � ¼ 0; (A18)

together with normalization; thus,

j0011i ¼ 1ffiffiffi
3
p j1� 1i � j11i � j10i � j10i þ j11i � j1� 1i½ �:

(A19)

Now we consider the cases with S13 ¼ 1 and S24 ¼ 0,
which leads solely to ST¼ 1. We may thus identify

j1110i ¼ j11i � j00i; (A20)

to which we successively apply Eq. (A4) to obtain

j1010i ¼ j10i � j00i; (A21)

j1� 110i ¼ j1� 1i � j00i: (A22)

The three states obtained by considering S13 ¼ 0 and S24 ¼ 1
are obtained by interchanging the kets on the RHS of Eqs.
(A20)–(A22).

Finally, the total singlet made up by the combination of
two partial singlets is

j0000i ¼ j00i � j00i; (A23)

thus completing the 16 states of the split basis.
It is worth noting that some of the states in the split basis

are separable, or disentangled (i.e., written in terms of a sin-
gle direct product), while others are not separable, or
entangled.

APPENDIX B: THE INDIVIDUAL BASIS

We may also write the eigenstates in terms of individual
spin states, fjm1m2m3m4ig. Indeed, since j11i ¼ j""i Eq.
(A3) yields

j2211i ¼ j""""i: (B1)

Similarly, with j10i ¼ 1=
ffiffiffi
2
p� �
½j"#i þ j#"i�, Eq. (A7) yields

j2111i ¼ 1

2
j#"""i þ j"#""i þ j""#"i þ j"""#i½ �; (B2)

and

j2011i ¼ 1ffiffiffi
6
p j""##i þ j"##"i þ j##""i þ j#""#i½

þ ðj"#"#i þ j#"#"iÞ�; (B3)

with the remaining states with ST¼ 2 being given by flipping
all spins in j2111i and j2� 211i, that is,

j2� 111i ¼ 1

2
j"###i þ j#"##i þ j##"#i þ j###"i½ � (B4)

and

j2� 211i ¼ j####i: (B5)

Still with s13 ¼ s24 ¼ 1, we have the eigenstates with
ST¼ 1, namely,

j1111i ¼ 1

2
j""#"i þ j#"""i � j"""#i � j"#""i½ �; (B6)

j1011i ¼ 1ffiffiffi
2
p j#"#"i � j"#"#i½ �; (B7)

j1� 111i ¼ 1

2
j##"#i þ j"###i � j###"i � j#"##i½ �; (B8)

as well as the one with ST¼ 0,

j0011i ¼ 1ffiffiffi
3
p


j"#"#i þ j#"#"i � 1

2
ðj""##i

þ j"##"i þ j#""#i þ j##""iÞ
�
: (B9)

For s13 ¼ 1 and s24 ¼ 0, Eqs. (A20)–(A22) yield

j1110i ¼ 1ffiffiffi
2
p j"""#i � j"#""i½ �; (B10)

j1010i ¼ 1

2
j""##i � j"##"i þ j#""#i � j##""i½ �; (B11)

j1� 110i ¼ 1ffiffiffi
2
p j###"i � j#"##i½ �; (B12)

while for s13 ¼ 0 and s24 ¼ 1, we have

j1101i ¼ 1ffiffiffi
2
p j""#"i � j#"""i½ �; (B13)

j1001i ¼ 1

2
j""##i þ j"##"i � j#""#i � j##""i½ �; (B14)

j1� 101i ¼ 1ffiffiffi
2
p j##"#i � j"###i½ �: (B15)

And, finally, Eq. (A23) leads to

j0000i ¼ 1

2
j##""i � j"##"i þ j""##i � j#""#i½ �: (B16)
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