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Abstract

One of the greatest challenges in the fields of quantum information processing and quantum
technologies is the detailed coherent control over each and every constituent of quantum
systems with an ever increasing number of particles. Within this endeavor, harnessing of
many-body entanglement against the detrimental effects of the environment is a major pressing
issue. Besides being an important concept from a fundamental standpoint, entanglement has
been recognized as a crucial resource for quantum speed-ups or performance enhancements
over classical methods. Understanding and controlling many-body entanglement in open
systems may have strong implications in quantum computing, quantum simulations of many-
body systems, secure quantum communication or cryptography, quantum metrology, our
understanding of the quantum-to-classical transition, and other important questions of quantum
foundations.

In this paper we present an overview of recent theoretical and experimental efforts to underpin
the dynamics of entanglement under the influence of noise. Entanglement is thus taken as a
dynamic quantity on its own, and we survey how it evolves due to the unavoidable interaction
of the entangled system with its surroundings. We analyze several scenarios, corresponding to
different families of states and environments, which render a very rich diversity of dynamical
behaviors.

In contrast to single-particle quantities, like populations and coherences, which typically
vanish only asymptotically in time, entanglement may disappear at a finite time. In addition,
important classes of entanglement display an exponential decay with the number of particles
when subject to local noise, which poses yet another threat to the already-challenging scaling
of quantum technologies. Other classes, however, turn out to be extremely robust against
local noise. Theoretical results and recent experiments regarding the difference between local
and global decoherence are summarized. Control and robustness-enhancement techniques,
scaling laws, statistical and geometrical aspects of multipartite-entanglement decay are also
reviewed; all in order to give a broad picture of entanglement dynamics in open quantum
systems addressed to both theorists and experimentalists inside and outside the field of
quantum information.

Keywords: surface plasmon polariton, strong coupling, normal mode splitting, vacuum Rabi
splitting, quantum entanglement, , quantum information, quantum optics
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1. Introduction

Since the seminal paper by Albert Einstein, Boris Podolski
and Nathan Rosen [1] in 1935 and the famous series of papers
published by Erwin Schrodinger in the years 1935 and 1936
[2-4], entanglement has occupied a central position in quan-
tum physics. This peculiar phenomenon has posed formidable
challenges to several generations of physicists. In fact, it took
about 30 years since the 1935 papers for this mathematical
property to gain a physical consequence, as was demonstrated
by Bell [5, 6]; and nearly 30 further years for it to be identified
as a resource for quantum information processing and trans-
mission [7-14].

Schrodinger summarized, in a way that in modern terms
would be based on the notion of information, the main ingre-
dient of this phenomenon. In the first paper of the series of
three published in Naturwissenchaften in 1935 [2], he states
that ‘this is the reason that knowledge of the individual sys-
tems can decline to the scantiest, even to zero, while knowl-
edge of the combined system remains continually maximal.
Best possible knowledge of a whole does not include best pos-
sible knowledge of its parts—and that is what keeps coming
back to haunt us’.

This is the case for a singlet state of two spin one-half par-
ticles. Even though the two-party state is completely known
(pure state, corresponding to a total spin equal to zero), each
part is described by a statistical mixture with a 50-50 chance
for each particle to have spin up or down. On the other hand,
measurement of the spin of one of the particles determines the
spin of the other, even if the two parties are far apart. This was
referred to by Einstein, in a letter to Born in 1947 [15], as a
‘spooky action at a distance’.

Evolving from a daunting concept to a useful resource,
entanglement is nowadays known to be at the heart of many
potential applications, such as the efficient transmission of
information through dense coding [8, 16] or teleportation
[9, 17-20], the security of transmitted data through entan-
glement-based quantum cryptography [7, 21], including the
recent development of device-independent quantum cryptog-
raphy [22-24], as well as both device-independent random-
ness generation [25, 26] or amplification [27-29], quantum
metrology [30-33], the efficient solution of the factorization
problem [10], the efficient quantum simulation of many-body
physical problems that may be classically intractable [34—43],
or of sampling problems proven (modulo widely accepted
complexity-theoretical assumptions) classically hard [44] and
universal quantum computing in general [13].

Motivated by these potential applications and also by the
fundamental role played by entanglement in quantum mechan-
ics, important experimental results have been obtained in the
last few years, concerning the generation of multiparty entan-
gled states, the transfer of entanglement between two systems,
macroscopic signatures of entanglement and the dynamics of
entangled states under the influence of the environment. These
results were made possible by the development of experimen-
tal methods that allowed measuring and manipulating indi-
vidual quantum systems, pioneered by David Wineland and
Serge Haroche, awarded the Nobel Prize in Physics in 2012.
Examples are the step-by-step generation of multiparticle
entanglement among atoms and photons in a microwave cav-
ity [45], the demonstration of entanglement between a single
neutral atom—or charged ion—and its spontaneously-emitted
single photon with the assistance of an optical cavity [46—48],
between two photons sequentially emitted by the same single
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atom in the cavity [49] and even between a charged ion and its
emitted photon without the assistance of any cavity [50], the
mapping of photonic entanglement into and out of an atomic-
ensemble quantum memory [51-53], the generation of multi-
particle entanglement of trapped ions [54-57], of multiphoton
entangled states [58—69], of entanglement among separate
atomic samples [70, 71], of artificial-atom [72] and photonic
[73] entanglement in on-chip integrated circuits and the dem-
onstration that the magnetic susceptibility at low temperatures
yields information on the ground-state entanglement of mag-
netic materials [74].

And yet many fundamental problems remain unsolved.
Among them, the characterization of entanglement for
multiparticle systems or bipartite systems of large dimen-
sions in general (mixed) states and the dynamics of entan-
glement for a system in contact with its environment. This
last problem is the main focus of this paper. It is directly
related to important practical questions: the robustness of
quantum communication schemes, quantum simulators
and quantum computers and the ultimate precision in the
estimation of parameters, subject at the core of quantum
metrology. It also concerns a fundamental problem in mod-
ern physics: the subtle relation between the classical and the
quantum world.

This very question is present in one of the first papers
published by Schrodinger in 1926 [75], where, considering
the behavior of the eigenfunctions of the harmonic oscilla-
tor, he remarks that ‘at first sight it appears very strange to
try to describe a process, which we previously regarded as
belonging to particle mechanics, by a system of such proper
vibrations’. In order to demonstrate ‘in concreto the transi-
tion to macroscopic mechanics’, he then remarks that ‘a group
of proper vibrations’ of high-order quantum number » and of
relatively small-order quantum number differences may rep-
resent a particle executing the motion expected from usual
mechanics, i.e. oscillating with a constant frequency. This
‘group of proper vibrations’ was actually a coherent state,
later studied by Glauber [76, 77] in great detail.

Schrodinger realized however that this argument was not
enough to guarantee that the new quantum physics would cor-
rectly describe the classical world. In section 5 of his three-
part essay on ‘The Present Situation in Quantum Mechanics’,
published in 1935 [2], he notes that ‘an uncertainty originally
restricted to the atomic domain has become transformed into
a macroscopic uncertainty, which can be resolved through
direct observation’. This remark was prompted by his famous
Schrodinger-cat example, in which a decaying atom leads to a
coherent superposition of two macroscopically distinct states,
corresponding respectively to a cat that is either dead or alive.
He adds that ‘this inhibits us from accepting in a naive way a
“blurred model” as an image of reality... There is a difference
between a shaky or not sharply focused photograph and a pho-
tograph of clouds and fogbanks’. This problem is also men-
tioned by Einstein in a letter to Max Born in 1954 [15], where
he considers a fundamental problem of quantum mechanics
‘the inexistence at the classical level of the majority of states
allowed by quantum mechanics’, namely coherent superposi-
tions of two or more macroscopically localized states.

These comments are very relevant to quantum measure-
ment theory, as pointed out by Von Neumann [78, 79]. Indeed,
let us assume for instance that a microscopic two-level sys-
tem (states |[+) and |-)) interacts with a macroscopic measur-
ing apparatus in such a way that the pointer of the apparatus
points to a different (and classically distinguishable!) position
for each of the states [+) and |-). That is, we assume that the
joint atom-apparatus initial state transforms into

[T = [+,
[T = [ =YIND,

where we allow for a change in the state of the system due to
the interaction. The linearity of quantum mechanics implies
that, if the system is prepared in say the coherent superposi-
tion [¥) = (|+) +|—))/ v/2, the final state of the joint system
should be a coherent superposition of two product states, each
of which corresponds to a different position of the pointer:

)]

AN +) +[=DIT)
= (AN YT +1=)1N)
= (N2 +IN))-

In the last step, it is assumed that the two-level system is
incorporated into the measurement apparatus after their inter-
action (for instance, an atom that gets stuck to the detector).
One gets, therefore, as a result of the interaction between the
microscopic and the macroscopic system, a coherent super-
position of two classically distinct states of the macroscopic
apparatus. This would imply that one should be able in prin-
ciple to get interference between the two states of the pointer:
it is precisely the lack of evidence of such phenomena in the
macroscopic world that motivated Einstein’s concern.

One knows nowadays that decoherence plays a fundamen-
tal role in the emergence of the classical world from quantum
physics [80-84]. Theoretical [80-83, 85, 86] and experi-
mental [87-89] research have demonstrated that a coherent
superposition of two macroscopically distinguishable states (a
‘Schrodinger-cat-like’ state) decays to a mixture of the same
states with a characteristic time that is inversely proportional
to some macroscopicity parameter. The decay law is, within a
very good approximation, exponential.

An important question remains, however, about the ultimate
limits of applicability of quantum mechanics for macroscopic
systems [90]. Recent experiments, involving entanglement
between macroscopic objects [70, 91], or micro-macro entan-
glement between a single photon and a macro system involv-
ing up to a hundred million photons [92-94], have pushed
these limits further. Micro-macro entanglement is precisely
the one involved in equation (1). Pushing quantum super-
positions or entangled states to ever increasing macroscopic
scales submits quantum physics to stringent tests, involving
for instance probing the effect of the gravitational field, when
massive objects like micro-mirrors are involved [95-97].
Controlling decoherence in this case is of utmost importance.

For multiparty entangled states, the environment may
affect local properties, like the excitation and the coherences
of each part and also global properties, like the entanglement

2
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of the state. The above-mentioned studies on decoherence
lead to natural questions regarding the dynamics of entan-
glement: What is the decay law? Is it possible to introduce
a decay rate, in this case? How does the decay of entangle-
ment scale with the number of entangled parts? How robust is
the entanglement of different classes of entangled states and
are there efficient ways to improve such robustnesses? Under
which conditions does entanglement grow due to the interac-
tion with the environment?

Recent theoretical [98—164] and experimental [57, 165—
173] work, involving both continuous and discrete variables,
has given partial answers to these questions. It is now known
that the dynamics of entanglement can be quite different from
that of a single particle interacting with the environment.
The pioneer contributions of Rajagopal and Rendell [98],
who analyzed the dynamics of entanglement for two cou-
pled and initially entangled harmonic oscillators, under the
action of local environments and Zyczkowski et al [99], who
considered the dynamics of entanglement for two interacting
two-level systems under the action of local stochastic environ-
ments, represented the first studies specifically focussed on
entanglement dynamics of which we have record. They estab-
lished that entanglement may disappear before coherence
decays and also showed that revivals of entanglement may
occur. Different models have been studied since then, involv-
ing particles interacting with individual and independent envi-
ronments [101-105, 107-129, 131-140, 142-144, 146-148,
150-156, 159, 167, 169, 170], or with a common environment
[106, 122, 133, 149, 174-178] or yet combinations of both
situations [57, 122, 162].

The preliminary conclusions in [98, 99] turned out to be
quite general. Entanglement decay with time does not fol-
low an exponential law, even in the Markovian regime and
may vanish at finite times, much before coherence disap-
pears. Initially entangled states may decay under the action
of independent local environments, while particles may
become entangled when interacting with the same environ-
ment. Revivals of entanglement may also occur [98, 99, 122].
For non-Markovian environments, this may happen even if the
subsystems do not interact with each other [173, 179-186].
Finite-time disentanglement, sometimes referred to as ‘entan-
glement sudden death’ [117, 151], has been experimentally
demonstrated [165, 166, 168, 169]. Moreover, the entangle-
ment of important classes of multipartite states exhibit, for a
fixed time, an exponential decay with the number of parties
[107, 145, 187], which contributes to the concerns regarding
the viability of large-scale quantum information processing.
For the case of collective decoherence, however, it is possible
to construct decoherence-free subspaces of entangled states
immune to the noise [188, 189]. Furthermore, it is possible
to produce and protect quantum states by engineering artifi-
cial reservoirs [190-193]; and, remarkably, through similar
techniques, even to implement dissipation-induced universal
quantum computation [194-196]. Feedback control has also
been proposed for the purpose of stabilizing entanglement
[197, 198]. The stabilization of entanglement through engi-
neered dissipation has been demonstrated in recent experi-
ments [199, 200].

Stabilization techniques may help increase the robust-
ness of quantum communication and information processing
tasks and may also be applied to quantum metrology where
the presence of decoherence tends to drive the precision in
the estimation of parameters from the ultimate quantum limit
(sometimes called the ‘Heisenberg limit’) [30, 201, 202], to the
classical standard limit [32, 203, 204]. The use of entangled
states in quantum metrology has been advocated by several
authors, especially for frequency estimation in ion traps [31,
205, 206] or Ramsey spectroscopy [207] and phase estimation
in optical interferometers [208-210]. The proposed states are
however highly sensitive to decoherence [209]. Knowledge of
techniques to sustain entanglement is crucial for further devel-
opments of this field. Recent contributions propose the use of
quantum error correction in order to increase the precision in
quantum metrology [211-215].

The aim of this review article is to specifically address the
dynamics of the entanglement in quantum open systems. We
have tried to make this review self-contained and pedagogic
enough so that it is accessible to both theorists and experimen-
talists within and outside the subfield of quantum information.
However, we have refrained from an encyclopaedic treatment
of the subject. Excellent reviews, previously published, cover
in detail the mathematics and physics of entanglement [113,
216-221] and decoherence [81-84, 222]. We direct the reader
to these references for further details. Here, in contrast, we
focus on the effects of decoherence on entanglement.

In section 2, we discuss the concept of entanglement, its
quantification and measurement. In section 3, we consider
open-system dynamics, as well as the different families of
noise channels. Section 4 reviews the theory of entangle-
ment dynamics of bipartite systems, while section 5 addresses
the theory of multipartite entanglement decay. Experimental
results are reviewed in section 6. Finally, in section 7, we pre-
sent some perspectives and open problems and summarize the
conclusions of the paper.

2. The concept of entanglement

In this section we introduce the basic concepts about entan-
glement, as well as some of the existing criteria to detect it
and the main methods to quantify it in its different classes. As
mentioned in the introduction, the goal of this report is not to
focus on entanglement itself but on its dynamic features under
decoherence, therefore the brief revision about the formalism
of entanglement presented in this section cannot—and must
not—be considered exhaustive. For excellent and in-depth
reviews on the formalism of entanglement we refer the reader
to [113, 216-221].

2.1. Definition

Let us consider a multipartite system S of N parties. The cor-
responding space of states is a Hilbert space Hs resulting
from the tensor product of the N individual Hilbert spaces
of the subsystems: Hs := H;®@ Ho ® ... ® Hy, where H;, with
1 <i < N, is the di-dimensional Hilbert space associated
to the ith subsystem. The dimension ds :=dim (Hs) of the
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total space Hs is ds = Hj\il d; , with d; :=dim (H,;) for all
i. Throughout this review, except when we explicitly refer to
quantized modes of the electromagnetic field or other types
of quantum harmonic oscillators, for which ds is infinite,
we will consider ds < oo. Due to the quantum superposition
principle, not all the elements of Hs decompose into prod-
ucts of elements of the H; 's. In other words, calling |j;), with
0 <j; < d; — 1, the j-th element of some convenient basis of
'H;, the superposition principle allows one to write the most
general N-partite quantum state as:

I,P>= Z le...j,\,lil>® ®UN> 3)
Ji---IN

The product basis |j;)® ... ®ljn), for which we use the short-
hand notation |j;) ... |jn), or simply |j; ... jn), is called from
now on the computational basis of H. State (3) cannot in gen-
eral be written as a product of the individual states of the sub-
systems. In other words, it is in general not possible to attribute
a state vector to each individual subsystem, which is precisely
the formal statement of the phenomenon of entanglement:

Definition 1 (Separable pure states). A pure state
|¥) € Hgs is separable if it is a product state. That is, if it can
be expressed as

1#) =1%) & ... @), “)

where |#) € H,, ... and |Fy) € Hy.
Definition 2 (Entangled pure states).
is entangled if it is not separable.

For any pure state |#) of a bipartite system, there always
exists a product basis |¢]1¢]2) in terms of which one can write
|¥) = Z;; ¢ilp}¢7). with integer r < di= min{d,, d»} (the
dimension of the smallest subsystem) and ¢; > O for all j. This
is the well-known Schmidt decomposition [223] and r and ¢;
are called respectively the Schmidt rank and Schmidt coef-
ficients of |¥). A pure state is entangled if and only if r > 1.
For finite-dimensional systems, the maximally entangled
states are all the pure states whose Schmidt decomposition is
given by

A pure state |V') € Hs

1 -1
|of) = wri > |bibi). (5)
j=0

Infinite-dimensional maximally entangled states will be
discussed in section 2.2.2. Since all product bases are con-
nected through local unitary transformations, the maximally
entangled states are the ones local-unitarily related to |@]).
Arguably the most popular example of maximally entangled
states is given for the case of two qubits (d; = 2 = d,) by the
four Bell states, expressed in the computational basis as:

e

ﬁ(IOO) + [11)),

(6)

PEy = %(lOl) + [10)) and |@%) : =

which constitute a maximally entangled basis of H; @ Ho.
Maximally entangled states possess a remarkable property:

the reduced density matrix of the smallest subsystem is given,

for finite-dimensional systems, by the maximally mixed state

—, with 1 the identity operator. This contains no information at

all (maximal entropy) and therefore any measurements on it
yield completely random outcomes. Still, the available infor-
mation about the whole two-qubit system is maximal, because
the state is pure (zero entropy). This is the formal statement
of Schrodinger’s quotation already mentioned in the intro-
duction: ‘The best possible knowledge of a whole does not
include best possible knowledge of its parts’. Furthermore,
there are correlations between local measurements on both
subsystems that cannot be described by models based on local
hidden-variables, which would determine the values of the
local observables at each run of the experiment. As we will
see in the following sections, these peculiarities constitute the
strongest manifestations of how much the notion of quantum
entanglement defies classical intuition.

All in all, mixed states are much more abundant than
pure ones. In fact, mixed states describe realistic labora-
tory situations, where, due to decoherence and imperfect
operations, the system cannot be described by a state vec-
tor. They are represented by density operators, defined as the
trace-1 positive-semidefinite operators ¢ € D (Hgs), where
D(Hs):=D(H) @ D(Hy) @ ... D(Hy)is the space of lin-
ear operators acting on Hs. The definitions of separability and
entanglement for mixed states are more subtle than for pure
states [224]:

Definition 3 (Separable states). A state ¢ € D(Hs) is
separable if it can be expressed as a convex combination of
product states, i.e. if

e=2r"e" ® e ® ..., o
u

where ¢*) € D(H;) and p* > 0, with $,p%® = 1.

Expression (7) can be thought of as an ensemble decompo-
sition of ¢. There, ¢ is the state of particle i in the uth mem-
ber of the ensemble, which appears with a probability p®. In
the case of finite-dimensional systems, i.e. those for which
ds < oo, the states ¢ can always be chosen pure.

Definition 4 (Entangled states).
entangled if it is not separable.

The multipartite scenario is much richer, as a variety of
separability subclasses arises there. To introduce them, we
begin with the following definition.

A state ¢ € D(Hg) is

Definition 5 (k-separability with respect to a partitioning).
For any 2 < k < N, a state ¢ € D (Hy) is k-separable with
respect to a particular k-partitioning of the N particles if it
can be expressed as a convex combination of states all k-fac-
torable in the partition, i.e. if
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0= ZP(”)Ql(”) ® ... ® o®, ®

"

where g,-(”) € D(H,), subindex 1 < i < k labels now each of the
k subsets, H; is the composite Hilbert space of the particles in
the ith subset and p* > 0, with $,p% = 1.

For example, consider three qubits shared among parts A, B
and C, conventionally called Alice, Bob and Charlie, respec-
tively, in the pure composite state ¢ = |¥apc){¥Papcl, with
|Yanc) :=|Pip) ®10c) € Hs = Ha @ Hp @ Hc. Inthenota-
tion of (8), this corresponds to a single term u, Hy = Ha @ Hp
and H, = Hce. That is, Alice and Bob share the Bell state
|#) =|Pts) € Ha ® Hp and Charlie has the pure state
|'%) =|0¢) € Hce. The composite state is not separable because
it possesses entanglement, but it clearly factorizes with respect
to the splitting ‘Alice and Bob versus Charlie’. It is therefore
k-separable for k = 2, commonly referred to as biseparable, in
the split AB|C.

Definition 6 (k-separability). For any 2 < k < N, a state
0 € D(Hgs) is k-separable if it can be expressed as a convex
combination of states each k-separable with respect to a k-par-
tition, i.e. if

0= zpmglw R .. QIEM)’ ©)
"

where gi(”) € D(H,;), subindex 1 < i < k labels again each of
the k subsets, but with the subsets now possibly varying with
u, so that H,; is the composite Hilbert space of the parts in
the ith subset for the uth member of the decomposition and
p» >0, with ¥,p® = 1, as usual.

In this terminology, the separable states of definition 3 are
called N-separable, or simply fully separable.

Analogously, entanglement also admits sub-classifications
in terms of the number of parts actually taking place in the
correlations:

Definition 7 (Blockwise M-party entanglement). Given
any 2 < M < N and a particular M-partitioning of the N parts,
a state ¢ € D(Hg) is blockwise M-partite entangled with
respect to the M-partition, if it cannot be expressed as a con-
vex combination of states each biseparable with respect to
some bipartition of the M blocks.

When M = N, this definition reduces in turn to the follow-
ing crucial case.

Definition 8 (Genuine multipartite entanglement). A state
0 € D(Hs) is genuinely N-partite entangled, or, simply, gen-
uinely multipartite entangled, if it is not biseparable.

Thus, biseparability yields a natural way to define genuine
N-partite entanglement. However, since the notion of k-sep-
arability refers to the number of factorable subsets regard-
less of the number of particles within each subset, it does
not directly allow for a straightforward definition of genuine
k-partite entanglement. For example, a biseparable state can
correspond to two subsets of N/2 particles each or to a split of

1 particle versus N — 1. In general, for a fixed k, knowing that
a state is not k-separable does not specify the number of parti-
cles sharing genuine multipartite entanglement and this ambi-
guity becomes more relevant when N > > k or, even worse, if
N is unknown. For these reasons, it is useful to introduce the
notion of k-producibility [225].

Definition 9 (k-producibility). A state ¢ € D (Hs) is k-pro-
ducible if it can be expressed as a convex combination of
products of factors involving each k particles at most, i.e. if

0=2r"e" Q@ ... ® o,

u

(10)

N
for Qi(") € D(H,,), where 1 < i < m, form > ;, labels each

of the m factors, H,,; is the composite Hilbert space of the at
most k particles in the ith factor for the uth member of the
decomposition and p* > 0, with ¥,p* = 1.

This definition means that it suffices to generate specific
k-party entanglement to arrive at the state ¢. In this terminol-
ogy, the N-separable states of definition 6 are the 1-producible
states. In addition, a state is biseparable if and only if, it is
(N — 1)-producible. Hence, for k = 1 and k = N — 1, the notions
of k-separability and k-producibility complement each other,
but this clearly does not hold for 1 < k < N — 1. In general,
the concept of k-producibility captures the minimal number
of genuinely multipartite entangled particles necessary to pro-
duce a state, thus providing a natural way to define genuine
k-partite entanglement.

Definition 10 (Genuine k-partite entanglement). For any
2 < k<N, astate ¢ € D(Hg) is genuine k-partite entangled,
or, simply, k-partite entangled, if it is not (k — 1)-producible.

Of course, the genuine N-partite entangled states of this
definition are the genuinely multipartite entangled states of
definition 8.

Once again, an example of how the above sub-classifica-
tions apply can be given with three qubits. Consider the mixed
state [220]

osc = 5 (12X PLEI®10c)(0c]
+ |PEN Pl @104){04] (11
+ DN DEI®I05){05]) .

Clearly, this state is biseparable. Therefore, producible with
entanglement among at most 3 — 1 = 2 particles and not genu-
inely multipartite entangled. Nevertheless, one can immedi-
ately verify (for instance, with the PPT criterion discussed in
section 2.2.1) that, interestingly, it is entangled in each of its
three possible bipartitions. This simple example teaches us a
very important lesson: The presence of entanglement in all
the bipartitions does not imply genuine multipartite entangle-
ment. The situation is pictorially represented in figure 1 for
the three-qubit scenario.

On the other hand, two archetypical examples of genuinely
multipartite entangled states are the GHZ states
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PPT

mixtures

|__biseparable
states

Figure 1. Schematic representation of three-qubit states. There
are three convex sets (in thin dashed blue) of states separable with
respect to each bipartition, A|BC, B|AC and C|AB. The minimum
convex set containing these three sets, i.e. their convex hull (in
thick dashed blue), is the set of biseparable states, which, for

N =3, coincide with the 2-producible states. Each biseparable set
is in turn contained by the set of states that are PPT with respect
to the corresponding bipartition (in thin solid red). Their convex
hull forms the set of PPT mixtures (in thick solid red) discussed in
section 2.2. Reprinted figure with permission from Jungnitsch ez al
[264]. Copyright (2011) by the American Physical Society.

€L
V2
named after Greenberger, Horne and Zeilinger, who intro-

duced this state in its three-qubit version [226-228], and the
W states

|GHZy) := (1000 ...0) +|111... 1)), (12)

[Wy) = %(|00...01)+|00...10>+

(13)
... 4+101...00)+]10...00)),

introduced, also in its three-qubit version, in the context of
quantum information theory by Diir, Vidal and Cirac [229].

Interestingly, the two states (12) and (13) cannot be obtained
from each other through stochastic local operations and clas-
sical communication, that is, probabilistic operations carried
out locally on each part and coordinated (correlated) among
all parts by means of classical communication. In this sense,
they represent two inequivalent classes of genuine multipar-
tite entanglement [229]. The concept of local operations and
classical communication will be developed in section 2.2.6.
Other families of genuine multipartite entangled states will be
encountered in section 5.

2.2. PPT-ness, entanglement witnesses, biseparability crite-
ria, PPT mixtures, free and bound entanglement

From the formal point of view, the separability problem, i.e.
deciding wether a given state is or not separable, has been
solved in [230]. There, the author presents a deterministic
algorithm, based on semidefinite programming, that decides
whether an arbitrary density matrix is separable or not. This
algorithm is however not efficient in the system size and, in
fact as the separability problem is known to be NP-Hard in

the system size [231]. For some particular cases, such as for
instance pure states of bipartite systems of arbitrary dimen-
sions, arbitrary states of bipartite systems of dimensions 2 x 2
or 2 x 3 [232], or arbitrary bipartite Gaussian states of multi-
mode continuous-variable systems [233], efficient criteria are
known. Nevertheless, in practice, there is no procedure that
can unambiguous answer the question of whether an arbi-
trary state of a fully general system is entangled or not. This
explains why the zoology of methods establishing sufficient
conditions for entanglement for different specific cases is so
vast [219]. In what follows, we briefly describe just some of
the most popular methods.

2.2.1. The positive partial transpose criterion. The criterion
of the positive partial transpose (PPT) establishes a necessary
condition for separability in the general bipartite case. It was
first discovered in the framework of entanglement theory by
Peres [234]. However, its basic content was mentioned in the
mathematical-physics literature much before [235, 236]. It
involves a simple algebraic calculation without any optimiza-
tion and is capable of detecting a large family of entangled
states, called the non-positive partially transposed (NPPT)
states. For any state ¢ € D (Hup) of an arbitrary bipartite sys-
tem S = AB, of Hilbert space Hap := Ha @ Hp, with H, and
‘Hp the Hilbert spaces of subsystems A and B, respectively, it
is stated as follows.

Criterion 11 (Positive partial transpose). If ¢ € D (Hap)
is separable, then its partially transposed matrix with respect to B,
QT”, of matrix elements

G lGisle™ iU
= (s lelini)

Ti
Qj}xl;lij nJs
(14)

Qivinis’

for {lja)} and {|jg)} any orthonormal bases of Ha and Hp,
respectively, is also a positive-semidefinite matrix.

That is, it asserts that ¢’ is also a state in ¢ € D (H,p). The
operation T, called partial transposition with respect to sub-
system B, corresponds to the transposition of the matrix indices
associated only to Hp. Any state satisfying the criterion is called
a PPT state (with respect to the bipartition in question). The
criterion automatically implies that if the partially transposed
matrix of a state is non-positive (i.e. possesses at least one nega-
tive eigenvalue), then the state must necessarily be entangled.
These are precisely the NPPT states mentioned above.

The simplicity of the criterion makes it arguably
the most popular necessary condition for separabil-
ity of all. Indeed, it is simple to understand how it works.
Consider an arbitrary separable state @45 € D (Hap):

Oup = 2,, PP @ of’. Next, partially transpose it to

obtain ¢f} : = Y. p™of” ® of’" € D(Hap). Since the trans-
I

position is a positive map on D (Hp), meaning that it takes

every positive-semidefinite matrix in D (Hp) into a positive-

semidefinite matrix, the transposed QI(;”)T of any density opera-

tor o’ € D (Hp) is also a density operator itself. Hence, the
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partially transposed operator @15 is clearly positive-semidefi-
nite and, therefore, also a density operator. Thus, at the heart of
the efficacy of the criterion is the fact that the transposition is
a positive map but the partial transposition is not. Technically,
this means that the transposition does not belong to the more
general family of completely-positive maps, which will be
briefly introduced in section 2.2.6 and discussed in detail in
section 3.1.2.

With the PPT criterion, Peres established a necessary con-
dition for separability. Soon afterwards, the Horodecki family
complemented it [232] with the fundamental discovery that, for
the particular cases of arbitrary-dimensional bipartite systems
in pure states, or systems of dimensions 2 x 2 or 2 x 3 in arbi-
trary states, it actually provides both necessary and sufficient
conditions for separability. In these cases, the criterion provides
a complete characterization of the state’s entanglement. Beyond
these particular cases though, mixed entangled states are known
that are PPT. Examples of criteria capable of detecting some
PPT entangled states are the range criterion [237] and the com-
putable cross norm, or realignment, criterion [238, 239].

2.2.2. Entanglement, PPT-ness and separability in continuous-
variable systems. Excellent reviews on entanglement in con-
tinuous-variable (CV) systems can be found in [240-243]. Here
we limit ourselves to a very short introduction to the subject.

A maximally entangled CV state, corresponding to two
quantum modes, or gumodes, with position quadrature opera-
tors ¢; and ¢, and momentum quadrature operators p; and p»,
is a common eigenstate of the operators ¢g; + ¢» and p; — p»,
with [gj, pr] = 16y, for j, k € {1, 2}, where 6 is the Kronecker
delta. This implies that the sum of the variances of these two
operators (total variance) should be zero. However, this state,
often called EPR state, after Einstein, Podolski and Rosen,
who introduced it in their famous 1935 paper [1], is not physi-
cal, since it involves infinite energies. It is rather used as an
abstract limit which physical states can approach. Physical,
non-maximally entangled, approximations of it correspond to
two-mode squeezed states [244, 245], for which the total vari-
ance is different from zero but approaches it as the degree of
squeezing increases. This suggests that the total variance could
lead to a criterion for separability. Indeed, this is the approach
taken by Duan et al in [100], who lower-bounded the total vari-
ances of separable states through the following criterion.

Criterion 12 (Separability of generic two-qumode states).
For any separable two-mode state ¢ and EPR-like operators u and

v defined by

1
u = aq, + ;qz,

(15)
V. =ap, — —P»
a
with a any positive real, the total-variance bound
1
(Au)*), +{(@v)?* ), >a’ + — (16)
a

holds, where Au == u — (u), and Av :=v — (v),.

An alternative approach was followed by Simon [246],
who formulated the Peres—Horodecki criterion in the CV set-
ting. To this end, he considered the Wigner function, which
offers a phase-space representation of states equivalent to the
density operator representation. For the particular case of two
qumodes, for instance, it is defined in terms of ¢ as W (q, p) =
7*[d’q'(q - q'lelq + q')exp(2iq"-p), where q = (g, q,) € R?
and p = (p,, p,) € R? are respectively the real and imaginary
parts of the coordinates of points in the associated 2D com-
plex phase space. He showed that, for CV mode states, the
transposition operation is equivalent to the mirror reflection
in phase space of the momentum coordinate, or, which is the
same, to time reversal of the Schrodinger equation. That is,
for a two-mode state ¢ with a Wigner description W (q, p),
the partial transposition of the corresponding density matrix
with respect to the second mode is equivalent to the Wigner-
distribution transformation W (g1, p1, g2, p2) = W (g1, p1,
¢2, —p2). Thus, criterion 11 translates to the CV case as the
necessary condition that the mirror-reflected function W (g,
D1, g2, —p2) also be a valid Wigner distribution, for any sepa-
rable ¢. That is, W (g1, p1, g2, —p>) must describe a trace-one
positive-semidefinite operator.

A necessary condition for this, in turn, is that the phase-
space distribution renders the correct uncertainty relations.
This is convenient because these can be expressed in a concise
way in terms of just the second moments of the distribution, as

7)

where y is a 4 x 4 real symmetric matrix, called the covariance
matrix of ¢, with matrix entries

¥ = (Ardr; + ArjAr;).

y+iQ2 > 0,

(18)

Here, operator r;, for 1 < i < 4, is the ith component of the
vector r = (qi1, p1, g2, p2), Ar; = r; — (ri),. The expectation
value (O), := Tr[¢ O] of a generic operator O can be evaluated
explicitly in the Wigner representation as the convolution of
W (q, p) with the Wigner function of O [240-243]. (2, in turn,
is the 4 x 4 antisymmetric matrix

where w; ::(0 1)

Q= 0D w, 10

(19)
is the symplectic matrix of mode i, for i = 1, 2. When no par-
ticular mode is specified, one typically refers to 2 simply as
the symplectic matrix.

Transformation p, — — p, corresponds to @y — — @ in
(17), which leads us finally to the best-known form of the PPT
criterion for CV systems:

Criterion 13 (Positive-partial-transpose for two qumodes).
Ifo € D (Hs) is a separable two-mode state with covariance matrix
y, then

y+i[o @ (—w2) ] 2 0. (20)

The operation of mirror reflection of the Wigner distribu-
tion and, therefore, also criterion 13, is straightforwardly gen-
eralized to any bipartition N4q|Np of a system with Ny + Np
qumodes.
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Criterias 12 and 13 provide necessary conditions for separa-
bility of generic states, but for some important particular cases
these conditions become also sufficient [100, 246-248]. This
is for instance the case of some subfamilies of the Gaussian
states. Gaussian states play a crucial role in quantum informa-
tion and quantum optics [240-243]. They are defined as those
whose Wigner representation is a Gaussian function. For these
states, the covariance matrix captures all the correlations and
completely determines the state up to local unitary displace-
ments. Covariance matrices transform according to symplectic
transformations, which describe the transformations of phase-
space coordinates associated to the physical transformations of
quantum states. This are characterised by the group of all 4 x 4
real matrices F such that F2 F' =, with F” the transposed of F.
Williamson’s theorem guarantees that any covariance matrix can
be diagonalised by a symplectic transformation [241]. This is
called symplectic diagonalization and the (non-negative) eigen-
values obtained, ¢;, are the symplectic eigenvalues of y. In terms
of these, condition (20) expresses as ‘e; > 1 for all i”, which con-
stitutes an equivalent formulation of the PPT criterion.

It was noted by Duan et al in [100] that criterion 12
becomes necessary and sufficient for two-qumode Gaussian
states. Analogously, in [246], Simon noted that criterion 13 is
also necessary and sufficient for separability of two-qumode
Gaussian states. Shortly afterwards, Werner and Wolf gener-
alised the latter result to 1 + N qumodes [247]. They showed
that PPTness of a bipartition 1|N of a Gaussian state of 1 + N
qumodes is a necessary and sufficient condition for bisepa-
rability in the bipartition. Furthermore, if symmetries are
present, the PPT criterion can be shown to be equivalent to
biseparability for more general bipartitions. This is the case
for bisymmetric (N4 + Np)-mode Gaussian states, which
are invariant under internal permutations of the qumodes
in each subset A or B. Then, it can be shown that PPTness
gives a necessary and sufficient condition for biseparability
in the split N4|Np [248]. In particular, this implies that, for a
fully symmetrical mixed Gaussian state of arbitrarily many
qumodes, PPTness is equivalent to biseparability with respect
to all bipartitions. For the generic case of arbitrary (N4 + Np)-
mode Gaussian states, the separability problem was closed by
Giedke et al in [233]. There, the authors developed a recursive
method by which one can, after a number of steps, unambigu-
ously assess the biseparability of the state in the Na|Np split.

On the other hand, Shchukin and Vogel [249] derived a gen-
eral hierarchy of necessary and sufficient conditions for separa-
bility of two-qumode states. The hierarchy can be expressed in
terms of higher-order momenta of the two modes involved and
is applicable to non-Gaussian states too. Indeed, it has been used
to test the separability of non-Gaussian states in optical experi-
ments [250]. To end up with, we note that Shanon-entropy-based
critera have been more recently obtained that are strictly stronger
than criterias 12 and 13 in the non-Gaussian case [251].

2.2.3. Entanglement witnesses. Entanglement witnesses
constitute a very useful tool for the identification of entan-
gled states in both the bipartite and multipartite cases [220,
232, 252-255]. They give a sufficient condition for entangle-
ment that can be directly accessed in the laboratory via the

10

k-producible

N-separable = |-producible

Figure 2. Schematic representation of the internal geometry of the
set of density matrices D (Hs). Since each set of k-producibility

is closed and convex, for any genuinely k-partite entangled state
Qent(k = N — 1 in the example of the plot), there always exists a
hyper-plane that separates it from the state. Associated to the
hyper-plane there is a physical observable W. Adjacent to the set of
k- producibility, in turn, there is a hyper-plane that maximizes the
distance to Qeni. This corresponds to an optimal witness Wopy.

expectation value of a physical observable, playing thus a cru-
cial role in experimental entanglement detection, as discussed
in section 2.4.2. The idea of detecting entanglement through
the expectation values of observables was introduced by the
Horodecki family in [232]. The term ‘entanglement witness’
was later first coined by Terhal in [252]. For each entangled
state g,,,, € D (Hs) there exists a Hermitean operator W acting
on Hg such that

T Wo, | > 0,

for every separable ¢, € D (Hs) and

2n

TH{Weew,| < 0. (22)

This fact is nowadays known as the completeness theorem for
entanglement witnesses [220] and was first proven in [232]. It is
a consequence of the Hahn—Banach separation theorem, which
guarantees that any two disjoint closed convex sets, being one
of them in addition compact, in a real Banach space are always
separated by a real linear function f. In our particular case, the
two sets are the set of separable states and the single-element set
composed of gy (Which is always compact), and the function is
givenby fi : D(Hs)= R, fw(e):= Tr[Wp]. One says then that a
W satisfying equations (21) and (22) is an entanglement witness
for gen. Every witness succeeds to detect only a restricted set
of states. However, it is precisely this property what allows wit-
nesses to detect specific entanglement families of interest. For
example, by replacing in equation (21) the separable states with
the (k — 1)-producible ones and taking g, in equation (22) to be
genuine k-partite entangled, one obtains multipartite witnesses
for genuine k-partite entanglement (see figure 2). Furthermore,
witnesses can even be tailored so as to not only detect genu-
ine multipartite entanglement but also distinguish inequivalent
classes thereof [256], as mentioned below.

The trace of the product of two Hermitean operators acting
on Hg defines their Hilbert-Schmidt inner product. Therefore
the expression Tr[We] = 0 can be interpreted as the equation of
a hyperplane in D (Hs), where W plays the role of the defining
vector of the hyperplane. This hyperplane splits D (Hs) into
two half-spaces separating an entangled state from the set of
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separable states*. In figure 2 we can see a schematic represen-
tation of the geometry of D (Hs) according to the sets of k-sep-
arability. A genuinely N-partite entangled state gep, is separated
from the biseparability set by a hyperplane corresponding to a
witness W for genuine multipartite entanglement. The dashed
segment that goes from g, perpendicularly to the hyperplane
pictorially represents |Tr[ Woenl|- In the figure we can also see
that there exists a hyperplane adjacent to the set of biseparabil-
ity that maximizes the length of such segment. This hyperplane
is associated to an optimal entanglement witness Wopy.

More precisely, a witness W is said to be finer than a wit-
ness W, = W, if W, witnesses all states witnessed by W,
plus some other additional state(s). In particular, this hap-
pens if there is some non-zero positive-semidefinite opera-
tor P > 0 such that W; = W, — P. In turn, a witness Wy is
said to be optimal if there exists no other witness finer than
it [253]. Hence, Wy is optimal if, for all P > O such that
P 0, Wy — P is not a witness of (k-partite) entanglement,
i.e. if there is some separable ((k — 1)-producible) state oo
for which Tr[(Wop — P)o<o] < 0. Since the set of separable
((k — 1)-producible) states is convex and closed, the latter in
turn implies, by continuity arguments, that there is a separa-
ble ((k — 1)-producible) state ¢ for which Tr[Wy0-0] = 0.
Hence, a necessary condition for a witness to be optimal is
that it ‘touches’ the separability ((k — 1)-producibility) set,
as shown in figure 2. However, this condition is not sufficient
[220]. Systematic recipes for the optimization of witnesses
were introduced in [253] for the bipartite case.

Here we just discuss two simple examples of how to con-
struct witnesses. To this end, we first introduce the notion of
decomposable witnesses. A bipartite witness W is decompos-
able if it can be expressed as W =P + QTB, where P > 0 and
0O > 0 are positive-semidefinite operators acting on Hyp and
T represents the partial transposition with respect to B [253].
Observables with this structure automatically satisfy (21)
for all PPT states and, therefore, also for all separable states.
Hence, they cannot witness PPT entanglement. This comes
about because, for any PPT state ¢4p, one has

T (P+0™ess] = Ti[Poug|+Ti{ Q%04 ]

= TI'[PQA B] + Tr[Qg}%

= (23)
0,

>

where the identity TT[QQZIE:] = Ti| Q™05 | was used. Indeed,
a bipartite witness can detect entangled PPT states if, and only
if, it is non-decomposable [253].

The first example concerns witnesses for NPPT states.
Any NPPT state ¢ is detected by a bipartite witness of the
form [253]

W=l ) (|, (24)

where |p7) is an eigenstate of @™ with nega-
tive eigenvalue. This follows again from the identity

4 Indeed, it is interesting to note that the above-mentioned Hahn—Banach
separation theorem is a generalization to topological vector spaces of
Minkowski’s Hyperplane separation theorem for disjoint convex sets in
Euclidean space.

1

Trll7™ )1 e] = Trlln™)(n"|e™]. Witness (24) is by con-
struction optimal and decomposable.

The second one comes from the intuition that a state suf-
ficiently close to an entangled state should also be entangled.
Given an arbitrary multipartite pure entangled state |¥), the
observable

W=l —|P)XY?, (25)
with
a = max  Trle|¥)(¥I]
¢ (k—1)-producible %6
= max {D|P), (26)

| @) (k—1)-producible

defines a valid witness. The last equality holds for all
finite dimensional systems and is due to the fact that the
maximum of a linear function over a convex set (mixed
(k — 1)-producible states) is always attained at its extre-
mal points (pure (k — 1)-producible states). If the fidelity
Tr[|P){P]e] = (¥|o|¥) of a state ¢ with |¥) goes beyond the
critical value ay then ¢ is detected as k-partite entangled. It
can be shown that witnesses of this form cannot detect PPT
entanglement either [220]. When |¥) is a bipartite state, a;
is known [257] to be given always by the squared maximal
Schmidt coefficient of |¥). In the general multipartite case, in
contrast, the optimisation required for y is not a simple task,
but still some analytical results are known. For instance, as
discussed in section 5.1, the three-qubit pure states |W) and
|GHZ) belong to two inequivalent classes of entanglement.
Using equation (25) it is possible to construct witnesses that
detect not just genuine multipartite entanglement but actually
entanglement of either the GHZ or the W class exclusively
[256]: By taking |¥) = |GHZ) and a; = 3/4 one obtains a
witness of GHZ entanglement and by taking |¥) = |W) and
ap = 2/3 one of W entanglement.

Last but not least, it is important to mention that entan-
glement witnesses have been generalized to the non-linear
case [258]. There, equations (21) and (22) are improved via
nonlinear expressions that are also experimentally acces-
sible through expectation values of physical observables
[258-260].

2.2.4. Biseparability criteria. In [261, 262], very powerful
biseparability criteria were introduced. These can be tailored
to target at different genuinely multipartite entangled states.
For instance, for states in the vicinity of GHZ or W states,
they take very simple expressions, which we next present in
the form introduced in [261]:

Criterion 14 (Biseparability of 3 qubits (GHZ)). Any 3-qubit
biseparable state ¢ necessarily fulfills

DIHZ) (9) < Co01@110 + Q0100101 + /Co11@i00- (27)

where DIHZ3) (0) :=|(000|g|111)| and o
001 < k< 110.
In turn, the counterpart for W states of the criterion is

(klelk), for
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Criterion 15 (Biseparability of 3 qubits (W)). Any 3-qubit
biseparable state ¢ necessarily fulfills

Do) < Jeoolorr + Cooolior + /Qo00Crio

1
+ (@001 + Qo10 + CQi00)»

where D™ () :=[(001]|¢|010)|+[(001]¢|100)|+]{010]¢|100)|
and ¢y = {k|glk), for 000 < k < 110.

In both criteria, the abbreviation D¥? (¢) stands for the
sum of the absolute values of the off-diagonal elements in the
upper triangle of density matrix @, for which the correspond-
ing entries |¥)('¥] are not null. The violation of either of the
criterions implies, of course, genuine 3-qubit entanglement.
It is important to emphasize that both criteria are valid for all
states. The presence of the target states |GHZ3) and |W3) in
(27) and (28), respectively, just makes reference to the fact
that criterion 14 is especially good at detecting genuine multi-
partite-entangled states in the vicinity of |GHZ3) and criterion
15 in the vicinity of |[W3).

In spite of their simplicity, these criteria are stronger
than all known entanglement witnesses. They can detect
some bound entangled states (separable with respect to all
partitions but not fully separable) [261]. Also, (28) is vio-
lated by 3-qubit W states mixed with white noise, that is
PV =1 =p)|WHW|+pl/8, for p < 8/17 = 0.471 [261];
whereas the corresponding best known entanglement witness
[220], W= 2/3)(1 — |111){111]) — |[W){(W|, detects these
states only for p < 8/19 = 0.421. Furthermore, both criterions
14 and 15 were observed in [172] to perform significantly bet-
ter than the GHZ and W fidelity-based witnesses given by (25)
at identifying genuine tripartite entanglement of experimen-
tally obtained mixed three-qubit states.

In section 5.1, we present a generalization of criterion 14
to N-qubit systems, as well as an extension of criterion 15 to
four-qubit W and Dicke states [261]. We also notice that simi-
lar criteria have been derived in [263] for four-qubit cluster-
diagonal states, defined in section 5.1.3.

2.2.5. Multipartite PPT mixtures. As in the case of entangle-
ment, also for NPPT-ness does the multipartite scenario dis-
play some curious features. In analogy with biseparable states,
one defines PPT mixtures as all possible convex combinations
of PPT states. These are contained in the convex hull of the
states PPT with respect to some bipartition, pictorially rep-
resented in figure 1, for an exemplary three-partite system.
There, we can see that, there exist states that despite being
NPPT with respect to all bipartitions, still lie inside the PPT-
mixture region. In fact, as already anticipated, the example
(11) studied above is NPPT with respect to all splits but is
biseparable and therefore also a PPT mixture.

In [264], Jungnitsch, Moroder and Giihne proposed a
powerful approach to characterise PPT mixtures through
entanglement witnesses. The idea is to find a witness W such
that (i) Tr[Woppr] > O for all PPT mixtures gppr and (ii)
Tr[Wonppr] < 0 for some state gnppr outside the PPT-mixture
convex hull, of a given multipartite system. A natural way to
automatically satisfy (i) is to demand that W is decomposable,
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as defined in section 2.2.3, with respect to all the bipartitions,
i.e. that there exists operators P; > 0 and Q; > 0 such that
W = P, + Q' for all bipartitions A, where T; denotes the par-
tial transposition operation with respect to subpart 4. When
W allows for such decompositions, the authors call it a fully
decomposable witness. Conversely, any non-PPT-mixture
state onppr can be detected by a fully decomposable witness
[264].

This problem defines a convex optimization that can be for-
mulated as a linear semidefinite program: Given a multipartite
state ¢, find

minTr[Wo]
s.t. Tr[W]=1,
withW= P+ QF, P, > 0, Q; > Oforall 1.

(29)

Semidefinite programming is numerically practical and has,
in particular, the advantage that global optimality of the found
solution Tr[Wpin0] can be guaranteed. Notice also that decom-
posability with respect to a bipartition A automatically implies
decomposability also with respect to the complementary
bipartition 1, so that only half the bipartitions need actually
be considered. For system sizes of up to seven qubits, optimi-
zation (29) has already been handled [263].

This approach thus renders a necessary condition for bisep-
arability of multipartite systems, analogous to the PPT crite-
rion 11 for separability of bipartite ones:

Criterion 16 (PPT mixtures). If a multipartite state ¢ € D (Hs)
is biseparable, then

Tr[\Vmin 0] 2 0, (30)
where Tr[WinQ] is the solution of (29).

For some subfamilies of states, as for instance the four-
qubit cluster-diagonal states, defined in section 5.1.3, the con-
dition is also sufficient [263]. In general, as we describe in
the end of section 2.3.2, the violation of (30) can be used to
quantify genuinely multipartite entanglement.

2.2.6. Local operations assisted by classical communica-
tion. General physical transformations will be discussed in
section 3.1.2 in the context of open-system dynamics. At this
point, however, we introduce, for the sake of characterizing
entanglement, a prominent subclass of physical transforma-
tions, described by the celebrated local operations and clas-
sical communication (LOCCs) [265]: operations carried out
locally by each user but with the help of classical communica-
tion among them. The idea of LOCCs is that distant users, each
one in possession of one out of the N parts of the system, apply
arbitrary operations locally but in such a way that the local
operations by each user are coordinated (correlated) among
all parts by means of classical communication. A remarkable
example of an LOCC protocol is the quantum teleportation,
discovered by Bennett et al [9]. There, two distant users—
canonically called Alice and Bob—share two qudits (quantum
particles of d levels each) in a maximally entangled state as
(5). This entangled pair constitutes the teleportation channel.
Alice wishes to teleport towards Bob’s location another qudit,
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in an unknown, arbitrary state. First Alice locally measures
her part of the channel together with the qudit to teleport in a
maximally-entangled basis. Next she communicates her mea-
surement outcome (over a public classical communication
channel) to Bob. Finally, he applies a local operation to his
qudit conditioned to the outcome communicated by Alice. As
a result, the qudit in Bob’s possession ends up precisely in
the outcome initial state of the qudit Alice wanted to teleport,
achieving thus the desired goal.

The mathematical form of LOCC maps is rather involved
[266]. There exists though a supraset of the LOCC maps, the
set of separable maps, which includes all LOCC maps and
possesses a simpler mathematical characterization:

. .
Ewp(@):= D K" ® ... Kok ® ... K", 31)
M

where K;* is an operator on H;, for all 1 <i < N. Equation (31)
is called a Kraus decomposition of Esp and each uth com-
posite operator Kl(”) ®...0K ](\5‘) is called a Kraus operator.
Kraus decompositions will be touched upon in detail in sec-
tion 3.1.2. Kraus operators always satisfy the general normali-
sation condition

YKVKP s ... 0 KWKY < 1,
u"

(32)

which guarantees that Tr[Exp(e) ] < 1 for all ¢ € D(Hg).
This type of maps describes the stochastic transformation
0 = Esep(0)/ Tr [Esep (@) 1, which happens with a probability
Tr [Egep (@) ] In the particular case where the inequality (32) is
saturated, it holds that Tr [Esp (@) ] = 1for all ¢ € D (Hs) and
the transformation ¢ — &, (@) happens with certainty.

Stochastic LOCCs (SLOCCs) [229, 267], describing prob-
abilistic LOCC processes, are particular cases of stochastic
separable maps and deterministic LOCCs of deterministic
separable maps. Thus, instead of dealing directly with LOCC
maps, one usually works with separable operations and con-
cludes properties about the former by inclusion. It is known
that separable and, in particular, LOCC maps do not increase
entanglement when acting on generic separable states or pure
entangled states of bipartite systems [268]. However, critical
differences between the two families can arise for the case of
mixed-state entanglement: While, as we see in section 2.3.2,
entanglement never increases under deterministic LOCCs,
pathologic examples have been found of mixed entangled
states for which the value of a measure of entanglement
increases under deterministic separable maps [269].

2.2.7 Distillable, bound and PPT entanglement. Most proto-
cols for quantum information processing and quantum commu-
nication exploit maximally entangled pure states. However, in
practice, due to non-perfect operations and noise, only mixed
states are at hand. The problem of how to extract pure-state
entanglement from mixed entangled states was considered
in the seminal work by Bennett et al [270]. They established
there the paradigm of entanglement distillation, also some-
times called entanglement purification or concentration. Once
again, let us consider two distant users A and B who share
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now n identical copies of the state g5 containing some noisy
entanglement. They can apply an LOCC protocol Epig, acting
collectively on all n copies of gap so as to obtain a smaller
number m(n) > 0 of copies of a state closer than the original
state g4p to a pure maximally entangled target state, which can
be taken as |@*) without loss of generality. Errors are allowed,
but they must vanish in the asymptotic limit n — oo and the
obtained state must tend to |@*). When this is possible, Ep;g
is an entanglement distillation protocol for g4 with efficiency

fp:=1lim mn) .

n—oo

(33)
n

The optimal protocol is the one that maximizes #p. This opti-
mal efficiency defines in turn the distillable, or free, entangle-

ment Ep(0ap) of ag:

Ep(o4p):= sup 17p.

Epist eLOCC (34)

Accordingly, g4p is said to be distillable and possesses Ep
ebits (entanglement bits) of distillable entanglement.

The inverse process, sometimes called entanglement dilu-
tion, is also possible. Starting from m copies of the pure maxi-
mally entangled state |®@*), A and B apply an LOCC map Ep;
to obtain a larger number n(m) of identical copies of 4. Then
Epi is an entanglement dilution protocol for gap, with a cost,
in ebits per copy, given by the conversion rate

m(n)

o= .
n

35)

The optimal protocol is now the one that minimizes #¢ and
the optimal cost defines the entanglement cost Ec(0ap) of 0ap:

inf lim#ne.

Ec(eqp) =
AB Epil€LOCC m— oo

(36)
The natural question that arises is whether entanglement dis-
tillation and dilution are reversible processes. Surprisingly,
the answer is no. There are mixed entangled states from which
it is not possible to distill any entanglement at all. It turns out
that the Peres—Horodecki PPT criterion is intimately related to
this curious phenomenon. In fact, it was again the Horodecki
family who soon after the discovery of the criterion found out
[271] that every PPT state is non-distillable. This means, in
view of the fact that for mixed systems larger than 2 x 3 there
exist PPT entangled states, that there are entangled states that
are non-distillable. These are precisely the celebrated bound
entangled states. Clearly, we have then in general Ep < Eg,
the equality holding necessarily only for pure states, or for
systems of d < 2 x 3 in arbitrary states.

On the other hand, it is not known whether there exist bound
entangled states other than the PPT ones. This is a question
that remains open since the very discovery of bound entangle-
ment and has been called ‘the problem of the NPPT bound
entanglement’. Every PPT state is non-distillable, but the con-
jecture [272, 273] is that there could be a gap between the set
of all distillable states and that of the PPT ones. The situation
is described in figure 3, which schematically represents the
internal geometry of D (Hs) with the borders between the sets
of the separable states, the PPT ones, the hypothetic NPPT
non-distillable ones (in dashed) and finally the rest of D (Hs):
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Separable

Figure 3. Schematic representation of the inner geometry of the set
of the density matrices D (Hs), with the borders between the sets
of the separable states, the PPT ones, the conjectured NPPT non-
distillable ones, in dashed line and finally the rest of D (Hs) : the
distillable states.

the distillable states. Proving, or disproving, the conjecture is
one of the big fundamental open questions in entanglement
theory. See [274] for a review on the problem.

2.2.8. Multipartite distillability. 1t is also possible to define the
notion of distillability for multipartite systems. We consider
then N users that apply an LOCC map on n copies of an arbi-
trary N-particle state ¢, with the aim of obtaining m(n) < n
copies of some pure entangled target state. The LOCC map
acts collectively on all n copies of ¢, but the ‘L’ in LOCC
stands for local with respect to each of the N parts individu-
ally, who can correlate their local operations only through
classical communication, as in the bipartite case. When, in the
asymptotic limit of n — oo, m(n) > 0, ¢ is said to be distillable.
If the distilled target pure state is genuinely N-partite entan-
gled, then ¢ is in addition genuinely multipartite distillable, or
N-party distillable for short.

Interestingly, genuinely multipartite entangled states that
belong to inequivalent entanglement classes at the single-copy
level can be mapped into one another by LOCCs when suffi-
ciently many copies of them are available. In particular, this is
the case for instance of the GHZ and W states for N-qubit sys-
tems (see for instance [275] and references therein). In gen-
eral, a necessary and sufficient condition for genuine N-party
distillability is the distillation of a pure maximally entan-
gled state between every pair of parties [276]. The reason
behind this fact is that, from sufficiently many copies of these
pairs, any pure genuinely multipartite entangled state can be
obtained with LOCCs and vice versa. An example of a bipar-
tite-distillation based protocol for the distillation of genuine
multipartite graph-state entanglement is explicitly described
in section 5.3.2. Still, protocols for the direct distillation of
multipartite entangled states exist, as we briefly mention in
section 5.3.1 (see [277] for a review). A(n only) necessary (but
much simpler to check) condition for genuine N-partite distil-
lability is given by the following criterion [276, 278]:

Criterion 17 (Multipartite distillability (necessary)). If an
arbitrary N-qubit state 0 € D(Hs) is N-party distillable, then each
and all of its bipartite splits are NPPT.

A simple way to convince oneself of the validity of the
assertion is to note that if any split is PPT, then it is certainly
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not possible to distill genuine N-party entanglement. On the
other hand, the converse assertion cannot hold if NPPT bound
entanglement exists, as discussed in the previous subsection.

An important distinction must be made at this point.
Genuinely mutipartite distillability and genuinely multipartite
entanglement turn out to be inequivalent notions. On the one
hand, mixed states that are PPT with respect to any choice
of bipartite cuts (and therefore not N-party distillable) but at
the same time display genuine N-partite entanglement can be
constructed [279]. On the other hand, there are biseparable
states that are N-party distillable. That is, one can distill gen-
uine-multipartite entanglement from states with no genuine-
multipartite entanglement at all. The reason behind this is that
the distillation of pure maximally entangled states between
every pair, which is sufficient for genuine N-party distilla-
tion, is certainly not enough to guarantee genuine-multipartite
entanglement. This is the case precisely of the 3-qubit state
(11) studied above. The state is biseparable, but a pure maxi-
mally entangled state between Alice and Bob and another
between Alice and Charlie, can be distilled. With them, Alice
can teleport one qubit of a locally created GHZ state to Bob
and another to Charlie, thereby obtaining a GHZ state among
all three users. This example also shows that the set of non-
genuinely mutipartite distillable states is not convex, because
a convex combination of three non-genuinely mutipartite dis-
tillable states renders a genuinely mutipartite distillable one.

Both the definition of N-party distillability as well as cri-
terion 17 can of course be directly extended to blockwise
M-party distillability. There, the N parts are grouped into M
blocks, each of which is treated as a single subpart of larger
dimension, and the aim is to distill a blockwise M-partite pure
entangled state with respect to the M-partition. Multi-party
distillable states are in general easier to experimentally pre-
pare, or detect, than multipartite entangled ones [220]. For
the same reasons, they can also be much more robust against
noise. These points are elaborated in section 5, where, in par-
ticular, we discuss other criteria for N-party and blockwise
M-party distillability for GHZ entanglement.

2.2.9. Multipartite bound and unlockable entanglement. An
N-partite state is bound entangled if it is entangled and not
distillable. Non-distillability, meaning that no pure-state
entanglement whatsoever can be distilled, reduces to asking
that not even a two-qubit singlet can be distilled between any
subsets of parties. One of the first examples of a multipartite
bound entangled state was obtained by Bennett et al in [280],
where an entangled three-qubit state separable with respect
to all its bipartitions was found. Such state is not distillable
because, clearly, no singlet can be extracted with N-party
LOCCs. Another popular example is the Smolin state [281]:

4
1

7 LR @ 1FE) (¥

u=1

for four qubits A, B, C and D and where |¥“) are the four
maximally-entangled Bell states (6). By construction, the
split AB:CD is separable. In addition, the state is invariant
under the permutation of any of its parts. This can be seen

Smolin . _

ABCD ‘= (37)
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by noticing that oSmolin — Z(1®4+Z,34=15(M)®4)’ with 6%,

for u € 1, 2, 3, being the three Pauli matrices. Therefore,
it is separable with respect to all two-versus-two cuts. This
implies, again, that no entanglement between any pair of
qubits can be extracted with N-party LOCCs. So the state is
non-distillable. However, it is immediate to check that all its
one-versus-three qubit bipartitions are NPPT. So the state is
entangled.

The Smolin state features in addition another exotic prop-
erty. From (37), one sees that the pairs AB and CD have an
equal probability of having any Bell state. If, say, parts A and
B are brought together, they can unlock the entanglement
between C and D by performing a joint Bell-state measure-
ment on their qubits and then communicating their outcome
via a classical communication channel to C and D. The out-
come works as a flag for C and D, because it marks onto
which Bell state their subsystem has been projected. As a
result, C and D are left with a pure maximally-entangled state
(and they know which one!). This process is known as entan-
glement unlocking and the bound entanglement of the initial
state is said to be unlockable. As discussed in section 6.6,
state (37) has already been considered in experimental inves-
tigations [170, 282, 283].

Finally, it is important to mention that multipartite bound
entanglement, exotic as it seems, is actually a relatively com-
mon phenomenon. In particular, we will see in section 5.6 that
it can appear due to natural physical processes as the inter-
action of multipartite systems with local environments [141,
145, 157, 187, 284-288]. Furthermore, even genuinely mul-
tipartite bound entanglement exists [289]. More precisely,
in [289], five- and six-qubit symmetric, i.e. permutationally
invariant, entangled states have been found that are PPT (with
respect to all bipartitions). Their symmetry guarantees that
these sates are not only entangled but also actually genuinely
multipartite entangled. In turn, their PPTness renders such
entanglement bound.

2.3. Entanglement measures

The quantification of entanglement of general states happens
to be a formidably difficult task, indeed, one clearly more
complex than the separability problem. It typically involves
optimizations whose required computational effort grows so
fast with the system size that, already for a handful of par-
ticles, calculations for arbitrary states become in practice
impossible. Given the complexity and importance of the prob-
lem, there exists a wide variety of proposed quantifiers. Some
are based on the performance of states as resources for quan-
tum-information protocols, some on geometrical aspects, on
axiomatic approaches, etc and each of them is more advanta-
geous than others in some particular sense. In this subsection,
we present barely some of the most popular proposals. We
refer the interested reader to [218, 219] for detailed reviews
on the subject.

2.3.1. Operational measures. This type of quantifiers is
based on the premise that entanglement is a resource for
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physical tasks. Accordingly, the entanglement in a given state
04p 18 given by its efficacy as a resource for a particular task.
A simple example of this is the maximal teleportation fidel-
ity fmax, defined as the fidelity of teleportation of a qudit
attainable when @45 is used as the teleportation channel,
averaged over all possible input states and maximized over
all possible teleportation strategies. If g4p is maximally
entangled, the teleportation is faithful and f.x(0ap) = 1.
Whereas if g5 is separable or bound entangled, the fidel-
ity takes the maximum value attainable by classical means:
Fnax (@4p) = 77 [290].

The two most important operational quantifiers are the
distillable entanglement Ep and the entanglement cost Ec,
both defined in section 2.2.7. Ep is more powerful than fi,x at
detecting entanglement because, whereas the latter restricts
to the single-copy regime, the former addresses the useful-
ness as a physical resource of asymptotically many copies
of gap. On the other hand, E¢ quantifies the ebits necessary
for the LOCC production, in the asymptotic sense, of gap.
Since LOCCs can only map separable states into separable
states, every entangled state costs a non-null number of ebits.
That is, Ec > 0 for every entangled state, including the bound
ones. In this sense, E¢ is more powerful than both Ep and
Jfmax» Which are sensitive only to free entanglement. All these
measures involve optimizations that make their numeric eval-
uation a hard problem.

2.3.2. Axiomatic measures. Vedral and collaborators pro-
posed in [291] the idea of an axiomatic definition of an entan-
glement measure, such that any function that satisfies some
reasonable postulates can be considered an entanglement
quantifier.

The most important postulate, already introduced in [265]
and on which there is absolute consensus within the com-
munity, is that of monotonicity under LOCCs: entanglement
does not increase under local operations assisted by classical
communication.

Mathematically, if ¢ is any arbitrary state and E(g) is a
measure of its entanglement, this axiom demands that

E(0) = E[&occ(0)],

for all LOCC maps ELOCC-

There exists also a stronger monotonicity condition
that—despite more restrictive than (38)—is satisfied by
most known entanglement measures. This condition is called
strong monotonicity under LOCCs: entanglement does not
increase on average under local operations and classical
communication.

Mathematically,

(38)

E(@) > ),p™E@@"™),
i

(39)

where {p®, o™} is the ensemble obtained from ¢ via & occ
(see also section 2.2.6). All quantum maps can be thought
of as generalised (non von-Neumann) measurements. Thus,
the difference between the monotonicity formulations (38)
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and (39) is that in the latter the measurement outcome u is
known. One says that label u flags which ensemble member
resulted from a particular realisation, in the statistical sense,
of the LOCC process (which Kraus operator took place, in the
terminology of section 2.2.6). The flag reveals that, in each
realisation, the state is ¢* instead of & occ (). Hence, the
entanglement is then the average entanglement over all the
ensemble members, Eﬂp(“)E(g(“)). This can be higher than the
entanglement E[& occ(@)] of the bare mixture without flag
information. Indeed, if E is in addition a convex function
(see definition in equation (41) below), then the ensemble-
averaged entanglement is always greater or equal than the
entanglement of the ensemble. That is, if E is convex, strong
monotonicity automatically implies monotonicity. As we dis-
cuss below, convexity is another common property satisfied
by many entanglement measures.

Vidal originally suggested [292] to consider strong LOCC
monotonicity as the only fundamental postulate required
by entanglement measures, all other properties either being
derived from this basic axiom or being optional. However,
nowadays there is agreement [219] that condition (38) is the
most fundamental requirement for entanglement measures,
as entanglement is expected not to increase under LOCCs
regardless of any flag information being available or not. On
the other hand, strong monotonicity is some times easier to
prove than monotonicity and is therefore still a frequently used
formulation. In the literature, the terms entanglement measure
and entanglement monotone are often used interchangeably.
Here, we use the first one for any LOCC non-increasing func-
tion, i.e. one that satisfies equation (38) and reserve the second
one for any function satisfying equation (39). In turn, when-
ever we wish to emphasise that a quantifier is an entanglement
monotone we denote it by M.

A fundamental property imposed by either monotonicity
conditions, (38) or (39), and whose importance on its own
deserves an explicit comment, is the following:

e Entanglement is invariant under local unitary transforma-
tions:

E@=EU® ... ® UyoU; ® ... ® U}, (40)

for all local unitary operators Uy, Ua, ... Uy acting respec-
tively on Hj, Ha, ... . Hy. To see it, notice that when & occ
is a local unitary operation it is invertible, its inverse £ )¢
being simply the inverse local unitary operation. Then the
only way for Etobe monotonous under both transformations
¢ = &rocc (@) and Eroce (@) = Exdec (Eocc (@) ) = ¢ is
necessarily to remain invariant in such processes. This is a
very sensible characteristic of an entanglement quantifier,
since local unitary transformations are nothing but local
basis changes.

Since every separable state can be transformed into any
other separable state via LOCCs [292], E must be constant
over the set of separable states. In addition, this constant
must set the minimal entanglement, because every separa-
ble state can be obtained from any other state via LOCCs.
It is then convenient to set this constant as zero, so that the
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entanglement of a separable state is null. That is, if ¢ is sepa-
rable, then E(¢) = 0. Note that, except for the arbitrariness in
the exact value of the constant, this property is fully derived
from monotonicity under LOCCs.

Other possible axioms: there exist other properties that,
while not necessarily required for every entanglement meas-
ure, can be convenient and natural in certain contexts. They
are essentially [113, 218, 219, 293] the following ones:

e Convexity. The entanglement is a convex function on

D (Hs):

Epo+(1-p)o) <pE(@+(-p)E@), (41)

for 0 < p < 1. This condition formalizes the natural
intuition that entanglement should not increase under
probabilistic mixing. For this reason, up to recently, con-
vexity used to be considered a fundamental axiom. These
days, it is seen just a convenient mathematical property
satisfied by most measures. Indeed, almost all entangle-
ment measures mentioned in this review—except perhaps
for the distillable entanglement, whose convexity is still
an open question related to the existence of NPPT bound
entanglement [294, 295]—are convex.

Continuity. The entanglement is a continuous function:

E(o) - E(@) 4™ 42)

where ‘||’ stands for the trace norm.

0,Vo,0€DMHs),

e Additivity. The entanglement contained in k copies of g is
equal to k times the entanglement of ¢:

E(0®k) =k E(). (43)

This axiom is sometimes called weak additivity, the term
additivity being reserved for the more restrictive condi-
tion E(o®o) = E(¢) + E(0), with ¢ and ¢ any two states of
arbitrary systems.

Subadditivity. For any two systems in arbitrary states, ¢
and o, the total entanglement is not greater than the sum
of both individual entanglements:

E(e®¢)<E(+E@)- (44)

Monotonicity for pure states: for pure states strong mono-
tonicity reduces to

EQ¥) > Y, PWEQ¥™)), 45)

where {p®, |} is the ensemble obtained from |¥) via an
LOCC. Indeed, for pure bipartite states there exists a recipe
for the construction of entanglement monotones [292]. Let
|¥45) be a pure bipartite state and g, € D (Hg) its reduced
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density matrix for subsystem R = A or B. Then any function
flog): D(Hg) — R that is

e unitarily invariant, meaning that f{gg) = filUgrU"), for all
unitary operator U acting on Hg and
e concave on D (Hg), meaning that flor) = p f(or) + (1 —p)

flo'r), for any o and o'r € D(Hg) such that
or=por+ (1 —-p)o’rand withO < p < 1,
yields an entanglement monotone defined as
M (1¥48)):= f(0p) - (46)

In this definition we use the subindex R in a generic way and
do not distinguish between g4 and ¢p. The reason for this
is that f can only be a function of unitary invariants of the
reduced state, i.e. of its eigenvalues. Since the reduced states
of both subsystems have the same non-null eigenvalues, no
distinction is necessary in the definition (46).

The most prominent choice satisfying the above conditions
is the von Neumann entropy S, defined as

S(og):= —Trlogln (0p) 1.

This entropy is the formal quantifier of the uncertainty, or lack
of information, in gg. In the context of entanglement theory, it
is frequently called entanglement entropy, or simply entangle-
ment, of |¥), Ex(¥). Another important choice is the linear
entropy Sp:

(47)

St.(gg) = 1—Trlez]. (48)

The trace of the squared reduced matrix in (48) measures
the purity of the reduced state. For this reason the linear
entropy is frequently called also as the mixedness (or degree
of mixedness).

The idea of quantifying the entanglement of pure states via
the impurity of their reduced subsystems is another direct con-
sequence of Schrodinger’s seminal observation that entangled
pure states give us more information about the system as a
whole than about any of its parts (see section 2.1). Thus, for
pure states, lack of information of the subsystems can only be
due to entanglement of the composite system.

Monotonicity of mixed states: the ‘convex roof’: whereas
for pure states there is a relatively simple recipe for the con-
struction of entanglement monotones, for mixed states it is
much more difficult to discriminate between classical and
quantum correlations. Vidal showed [292] that an entangle-
ment monotone for arbitrary (possibly mixed) states can be
defined by taking any valid pure-state monotone and extend-
ing it to the mixed states by means of the so-called convex
roof (or convex hull) construction [265, 296]. More precisely,
an entanglement monotone M (@) on an arbitrary state ¢ can
be obtained as

inf
{p(ﬂ]’llp(}l)

D P M(FEY),
)}

u
where the infimum is over all possible pure-state ensemble
decompositions {p*, )} of the state, i.e. such that ¢ = ¥,,p*
[PV (W] The convex roof yields the infimum average
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entanglement. Finding such infimum typically demands solv-
ing a high-dimensional optimization problem and this is the
root of the difficulty in numerically evaluating these measures.
Entanglement of formation and concurrence: one of the
most popular entanglement quantifier is the entanglement of
formation Eg [265]. It can be defined via Vidal’s recipe for
monotones described above with the von Neumann entropy

47)as M :
inf p(ﬂ)S Q(ﬂ)
{p<u>’|np(m>}§ ( R )

3 (1) (1)
{,,wf?,fw)}zp Eg(|¥")),
Y2

Ep(0qp):=
(50)

with gz the reduced state corresponding to subsystems A or
B of [#¥). That is, the entanglement of formation is the infi-
mum average entropy of entanglement over all possible pure-
state decompositions of the state.

For pure states the entanglement of formation coincides
with the entanglement cost [265]. Therefore, Ex(04p) quanti-
fies the cost in ebits of the formation of g4p via LOCCs in a
restricted scenario where each member |¥) of the ensem-
ble composing ¢4 is formed independently (and then later on
all members mixed with probabilities p*). This is where the
term ‘of formation’ historically came from. Furthermore, the
asymptotically regularized version of E has long been known
to coincide with E¢ [297] and can be taken as its definition:

® k)

EF (QAB (5 1)

Ec(esp) :=lim
Over many years, it was believed [298, 299] that Er should be
additive, i.e. that both sides of (51) should actually be identically
equal to Ex(g4p). This conjecture, known as the ‘additivity con-
jecture’, remained open until recently, when Hastings showed
it to be false [300]. Hence, we know now that E¢ can actually
be strictly less than Eg. This, in simple words, means that it
takes less ebits to form many copies of g4p than one by one
independently. The above-mentioned strategy with each pure-
state member of the ensemble being formed independently is
non-optimal. Today, we know that in general the inequalities

Ep < Ec < Er (52)

hold, with the equalities necessarily holding only in the case
of pure states.

Unfortunately, Er is no exception in terms of the compu-
tational difficulty in its calculation, except for the two-qubit
case. For two qubits there exists a closed analytical expression
for Er in terms of an auxiliary quantity of immediate algebraic
evaluation, the concurrence C. This was first introduced in
[301] for the case of matrices of rank 2 and later generalized
in [302] to any two-qubit state. It is defined as

C(QAB) ‘= max {07A} > (53&)

A=8—-6—-8—¢,,

where &, &, & and &4 are the square roots, in decreas-
ing order, of the eigenvalues of the matrix ¢,z 0 45, being
Oup =Y ® YoizY ® Y, with Y the second Pauli matrix and

(53b)
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05 the complex conjugated matrix of gap in the computa-
tional basis. It is clear that concurrence coincides with A when
A > 0 and is equal to zero when A < 0. Once obtained the
concurrence of the state in question, an analytical formula for
Eg exists [302]:

1 1
Er(04p) = Hz(z + 5\/1 - CZ(QAB) ),

where H, is the dyadic Shannon entropy function, defined as

Hy(x) = {

Owing to the simplicity of its algebraic evaluation, concur-
rence (53) constituted a big step forward in the quantification
of entanglement and, though originally motivated by the cal-
culation of Ef, it is itself an alternative monotone [302]. Its
monotonicity stems from the fact that, for pure states gap =
|Pa5)(¥agl, concurrence (53) becomes [303]:

(54)

xgx—(1—-x)g(1—-x), Vxe(0,1], and
0, forx=0.

Cleap) = C(¥a5))

J1=Trlg?1+ 1 — Trlg3]
2(1 - Trlgg))

\ 2SL(QR) s

with St the linear entropy (48). As a matter of fact, expres-
sion (55) can also be considered an alternative definition of
C and, as such, can be generalized to the arbitrary-dimen-
sional bipartite [296, 303] or multipartite [107, 304, 305]
case.

We next present one such generalization [107]. Notice
that the square root in the bipartite definition (55) contains
the sum of the linear entropies of both reduced subsystems.
Analogously, for an arbitrary N-partite system in a pure, nor-
malized state |¥), the N-partite concurrence Cy can be defined
as [107]

(55)

Cr(|¥)) = 22 \/<2N —)- Y Trledl. (56
1

where subindex I labels the 2" — 2 possible non-trivial sub-
partitions of the system and g, is the reduced density opera-
tor of the I-th subset for state |#). The radicand in (56) is the
average linear entropy of all reduced subsets of the N-partite
system. Therefore, the multipartite concurrence Cy is said to
quantify the average mixedness upon partial trace over all
subsystems. The extension to mixed states in turn is achieved
via the convex roof construction. Finally, apart from its sim-
plicity, a particularly advantageous feature of generalization
(56) is that, as will be seen in section 2.4.5, it allows for direct
experimental evaluations through projective measurements
when two copies of the state are simultaneously available.
Negativity: the negativity is another crucial quantifier. It
was first considered in [306] outside the axiomatic framework
described here, but was later shown to be an entanglement
monotone in [307, 308]. It is the known monotone of sim-
plest algebraic evaluation, as even for mixed states it does
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not involve any optimization. Given state gap, it is defined
as [307, 308]

lloiz Il -1
Neg (gqp) 1= —22 -

5 (57)

where ||l2]|| is the trace norm of @l%, which, since @15 is
Hermitean, reduces to the sum of the absolute values of its
eigenvalues. Negativity is based on criterion 11. It can be
recast as the absolute value of the sum of the negative eigen-
values of QZBB. That is, Neg(oap) quantifies how much g4 fails
to satisfy the PPT criterion. As such, it is only sensitive to
NPPT entanglement. This implies that, for arbitrary-dimen-
sional bipartite systems in pure states, or systems of 2 x 2 or
2 x 3 levels in general states, Neg is able to detect all the
bipartite entanglement content; but for mixed states of dimen-
sion ds > 6 it fails to detect all PPT entangled states.

As already mentioned, the list of entanglement measures
proposed in the literature is huge. In addition, the interplay
between different members of this zoo features curious pecu-
liarities. For example, two different states can be assigned two
different orderings depending on which entanglement measure
orders them [309-313]. This can happen even for the simple
case of 2-qubit mixed states [309, 313], or for pure states of
larger dimensionality [312]. The negativity, for instance, coin-
cides exactly with the concurrence for two-qubit pure states
[314], but gives some pairs of 2-qubit mixed states opposite
orderings to the latter [313]. General conditions for equality
between the negativity and the concurrence have been estab-
lished in [311, 315]. For detailed treatments of the connec-
tions among different measures we refer the interested reader
once again to [218, 219].

Genuinely multipartite negativity: a generalization of
the negativity to the genuinely multipartite case was pro-
posed in [264]. For an arbitrary N-partite state @, it can be
defined as

Negy (¢) :=min {—Tr[ Wuin ],0}, (58)

where Wy, is the witness for which the minimisation in
equation (29) is attained. In spite of lacking a closed analyti-
cal expression, Tr[Wphine] can be found through semidefinite
programming, as described in section 2.2.5. Negy(o) is an
LOCC non-increasing magnitude, i.e. an entanglement mea-
sure, that quantifies how much g fails to satisfy criterion 16,
necessary for membership of the PPT mixtures. Hence, it is
a multipartite analogous to the negativity. As a matter of fact,
the right-hand side of equation (58) reduces (up to normali-
sation) to the right-hand side of equation (57) for the bipar-
tite case. Since the set of PPT mixtures contains the set of
biseparable states, any ¢ for which Negy(g) > 0 is necessarily
genuinely multipartite entangled. Thus, Negy can be taken
as a valid measure of genuinely multipartite entanglement.
For instance, GHZ states have maximal multipartite negativ-
ity (equal to 1/2). Other states with Negy = 1/2 are mentioned
in section 5.5.5.

2.3.3. Geometric measures. This class of quantifiers is
based on geometrical aspects of D (Hs), involving the notion
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of proximity among states. They rely on the very intuitive
idea that the further away a state is from the separable states,
the more entangled it should be. They apply to possibly-
mixed, arbitrary-dimensional states p with any number N of
constituent subsystem. We first concentrate on the relative
entropy of entanglement [316, 317], which relies on how
distinguishable state p is from its closest separable. This
approach was originally formulated in terms of separable
states, but here we present it in a more general way, regard-
ing (k — 1)-producible ones. The notion of proximity is given
by a function 4 on D (Hs) that can be either a formal metric
or simply a physically motivated measure of state distinguish-
ability. The distance between ¢ and the set of (k — 1)-produc-
ibility is defined as the minimum distance ming - 1) - producible
Ao |) between ¢ and any (k — 1)-producible state { € D (Hs)
. Such distance provides a measure of the entanglement for .
A prominent choice of 4 is the von Neumman relative entropy
Sk, defined as Sr(e |£) = Tr[o(g (¢) — g(£))], which quantifies
how distinguishable ¢ and { are [291]. This yields the relative
entropy of entanglement [316, 317]:
min
¢ (k—1)—producible

Eg(0) = Sr(e I1€).

(59)
Besides Sg, other choices of mathematical distances are also
possible [316, 317]. In particular, if one restricts to pure states,
the notion of state distinguishability becomes equivalent to
that of the angle between vectors. This allows one to quantify
entanglement in terms of the overlap between ¢ = |¥)(¥] and
its closest state ¢ = |@)(®P|, with |®) a k-factorable vector’,
leading to a pure-state entanglement monotone known as the
geometric measure of entanglement [318]:
Ec(?P):=1-

max KPPy,

|®) (k—1)—producible (60)

generalizable to the mixed-state case through the convex-roof
extension (49).

Geometric quantifiers feature by definition the desirable
property of detecting all genuinely k-partite entangled states.
However, their numeric evaluations require not only optimiza-
tions but also being able to establish if a state is (k — 1)-pro-
ducible, for which, as far as we know, there is no efficient
criterion in general.

2.4. Experimental detection of entanglement

In this subsection we mention the main techniques for the
experimental verification of entanglement. Again, since this
is not the central topic of this review, we treat it very briefly.
For an excellent review on the subject we refer the interested
reader to [220].

2.4.1. Bell inequalities. In 1964 Bell was able to formalize
the EPR argument [1] and to disprove it. He derived simple
inequalities satisfied by any local hidden variable (LHV)
model, i.e. one based on the assumption of local realism, that
reproduces the perfect correlations of the singlet and showed

> Notice that this overlap is nothing but a; of equation (25).
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that quantum mechanics violates them [5]. This is nowadays
known as Bell’s Theorem [6]. Even though it was enough to
formally rule out any attempt of completion of quantum the-
ory with subjacent LHVs, the experimental violation of these
inequalities would involve the observation of perfect corre-
lations. It was only five years later that—inspired by Bell-
Clauser, Horne, Shimony and Holt (CHSH) came up [319,
320] with a remarkable family of new inequalities satisfied
by any LHV model, without any assumption of consistency
with quantum correlations. Again, the new inequalities were
violated by quantum mechanics, but in addition their viola-
tion did not require perfect correlations, providing thus the
first experimentally-checkable criteria to conclusively rule
out interpretations based on any sort of LHV models. These
inequalities belong to what is today known as Bell inequali-
ties, or non-locality tests. As we see below, entanglement is a
necessary condition for quantum correlations to violate any of
them. Therefore, non-locality tests constitute in fact the oldest
criteria for entanglement detection.

Let us briefly formalize these notions. Suppose that Alice
and Bob, in distant laboratories, perform local measurements
on their systems. Alice measures one of two arbitrary dicho-
tomic observables Ay and A, each one with outcomes a = 1
or a =— 1 and Bob By or By, with outcomes b=1orb=- 1.
The correlations between both systems are encapsulated in the
joint probability P(a, blx, y) of Alice obtaining @ and Bob b,
given that she measured A, and he B,, for x, y = 0 or 1. The
assumption of local realism means that, if Alice and Bob’s
measurements are space-like separated events, the correla-
tions P(a, blx, y) can be written in the form

P (a,blx,y)= PL(a,blx,y):= Z P(A) P (alx,A) P (bly, 1),
: (61)

where 4 is a short-hand notation for any set of classical ran-
dom variables. Any decomposition of the form (61) is called a
LHV model and 4 are the LHVs used by the model to explain
the correlations between a and b. Thus, expression (61) mani-
fests the constraint that the measurement outcomes are corre-
lated only through classical correlations with A4, which might
be due to some local interaction in the past (in some common
region in the past of both measurement’s light cones).

Given decomposition (61), it is immediate to show that the
following statistical inequality must hold:

(AoBo) + (A1Bo) + (AoB1) — (A1B) < 2, (62)

where (ABy):= X, »= - 1,1a X b x P(a, b|x, y). This is the CHSH
inequality mentioned above [319, 320], the best-known and
simplest non-locality test. Let us next bring quantum physics
back into scene. In the quantum formalism the left hand side of
(62) is expressed as the expectation value (fcysn):= {¥|Pcusu
| '), with respect to some quantum state |¥), of the ‘Bell opera-
tor’ feusu == Ao® By + A1® By + Ay® B — A1® By, where A,
and B, are now dichotomic Hermitian quantum observables.

It is immediate to check that if for instance Ag = Z, A; = X,

X+Z X-Z
By = , By = and =|¥"), then =2.2.
o= b= |¥) =¥") (Beusn)
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This value is in fact the maximum attainable by any quantum
state and is known as the Tsirelson bound [321]. Thus, quan-
tum mechanics violates the CHSH inequality by a factor of V2.
As mentioned, Bell inequalities are based exclusively on
the assumption of local realism, formalised by equation (61).
Therefore, their violation only tells us that the observed cor-
relations cannot be written as (61). However, if these cor-
relations come from a quantum state, then the state must be
entangled. To see this, consider again the definition of a sepa-
rable state, gap = Zﬂp(") QA('M)®QB('M). For such state, one has

P(a,blx,y) := <ax|®<by|QAB|ax> ®|by>

= D p“adef’lax)(b,led’Iby).
M

(63)

with |a,) and |b,) respectively the eigenstates of A, and By of
eigenvalues a and b. Next, identify u with A, p(") with P(1),
(adoa™ |ay) with P(alA,, 2) and (b,|os" |by) with P(b|B,, 1).
With this, one readily recognizes P(a, blx, y) in equation (63)
explicitly as Py (a, blx, y) in equation (61). This simple consid-
eration shows that all separable states exhibit only local cor-
relations, which in turn implies that non-local quantum states
cannot be separable. The same argument extends of course
to greater numbers of measurement-settings, outcomes, users
and to general non-orthogonal measurements.

For the pure-state case the converse is also true: every pure
entangled state violates a Bell inequality [322-324]. This is
today known as Gisin’s Theorem, after Gisin formalized the
result in [322, 323], but the fact is known for the bipartite case
since long before [325]. The extension to the multipartite case
is due to Popescu and Rohrlich [324]. In the general mixed-
state case, in contrast, there are mixed entangled states whose
correlations are local [224, 326-328]. Consider, for instance,
the two-qubit Werner state [224]

1
Owemer@): = PI¥ NP1+ (1 _p)Z’ (64)

where p is some probability. This state is NPPT (and therefore
entangled) for any p greater than %, but it is known to violate

the CHSH inequality® only for p > % ~ 0.71 and another
two-outcome Bell inequality involving more settings only for

p > 0.7056 [330]. Furthermore, all its correlations revealed
by two-outcome measurements can be explicitly accounted

for by Werner’s original local model [224] for p S%, for
von Neumann projective measurements and by more recent
local models for p < 0.6595, for both von Neumann [327] and
general measurements [328]". That is, for 1/3 <p < 0.6595
Owemer(p) 18 entangled but local under dichotomic measure-
ments. In the gap 0.6595 < p < 0.7056 in turn, nothing of its
non-local nature is known. It is somewhat disappointing but at

© The optimal measurement settings of the CHSH inequality for any two-
qubit state were characterized in [329].

7 For the fully general case of multi-outcome non-projective measurements
a local model is known that simulates the correlations in Qwemer(p) for

p < 5/12[326].
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the same time exciting that such fundamental problems still
remain open even for the simplest composite system of all,
two qubits.

The CHSH inequality was successfully violated in a first
experiment [331] by Freedman and Clauser and, later on,
in the conclusive works by Aspect and collaborators [332,
333]. Since then, several remarkable experiments around
the world have repeatedly confirmed the violation of (62)
[334-339] and of other important bipartite Bell tests with
different numbers of settings or outcomes [340-343]. On the
multipartite side, in turn, several violations of local realism
have been reported [45, 58, 59, 344, 345, 346], including
the violation of Mermin’s inequality [347] by 39 standard
deviations [345] and of Svetlichny’s inequality [348], which
accounts for genuine three-partite non-locality, by 3.6 stand-
ard deviations [346]. All these experiments have shown not
only that nature does not admit local-realistic descrip-
tions but also that it turns out to follow quantum mechanics
instead. It seems therefore that, on the grounds of physical
fact, one is forced to abandon the ‘comfort of LHVs’ and
accept the counter-intuitiveness of quantum non-locality.
Nevertheless, it is important to mention that open loop-
holes exist, which in principle allow nature to ‘confabulate’
against us, in such way that all reported experiments are
still describable by LHV models. The most important two
are the locality loophole and the detection, or fair-sampling,
loophole. The detection loophole has been closed in experi-
ments with matter qubits: with ions [337], superconduct-
ing circuits [349] and atoms [350], where highly efficient
detection is possible. Separately, the locality loophole has
been closed in photonic experiments [335, 336, 338], which
naturally allow for greater distances between the qubits. Up
to date a fully loophole-free experimental Bell violation is
still an open challenge. However, more recently, a particu-
lar type of Bell inequality, due to Eberhard [351], that is
more resistant to lower detection efficiencies allowed for
experimental violations with entangled photons that closed
the detection loophole [352, 353]. These may be consid-
ered an important step towards eventually closing, in a same
experiment, both main loopholes together. See [354] for an
excellent recent review on Bell non-locality.

2.4.2. Entanglement witnesses and other criteria. There is an
intimate connection between Bell inequalities and entangle-
ment witnesses. As a matter of fact, Bell inequalities are, for a
given choice of measurement settings, non-optimal entangle-
ment witnesses. For example, the two-qubit observable

Wensn = 21 = fiepsn, (65)
X+2 X+2 X-Z X-z
where fopsn =2 ® 57 =X ® "5 —Z® - + X ® ~

is the CHSH Bell operator defined in the previous subsection,
constitutes an entanglement witness. This witness detects all
entangled states whose correlations upon measurements along

Ag=Zor A = X for Alice and B, = X—J%Z or By = X\/_EZ for

Bob violate inequality (62), i.e. those sufficiently close to the
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singlet |#7). It is of course a non-optimal witness though, as
is clear from the discussion about entangled local states (64).

Something readily manifest in expression (65) is that
it explicitly provides the local bases in which each user
must measure so as to reconstruct the desired expectation.
Indeed, in experimental scenarios, entanglement witnesses
are decomposed into local, i.e. fully factorable, observables.
In general, any complete basis of D (Hs) composed exclu-
sively of products of single-particle observables yields one
such decomposition. The most used one is, for the case of
N-qubit systems, the set of all products of Pauli or identity
operators of each particle. Local basis have, of course, how-
ever the drawback that the number of local measurement
settings required typically grows exponentially with N. The
general problem of finding the optimal decomposition of
witnesses with the minimal amount of local measurement
settings has been studied in [355-357], for instance. In
[355, 356], the authors obtained analytical solutions for
some small-sized bipartite [355, 356] and multipartite [356]
systems, including some examples capable of witnessing
bound entangled states. In [357], a method was developed to
measure genuinely multipartite-entanglement witnesses for
states in the vicinity of N-qubit GHZ or cluster states with,
remarkably, only two local measurement settings.

The first experimental measurement of an entanglement
witness was reported in [358] for two-qubit photonic systems,
where the entanglement of states close to the Werner state
was characterized with only three local measuring settings.
Three and four-photon genuine multipartite entanglement was
detected and classified in [257], again using witnesses decom-
posed into few local measurements. Up-to-six-qubit photonic
Dicke [64, 359, 360], GHZ [61, 361] and graph [61, 362] states
have also been detected with the help of witnesses. Using
non-linear entanglement witnesses, nonlinear properties as
the Renyi entropy were extracted from two-photon entangled
states, as reported in [363]. In atomic systems, three- [364],
four- [54] and six-ion [55] GHZ states, up to eight-ion W-states
[56] and fourteen-ion [57] GHZ states have been detected with
the help of entanglement witnesses, as discussed in section 6.6.
Graph and Dicke states are genuine multiqubit-entangled
states. They, as well as the W and GHZ states of more than
three qubits, are discussed in detail section 5.1.

Finally, apart from entanglement witnesses, other entan-
glement criteria have been very helpful in the experimental
verification of entanglement, with different criteria often
used in a same experiment. For instance, GHZ entangle-
ment in the experimental fourteen-ion states of [57] was
corroborated with three different methods: using the GHZ
fidelity-based witnesses (25); with biseparability criterion 19
of section 5.1.1, which is the N-qubit generalisation of cri-
terion 14 of section 2.2.4; and with N-distillability criterion
18, also in section 5.1.1. The common advantage of the three
criteria is that only partial information about the experimen-
tal state is necessary for their evaluation, instead of the full
reconstruction of the state’s density matrix, as discussed in
the next subsection. However, it is important to keep in mind
that, since every entanglement witness or criteria is sensitive
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c)

Figure 4. Real and imaginary parts of the elements of
topographically reconstructed density matrices corresponding to
the experimentally created entangled states (a) |H)|H) + |V)|V),
(b) |H)|H) + 0.3|V)|V) and (¢) |H)|H) —i|V)|V) (normalization
omitted). Reprinted figure with permission from White ez al [366].
Copyright (1990) by the American Physical Society.

only to a restricted subset of entangled states, in practice,
some knowledge of the state to measure is always required
in advance. This is the main drawback of these techniques.
Still, when there is indeed some prior knowledge available,
witnesses these other efficiently evaluable criteria constitute
an extremely useful tool for state characterization with eco-
nomic detection resources.

2.4.3. State tomography. The full experimental reconstruc-
tion of any density matrix can be done via quantum state
tomography [365-367]. The way this is typically accom-
plished is by measuring a complete set of local orthogonal
observables, from which all the inputs of the density matrix
can be derived. For example, any density matrix describing a
two-qubit system can be decomposed as:

3
1 . .
0= Z E Qi,jg(l) ® o¥;

i,j=0

(66)

where 6¥ = 1 and 6 with i = 1, 2, 3 are respectively the Pauli
matrices X, Y and Z. These matrices satisfy the orthogonality
condition Tr [6")6Y"] = 2 §; ;, where §; ; is the Kronecker delta.
The task is to determine the real coefficients g; ; that define ¢,

. L 3
subject to o = 1 for normalization and z o ij < 4 for
ij=0""

positiveness. This can be done by measuring all the correla-
tion functions (c’®c"), i.e. the expectation values of every
observable of the form 6’®qc" :
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<6(i)®o-(i)> .= Tr [Qd(i)®0'(i)]
3
% Z 0 Tilo®6® ® 6]
k,1=0

3
D ouideid,
k,i=0

Qij-

(67)

In figure 4 we can see the three measured density matrices of
photonic-polarization two-qubit systems done in the experi-
ment [366]. The density matrices are expressed in the local
basis {|H), |V)}, with H and V corresponding respectively to
horizontal and vertical polarizations of a photon. Once the
complete density matrix has been reconstructed one can apply
any valid entanglement criterion, or calculate the value of any
valid entanglement quantifier, to see for its entanglement. In
fact, many experiments where the presence of entanglement
is verified using witnesses or other criteria, as for example
[56, 346, 359, 363, 364], mentioned in the previous two sub-
sections, do not directly measure the witnesses or quantities
involved in the criteria but rather perform state tomography
and apply the witnesses or criteria to the tomographically-
reconstructed states.

Notice that all measurements involved are local and that the
method does not require any prior knowledge at all of the state
in question. In addition, quantum state tomography extends of
course to higher dimensions, including continuous variables
[368-371] and to multipartite systems. However, since the
number of measurement settings grows exponentially with the
number of system components, the technique has disadvanta-
geous scaling properties. This was clearly evidenced in the
eight-ion experiment of [56]. There, ten hours of data aqui-
sition—implementing measurements in 3% = 6561 detection
bases, each one involving a different laser-pulse configura-
tion, followed by computationally expensive data processing,
were necessary to reconstruct the experimentally prepared
eight-ion state. This bare approach is therefore not scalable in
practice to more than a few particles. Recently, tomographic
methods exploiting #-designs [372, 373] and compressed sens-
ing [374, 375] have been investigated. The experimental and
computational resources required by these methods still scale
(at least) exponentially with the system-size, but the methods
are significantly more efficient than conventional tomography.

2.4.4. Direct fidelity estimation. As mentioned, the main
drawback of quantum state tomography is that it requires
the measurement of exponentially many observables in the
number of particles. Even compressed-sensing techniques
[374, 375], which allow for the tomographic reconstruction
of states approximated by low-rank density matrices with a
significant reduction in experimental resources, still demands
exponentially many measurements. One alternative to dras-
tically decrease the number of required measurements is to
certify the experimental state without reconstructing it. This is
what direct fidelity estimation (DFE) does. DFE methods are
tailored so as to extract from experimental states just enough
information to directly estimate the fidelity (or a lower bound
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thereof) of the experimental preparation with respect to the
ideal target state in question. While the (known) target state is
typically of a specific form, the preparation can be described
by any generic fully unknown state. The key point is that
these techniques do not estimate the prepared state itself.
Therefore, they gather much less information about it than in
tomographic reconstructions. For this reason, DFE typically
requires considerably fewer measurements than the latter and,
for some important N-partite entangled states, it is even effi-
cient, i.e. requiring only polynomially many measurements,
in N. Once the fidelity of an experimental state is certified to
be high enough, one can assess its entanglement with some
of the criteria already discussed. In fact, this is precisely what
every fidelity-based entanglement witness, defined by equa-
tion (25), does, as discussed in section 2.2.3.

Examples of experimentally friendly DFE techniques are
permutationally invariant tomography [360, 376, 377], ran-
dom Monte-Carlo measurements [378, 379], Clifford-circuit
benchmarking [380] and photonic quantum-state certification
through homodyne detection [381]. Permutationally invariant
tomography [360, 376, 377] reconstructs the permutation-
ally invariant part of an arbitrary experimental state and can
yield its fidelity with respect to a permutationally invariant
pure target state using only quadratically many measurements
in the number of particles. Monte-Carlo DFE [378, 379]
and Clifford-circuit benchmarking [380] can efficiently esti-
mate the fidelity with respect to qubit GHZ, stabiliser, or W
pure states. We note also that approaches combining Monte-
Carlo DFE and permutationally invariant tomography with
compressed-sensing have been developed in [375 and 382],
respectively. In turn, quantum certification through homodyne
detection [381] can efficiently deliver a tight lower bound
of the fidelity of unknown experimental preparations with
respect to any multi-mode pure Gaussian state or any pure
non-Gaussian state defined by a Gaussian unitary operator
acting on a Fock-basis number state of constant boson num-
ber, as is commonly the case in linear-optical experiments.

Finally, it is important to emphasize that DFE introduces a
drastic decrease not only in experimental resources but also in
computational ones. For instance, this has been numerically
quantified in [377], where data post-processing times of a few
minutes were obtained for the reconstruction of permutation-
ally-invariant states of 20 qubits.

2.4.5. Direct detection using copies of the state. The last
approach we briefly describe is that in which the entanglement
of an unknown state is directly assessed through projective
measurements when two copies of the state are simultane-
ously at hand. The basic idea behind this technique comes
from the fact that any polynomial function of the elements of
a density matrix can be directly accessed via projective mea-
surements on as many copies of the state as the degree of the
polynomial [383-385]. Among all entanglement quantifiers,
concurrence presented in section 2.3 plays a unique role in this
context, since for pure states its square is given by a quadratic
function of the density matrix inputs, as is clear from equa-
tions (55) and (56). This implies that the squared concurrence
of any pure state can be directly determined via projective
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Figure 5. Direct experimental quantification of entanglement in an exemplary trapped-ion scenario. An eight-qubit pure state ¢, together
with its copy, is encoded for example in strings of two-level ions and is subject to Bell-state measurements (BSMs) on each pair. The
concurrence of ¢ depends exclusively on the joint probability p$ of simultaneous appearance of 8 triplets. Reprinted figure with permission
from Aolita et al [390]. Copyright (2008) by the American Physical Society.
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Figure 6. Schematic description of superoperators. (a) An input state ¢ (0) undergoes the action of a dynamical map & (¢), which describes
for instance a time evolution over some time period ¢. The output state is ¢ (¢) := £(t) ¢ (0). (b) The most general physical evolution for the
open system S can be thought of as an arbitrary unitary evolution in a larger Hilbert space that includes an auxiliary system R in some state
|0)%, playing the role of an effective environment. The trash can represents the partial trace over R.

measurements on only two copies of the state. These projec-
tive measurements, as was shown by Mintert and collabora-
tors [113, 386], turn out to be local measurements of the parity
of each constituent part of the system together with its coun-
terpart in the copy. Furthermore, Aolita and Mintert showed
[387] that multipartite concurrence can be directly quantified
by the expectation value of a single fully factorizable observ-
able. They showed that, for an arbitrary-dimensional N-partite
pure state ¢ = |P){'P|, concurrence (56) can be expressed as

Cvl@) =2 [(FI@(PI(1- &), PHIY)®I¥), (68)
where P/, with 1 <j < N, is the projector onto the symmet-
ric subspace 'H; © H/—corresponding to all states invariant
under the exchange of both copies of j—of the Hilbert space
H; @ H; of two copies of the j-th subsystem and 1 is the iden-
tity operator in H @ H. Expression (68) implies that a single
local-measurement setting is required throughout the entire
detection process. Indeed, pure-state concurrence depends
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only on a unique probability p; of finding each and all of the
N particles in a symmetric state with their respective copies:
Cyv(P)(¥)= 241 —py. For example, for N-qubit systems
each local symmetric subspace is spanned by the triplet states
|#*), |&7) and |@7), defined in equations (6) and the detection
protocol reduces thus to Bell-state measurements on each par-
ticle-copy subsystem, as is schematically sketched in figure 5.
Remarkably, the latter requires a single local-measurement
setting through the entire measurement session.

This technique bears of course the built-in drawback of
requiring two copies of ¢ simultaneously. Nevertheless, since
several copies of the state must be prepared anyway to col-
lect enough measurement data, one can keep a copy of the
state until the next copy is available and then collectively
measure both copies, instead of measuring individually in a
sequential way. Another possibility is to prepare two copies of
o at the same time. The latter was demonstrated by Walborn
et al in [388], constituting the first direct experimental quan-
tification of entanglement. There, two copies of a two-qubit
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almost-pure state were simultaneously encoded respectively
in the polarization and spatial degrees of freedom of two pho-
tons and Bell-state detection was carried out between these
two degrees of freedom of the same photon.

Entanglement detection using two copies of the state is not
able to yield the exact value of the concurrence when the state
is mixed. Nevertheless, the technique can be used to obtain
non-trivial lower [389-391] and upper [392, 393] bounds to
it, some of which have already been useful in experiments
[392]. The general theory of measurements with two copies
has been studied in [394]. On the other hand, the exact value
of the entanglement is directly accessible experimentally if
one allows for more copies of the state. For instance, already
in [384] it was realised that eight copies of an arbitrary (possi-
bly mixed) two-qubit state suffice for the direct measurement
of its exact concurrence. More recently, in [395], the entangle-
ment of an arbitrary two-qubit state was shown to be directly
quantifiable via the measurement of a single witness on four
copies of the state.

All in all, direct detection with copies of the state appears
as a versatile method that complements the other approaches
previously mentioned.

3. Open-system dynamics

In this section we review conceptual and formal aspects of
the evolution of quantum systems in contact with the environ-
ment. Our treatment is non-exhaustive. For a more complete
and detailed description we refer the interested reader to [81,
83, 222, 245, 396] and references therein.

3.1. Completely-positive maps as the most
general physical evolution

3.1.1. Open-system dynamics and entanglement. We con-
sider first a simple example that illustrates the relation
between open-system dynamics and entanglement. Let a sys-
tem S, associated to Hilbert space Hg, be initially in a coher-
ent superposition of two pure orthonormal states, |y"’) and
|¥®) and another system R, associated to Hilbert space Hz,
be in some generic pure state denoted by |0). The total state
of the composite system is then given by the product

|#0) = (aly®) + Blr®)) & 10)z. (69)

with |a|? + ||*> = 1. This implies that, initally, the two systems
are uncorrelated. Now, suppose that S and R interact during a
time #, undergoing a unitary evolution such that

0 = [r®)1gD).
@)0)g = M),

where |¢?), with i = 1 or 2, represent two possible evolved
states for |0)5. These equations are a special case of (1): we
assume here for simplicity that the states [V and |y®) of
the system do not change. The coherent superposition of these
two states does change however, as in (2):

P(0) = aly D)D) + Blr @)

(70)

(71)
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Any observable acting non-trivially only on S can be measured
without resort to R. Its expectation value depends only on the
reduced state ¢(f) of S, obtained by tracing R out and given by

o(t) = Trr[|F ()P )]
| laf af* (@)
BV 19?) B ’

where the matrix representation on the right-hand side is in
the basis {[y"), [y®)}. We observe that the coherences in the
off-diagonal elements are now proportional to the scalar prod-
uct of the state vectors of R. In particular, if both evolved
states for R coincide, [{(¢"]|¢®)| = 1, we have a product state
as in the initial situation. However, if both states are differ-
ent, [(pV|p?)| < 1, S and R have become entangled. In this
case the coherences have decreased and the system state is
no longer pure. In the extreme case when [(¢'|¢?)| = O the
coherences vanish and ¢(f) becomes equivalent to a classical
probability distribution.

This simple example conveys an important conceptual mes-
sage that will appear repeatedly throughout this review: The
generation of entanglement between two systems under a uni-
tary evolution (so that the composite system is closed) implies
that the evolution of either of them individually is not unitary,
because the composite evolution does not preserve the purity of
each subsystem. If one has access to both parties the composite
evolution can be reversed by applying the inverse unitary trans-
formation that maps state (71) onto (69), therefore disentangling
S and R. In contrast, when system R actually corresponds to
the environment that surrounds S, typically very many degrees
of freedom and a complex internal dynamics, one does not have
control of it. In this case, only the subsystem under scrutiny is
at one’s disposal and its dynamics is irreversible, which charac-
terizes an open system. From now on, subsystem R will denote
the reservoir and, unless explicitly specified, the term system
will be reserved for the subsystem of interest S.

In the example above only the coherences of the system
state are affected. The effects due to an arbitrary interaction
with the environment may be more intricate as in the examples
described in section 3.3, but they are still often lumped under
the term decoherence. In general, the system is described by
the reduced state

(72)

0 (t)=Trr[esz (1) |, (73)

where oo (¢) is a general composite state of S and R at time
t. However, since one has no access to the composite-system
state, one cannot explicitly describe the system dynamics
from this expression. Therefore, a formulation that accounts
for the interaction with the environment but involves the states
of the system alone is required. Completely positive channels
provide such a formulation.

3.1.2. Superoperators, complete positivity, the Choi-
Jamiotkowski isomorphism and the Kraus representation.
Quantum channels are transformations &£ () acting on D (Hs)
that satisfy three fundamental properties, described below:
convex linearity, trace preservation and complete positivity.
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They constitute a linear input-output theory for the transmis-
sion/evolution of quantum states under generic open-system
conditions and are often called quantum operations, dynami-
cal maps, quantum channels, or simply superoperators, the
latter term explicitly referring to the fact that they operate on
density operators. The general picture is schematically shown
in figure 6. As in the example discussed in the beginning of this
section, superoperators give rise to non-unitary evolutions of
the system, due to the generation of correlations between the
system and its environment. A useful expression for super-
operators can be obtained by assuming again that S and R
are initially uncorrelated, with S in a generic initial state ¢
(0) and R in some generic pure state |0) (0]. The composite
evolution during a time period 7 can be expressed in terms of
a unitary operator Usg as gs (1) = Usr (¢ (0) @ 10)(0]) U:ER
. From this and equation (73), one obtains an explicit charac-
terization of the reduced dynamics for S alone:

Tr [ Usr (eO®10) (01) U |

D (ulUsrl0)z 0(0) (Ol USzlu)e
/i

= ) KWK ™ := E1)e(0),

u

o(1)

(74)

which defines the corresponding linear dynamical map & ().
Here, the trace over R has been taken in an orthonormal basis
{l#) } of Hg and the operators K% = (u|Usg|0)z have been
introduced. These operators, which act solely on Hg, are
called the Kraus operators, while the Kraus representation
[397] of £(¢), also referred to as operator-sum representation
[13, 398], is defined by equation (74). The Kraus representa-
tion is unique up to an isometry. We previously mentioned it
in section 2.2.6 in the context of LOCC operations—see (31).
Since this representation depends on the particular basis of
‘Hz chosen to take the trace, it is non-unique.

As anticipated, every superoperator satisfies three funda-
mental properties. The Kraus form (74) allows one to see it
immediately:

o Convex linearity: this means that &(f)[Ag; + (1 —1)o,]=
AE(t)o+ (1 —)E(t)oy, forall 0 < A < 1.

e Trace preservation: E(t) preserves the trace norm of all
states, i.e. Tr[E(¢) o] = Tr[¢], VY ¢ € D (Hs).

To see this, notice first that

Z KWig®w Z<O|U5R|ﬂ>R(/"|Ug‘R|O>R

H H
(0|UsrUfz|0),, = Ls.

Here we have used that { |4) 5, } is a complete basis and that Usg
is unitary. Then

(75)

Tr[&(1)e]

T K® K(M)T]
| 3, K%
Tr[(Z,, K(M)T}((ﬂ))g]

Tr[1se] = Trle],

(76)
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where we have used the linearity and invariance under cyclic
permutations of the trace.

o Complete-positivity: the trivial extension of £ (¢) to any aux-
iliary system .A of Hilbert space H 4 preserves the positivity
of all states, i.e. (E(f) ® 14)0 =0, V ¢ € D(Hs ® Ha).

Complete positivity was previously mentioned in section 2.2.1
in the context of partial transposition. It expresses the funda-
mental requirement that if a map represents a physically valid
transformation then its trivial extension to any auxiliary sys-
tem, where the main system undergoes the transformation and
the auxiliary system is not affected, should also render a phys-
ically valid transformation. By ‘physically valid’ we refer to
transformations that map positive-semidefinite operators into
positive-semidefinite operators.

A powerful tool to, among other things, check if a given
map is completely positive is the Choi-Jamiotkowski isomor-
phism [399]. It states that a channel £(¢) acting on D (Hyg) is
completely-positive iff its trivial extension on D (Hs @ H.4),
with H 4 of the same dimension ds as ‘H s, applied to the maxi-
mally entangled state |@) € Hs @ H 4, renders a positive-

semidefinite operator gg,) € D (Hs ® Ha), i.e. iff

Qs = 1) @ L@ L ) (PG| > 0. (77
This state-channel dualism holds even if £(¢) is not trace-
preserving (in which case gg) is not normalised). When E()
is trace-preserving then gg,, is necessarily restricted to fulfil
Trslog] = 1/ds. Conversely, the dualism also guarantees that
for every positive-semidefinite operator ¢ € D (Hs @ H.)
there exists a unique completely-positive channel &, acting
on D (Hg), such that =&, ® Il|<15;;)(<15js|. Thus, a bipartite
mixed state and the corresponding single-partite channel con-
tain equivalent information. One says that g is the dual state of
channel &, and vice versa.

We show next that every superoperator in the Kraus form is
completely positive. For all |y} € Hs @ H._4, one has

WIED ® Liekw) = D (WIK® ® LoeK™ ® L))
u
= Z(w,ilelw,;)ZO,
u

where we have used that every |l//',4) =K@ Lulw) is a
(non-normalized) pure state in Hg @ H4. Conversely, in
turn, every completely positive map has a Kraus representa-
tion. The implication in both directions is known as the Kraus
representation theorem [397]: A convex linear map £(¢) is
completely-positive if and only if, it can be expressed in the
form (74).

With the Kraus representation one can for instance find
purifications of £(¢) in the sense of figure 7(b), i.e. unitary
operators Usg' and auxiliary environmental systems R’ such
that the reduced system dynamics is given by £(¢). To this
end, one first chooses an orthonormal basis {|¢i>s} of Hs and
an orthonormal basis { |4), with O < p < dg'} of an arbitrary
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Hilbert space Hp'. The dimension d' of Hg', associated to R’
, is given by the number of Kraus operators K in the particu-
lar Kraus decomposition. One then defines an operator U’ sg
such that

Usr/ 1" )s10)

; K(ﬂ)|¢i>s|ﬂ>72’- (78)

It is easy to check, by using (75), that Usg: is overlap pre-
serving in Hs. This implies that it can be extended to a uni-
tary operator in Hs @ Hg [13, 398]. Furthermore, one can
trivially verify that, upon taking the partial trace over R’ in
the basis {|4) }, this evolution yields exactly the Kraus form
defined by the Kraus operators K. In contrast, if the partial
trace is taken in another basis, a different Kraus decomposi-
tion to the starting one is obtained. However, since the trace
operation is independent of the particular basis, the new Kraus
form still corresponds to the same process £ (¢). It is important
to emphasize that the effective reservoir dimension dg' in a
given purification of £(¢) may in general be smaller than the
(possibly infinite) dimension of the real reservoir R originally
giving rise to £(¢) in the derivation above. Indeed, the maxi-
mum number of Kraus operators required to represent any
superoperator £ acting on a system S of dimension d is equal
to d2. This comes from the facts that the number of linearly
independent operators in D (Hs) (i.e. its dimension) is d4 and
that £(¢) is a linear map [13, 398].
Superoperators satisfy a final crucial property:

e Semigroup property: the set of completely positive trace-
preserving maps on D(Hs) forms a semigroup with
respect to the map composition.

A given set, together with an operation, is said to form a
semigroup if: (i) the set is closed under the operation (clo-
sure), (ii) the operation is associative over the set (associativ-
ity), (iii) there is an identity element in the set with respect to
the operation (identity). Completely positive maps, together
with their multiplication (composition), define a semigroup.
Indeed, (i) the composition of any two completely positive
maps yields a completely positive map; (ii) the composition
of two completely positive maps composed with a third one
is equivalent to the composition of the first one with the com-
position of the second with the third one; and (iii) the identity
map is a completely positive map. The missing condition for
a semigroup to be a group is invertibility, i.e. that every ele-
ment has an inverse within the set, with respect to the opera-
tion. A general completely positive trace-preserving map
cannot be inverted (by another completely positive trace-pre-
serving map). The only completely positive trace-preserving
maps with an inverse within the set are the unitary maps.
The fact that generic completely positive maps cannot
be inverted can be intuitively understood as follows. Since
a superoperator is defined by the partial trace over a unitary
operation on an extended space, there is loss of information
that is in general irreversible. This is pictorially represented
in figure 6(b) with the trash can. This means that, in gen-
eral, due to the interaction with an uncontrollable environ-
ment, an arrow of time naturally appears: a system can loose
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coherence due to its interaction with the environment, but,
in the limit of infinite environmental degrees of freedom, the
environment never restores this coherence. The exception is
of course given by the particular case of evolutions for which
system and environment decouple. There, the partial trace is
redundant and the reduced system dynamics is left unitary, as
already mentioned. For example, in section 3.2.3 we discuss
a simple case in which two qumodes subsequently entan-
gle and disentangle in a periodic way. Analogously, control
schemes on mesoscopic environments can restore coherence
by disentangling system and environment, as shown in [400].
However, this requires full control over all parts involved,
which is excluded in our description of an environment as
a very large system whose internal dynamics is out of our
control.

3.1.3. Entanglement-breaking channels. An exemplary fam-
ily of completely positive maps that is important for the study
of entanglement dynamics is that of entanglement-breaking
channels. A map £ on D (Hs) is called entanglement-breaking
(EB) if its trivial extension to D(Hs) ® D(Hs), £ @ 1, outputs
only separable states. That is, if for every state ¢ € D (Hs) the
output state £ @ 1(¢) € D(Hs) ® D(Hs) is separable.

These channels are fully understood for any system dimen-
sion dgs [401]. In particular, in order to know if an arbitrary map
£ is EB it is not necessary to inspect the output of 1 g £ for all
possible inputs. Using the Choi—Jamiotkowski isomorphism
(77), it is possible to show that £ is EB iff £ ® 1|@j NP,
is separable. This is used in section 4.5 to calculate the time
at which paradigmatic noise models as the depolarising or
phase-damping channels become EB, for any ds.

Also, an explicit decomposition of EB channels is known.
A map € is EB iff it can be written as

Eo= ;(‘ﬁ(k)|Q|¢(k)>|l//(k)><l//(k)|, (79)

where |¢®) and |y/?) are arbitrary normalized pure states, with
Zk|¢("))(¢(")| < 1 In the particular case Zk|¢(k))<¢(k)| =1,
the EB map is in addition trace-preserving and {|¢®*)} defines
a positive-operator valued measure (POVM). Expression (79)
is called the Holevo form, since it was originally introduced
by Holevo [402]. It describes the situation where one first
applies the measurement defined by {|¢®)} and then, for each
measurement outcome k, one prepares the state [y*)).

3.2. Quantum Markov processes

3.2.1. Quantum dynamical semigroups. The semigroup
property in the general form presented above is satisfied by all
completely positive trace-preserving maps. However, dynami-
cal maps very often fulfill a yet more restrictive condition: the
additive-composition dynamical semigroup property. More
precisely, we have seen that the complete time evolution of &
over any time period 7 > 0 is given by a one-parameter family
E:={&@)|t > 0} of dynamical maps. The term ‘one-param-
eter’ is due to the fact that each member of the semigroup is
specified only by the time period . The additive composition
rule means that each element of £ satisfies
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Et+Dy=E@)e EW), V1, T = 0. (80)

If this is the case, &£ is typically referred to as a quantum
dynamical semigroup. Trivial examples thereof are all unitary
transformations generated by time-independent Hamiltonians.

Notice that property (80) automatically implies that
the evolution is local in time. That is, for any arbitrar-
ily small 7, the system state ¢ (t+7)= E(t+1)¢(0) at time
t+1 can be directly obtained (through £(f)) from the state
o(t)=E(t) 0(0) at time t, without any regard of the previ-
ous history of the system. This is the quantum analogue of
the classical local-in-time probabilistic Markov processes.
The essential idea behind quantum Markov processes [403]
is that the time zg over which all reservoir correlation func-
tions decay is much shorter than any relevant time of the sys-
tem’s dynamics, characterized by the characteristic time zgs.
Therefore, in a coarse-grained time regime with temporal
resolution ¢, with 7 << 7. << 75, reservoir-memory effects
on the evolution of S can be neglected. This approximation
is known as the Markovian approximation. The precise physi-
cal conditions underlying the Markovian approximation can
be stated more rigorously through microscopic derivations of
the Markovian quantum master equation. The latter is a lin-
ear, first-order, differential equation for the time evolution of S
, which generates quantum dynamical semigroups in the same
way as the Schrodinger equation generates unitary evolutions.
Microscopic derivations are in turn those where the semigroup
generator is obtained from first principles explicitly from the
system-environment interaction Hamiltonian. Such derivations
involve some approximations, apart from the Markovian one,
as well as certain assumptions (for detailed discussions see for
instance [222, 404, 405]. In this review, we adopt an axiomatic
approach, taking condition (80) as the definition of quantum
Markov processes and deriving the Markovian quantum master
equation from it. The physics behind the main approximations
required for microscopic derivations is however discussed in
section 3.2.3 with the help of some examples.

Let us first show that any dynamical semigroup must be
generated by a linear, first-order differential equation. The
explicit form of the generator is saved for section 3.2.2. We
first differentiate both sides of equation (80) with respect to .
Since the left-hand side depends exclusively on the sum # + 7,
its derivative with respect to 7 is identically equal to its deriva-
tive with respect to ¢. This gives & (t+1)y=E'(f) o E(t), where
dE(t+1) dé&()

d

~ .

Since this holds for

€(t+tN) = and £'(7): =

any 7 > 0, we can take the limitf — 0 and obtain

EM=EW0)eEX),V1>=0, (81)

where we have used that £'(0) = & (0). There are two pos-
sibilities: Either £(0)=0 or £(0)# 0, where 0 stands for
the null map. If the former is true. then equation (81) yields
E)=0,Vtr>20=>&r=1,Vt>0 Here 1 denotes the
identity superoperator, corresponding to the trivial situation
where the system does not evolve. Whereas if the latter is true,
one has that

EM#0,Vt=0, (82)
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unless £(¢) = 0 for some ¢ > 0. Nevertheless, we know that
E@)#0,V 1t >0, because £(¢) preserves the trace. Thus,
the time derivative of £(¢) is always different from zero and
(constantly) proportional to £ (¢). This allows us to explicitly
parametrize the entire semigroup in the exponential form

E@t) = e, (83)

V t > 0, where we have introduced the constant linear map
L := £(0) # 0, the generator of the semigroup. In turn, this
parameterization immediately renders the desired first-order
linear differential equation:

o()=Lo(1),

V t > 0. This is the Markovian master equation.

Finally, a comment on the assumptions used in the deri-
vation of (84) is in place. For (81), we implicitly assumed
that semigroup £ is continuous and differentiable at all 7 > 0.
Continuity and differentiability are always granted when
S and R form an isolated composite system, as the com-
posite dynamics is then governed by a time-independent
Hamiltonian. However, the assumptions must be explicitly
made in the fully general case. In addition, in equation (82),
we explicitly used the trace-preservation property of dynami-
cal maps discussed in section 3.1.2. We show now how the
other essential property of dynamical maps, complete-positiv-
ity, allows one to obtain an explicit form for the generator L.

(84)

3.2.2. Markovian master equation: the Lindbladian. The
superoperator £ generates the quantum dynamical semigroup
through the Markovian master equation (84). It can be thought
of as the open-system generalization of the Liouvillian gen-
erator of the unitary-evolution, given essentially by the com-
mutator between ¢(f) and the Hamiltonian in the Schrédinger
equation. Here, we derive the most general form of £. We fol-
low a particularly simple approach similar to that of [398].

From (83) and for a sufficiently small dz > 0, we must have
E(dr) =1+ Ldt, so that

eU+d=EWNeM=0)+0W).  (85)

From this, it follows that the most general Kraus decomposi-

tion of £ (dr) can be given by a Kraus operator K© = 1 + O(dr)

and all other Kraus operators of order Jdr. Therefore, without

loss of generality, we can write the Kraus operators of £(dr) as
1+ (—iH+ C)dr

W .
{ /]/(”) L(ﬂ)\/a

where H and C are time-independent Hermitian operators,
time-independent operators L“ have been taken of unit
trace-norm, y* > 0, for all 0 <y <d? and ds is the dimen-
sion of the system, assumed to be finite. Kraus operators KW,
for u > 0, describe the possible incoherent transitions that S
might undergo with probability of order df; and at a rate y*.
These transitions are also called quantum jumps and the oper-
ators L) quantum jump operators [405]. In turn, the opera-
tor C can be univocally determined using the normalization
condition (75):

for u=0,

86
for0 < u < di, (86)
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1= ﬂgo K®WIK® =1 +dr2C+ Mgo yWLWILW), 87
yields

1
2

C= Z yUOLWILW

u>0

(88)

Next, using (84) and (85) and the definition of the time deriva-
tive, we write

EdN o) —o()
dr ’

and substitute £(dr) ¢ (¢) by its explicit decomposition in
terms of Kraus operators (86) normalized by (88). This, rear-
ranging terms, immediately yields

Lo (t)=lim

dr—0*

(89)

Lo(t) = —i[H,o1)]

+ Z y® (L(ﬂ)g([)L(ﬂ)T - % (LWTLW, o(1) } ) . (90)
u>0

The generator of any quantum dynamical semigroup can
always be written in this form, referred to as the Lindblad
form. Accordingly, L is often called the Lindbladian, master
equation (84) the Lindblad equation and jump operators L*)
also the Lindblad operators. The first term of (90) is respon-
sible for the coherent part of the dynamics, generated by oper-
ator H as a Hamiltonian. The second term accounts for the
dissipative part and it contains two types of contributions. The
first one, involving terms of the form L(”)Q(I)L(”)T, is associ-
ated to quantum jumps, while the anticommutators {L“T L®),
o(#)}, which stem from the non-Hamiltonian part C of K
in (86), contribute to a non-unitary evolution of the density
operator between quantum jumps [405]. The coefficients y,
play the role of relaxation rates of the open system for its dif-
ferent decay modes.

The assertion that expression (90) is the most general
form of the generator of a quantum dynamical semigroup is
known as Lindblad theorem. This was proven in [406] for
finite-dimensional systems (as in our simple derivation) and
in [407] for general bounded generators. This is not often the
case in physical situations: both H and the Lindblad opera-
tors can in general be unbounded, as discussed in the exam-
ples of section 3.2.3. Nevertheless, all known generators of
quantum dynamical semigroups can be cast into the Lindblad
form (90) [222].

3.2.3. The physics behind Markovian versus non-Markov-
ian dynamics: two simple examples. As discussed in sec-
tion 3.2.1, the Markovian master equation can alternatively
be obtained through microscopic derivations. There, instead
of taking the the semigroup property (80) as the basic hypoth-
esis, one starts from a concrete system—environment Hamilto-
nian and works out the reduced system dynamics with the help
of some approximations and assumptions. All of these, which
are in practice very well satisfied by many quantum-optical
systems, have been previously discussed in depth in the litera-
ture (see for instance) [222, 403—405]. Here, we just briefly
mention the two most important ones: the Markovian and the
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Born approximations. The first one was already mentioned in
section 3.2.1 and consists of neglecting all reservoir-memory
effects so as to make the dynamics of S local in time. This
approximation is to hold in a coarse-grained time regime with
temporal resolution 7., and is based on the assumption that the
reservoir-correlations decay time 7z is much shorter than this
resolution. In addition, in order to resolve the system’s evolu-
tion, its characteristic time scale 75 must be much longer than
.. Altogether, the approximation is sustained by the Markov-
ian assumption that

TR << Teg << T5. 91)

The second one consists of approximating, at each time ¢, the
composite system-reservoir state as

osr ()=o) @ or, (92)

with ¢y the state of the reservoir, for the purpose of calculating
the density matrix gsp (f + 7c¢) in the successive time f + 7cg.
The initial factorized-state condition sz = 0(0) & ox is
implicit. This approximation relies not only on assumption
(91), but is also to hold in a weak coupling regime where R,
which is infinitely larger than S, is affected by S negligi-
bly. The idea is that, for weak system-reservoir couplings
and short reservoir-correlations decay times, the decay time
of any correlation established between system and environ-
ment at time ¢ is much smaller than 7., so that the initial
state for the evolution between ¢ and f + 7., can be consid-
ered as uncorrelated. So, as far as its influence on the reduced
dynamics of S is concerned, the environmental state appears
effectively constant.

The fact that the correction to the density matrix in (85)
is assumed to be proportional to df, implying that the Kraus
operators K™, with u # 0, are proportional to dt, as displayed
in (86), is also a consequence of the coarse-grained descrip-
tion. Indeed, this implies, according to (78), that if one moni-
tored continuously the environment, the probability of a
quantum jump from the initial state |0)g to the state |u)g in
a time dr should depend linearly on dt. However, this seems
to contradict first-order time-dependent perturbation theory,
according to which this probability should be proportional to
(dr)>. What happens in fact is that the condition df > Teg > TR
implies that the transition time dr is sufficiently large so that
the Fermi Golden applies, that is, one is in the regime where
time-independent rates can be associated to the transitions
from |0), to |u).

The two approximations mentioned above are usually
applied together, receiving the joint name Born-Markov
approximation. In what follows, we illustrate its validity with
two simple exemplary situations.

Resonant Jaynes—Cummings interaction: a non-Markovian
case. The Jaynes—Cummings (JC) model describes the coher-
ent interaction between a two-level system, for instance an
atom and a single quantized electromagnetic mode [408,
409]. A single electromagnetic mode is certainly not a com-
plex environment with infinitely many degrees of freedom.
However, we force here the identification of it with an effec-
tive reservoir R so as to illustrate when the Born—-Markov
approximation can fail. The atom is taken as the main system
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S. In the resonant case where the atomic transition frequency
w coincides with the frequency of the field and in the rotating
wave approximation [408, 409], the JC Hamiltonian reads
HC= ha)(aTa + l) —nZs0 ih&(o’fa —o7a"). (93)
2 2 2

Here the first two terms represent the free energies of the
electromagnetic field and the atom, respectively and the
third one the interaction. For simplicity, we have chosen a
real coupling constant (2. Operators a and a' are respec-
tively the annihilation and creation operators corresponding
to the electromagnetic field, while 6* = |1)(0| and its adjoint
o~ = |0)(1] denote the raising and lowering operators of the
atom, where the computational basis states |0) and |1) are
taken as the ground and excited states of the atom, respec-
tively, being eigenstates of ¢ with eigenvalues +1 and —1.
In the interaction picture with respect to the free energy
haw(a™ a + 1/2 — 6¥/2), the Hamiltonian is given solely by
the interaction term

HI¢ = —ih& (6*a—o6"a"),

int — (94)
which describes the processes of excitation of the atom in
tandem with the annihilation of one photon (absorption) and
decay of the atom accompanied by the creation of a pho-
ton (emission). The corresponding unitary evolution, in the
interaction picture, is Ué%(t)z exp[—(L2¢t/2)(cra - o~ah)]
Maps that describe the joint evolution of system and environ-
ment can be readily written due to the fact that this evoution
separates the Hilbert space into non-communicating sectors.
Notice first that the ground state |0)5|0), of no atomic or
photonic excitations is a dark state of the evolution. That
is, it is an eigenstate of Hamiltonian (94) with eigenvalue
zero. Therefore, it is invariant under the unitary evolution.
Second, notice that Hamiltonian (94) connects |0)g|n); only
with |1)g|n — 1), where {|n)y } refers to the photonic Fock
basis, with n the number of photons in the mode. In particu-
lar, the subspace with the field in the vacuum state evolves
as 95 a

UL (1)10)510) =10)510)%, (95a)
3C _ 2
Ui (1) [1)5]0) =cos (Tt) [1)5|0)%
(95b)

+sin (%z) 10)s] ) -

One clearly sees from equation (954) that, for the initial state
[1)5|0)%, the relevant time of the system dynamics is the
time of atomic population inversion (half a Rabi oscillation):
T o . .
Ts R~ _Q_ Now, it is also clear that the time 7R over which

0
the environmental correlations [created by Rabi oscillations

L. T L
(95a)] vanish is 7 ~ m, which is of the same order of mag-
0
nitude as zs. Needless to say, the state of the reservoir is in

addition far from constant during the time zs. Therefore, the
Born—Markov approximation is not expected to hold here.
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Indeed, comparing equations (95a) and (95a) with (78),
one readily obtains the (time-dependent) Kraus operators of
the corresponding dynamical map £ (¢) for the evolution of S :

K© =|0)(0]+ cos (%t) [1)(1],

KM = —isin (&t) . (96)
2

These two Kraus operators satisfy the normalization condition
(75) and provide a complete characterization of the reduced
evolution, including coherent Rabi cycles. However, as the
reader can immediately check, the semigroup of superopera-
tors defined by them does not satisfy the Markovian composi-
tion rule (80).

Spontaneous emission: a Markovian case. A good model
for the environment of a two-level atom is given by an infinite
collection of independent harmonic oscillators representing a
continuum of electromagnetic modes of frequencies wy. As in
the previous example, we assume the atom is coupled to every
mode via the JC interaction. However, each mode k may now
have, apart from a different natural frequency wy, a different
coupling constant (2. The Hamiltonian of the composite atom

photon-bath system in the rotating wave approximation [408,
409] reads

H™® =pnYy wk(a,jak + %) ~ e
k

—ih 2 M(cﬁa;{ -o7aj), ©n
T 2

where the index PB stands for photonic bath. As opposed
to (94), the interaction representation of the photonic-bath
Hamiltonian (97) with respect to any non-trivial free energy
is not time-independent and does not commute with itself
at different times. Nevertheless, the two remarks about the
coherent JC case still apply. Namely, first, the ground state
|0)5|0)%, with |0)5 the vacuum state of the photonic bath,
is still a dark state of the evolution. Second, |1)5|0); only
couples to |0)s|1)r, where |1), represents now a single
excitation coherently shared among the infinite field modes
according to some distribution that depends on ((wy). The
dynamical behavior of the system depends crucially on the
dependence of 2(wy) on wy. The inverse of the width of this
function corresponds approximately to the correlation time
of the environment. Therefore, if the width of Q(wy) is suf-
ficiently large, so that the condition 7r << 1. <<7s is veri-
fied, the Markovian approximation holds and one does no
longer expects Rabi oscillations, as in the resonant single-
mode case. Under these conditions, environmental memory
effects can be safely neglected. We assume this to be the case
in the following.

This simple heuristics suffices to grasp the main features
of the composite unitary evolution, from which the desired
reduced map can be obtained. For states initially in the elec-
tromagnetic vacuum, it must be
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USR (1)10)510)
USR (1) 11)50)

0)510).»
VI=p @ [1)sl0)r
+p () 10)51)%.

where UEE (1) is the evolution operator, in the interaction pic-
ture, corresponding to (97) and the parameter 0 < p(f) < 1 is
the probability of emitting a photon up to time z. As before,
the Kraus operators of the reduced dynamical map &(¢)P are
readily given by:

K@ :=0)(01+/1 = p(r) [1X(1],
KW = 1= p(t) [0)(01+1)(1].

Accordingly, an arbitrary pure state |y) = a |[0) + S |1)
evolves as

(98)

99)

EOM y)wl = lal+p (1) 1510)(0]
+ ap*J1—p @) [0)1]
+ a1 =p (1) [1X0]
+ (1 =p®) AP,

(100)

where the matrix representation on the right-hand side is
in the computational basis, as usual. From this, it is clear
that one must have the boundary conditions p (0) = 0 and
lim, -, »p(f) — 1. That is, the stationary state is always the
ground state. To derive the exact behavior of p(7) throughout
the dynamics, we consider the composition [EAP(dr)]" of M
times £AP (dt), with dt an infinitesimal time period such that
M x dr = 1. Next, we consider the evolution (100) of |y) again
and invoke the semigroup property (80), obtaining

EAPMADy )yl = [P
= EM(dn)e .. o EXO(dr) ) {wl

V

M
= lal+(1 = (1 = pd)*)IBP10)O0] (101)

+ap* T = pdn " 10)(1]
+apT— p(dn) " 11)(0]

+(1 = p(d)™ |BPI1)(1].

From equations (100) and (101), one gets 1 —p(#) = (1 — p(dt))M .
In addition, from (82) one knows that p(¢): =y +#0 for all
t, with y some real constant. This, together with p (0) = 0,
implies that, for sufficiently small dz, one has pq, = y dz.
Thus, in the limit M — o and for dr = #/M, one gets that
1 -p(t)=(1 —ydn™ — e This gives the sought time depen-
dence, p(t) = 1 — e, therefore fully characterizing EAP (¢) for
all 7 through equations (99) and (100). Notice, in particular,
from (100), that the amplitude of the excitation |1) is expo-
nentially damped from g to O, at the rate y. This explains the
reason of the superscript ‘AD’ in channel £AP, which stands
for amplitude damping. As a matter of fact, the exponential
amplitude decay is in agreement with the original treatment
by Weisskopf and Wigner [410] of the spontaneous emission
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of a photon by a two level atom into the electromagnetic
vacuum. Since the latter is nothing but a thermal bath at zero
temperature, the proportionality constant y is typically called
zero-temperature dissipation rate. Indeed, in section 3.3, we
discuss channel AD as the zero-temperature case of dissipa-
tion into a thermal bath at arbitrary temperature.

One should note that the condition p (1) # 0, V ¢t > 0, is
implied by the linear dependence with df in (85), which as
seen before is a consequence of the transition-rate regime
associated with the coarse-grained evolution.

3.83. Noise models

We are now in a good position to discuss concrete examples
of maps that model physically relevant processes, as well as
some of their main classifications:

3.3.1 Independent versus collective maps. In the previous
subsections, we have studied the reduced dynamics of the
main system S without regard to any internal substructure.
However, since we are ultimately interested in studying entan-
glement dynamics, it is crucial to explicitly take into account
the fact that the superoperators act on composite systems of
N subparts. In this respect, the first distinction we make is
between independent and collective processes. We use the fol-
lowing notation. Unless otherwise explicitly specified, maps
acting on the space D (Hs) of density operators ¢ of S are
denoted by &, whereas the ones acting on the space D (H;) of
those of the ith subsystem carry in addition the subindex of
the corresponding subsystem, as £. As we have seen, every
physical process can be described by a completely-positive
trace-preserving map &, which admits in turn a Kraus repre-
sentation as (74):

Eo = Z KWk ™',

"

(102)

with Kraus operators K* with support on Hs and u running
fromOtods = H,Ail d;, being d; the dimension of the ith sub-
system’s Hilbert space H; as usual. It is convenient to identify
u with a multipartite multi-index u:= (u;, ... uy) explicitly
decomposed into singlepartite indices y; running from O to d;.

When the Kraus operators of (102) admit in turn a decom-
position K= K;“)® ... K"V, where every K;“) has support
only on H;, we say that £ is an independent map. That is, the
superoperator describes an independent process if it can be
factorized as the tensor product of individual single-partite
superoperators, each one acting independently on a different
subpart:

Eo = zul(l(ﬂl)® o KyWoK Wt @ . Kyt

(103)
=510 ...En0.

Otherwise, we say that £ is a collective map. In physical
terms, independent maps can be thought of as describing the
situations where each subpart is coupled to its own indepen-
dent environment, whereas collective maps as those where a
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same environment is coupled to more than one subpart, so that
correlations between the subparts may be developed due to the
action of the bath.

Naturally, analogously to the case of k-separable states,
multipartite maps also admit sub-classifications in terms of
the multipartitions for which they factorize. For example, in
section 5.3.3 we study maps that decompose as tensor prod-
ucts of two channels acting on two subgroups of neighboring
particles. However, for simplicity, unless otherwise explicitly
specified, we reserve the term ‘independent’ for the fully-
factorizable case described by (103). On the other hand, it is
important to mention that all independent maps are necessar-
ily separable, as defined by (31), but a generic separable map
needs not factorize in the form (103). That is, independent
maps can not introduce any correlations whatsoever between
the subparts, whereas separable maps are allowed to generate
correlations and may therefore belong to both the independent
or collective classes.

3.3.2. Pauli maps. An important family of separable maps
for qubits is that of the Pauli maps, defined as those where
every Kraus operator is proportional to a tensor product of N
single-qubit Pauli or identity operators:

KW= p(”) 01(”1)® oo oy M= \/p(”) o™,

with 6; 9 =1, the identity operator on qubit i, oi(l) =X,
6? = Y; and 6% = Z, the three Pauli operators of qubit 7, as
usual and p™ any normalized probability distribution. When
this distribution factorizes as p® = p;“ x ‘pN(”N), with pi(“i) a
single-partite distribution associated to the ith qubit, the Pauli
map is also an independent map. In addition, if pi(/‘i) is the
same for all 7, then the composite dynamics is fully character-
ized by the single-qubit channel.

The best-known examples of single-qubit Pauli channels
are the depolarizing (D) and phase-damping (PD) (or dephas-
ing) channels. Channel D describes the situation where the
qubit remains untouched with a certain probability 1 — p, or is
completely depolarized—i.e. transformed into the maximally
mixed state 1,/2—with probability p. Complete depolarization
happens when the qubit is subject to bit-flip (X;), phase-flip
(Z;) and bit-phase-flip (Y;) errors with the same probability.
Therefore, the channel is characterized by p” = 1 — p and
piV = p® = p® = p/3. Channel D describes the most detri-
mental kind of noise, as not only the coherences are destroyed
but also the populations are completely mixed. In turn, chan-
nel PD describes the processes where the qubit scatters elasti-
cally with the reservoir constituents, which may induce the
loss of quantum coherence, with probability p, but with-
out any exchange of population in the computational basis
(implying that the energy of the system is conserved). The
process is thus less detrimental than depolarization, as the
(classical) information encoded in the population of the com-
putational basis elements is preserved. It is characterized by
pi¥ =1 -p2, piV =0 = p? and p¥ = p/2, so that off-
diagonal density-matrix coherence elements vanish at p = 1.
A close relative of channel PD is the phase-flip (PF) channel,
which, as its name suggests, describes the process by which

(104)
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coherent superpositions of |0;) and |1;) are probabilistically
subject to a z-phase shift. It is characterized by p® =1 — p,
piV =0 =p® and p;¥ = p, so that the off-diagonal elements
change sign atp = 1.

Other popular single-qubit Pauli channels are for instance
the bit-flip (BF) and bit-phase-flip (BPF) channels, which are
equivalent to the phase-flip channel but in rotated bases. They
are defined respectively by p{® =1 — p, p/® =0 = p® and
piV=pand p/¥ =1 -p, piV =0 = p and p/? = p. The
Kraus operators of all these and other, single-qubit channels
are summarized in table 1.

Finally, the probability p in all the channels above can be
interpreted as a parameterization of time, where p = 0 refers
to the initial time O and p = 1 to the asymptotic limit 1 — oo,
where the system reaches a steady state. A common such
parameterization is p = p(t):= 1 — e™*, for some constant decay
rate £. This choice, which corresponds to a Markovian dynam-
ics, implies that the channels satisfy the Markovian additive
composition rule (80).

3.3.3. Independent thermal baths. An important example of
anon-Pauli single-qubit channel is the generalized amplitude-
damping (GAD) channel. It describes the processes of energy
diffusion and dissipation, in the Born—-Markov approxima-
tion, with a thermal bath into which the qubit is individually
immersed. It is characterized by the four Kraus operators

KO = zﬁﬁ:ll 100+ 1 = p L)L), (105a)
(H— [A+l -
KW= [EL, o (105b)

K@= 1/MLH(\/I = P00 +[1:){L: D), (105¢)
KO=|3"=p o, (105d)
with ot :=[1;){0;] and o7 :=|0;)(1;|, as wusual. Here,

is the average number of excitations in the bath,
p=p@):=1-e"2"%*V" i5 the probability of the qubit
exchanging a quantum with the bath from time O until time
t and y is the zero-temperature dissipation rate already men-
tioned in section 3.2.3 when spontaneous emission was dis-
cussed. As a matter of fact, channel GAD is nothing but the
extension to finite temperature of the purely dissipative AD
channel introduced there. Indeed, the AD Kraus operators
(99) are recovered from (105) in the zero-temperature limit
77 = 0. On the other hand, the purely diffusive case is obtained
in the opposite limit: 7 — oo, y — 0 and iy = I', where [ is
the diffusion constant. In this limit, channel GAD becomes
a Pauli channel, characterized bu single-qubit probabili-

ties pO= 11 —p()/ 2+ T=p0). pV=""=p® and

p.®= %(1 —p()/ 2= J1—=p(t)). As a matter of fact, in this
limit, channel GAD becomes similar to channel D, with both
channels having the completely mixed (infinite-temperature

thermal) state as the only steady state, for instance.

n
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Table 1. Brief description of the most popular single-qubit channels. All of them are described in detail in the text.

Channel Kraus operators

Associated physical process

Generalized amplitude
damping (GAD)

Phase damping (PD)

Phase flip (PF)

K9:= /1-p1,

KW= /p o3,
Bit flip (BF) K9:=/1-p1,
KY:= /pol,
Bit-phase flip (BPF) KO:= /1-p1,
KD:= /p o

Depolarizing (D)

KO:= /1-pl,
K= /p/3 4,
K®:= [p/3 62
K®:= p/3 o’

Lo . . . N
Forp:=1- e 2"+ describes diffusion and dissipation,

in the Born—-Markov approximation, with a thermal bath

of average excitation /7. Constant y is the zero-temperature
dissipation rate, associated to spontaneous emission (channel
AD, obtained by setting 77 = 0)

Also called Dephasing. Describes the elastic scattering (no
excitation exchange) with the environment. With probability
p, the off-diagonal coherences are destroyed. With probability
1 — p, nothing happens

Close relative of channel PD. Describes relative z-phase
errors in the computational basis. With probability p, the
off-diagonal coherences change sing. With probability 1 — p,
nothing happens

Same as channel PF but in a rotated basis. Describes relative
n-phase errors in the X eigenbasis

Same as channels PF and BF but in yet another basis.
Describes relative z-phase errors in the Y eigenbasis

The most detrimental kind of noise, where all three errors,
PF, BF, and BPF, can happen. With probability p, the system
is depolarized to the maximally mixed state. With probability
1 = p, nothing happens

Table 1 summarizes the Kraus operators of all the single-
qubit channels discussed in this section, together with a brief
description of the physical process associated to each of them.

4. Theory of open-system dynamics of
entanglement: bipartite systems

We dive now into the main topic of the review: the dynamics
of entanglement under the effect of the environment. The
first attempt to study the dynamics of entanglement in open
systems of which we have record was done by Yi and Sun, in
[411]. In that article, the authors study the Hilbert—Schmidt
2-norm distance from a bipartite state g4p(7) at time ¢ to the
tensor product of its reduced states @a(#)®¢p(?). Although
this distance is not an entanglement measure, with these pio-
neering study the authors aimed at capturing some features
of the open-sytem entanglement dynamics. The first studies
of entanglement dynamics in open systems of which we have
record are due to Rajagopal and Rendell, who analyzed, in
[98], the dynamics of entanglement for two initially entan-
gled harmonic oscillators under the action of local environ-
ments; and to Zyczkowski and the Horodecki family, who
analyzed, in [99], the evolution of the average entanglement
of formation of random 2 ® 2 states undergoing a sequence
of global unitary evolutions periodically interlaced with a
noisy channel.

Both papers showed that entanglement might vanish at
finite times, while coherence, for the same classes of noisy
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processes, would vanish asymptotically in time. Many distinct
cases were discussed in [99]: when the unitary part was taken
as the trivial evolution given by the identity operator, then,
depending on the noisy process, the average entanglement
could vanish asymptotically or at finite time; when a non-
trivial global unitary was switched on, entanglement revivals
could be observed. Since then, many theoretical studies on
the dynamics of bipartite entanglement appeared, involving
the interaction with local environments [101-105, 107-113,
115-129, 131-140, 142-144, 146-148, 150-156, 159, 167,
169, 170], or with collective ones [57, 106, 122, 133, 149,
177], or yet a combination of both [122], as discussed in the
introduction.

In this section, refraining from an exhaustive compilation
of results, we describe some of the principal aspects of the
theory of entanglement evolution in bipartite open systems.
We treat the multipartite case in the following section.

4.1. Two qubits under amplitude damping

The subtle properties of the dynamics of entanglement and
its striking differences to the dynamics of coherences, are
exhibited by the paradigmatic example of spontaneous atomic
decay [108, 116, 117]. As discussed in sections 3.2.3 and 3.3,
this dynamics is well approximated by the amplitude damping
channel £AP. Consider now a bipartite system S, composed
of two qubits, A and B, initially in state |¥) = a|00) +4|11).
Under independent AD channels of the same damping strength
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p on each qubit, the latter state evolves, according to (98), to
the mixed state

la” + p* 181" 0 0 (1= p)ap*

0 (1-pplpl 0 0

0 0 a-ppipr o [ 19
(1-p)a*p 0 0 (1-p)|BP

with the matrix written in the computational basis.

Channel AD does not create new coherences, the only non-
null off-diagonal elements in density matrix (106) are those
corresponding to initial coherence between [00) and |11),
damped by the factor 1 — p. One can directly quantify the
entanglement of the two qubits throughout their evolution by
calculating the concurrence, as given by expression (53), as a
function of p, which gives:

C(p) =max {0,2(1 =p)|f| (lal-plpD)} -

Importantly, in this particular example, the negativity and the
concurrence coincide for all p [311, 315]. Concurrence (107)
features two distinct dynamical regimes: If (i) |f| < |a|, then
entanglement vanishes only asymptotically, i.e. at p = 1. Whereas
if (ii) |f| > ||, then entanglement vanishes at a finite-time, more
precisely at p = |a/ff| < 1. We will encounter these two disen-
tanglement behaviours repeatedly throughout this review.

Interestingly, since at p = 0 concurrence (107) depends
only on the product of a and f and not on each one of them
independently, the two different types of decay are consistent
with a same initial entanglement. Finite-time disentanglement
is also called some times ‘entanglement sudden death’ [117,
121]. Some intuition of why finite-time disentanglement takes
place for | | > |a| can be given for channel AD. Inspecting the
joint system-reservoir unitary dynamics (98), we see that only
the excited state |1) couples to the environment. So, the larger
the population |f|* of the excited state, the faster the devel-
opment of system-environment entanglement, which leads
in turn to a faster reduction of system entanglement. In sec-
tion 4.10.1, we give in addition a simple geometrical explana-
tion of why this distinction of decay types arises.

Since the joint system-environment state is pure, the rise
of system-environment entanglement can be easily verified
by calculating the concurrence between the system S and the
environment R through formula (55). This yields

Csr (p) = 2321Bl\/p (1 = p) Y 1-IBPp (1 —p) . (108)

which increases with |f|. Furthermore, the entanglement
between each qubit and its own environment increases with
IBP: Csir, () = Cs;r, () = 2P p (1= p) -

It is also useful to inspect the dynamics of the entangle-
ment between the two environments [125, 134, 167]. Atp =1,
the state of the system (and therefore also its entanglement) is
completely transferred to the environment [125, 134]:

(107)

(@|00) + Al11))s @100)% Z23100)s ® (al00) +A1 1)k .
(109)
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For p < 1, the entanglement between the two environmental
qubits is quantified by the concurrence [167]

Cr.r; (p) =max {0, 2p|f| [lal— (1 —p) 1411} -

Remarkably, this concurrence shows that when system disen-
tanglement occurs at p < 1, it is accompanied by the appear-
ance of environment entanglement at some 0 < p < 1. The
latter has some times been called ‘entanglement sudden birth’
(ESB), in contraposition with ‘entanglement sudden death’
(ESD). The times for which ESD and ESB occur are related by
PesB = | — pesp. Thus ESB may occur before, simultaneously,
or after ESD, depending on whether pgsp > 1/2, pgsp = 1/2, or
PEsD < 1/2, respectively.

To end up with, for baths at non-zero temperature, well
approximated by the generalized amplitude damping channel,
EGAD (iscussed in section 3.3.3, the calculations are some-
what more involved but can in some cases still be carried out
exactly. For instance, in [137], it was shown that for a two-
qubit system initially in an X-state, i.e. with density matrix in
the computational basis having non-zero elements only along
the diagonals, and for independent thermal baths at any posi-
tive temperature, there is finite-time disentanglement. Finally,
in [112], it was shown that the steady-state entanglement of
any two-qudit system in touch with independent thermal baths
at any non-zero finite temperature always vanishes, for arbi-
trary interactions between the qudits and the environment.

(110)

4.2. Two qubits under dephasing

Another paradigmatic noise channel is the dephasing channel
EPP. In this case the dynamics of entanglement between two
qubits A and B, again initially in the state |¥) = @|00) +f|11),
is characterized by the concurrence

Cp)=2(~-p)lapl,

which vanishes only at p = 1, that is, asymptotically in time.

In contrast to the AD case discussed in the previous subsec-
tion, here the decrease of entanglement in the two-qubit sys-
tem is accompanied by the generation of genuine four-partite
entanglement among the two system qubits and the two envi-
ronmental ones. For instance, we note that while the concur-
rence (111) decreases with p, the total concurrence among all
four qubits, as given by (56), is

Cssirm, (P) =lapl\4 +4p — p?,

which increases monotonously with p. Furthermore, at p = 1,
the joint system-reservoir state evolves towards

(111)

(112)

(al00) + A1) 100} 2= al00)5]00 + 11 1)s]11)y -
(113)

This is a state of the GHZ type, as defined by (12), which is
genuinely four-partite entangled and for which all two-qubit
entanglements, between both system qubits, each of them and
its own environmental qubit and between both environmental
qubits, are null. A detailed analysis for different initial states
was made in [167].
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4.3. Two interacting qubits: entanglement decay and revivals

For logical qubits encoded in two-level atoms, their dipole—
dipole coupling, as well as the interaction between the
atoms’ respective environments, can be neglected whenever
the distance r|, between them is much larger than the reso-
nance wavelength 4. However, when rj, < A, neither can the
atom—atom interaction be neglected nor do the environmen-
tal modes resolve the two particles any longer. In this situa-
tion, a description based on a common environment becomes
necessary. As the two qubits now effectively interact, both
directly and via the environment, a competition between
entanglement decay and generation takes place, so that
entanglement might reappear in the system after vanishing
at some finite time.

Several scenarios where qubit entanglement undergoes
revivals have been recently studied in the context of quan-
tum information [106, 122, 154, 174, 412-414]. However, the
effect of dipole—dipole interactions has already been exten-
sively considered within the framework of superradiance
[415], whose first studies trace back to Dicke’s work in the
fifties [416]. Since the baths are collective, decoherence-free
subspaces may be found, i.e. some entangled states may be
immune against the action of the environment (corresponding
to the sub-radiant states of [416]).

Figure 7 shows results of [122], where two two-level
atoms are assumed to interact with a collective amplitude
damping environment and with each other through dipole—
dipole coupling. It displays the entanglement dynamics for
the initial state |¥) = Ja|ll) + 1 —a00), with a = 0.9
and for ri; = 2/20. As usual, |0) and |1) correspond to the
atomic ground and excited states, respectively. The entangle-
ment decays and vanishes at finite-time, as for the case of two
non-interacting atoms under independent AD discussed in
section 4.1. However, here, in contrast, entanglement shows
revivals. Another exotic example of entanglement creation via
the action of both dipole—dipole coupling and collective AD
environment takes place when a = 1. In this case, the initial
state is separable, but a sudden birth of system entanglement
can take place after some time lag [122].

4.4. Two non-interacting qubits: entanglement creation and
revivals

Entanglement between two non-interacting qubits can be
created by interaction with a common environment [149,
174-176], even when this environment is in a thermal state
[174, 175]. This happens for instance when the two qubits are
initially in the separable state |01) and the collective inter-
action with the environment is such that the singlet state is
decoherence-free [149]. Since [01) = (|¥~) + [¥*))/ /2, the
singlet component in the initial state survives, resulting in an
entangled steady-state [149]. A generalization of this reason-
ing to multiqubit systems was presented in [176]. These treat-
ments concern two-level systems with identical unperturbed
energies; however, even when this condition does not hold,
entanglement generation through a common bath is also pos-
sible [178, 417].
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Figure 7. Concurrence (solid line) of a pair of two-level atoms
interacting via dipole—dipole coupling and under a collective

AD environment, as a function of y ¢. The initial state is

|¥) = Ja|l1) + V1 —a|00), with a = 0.9. The dashed line
represents the concurrence of the same initial state but without the
dipole—dipole coupling and for local AD environments. For short
times both dynamics are similar, with the local coupling prevailing
over the global one. For longer times, however, the interaction
through the collective environment leads to entanglement revivals.
Reprinted figure with permission from Ficek and Tanas [122].
Copyright (2006) by the American Physical Society.

For non-interacting qubits with independent local envi-
ronments, entanglement revivals occur only when the envi-
ronments are non-Markovian [173, 179-186]. For quantum
environments, this can be attributed to a back-action of the
environment on the system: the initial entanglement of the sys-
tem is momentarily stored in the environment and later brought
back, at least partially, into the system. However, classical non-
Markovian random noise, for which this interpretation does
not hold, may also lead to revivals [173, 183, 186]. In this case,
revivals are associated with correlations in the quantum-clas-
sical state. Experiments on entanglement revival under non-
Markovian environments will be discussed in section 6.

4.5. Two-qudit isotropic states under local depolarisation or
dephasing

Despite the fact that for high-dimensional bipartite systems an
exact entanglement evaluation is in general not feasible, there
are several interesting families of states for which relevant
results exist. These particular states illustrate features of entan-
glement dynamics that can appear also in the general case.
One such case is that of isotropic states [418]. These are two-
qudit states that fulfil the special symmetry giso = U ® U Qiso
U'®U"T, with U any single-qudit unitary operator. The entire
family can be parametrized by a single parameter 0 < f< 1 as

1-f
-1
Parameter f is called the fidelity, or the singlet fraction, of
Qiso(f), as it gives the overlap of giso(f) with the maximally
entangled state |@F). For states (114), different entangle-
ment measures have been evaluated exactly [419-421]. For
instance, their concurrence reads

Qisolf) = A= BUDFD +fIBIHDF. (114)
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Figure 8. Entanglement phase diagram for two oscillators
undergoing a quantum Brownian motion under the action of a
common environment ({2 is the renormalized oscillator frequency,
here set equal to 1). Depending on the initial squeezing and
temperature, the evolution may induce finite-time disentanglement—
sudden-death (SD) phase, asymptotic disentanglement or an
entangled steady state—both characterized by the no-sudden-death
(NSD) phase, or a periodic series of entanglement revivals—sudden-
death and revival (SDR) phase. The dotted and dashed lines are
related to the width and position of the different entanglement phases
as a function of the temperature (see [142] for details). Reprinted
figure with permission from Paz and Roncaglia [142]. Copyright
(2008) by the American Physical Society.

0 for f<1/d
(f—1/d)y2d/(d—1) for 1/d<f<]1. 15

Interestingly, as noted by Ann and Jaeger in [422], experimen-
tally relevant noise types, as the PD and the D channels, map
any isotropic state into another isotropic state (of lower singlet
fraction). Therefore, the entanglement dynamics of gis(f) can
be fully monitored. A simple but instructive example is the D
channel EP acting on only one of the qudits of gjs(f). From
(115), one straightforwardly calculates the disentanglement
time of any isotropic state under £ @ 1. For instance, for
the isotropic state of maximal singlet fraction f = 1, i.e. the
maximally entangled state |@;) and for a depolarising strength
p=1- 71 the disentanglement time is

tB=In(d+1)/d%.

UeisoM)= {

(116)

Note that B, decreases with the dimension d, which is in
accordance with the fact that entanglement tends to become
more fragile as the macroscopic limit is approached. The sub-
index EB in £} stands for ‘entanglement breaking’, since the
disentanglement time induced by £P ® 1 on |®}) defines the
time at which EP becomes EB, as discussed in section 3.1.3.
With the same treatment, one obtains the disentanglement
time of isotropic states under £PFP @ 1 and therefore also the
time at which £7P becomes EB.

4.6. Bipartite CV systems: entanglement sudden death and
revivals

The dynamics of entanglement for two harmonic oscillators
has also been extensively studied in the literature. It displays
some similarities with the case of discrete variables. For exam-
ple, [98, 109, 131, 423] show that the entanglement between
two qumodes interacting with independent environments may
vanish asymptotically or at finite time. Entanglement revivals
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Figure 9. Concurrence of two local unitarily equivalent two-qubit
states under the same independent AD channels of strength p, as a
function of p. The black solid line corresponds to the Werner state
Qwemer, Whereas the gray dashed line to I @ XQweme,l ® X. The
entanglement of the latter decays faster than that of the Werner state
and vanishes at finite time.

were also demonstrated for interacting and non-interacting
CV systems in the presence of local or global environments,
both in the Markovian and non-Markovian regimes [104, 120,
127, 131, 424-429].

In [142, 147], Paz and Roncaglia drew a general picture
of the different ‘phases’ of CV entanglement dynamics for
two qumodes coupled to the same thermal bath at tempera-
ture 7 and initialized in the two-mode squeezed Gaussian
state e~"@ai=a@)|0), where r is the squeezing parameter, |0)
represents the vacuum state, subindices 1 and 2 label the two
modes in question and a; and al-T, i =1, 2, are respectively the
annihilation and creation operators corresponding to mode i.
See figure 8. The coupling to the reservoir is described by the
quantum Brownian motion master equation [430, 431]. Since
this dynamics maps Gaussian states onto Gaussian states, the
behavior of entanglement for different r and 7 can be directly
assessed from the symplectic eigenvalues, as defined in sec-
tion 2.2.2, of the covariance matrix of the steady state. Three
qualitatively different entanglement phases were identified: (i)
sudden-death (SD)—the entanglement vanishes at finite-time;
(ii) no-sudden-death (NSD)—the entanglement either decays
asymptotically or it remains finite throughout the evolution;
and (iii) sudden-death and revival (SDR)—the entanglement
undergoes an infinite series of periodic vanishments and reviv-
als. Also as in the discrete-variable case, the generation of
entanglement from two initially separable modes due to the
interaction with the common bath is possible.

4.7 Robust entanglement

Distinct initial states with the same amount of entanglement
and under the same type of noise may undergo different entan-
glement dynamics. This opens the possibility to search for the
most robust states, i.e. those whose entanglement decays the
slowest. A simple two-qubit example was studied by Yu and
Eberly in [124]. Similarly, we can compare the entanglement
dynamics of the Werner state
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1
Owermer - = (1 —l)z + AP (117)

with that of the local-unitary equivalent state
1 N
I1® XQWerner]1 ® X:=( _/1)2 + AP ><CD l, (118)

with 4 € [0, 1], under independent AD channels. Although
both initial states have, by definition, identical entanglements,
their entanglement evolution differs, as shown in figure 9 for
the exemplary case of 1 = 0.75. Since Qwemer has only one
excitation shared between both qubits, it gets less affected by
the AD noise than 1 ® X @yemer 1 ® X, which possesses two
excitations shared between the qubits. The two-qudit case was
numerically studied by Mintert in [432].

There, the author applied lower bounds to the concurrence
to search for robust states under independent PD and AD
channels. For multipartite states, ingenious techniques to find
robust states have been obtained [433-436]. We discuss them
in sections (5.2.7), (5.2.8) and (5.5.5).

4.8. Harnessing entanglement dynamics

Instead of searching for the most robust state, one may try to
actively counteract the influence of the environment, so as to
slow down the decay of entanglement as much as possible or
even to revert it. A variety of strategies have been proposed
for several architectures [167, 197, 198, 437-449]. Here we
present two qualitatively different important paradigms for the
coherent control of entanglement.

4.8.1. Passive spontaneous-emission based distillation. Con-
sider a two-level atom, initially in the state  [0) +/ |1), inter-
acting with a zero-temperature thermal bath, where |0) and |1)
stand respectively for the ground and excited states, as usual.
Furthermore, assume that a perfect detector, able to detect
every photon that might eventually be emitted, is placed in
the vicinity of the atom. The absence of a click corresponds to
a projection onto the vacuum state of the photonic bath. This
in turn renders some information about the atom, i.e. it repre-
sents a weak measurement of it and, as such, changes its state.
The longer one waits for a click, the higher the amplitude of
|0) in the state of the atoms becomes.

This effect can be employed to distill entanglement [167,
440]. One considers two atoms separated enough to approxi-
mate their reservoirs as independent. The initial state is
[P(0)) = a|00) + p|11), with |a| < |f]|. As before, two detec-
tors continuously monitor each atom’s reservoir. Without this
monitoring, the dynamics would be ruled by the independent
AD channel of strength p = exp(—y f), but because of the moni-
toring the system is continuously projected onto a pure state.

Proceeding as in (98) with each atom, we see that, if up to
time 7 no photon is detected by either detector, the joint system
state becomes

l00)s + A(1 = p)]11)g
Jlal + (1 = pP|pP

¥(e)) =

(119)
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If at time #,,x = ~'In|p/al, corresponding to pmax = 1 — |a/f],
no decay is registered, then the system ends up in the maxi-
mally entangled state with |a| = |f|. The continuous ‘no-click’
detection reduces the population of |11), balancing it with that
of |00) . In this way, just by locally observing the environ-
ment in the vacuum state, one increases the entanglement of
the system. Of course, this scheme succeeds only probabilis-
tically. No click up to time #,,x happens just a fraction 1 —
[la|? + (1 = p)*|B|*)] of the trials. This fraction thus defines the
success probability of this particular distillation scheme. An
important drawback of the protocol is that maximal entangle-
ment is obtained only at a single instant of time. An interesting
improvement of this method, also in connection to weak mea-
surements, was proposed in [443], where a technique to revert
the environment-induced entanglement decay was proposed.
The experimental implementation of the latter was reported in
[450]. Further ideas regarding the harnessing of entanglement
through the monitoring of the environment were discussed in
[444-447].

Another passive method was proposed by Hartman, Diir
and Briegel in [451, 452]. In these works, the qubits are in
contact with local thermal environments and the state of each
qubit is probabilistically reset to a local pure state. The authors
show that, depending on the ratio between the reset rate and
the coupling to the environment, which can even be at a high
temperature, the steady state may or not be entangled.

4.8.2. Active feedback. Another possibility is to exploit
feedback, i.e. to actively operate on the system depending
on the outcomes of measurements on its environment. As an
example thereof, quantum error-quantum correction schemes
have been recently proposed to mitigate the effect of noise
in quantum metrology [211-215]. On the other hand, if one
is mainly interested in the entanglement and not so much in
the state itself, different feedback strategies may be used. An
example was proposed by Carvalho and Hope in [197, 198].
They considered the specific setup depicted in figure 10(a).
There, two non-interacting two-level atoms, a and b, are reso-
nantly coupled, with coupling constant g, to a cavity and are
simultaneously driven by a classical field of amplitude (2. The
atoms spontaneously decay into the environment with respec-
tive decay rates y, and y,, and into the cavity output mode with
decay rate k. Both y, and y,, are assumed much smaller than «.
So, the dominant decay channel is through the cavity output
mode, with an effective decay rate I" = g2/1<. This is called the
Purcell regime. The cavity output is in turn continuously mon-
itored by a perfect detector D, which, upon photon click, fires
the application of the unitary operation Ug, on the system. The
first difference with the scheme of the previous sub-subsec-
tion is that the atoms effectively decay through a collective
channel and the second one is the active application of Us,.
The choice of Uy, requires an optimization, but some sim-
ple considerations are sufficient to chose a feedback unitary that
preserves high values of entanglement under local and global
environments. First note that both the unitary dynamics and
the global noise do not mix the symmetric and anti-symmetric
subspaces of the two-qubit system. Furthermore, with only the
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Figure 10. Slowing down the decay of entanglement of two two-level atoms inside a leaky cavity through active feedback control.

(a) The atoms’ spontaneous emission rates are y, and y,, while the decay rate of the cavity field is k, with y,, 7, < < k. Any photon emitted
by the cavity output is registered by a perfect detector D. This activates the application of the unitary operation Ugg on one of the atoms.
(b) Entanglement as a function of I" #, with and without the feedback control, for the initial state |#~), 2 = 3I" and feedback unitary
Up=1 ® e ™2 The three cases plotted are (C1) y = 0.0017, (C2) y = 0.017" and (C3) same as (C2) but with an atomic dephasing

rate ygeph = y additionally taken into account. Reprinted figure with permission from Carvalho and Hope [197]. Copyright (2007) by the

American Physical Society.

global decay, the maximally entangled state |¥~) is a steady
state. The steady-state solution on the symmetric subspace is
also entangled, but the overall stationary entanglement turns out
to be low (~ 0.1 when quantified by concurrence). When one
then considers the local decays, the split between the subspaces
is broken. The idea is then to chose a feedback unitary that
coherently shifts highly entangled states from the anti-symmet-
ric subspace into the symmetric subspace. This is obtained, for
example, by choosing the feedback to act only in a single qubit
by taking Up=1 ® e'%. As shown in figure 10(b), a signifi-
cant enhancement of the entanglement robustness is obtained,
even when atomic local dephasing is additionally considered.
More recently, a similar scheme was proposed, in [441], but
with the application of a time-dependent feedback Hamiltonian
instead of a fixed unitary operations. The Hamiltonian is opti-
mized at each instant of time so as to maximize the amount of
entanglement. In this way, it is possible to design optimal con-
trol strategies for the entanglement dynamics. This is an inter-
esting example within the field of quantum dynamical control,
which has recently seen an upsurge of activity [453-458].

4.9. An equation of motion for entanglement

In [459, 460], a dynamical equation for the evolution of the
concurrence of two qubits was derived. With this, the entan-
glement of the system, initially in any pure state and under
the action of any single-sided channel, is totally determined
by that of a maximally entangled state undergoing the same
dynamics. More precisely, it was shown that

CA @ ¥ ¥D=CI¥) L @ DTN D™,  (120)

for any completely positive single-qubit map £ and pure
state |P).

Equation (120) is appealing because of its simplicity. It
factorizes into a contribution from the initial state, C (|%¥)) and
another due to the channel, (1 ® &|®T)(P*|). Indeed, by the
Choi—Jamiotkowski isomorphism discussed in section 3.1.2,
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0 :=1 ® &|PT) (P is the dual state of channel £ and there-
fore contains all the information about it. This is crucial for
the efficacy of decomposition (120). As a corollary of (120),
one knows that the only single-sided channels £ that map pure
entangled states into separable states are the entanglement-
breaking channels, that is, those for which the dual state o is
separable, as discussed in section 3.1.3.

In the general scenario of two-sided channels and initially
mixed states, due to the convexity of C, one gets instead the
upper bound

C& ® £0) <) C&E @ 1|PT)(P))
Cl @ &EfPTN D).

Remarkably, this bound was shown to be tight in some experi-
mentally relevant cases [460]. In turn, this bound has been
experimentally verified with entangled photon pairs [146,
461], as discussed in section 6.2.

Decompositions (120) and (121) can both be general-
ized to two-qudit systems of arbitrary dimensions d; X d»
using the G-concurrence [462, 463] and even to multipar-
tite systems for entanglement measures with some particu-
lar structures [464, 465]. The G-concurrence is one of the
generalizations for d; x d, systems of the two-qubit concur-
rence (53) and reduces to the latter when dy = d, = 2. It is an
entanglement that does not detect some entangled states for
di; x dr >?2 x 2. Indeed, the G-concurrence detects only states
with maximal Schmidt rank. For this reason, it fails to be a
well-behaved entanglement measure. However, it has been
shown that, for short times, there is a connection between
the G-concurrence and the usual C-concurrence, which may
in turn give useful information about the decay of the latter
for longer times [466].

(121)

4.10.Geometry of entanglement decay

An elegant way to extract generic features of entanglement
dynamics is to study the geometrical aspects of the set of
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Figure 11. Evolution of the negativity distribution for the bipartition
of the first qubit versus the others. For N =3 or 5, 100000 states were
randomly chosen from the uniform distribution, whereas, for N =7,
30000. In all cases all qubits undergo independent PD channels with
dephasing strength p. For all p, the concentration around the mean
gets sharper as the number of qubits grows. Adapted from Tiersch et
al [138].

states D (Hg). In the next sub-subsections we discuss two
such aspects.

4.10.1.Topological view of entanglement trajectories. The
set of states D (Hs) is a closed convex set to which a met-
ric can be assigned [216]. Its boundary is defined by all the
states for which an arbitrarily small perturbation suffices
to take them out of D (Hg). These are all the non-full-rank
states, i.e. those whose rank is smaller than ds, which is in
turn equivalent to having at least one null eigenvalue. An
arbitrarily small perturbation maps them into negative opera-
tors. In particular, all pure states are rank-1 and therefore
sit at the boundary of the space of states. Analogously, the
interior of D (Hs) is given by the usual definition of the inte-
rior of a set: all states around which a ball of some positive
radius exists such that every element inside the ball belongs
to D (Hs). Clearly, these are the full-rank states, as one can
always perturb them in any parameter direction by a quan-
tity small enough to get another full-rank state. Any state
¢ € D (Hs) can always be expressed as a convex combina-
tion of two non-full-rank states or, equivalently, as many
rank-1 pure extremal points as the rank of ¢.

The subset of separable states in D (Hs) also forms
a closed convex set of non-zero volume [306, 467]. The
characterisation of its boundary is of course more intri-
cate as that of D (Hs). We have already sketched pictorial
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representations of the geometry of D (Hs) and its subset of
separable states in section 2.2, such as for instance the one in
figure 3. A simple characterization of the boundary of sepa-
rable states is, nevertheless, possible for two-qubits systems:
for these systems the PPT criterion fully determines separa-
bility and, furthermore, the partially transposed state has at
most one negative eigenvalue [468]. Therefore the expres-
sion det(o™) = 0 precisely determines the boundary of 2 x 2
separable states.

Pictorial as they are though, these simple considerations
allow one to visualise some general features of the entan-
glement dynamics. For instance, one concludes that any
dynamic process whose steady state lies within the interior
of the set of separable states necessarily induces finite-time
disentanglement on all initial states. Because then the inter-
section between the state trajectory and the border of sepa-
rability necessarily happens at some finite time p < 1. This
is the case of both the independent channels D and GAD at
infinite temperature, whose unique final state is the maxi-
mally mixed state. Furthermore, even for any non-null finite
temperature the steady state of the GAD channel lies in the
interior set of separable states, as shown by Yu and Eberly
in [469]. So finite-time disentanglement is always present
there too.

In contrast, when the steady state of the evolution lies at
the boundary of the separability set, the dynamic trajectory
may never enter the interior of the separability set. Due to
the complexity of D (Hs), an intuitive picture of when this
happens is in general difficult to grasp. For instance, for the
independent PD channel acting on any pure entangled state
of the form |¥) = «|00) + f|11), the evolved state is never
full rank. Therefore, the entire trajectory fromp =0top =1
is tangential to the boundary of D (Hs). In this case, disen-
tanglement is observed always at p = 1, as discussed in sec-
tion 4.2. On the contrary, for the independent PD channel
composed with independent AD channel, the state is full rank
for all 0 < p < 1, goes towards the pure state |00) and disen-
tanglement is observed always at p < 1, as will be discussed in
section 5.2.1 for the multipartite case. However, also for the
independent AD alone is the state full rank forall0 <p < 1, as
matrix (106) in section 4.1 shows and goes towards |00), but
the disentanglement time depends on the initial coefficients a
and f. In section 5.2.1, we will see that these generic conclu-
sions remain valid also in the multipartite scenario with initial
states of the form |¥) = |00 ... 0) + S|11 ... 1).

Of course other types of dynamic trajectories are possi-
ble, as for instance those induced by the collective decay of
nearby atoms, discussed in section 4.3. There, the dynamic
trajectories may repeatedly enter and exit the separability set
during the whole evolution. Another example was given by
Fine, Mintert and Buchleitner, in [112], who, based solely on
geometrical arguments, showed that for any bipartite system
interacting with a collective thermal bath, there exists a finite
temperature for which the dynamics induces finite-time dis-
entanglement on all initial states. Their argument relies on
the fact that, for a sufficiently high temperature, the steady
state must be close enough to the maximally mixed state (the



Rep. Prog. Phys. 78 (2015) 042001

Key Issues Review

steady state for infinite temperature) to also lie within the
(finite-volume) set of separable states. A detailed account of
the possible trajectories was given by Drummond and Terra
Cunha in [132, 150].

4.10.2.Concentration of entanglement trajectories. In [470],
Hayden, Leung and Winter showed that if one samples pure
states at random from the uniform Haar distribution®, with
very high probability the sampled state is highly entangled in
any bipartition. In addition, this probability increases extraor-
dinarily fast with the system size. That is, the distribution of
entanglement on the space of pure states concentrates very
fast around the maximally entangled states. Following them,
in [138], Tiersch, de Melo and Buchleitner showed that for
entanglement measures that abide by a strong form of conti-
nuity known as Lipschitz continuity, the entanglement trajec-
tories of pure random states under any arbitrary completely
positive trace-preserving channel concentrate around the
mean entanglement, with the average taken after the evolution
under the same map.

More precisely, a function E is said to be Lipschitz con-
tinuous if there exists a constant nz > 0, called the Lipschitz
constant of E, such that, for all g, '€ D(Hys),

E@@—-E@)ISnlle—2e'll, (122)

where ‘|| || stands for the trace norm, as usual. The relative
entropy of entanglement (59) or the negativity (57), studied
in section 2.3, are Lipschitz continuous entanglement mono-
tones, for instance [471].

From (122) and by the contraction property of the trace
norm, i.e. the fact that it is non-increasing under any com-
pletely-positive trace-preserving channel [216], one immedi-
ately gets that

IEE¥X¥D ) — EE W) IS neke IENE 1=
(123)

where k¢ > 0 is a Lipschitz-like constant, but now for the dis-
tance between any two states after the action of the channel £.
When the entanglement decay of state |y) under £ is known,
inequality (123) allows one to estimate the trajectory of the
entanglement of |¥) under £ and vice versa. Note that the
smaller the distance between the initial states, the better the
estimate. In this way, instead of calculating the entanglement
of a given state, one can look for a nearby state with some par-
ticular symmetry due to which the entanglement evaluation
happens to be simpler and then exploit (123).

Furthermore, (123) gives the necessary ingredient to apply
Levy’s Lemma (see for instance [472]), which dictates how
Lipschitz continuous functions concentrate around their mean
when their argument is sampled randomly. When applied to
entanglement dynamics, one sees an exponential concentra-
tion around the average entanglement at any time and for any

8 The Haar distribution is the uniform probability distribution over the pure
state vectors. Thus, sampling from this distribution renders pure states
randomly distributed in a uniform way over all the space of pure states vec-
tors. It defines also a metric, the Haar measure, which is the unique uniform
measure on the space of pure state, i.e. the only one invariant under any
unitary transformation.
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trace-preserving CP map. More precisely, for any ¢ > 0 and
total system dimension d, the authors obtain the bound

-1 2
dngd

Pr(E[E(PNPD |- (Ee)l >e) < 4 (124)

where (Eg¢) :=
E(ly){wl) averaged over all |p) weighted with the uniform
Haar measure dy and C is a positive constant that can be taken
as (24 %)~ [471]. Bound (124) tells us that the probability that,
for a randomly chosen |#), E[E (|¥)(P]) ] deviates from (Eg)
by more than e, is exponentially small in d and €. Thus, the
average (E¢) defines the typical entanglement trajectory, i.e. the
one that pure random states follow with the highest probability.
Moreover, for large enough d, all random states follow essen-
tially the same entanglement trajectory, so that knowing the
entanglement dynamics of a single typical state is sufficient to
infer, with an exponentially small failure probability, that of any
other typical state. Figure 11 depicts the evolution of the distri-
bution of negativities for the bipartition of the first qubit versus
the rest, for systems of different number of qubits under inde-
pendent PD channels. A clear tendency to concentrate around
the mean as the system dimension grows can be seen there.

fdl//E[é'(ly/)(y/l)] is the entanglement of

5. Theory of open-system dynamics of
entanglement: multipartite systems

In the multipartite scenario, the system may have arbitrarily
many constituents. In such contexts, system isolation is even
more strenuous and decoherence effects can by no means be
neglected. On the other hand, in most quantum optical imple-
mentations of multipartite quantum systems, the spatial sepa-
ration among the different particles is such that each subsystem
interacts, up to good approximation, locally with its own envi-
ronment and that the different environments do not interact
with one another. This type of noise is described by inde-
pendent maps, as defined in section 3.3.1 and is certainly the
best-understood case. This is the case we mainly cover in this
section. In the next section, however, we discuss some exam-
ples of experimental studies with collective noise processes.
In this section, we have opted for classifying each different
main subject into a single subsection. This means that papers
treating different subjects can be repeatedly acknowledged
through different subsections and that chronological order is
sometimes violated. Before diving into the details of multipar-
tite-entanglement decay though, we first briefly introduce some
basic definitions of multipartite-entangled states, as well as
some basic facts of Pauli maps. The familiarised reader may skip
the following subsection. Finally, throughout the section, unless
explicitly specified, we consider exclusively qubit systems.

5.1. Preliminaries

In 2000, Diir, Vidal and Cirac realized [229] that the three-
qubit W state

[W3) o= % (J0O1) +010) + |100))

N& (125)
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and Greenberger—Horne—Zeilinger (GHZ) state [226]
1
V2

already defined in section 2.1, cannot be transformed into one
another by SLOCC operations, discussed in section 2.2.6.
Furthermore, they realized that any genuinely-tripartite
entangled pure state of three qubits can be transformed via
some SLOCC into either one of these two states. They thus
referred to the W and the GHZ types of entanglement as
two inequivalent classes of genuine multipartite entangle-
ment. In fact, such fundamental inequivalence makes itself
manifest when one considers the reaction of both families
to noise. The extremal example is provided when the states
are subject to particle-loss noise. Suppose the system, ini-
tially in either |W) or |GHZ), loses one particle, mathemati-
cally described by taking the partial trace over the Hilbert
space of that particle. Since both states are symmetric with
respect to the exchange of particles, it does not matter
which particle is traced out. For the W state, the remaining

two qubits end up in o= %(lOO)(OOl +2|P*)(P*]), where

IGHZ3) := — (|000) +|111)), (126)

|7ty = % (J01) +|10)), as defined in (6). The reduced two-

NG

qubit state ¢ is NPT. Therefore, it is entangled. On the other
hand, for the GHZ state, the remaining qubits end up in the

separable state %(|OO)<OO|+|11)(11|). This simple example

illustrates that W-type entanglement bears a sort of built-in
robustness as compared to the GHZ type, something that, as
we will see in the forthcoming subsections, is also manifest
against other types of noise.

In addition, the number of inequivalent classes of multi-
particle entanglement grows very rapidly with the system size
(see [473], where the SLOCC classification for pure arbitrary
N-qubit states has been recently worked out, and references
therein). This makes the characterization of multipartite
entanglement decay an even harder problem than the bipartite
case. In what follows, we introduce the most popular families
of genuinely-multiqubit entangled states.

5.1.1 GHZ, generalized GHZ and generalized GHZ-diagonal
states. GHZ states provide simple models of the celebrated
Schrodinger-cat state [2, 55], they are also crucial resources for
multipartite quantum communication protocols and distributed
computing problems [474—476] and have been experimentally
produced with up to 14 trapped ions [57] and up to 8 pho-
tons from parametric down-conversion [67, 69]. As mentioned
before, GHZ states were originally introduced by Greenberger,
Horne and Zeilinger in [226] for three qubits. As already
defined in (12), they straightforwardly extend to N qubits as:

1
NG

Any local unitary spin-flip does not alter the class of entangle-
ment. Thus, formally, the superposition (k) + |k)) / V2, where
0<k<2¥-1—-1isto be understood in binary representation
inside the kets and k := 2V — 1 — k is its bit-wise complement,

|GHZy) := (100...0)+[11...1)) . (127)
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follows the spirit of the GHZ construction in precisely the
same manner. If, in addition, we include possible phase dif-
ferences of z, distinguishing states of even and odd parity, we
arrive at the GHZ basis, of elements

lyiE) := (k) £ k) /N2 .

Since they form a complete orthonormal basis, any convex
combination of them renders a diagonal state in the basis.
Nevertheless, the term GHZ-diagonal states is typically
reserved to only a particular form of combination [276, 477]:

(128)

V-1

0= X (Wi +A i) vi) -
k=0

(129)

with A}t = A7 for all k # 0. The coefficients A;f represent the
probabilities with which each GHZ state (128) appears in the
mixture and are therefore positive and sum up to one. These
states play an important role in the derivation of lower bounds
for the entanglement of arbitrary N-qubit density matrices, as
will be shown in the following. Mixtures (129) have the pecu-
liarity that their matrix representation in the computational
basis has only one non-null off-diagonal coherence element:
A:=(00...0]o|11... 1) =43 — A§. (130)
This inherent symmetry makes these states remarkable for
several reasons. First, it allows for a complete characteriza-
tion of their entanglement and distillability properties. For all
states of the form (129), the following hold [276, 477, 478]:

(i) PPT-ness of any bipartition is necessary and sufficient for
biseparability in the bipartition;

(ii) biseparability of all bipartitions
separability;

(iii) anecessary and sufficient condition for the distillation of a
pure maximally entangled state between any two disjoint
blocks of qubits is that each and all of the bipartite splits
of the N parts for which the two blocks lie on opposite
sides of the split are NPT.

implies  full

An immediate consequence of property (iii) is that criterion
17, studied in section 2.2.8, which gives a necessary condi-
tion for genuine multipartite distillability of arbitrary states,
becomes also sufficient for states (129). The same happens,
of course, for the extension of criterion 17 for blockwise
M-party distillability. For properties (i)—(iii), the evaluation of
PPT-ness is crucial. Fortunately, also this evaluation simplifies
enormously for these states. Each 1 < k < oN-1_ 9 naturally
gives a bipartite split, defined by the set of zeros versus the
that of ones in the binary representation of k. With this identi-
fication, PPT-ness evaluations for reduce to:

bipartition k of state (129 ) is PPT & 4, > A/2. (131)

Second, it holds that [276, 477, 478]

(iv) any arbitrary N-qubit density matrix ¢ can be decohered
to the form (129) without changing any of the diagonal
elements A or the off-diagonal element A by a sequence
of fully local operations.
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This property allows one to lower-bound the entanglement
and distillability properties of arbitrary states in terms of
those of their locally-dephased GHZ-diagonal correspon-
dent. That is, since neither entanglement nor distillability
can increase under LOCCs, one arrives at the following cri-
terion [276, 477, 478].

Criterion 18 (Multipartite distillability (sufficient)). If, for
an arbitrary N-qubit state o, Ay > A/2 for every bipartition k
of M given subsets of qubits, with 2 < M < N, then the state is
blockwise M-party distillable with respect to the M-partition.
In addition, if ¢ is of the form (129), then the converse impli-
cation is true too.

A further generalization of (128) consists of allowing for
different amplitudes, which defines the generalized GHZ
states [145, 187]

lwiE (. B) ) = alk) = BIK),

with a and 8 any complex amplitudes such that |a|* + ||> = 1.
Because a is not necessarily equal to f, one now does not run
into redundancies by letting k run from 0 to 2N _ 1, instead
of 2Y-1 — 1 as in (128) and (129). So, in (132), one has
0<k<2¥-1andk:=2Y—1—k For each a and p, the
N+ 1 generalized GHZ states (132) form an over-complete
non-orthogonal basis of Hs. Arbitrary mixtures of them have
in turn been dubbed generalized GHZ-diagonal states [187]:

(132)

2V

0 = X Ayt /)y (a. )l
k=0

+ Al (@, )i (@, B,

as they generalize GHZ-diagonal states (129) (Af and A;
are no longer necessarily equal for all k£ # 0) . In contrast to
the latter, the computational-basis matrix representation of
(133) can have all the anti-diagonal elements different from
zero. However, as we discuss in section 5.2.6, analytical
scaling laws for the decay under independent noise of the
entanglement in their bipartitions can still be derived [187].
Furthermore, their genuine-multipartite entanglement can
also be fully characterized, since the necessary criterion 14,
discussed in section 2.2.4, becomes also sufficient for general-
ized GHZ-diagonal states [261]. Its full N-qubit version takes
the following form [261, 262]:

(133)

Criterion 19 (Biseparability of N qubits (GHZ)).
state @ is biseparable, then

Ifa N-qubit

V=1

DI (o) < D) ook (134)
k=1

where DI (0) :=|(00 ... 0lo[11 ... 1)|, ou= (klolk) and
oz := (klolk). In addition, if ¢ is of the form (133), then the
converse implication is true too.

Notice that all the diagonal matrix elements appear in the
sum except for the ones corresponding to 0 (k = 0) and
N(k = 2V — 1) excitations. As in the three-qubit case of sec-
tion 2.2.4, the above criterion is valid for all states and the
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presence of |GHZy) just makes reference to the fact that
inequality (134) is violated specially by states in the vicinity
of |GHZyy).

Criterion 19 is more powerful than criterion 18 above in
that it addresses multipartite entanglement, instead of distil-
lability addressed by the latter. Both criteria however bear
the common advantageous property that only the diagonal
elements, plus a single off-diagonal element, of the den-
sity matrix are required for their evaluation. This precisely
has been the crucial feature that enabled to use these crite-
ria in practice to, for instance, corroborate the presence of
both multipartite entanglement and distillability in experi-
mental GHZ states of N as high as 14 [57], as described in
section 6.9.

5.1.2. Basics of independent maps on generalized-GHZ
states. It is immediate to check that the computational-basis
matrix representation of the state ¢ resulting from action of
any independent Pauli channel on a pure state |y (a, ) ) sat-
isfies the following: (i) no off-diagonal element increases its
absolute value and (ii) every diagonal element ¢y is equal to its
complementary element ¢z, for all 0 < k < 2N _ 1. This means
that these single-qubit channels always dephase generalized
GHZ states into GHZ-diagonal states’. This simple observa-
tion turns out to be of great help in the characterization of
GHZ-entanglement dynamics under physically-relevant types
of noise.

Any GHZ-diagonal state can be decomposed in the con-
venient fashion

Q0= Aenthm + (1 - j'ent) Qdias (135)

where 0 < Aene < 1, Qent 18 an entangled state and g, 1S a
separable state diagonal in the computational basis. For the
particular cases of depolarizing (D) and phase-damping (PD)
channels the calculation is simple [187] and yields in both
cases Aen = (1 — p)" and g, =|yit (@, f) Wyt (@. ) |-

On the other hand, for the generalized amplitude damp-
ing (GAD) channel, whereas the first statement above is true
in any temperature regime, the second is not, as the relation
between the populations of |k) and |k) varies with the tem-
perature. Still, it turns out [187] to be possible to decompose
any pure state |y (a, #) ) under independent GAD noise as in
(135). The expressions for the corresponding coefficient and
state, ES4P and ¢OAP, respectively, are a bit cumbersome but

ent
their calculation is detailed in [187].

5.1.3. Graph and graph-diagonal states. Graph states [479,
480] are quantum states associated to mathematical graphs.
They constitute an important class of genuinely multipartite
entangled states with multiple applications in quantum infor-
mation and communication. The most popular examples are
the cluster states, which have been identified as universal
resources for measurement-based one-way quantum compu-
tation [481, 482]. However, other members of this family can
be used as codewords for quantum error correction [483] or

° This is not to be mistaken for property (iv) of section 5.1.1, for here the
values of the diagonal and off-diagonal elements do in general change.



Rep. Prog. Phys. 78 (2015) 042001

Key Issues Review

to implement secure quantum communication protocols [484,
485], for instance. Moreover, GHZ states (127) constitute also
a particular example of this general family, as they are local-
unitarily equivalent to the graph states associated to both the
fully-connected (meaning that each vertex is connected to all
others) or the star-like (meaning that one vertex is connected
to all others) graphs [479, 480]. For all these reasons, a great
effort has been made both to theoretically understand their
properties [479, 480] and to create and coherently manipu-
late them experimentally [60, 61, 362, 486, 487], including
the realization of different graph states of up to 14 ions [57] or
8 photons [67-69].

A mathematical graph G : = {V, £} is defined by a set V
of vertices, or nodes and a set £ of edges connecting pairs
of vertices in V. Examples of such graphs are shown in fig-
ures 15 and 16. To every mathematical graph we associate a
physical graph state, operationally defined for qubits as fol-
lows. To each vertex i € V we associate a qubit, we initialize
all N qubits in the product state [g®) := ® ;ey|+), being
[4:) == (10;) + |1;)) / /2 and, to all pairs {i, j} of qubits joined
by an edge, we apply a maximally-entangling controlled-Z
(CZ) gate, CZ;j= (|Oi)(05| ® I +11;){1i| ® Z) ® 1, with
1; and 15 the identity operators on qubits j and all qubits but
i and j, respectively. The result is the N-qubit graph state
[479, 480]

16 = ] czils®).

{ij)e€ (136)

There exists an alternative unambiguous definition in terms of
their parent Hamiltonians. Consider the N-qubit Hamiltonian

N
1
Hgo = -3 DA, (137)

i=1

where 4; > 0 are arbitrary coupling strengths (in arbitrary

units). Operators
s=x8 @z
JEN;

(138)

with X; and Z; the usual Pauli operators acting on qubit k
and N the first neighbours of k, i.e. directly connected to it
by some edge, generate a group with respect to the operator
multiplication, called the stabilizer. We will abuse notation
by referring to the generators of the stabilizer group as sta-
bilizer operators. All N stabilizer operators have eigenvalues
1 and —1 and commute with each other, so that their 2" com-
mon eigenstates form a complete orthonormal basis of the
N-qubit Hilbert space in question. Thus, since 4; > 0 for all
i, Hamiltonian (137) has a unique ground state. Graph state
(136) happens to be the unique common eigenstate of all N
stabilizer operators (138) with eigenvalue 1 and so the unique
ground state of Hamiltonian (137) [479, 480]. The global
ground state of the composite Hamiltonian is the ground state
of each interaction term of (137). Any Hamiltonian with this
property is said to be frustration-free. The energy difference
between the first excited and the ground states of (137) is in
turn given by min; 4;, which defines the energy gap of the
Hamiltonian.
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Including |G®), we label the 2V orthonormal eigenstates
of (137) by |G®). Multi-index g:= (i, ... i) represents the
binary string of individual subindices y;, as usual. These states
are related via the local-unitary transformation

N
1g%) = @) z11G™).

i=1

(139)

so they all possess exactly the same entanglement properties.
As mentioned, they define a complete orthonormal basis of
‘Hs, called the graph-state basis for graph G. Any state diago-
nal in this basis defines. in turn. a eranh-diagonal state:

0= prqgw)(gwq, (140)
n

where p® is some probability distribution. Any arbitrary
N-qubit state can always be decohered by some separable map
into the form (140) [488, 489].

Finally, in [263], Giihne et al presented a necessary and
sufficient criterion for biseparability of four-qubit graph diag-
onal states corresponding to the 1D graph (linear cluster) of
a similar form to that of criterias 19 and 20. In addition, the
authors showed that, for four-qubit 1D-graph diagonal states,
as well as N-qubit graph diagonal states corresponding to the
Y graph (one extreme of a (N — 3)-vertex linear cluster fused to
the centre of a (3)-vertex linear cluster), the set of biseparable
states and the PPT mixtures coincide. That is, for these family
of states, criterion 16 of section 2.2.5, necessary for bisepara-
bility, is also sufficient, so that the solid red and dashed blue
convex hulls in figure 1 collapse.

5.1.4. Basics of Pauli noise on graph states and generalized
GHZ states. As mentioned in section 5.1.3, every graph state
(139) is, by definition, eigenstate of generator (138) with
eigenvalues s*) = 1 or —1. It follows then that

Xi|GW)

X X; @ ®N Z1G®)
JEN;

s Q z)|GgWy,
JEN;

(141a)

YIGWy =sMY X 0 @ ZIGW)
JEN;
=s"(-Zie @ Z|g»).
JEN;

(141b)

This implies that any Pauli map &, defined by Kraus operators
(104), acting on graph states (136), or graph-diagonal states
(140), is equivalent to another, modified Pauli map E. The lat-
ter, in turn, possesses modified Kraus operators K (”), which
are obtained from K® by the substitutions

X - ®Z-,

(142a)
JEN;
r-28 Q2 (1420)
JEN;
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and then regrouping repeated terms Notice that different K*)s
often contribute to a single K®_ Since a Z operator acting on
any graph (or graph-diagonal) state always yields another
graph (or graph-diagonal) state, it is trivial to see that £ takes
any initial graph (or graph-diagonal) state to a (another) graph-
diagonal state [105, 111]. For example, |G®) transforms as

g|g(0)><g(0)| — g|g(0)><g(0)|
= Zﬁ(ﬂ)lg(ﬂ)xg(ﬂ)l’
u

(143)

where p® is the probability corresponding to each K ® in
the modified map £. The explicit dependence of 5™ with the
probabilities of each Kraus operator in £ can be worked out
and takes a rather simple form (see section 2.2.1 of [490]).

In addition, the equivalence also holds for the generalized-
GHZ family: Pauli maps take states (132) and (133) into mod-
ified generalized GHZ-diagonal states [187].

5.15. Local dephasing and thermalization as equivalent
mechanisms for graph states. When the Pauli channel cor-
responds to independent dephasing, a curious effect takes
place. Namely, the independent phase-damping channel PP
always drives graph states towards a thermal state. More pre-
cisely, the thermal graph state ¢ : = e 7o®/T/Tr[e=Ho0/T] at
temperature 7" (in units of Boltzmann constant), with H the
graph Hamiltonian (137), is equivalent to the independently-
dephased graph state

or = EPPIGONGO). (144)

Here, |G©) is the graph state (136) and PP = £FP @ ... ERP,
with EFP the single-qubit PD channel on qubit i with dephas-
ing strength

2

T+ et/ (14

b =
The equivalence was first reported by Raussendorf et al in
[491] and Kay et al in [284], for the case of constant cou-
plings 4; = A for all i and later by Cavalcanti et al in [157],
for the arbitrary-coupling case. It can be straightforwardly
demonstrated by expanding ¢r in the eigenbasis {|G#*)} of
Hamiltonian (137) and explicitly evaluating EPP|GO)(G©®)| in
terms of the Kraus decomposition of the PD channel, given in
table 1 and with the help of relationship (139).

The equivalence extends analogously to the counterparts of
graph states for continuous-variable systems under independ-
ent diffusion along the ¢ quadrature in phase space, which
plays the role of the Z qubit direction, as reported by Aolita et
al in [160]. It constitutes a connection between the processes
of thermalization and independent dephasing.

5.1.6. W and Dicke states. W-states (13) describe N spin-1/2
particles with a single excitation coherent and equiprobably
shared among all N pairs. They can be used to solve distributed
computing problems in quantum networks [476] and have been
experimentally generated with up to N = 8 trapped ions [56] and
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N = 4 photons [64]'. In addition, apart from their robustness
against particle loss, they can feature more robust violations
(against noise) of Bell inequalities than the GHZ states [492].
Over the forthcoming subsections, we discuss how this intrinsic
robustness typically also applies for their entanglement.

The three-qubit definition (125) extends straightforwardly
to the N-qubits as (13):

1
[Wy) = N Zl]P(l) (00 ... O1)), (146)

where P00 ...
string 00 ...
permutations.

On the other hand, definition (125) can not only be extended
to arbitrary N, but also to the case of arbitrary number k < N
of excitations. This gives the so-called symmetric Dicke states
[416] of k excitations

01) is the [-th permutation of the bit
01 and the summation goes over all possible

|Dickek;) : = D00 ... 011 ... 1)). (147)
N—k k

k

Dicke states are simultaneous eigenstates of the squared total
D + JP + I3 of maxi-

N (N R
1 ei lue — | =+ 1} with J@:= =" 5
mal eigenvalue > (% W1 2 =1 ]

h = 1) and of the total Z angular momentum operator J®,
with eigenvalue (N — 2k)/2. They have been experimentally
produced with up to N = 6 photons [64]. More recently, sym-
metric Dicke-like spin-squeezed states of up to N = 8000 cold
atoms have been produced and allowed for the verification of
genuine 28-partite entanglement [493]. In both experiments,
the experimental assessment of genuine multipartite entangle-
ment was carried out through witnesses tailored for states in
the vicinity of Dicke states [494]. Clearly, W states are Dicke
states of a single excitation.

The necessary condition for biseparability established by cri-
terion 15, tailored to test for genuine multipartite entanglement
in the vicinity of three-qubit W states, can also be extended to
four-qubit W and Dicke states [261]. These give the following.

angular momentum operator J%:=

(we take

Criterion 20 (Biseparability of 4 qubits (W and Dicke)). Any
4-qubit biseparable state ¢ fulfills

D™ () < Y Joum + Y, o (148)
[k|=2 [kl=1
as well as
| Dicke3) (o) < m + Z 100 + = Z Q>

[kl=1,1{]=3 IkI 2

(149)

where DY) (0) is the sum of the absolute values of the off-
diagonal elements in the upper triangle of density matrix o for

10 In atomic-ensemble-based quantum memories, single photons are col-
lectively stored among about 10° atoms, in superpositions similar to W
states but with non-equal amplitudes. Such quantum memories have been
experimentally demonstrated in for instance [51-53].
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which the corresponding matrix entries in |'¥)(¥| are not null
and where gi= (k|o|k).

Violation of either (148) or (149) is a sufficient condition for
genuine 4-partite entanglement. Condition (148) is most com-
monly violated in the vicinity of [W4), whereas (149) in the
vicinity of |DickeJ).

5.2. Decay of GHZ entanglement

5.2.1. Entanglement lifetime under local noise. The first study
of the scaling behaviour with N of the entanglement of multi-
partite systems under independent open-system dynamics was
performed in the seminal paper [101] by Simon and Kempe.
The authors analyzed multiqubit systems under the influ-
ence of single-qubit depolarization. They studied the times at
which the different bipartitions of W and Dicke states of 3 and
4 qubits, as well as GHZ states of arbitrary N, become PPT
and the times of survival of entanglement for spin-squeezed
states [495, 496].

Since channel D drives GHZ states towards GHZ-diagonal
states, for which PPT-ness of all bipartitions implies separabil-
ity, as discussed in section 5.1.1, the studies of [101] captured
the full-separability properties of independently depolarized
GHZ states. The authors noticed that the more balanced—i.e.
the closer to half-versus-half—a bipartite splitting is, the fur-
ther away from being PPT it is. This can be expressed in terms
of the negativity Neg(p) of a splitting of k versus N — k qubits
by the following identity

Neg, (p) < Neg, (p) < ... < Negy,, (),

for all depolarization strengths p. Therefore, the critical prob-
ability pP at which the fully balanced half-versus-half split-
tings become PPT, gives the disentanglement time, at which
the transition from entangled to fully separable takes place.
The authors found that such time is always finite (p° < 1) and,
curiously, that it grows with N.

Later on, Diir and collaborators performed an exhaustive
study of GHZ states under different models of independent
decoherence, briefly described in [105] and elaborated in
detail in [111]. Those studies focused on genuinely multipar-
tite aspects though, and are discussed in section 5.2.2.

More recently, Aolita et al derived, in [145], analytical
expressions for the disentanglement times of generalized
GHZ states |y (a, #) ) under channels D, PD and GAD, for
the purely dissipative and fully diffusive regimes, as a func-
tion of a, # and N. Under channel D, these states display finite-
time disentanglement for all a and f:

(150)

PP =1— (1 +4apP™y"2. (151)
For PD, the authors found the disentanglement time
pPP =1, (152)

for all parameter-regimes. That is, PD never induces a sudden
disappearance of entanglement, it drives the state to separa-
bility only in the asymptotic limit # — . On the other hand,
channel GAD does not map |y (a, ) ) into GHZ-diagonal
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states, but PPT-ness of any bipartite split can still be proven
to imply its biseparability [145]. Furthermore, for the purely
dissipative case of AD, PPT-ness of all splits still implies full
separability [145]. Thus, for AD, two regimes for the disentan-
glement time pP were encountered. For a > f3, entanglement
vanishes only asymptotically, whereas for a < 3, disentangle-
ment happens always at a finite time:

PAP =min {1,Ja/pPN} . (153)

The heuristic explanation for these two different reactions
before AD is the same as in the bipartite case discussed in sec-
tion 4.1. Only excited state |1) couples to a zero-temperature
reservoir, because all the vacuum can do is absorb excitations
from the system. Therefore, the larger the amplitude a of
|00 ... 0), the weaker the effective coupling to the environ-
ment and the longer entanglement persists. In contrast, the
time pPM at which |y (a,$) ) under GAD in the fully dif-
fusive infinite-temperature limit becomes biseparable with

respect to all its bipartite splits is finite for all a and f:

1+ 2|apf’N =1 + 4|ap|¥'V .

In addition, An and Kim studied, in [497], generalized GHZ
states (132) under the composed action of both PD and AD
simultaneously and for different environment-coupling
strengths for each qubit. Also in this case, disentanglement is
always found to happen at a finite time.

Itis clear from (151), (153) and (154) that the critical value
P increases with the number N or qubits. In the first two cases,
pe — 1 when N — oo, that is, in this limit the entanglement
breaking time becomes infinite. On the other hand, in the dif-
fusive limit, pcDiff -3 - ﬁ when N — o, so one always have
a finite entanglement breaking time. These results imply that,
as opposed to coherence, the decay of entanglement does not
follow an exponential law.

As in the bipartite case, some geometrical intuition of when
finite-time disentanglement can arise comes from consider-
ing the topological structure of the set of density operators
D (Hs), as discussed in section 4.10.1. There, we saw that any
dynamic process with a steady state in the interior of the sepa-
rability set necessarily induces finite-time disentanglement on
all initial states, since the intersection between the state trajec-
tory and the separability border must happen at some p < 1.
We saw that this is the case for D and GAD, both at infinite
temperature as well as at any finite positive temperature.

We also mentioned that, in contrast, when the steady state
lies on the boundary of the separability set, the dynamic tra-
jectory may never enter the interior of the separability set and
an intuitive picture is not so straightforward. The same con-
clusions drawn in section 4.10.1 for PD and AD acting on the
bipartite state «|00) + S|11) hold also for the generalized GHZ
states [y (a, ) ) : On the one hand, for PD the state is never full
rank, so that the whole trajectory takes place on the boundary
of D (Hs). So, disentanglement is always asymptotic, at p = 1.
On the other hand, for PD and AD simultaneously, the state is
full rank for all 0 < p < 1, goes towards pure state |00 ... 0) and
disentanglement happens at p < 1. However, also for AD alone

Diff _

2 (154)
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is the state full rank for all 0 < p < 1 and goes towards |00 ... 0),
but the disentanglement time is determined by the initial state.

Finally, in the examples of D, AD (for # > a) and GAD
at infinite temperature, where finite-time disentanglement is
seen and analytical expressions are available, the disentan-
glement times (151) and (154), as well as the vanishing time
of bipartite entanglement (154), all grow with the system’s
size!!. This could be interpreted as the entanglement robust-
ness growing with N. We see, however, in the following sub-
sections, that this is actually far from being true.

5.2.2. Lifetime of genuine multipartite entanglement under
local noise. Diir et al provided in [105, 111] a new insight as
to how independently-depolarized GHZ states loose entangle-
ment. The authors found that the least robust bipartitions of
one qubit versus the rest become PPT at a critical time that
decreases with N. This time corresponds to the instant when
the state becomes separable with respect to the least stable
bipartitions and therefore sets an upper bound on the lifetime
of genuine N-partite entanglement. This bound revealed that,
in spite of the disentanglement time increasing with N, genu-
ine N-partite entanglement in GHZ states under local depo-
larization vanishes at a time that actually decreases with N.
The exact dependence of this critical p with N is given by the
solution of a polynomial equation of order N, which can be
numerically obtained efficiently.

With criterion 19 (section 5.1.1), the calculation of the
exact times at which GHZ states under independent noise
cease to display genuine N-partite entanglement became pos-
sible for relevant noise types. For channels D, PD and AD,
for instance, the diagonal elements ¢; and the off-diagonal
element (00 ... Olg|11 ... 1) can be calculated explicitly
[145] and inequality (134) be checked for. This immediately
yields that GHZ states under PD are biseparable only at the
asymptotic time (152), in the steady state, when they become
fully separable too. In turn, the time of biseparability of GHZ
states under D is again given by the solution of polynomial
equation of order N, which can be efficiently solved for each
N. Finally, even though GHZ states under AD are not gen-
eralized GHZ-diagonal and thus the criterion only gives a
necessary condition for biseparability, based on it, Giihne
and Seevinck derived the exact biseparability time [261]:
PbéD — (21\1_1 _ 1)—2/N'

5.2.3. Lifetime of genuine multipartite entanglement under
global noise. Criterion 19 made it also possible to complete
the entanglement classification of GHZ states under the col-
lective depolarizing channel, also called global white noise
(GWN). Already in 2000, the critical time for full separability of
these states was known [276, 498] to be pSWN = (1 + 2=V,
With criterion 19, their time of biseparability can be immedi-
ately obtained [261]: pSWN = [2(1 —27V) I The resulting
classification is graphically represented in figure 12, where

1 On the other hand, for PD composed with AD, as studied in [497], for the
particular case of equal environment-coupling strengths, one can show that
the disentanglement time is independent of N.
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Figure 12. Complete entanglement classification of N-qubit GHZ
states under global white noise of strength p. The three different
regions correspond to markedly different entanglement properties:
In the blue region (bottom), for 0 < p < pSWN, the states are
genuine multipartite entangled. In the grey one (middle), for

PIWN < p < pS™N, the states are no longer genuine multipartite
entangled but are still entangled with respect to each and all of their
bipartitions. Finally, in the yellow one (top), for pSWN < p < 1, the
states are fully separable. Even though quantitatively different, the
behavior is qualitatively similar to the one observed for independent
noise models, in the sense that the full-separability time grows with
N whereas the bi-separability one decreases with N. From Giihne
and Seevinck [261].

the three regions of different entanglement properties, whose
borders are defined by pSVN and pSWN, are plotted.

Finally, it is also interesting to note that a method to com-
pute the exact value of the geometric measure of entanglement
(60) for GHZ and linear-cluster states of arbitrary N under

collective dephasing is described in [499].

5.2.4. Lifetime of blockwise M-party distillability under local
Pauli maps. In [111], Hein et al also studied the vanishing
time of blockwise M-party distillable entanglement, with
M < N, of N-qubit GHZ states subject to channel D. For block-
wise M-party distillability, the system is divided into M blocks
of qubits, each of which is treated as a single subpart of larger
dimension with respect to which LOCCs are defined, as dis-
cussed in section 2.2.8.

Based on criterion 18 (section 5.1.1), the authors found that
the vanishing time of blockwise M-party distillability with
respect to any M-partitioning coincides with the disentangle-
ment time of the bipartition of the smallest of the M subgroups
versus all the rest. For example, for M-partitionings where the
smallest subgroup is just a single qubit, the vanishing time of
blockwise M-distillability coincides with the upper bound on
the time of biseparability mentioned in the beginning of sec-
tion 5.2.2. This is due to the fact that the bipartitions of one
qubit versus the rest are the first ones to disentangle.

Apart from channel D, blockwise M-distillability of
N-qubit noisy GHZ states was studied by Bandyopadhyay
and Lidar in [500], for the case of arbitrary independent Pauli
maps. The authors found conditions under which the parity of
N can lead to different M-distillability properties with respect
to those of independent depolarization.

5.2.5. Full dynamics of concurrence for few qubits under local
noise. So far we have studied disentanglement times for
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different types of entanglement, without regard of how entan-
glement evolves before disentanglement. The first studies that
assessed the entire dynamics of entanglement were presented
by Carvalho et al in [107]. There, GHZ and W states under
the influence of independent thermal baths, at zero and infi-
nite temperature and purely-dephasing independent reservoirs
were considered. An analysis of the entire evolution from
p = 0 to the disentangling time was numerically performed
for multiqubit systems of up to N = 7, using multipartite con-
currence (56) as the entanglement quantifier. The authors cal-
culated decay rates for this concurrence, both in the case of
W or GHZ states. For W states, the scaling of the decay rate
with N depends on the specific noise type and its details are
discussed in section 5.4.1. For GHZ states, in contrast, the
decay rate grows approximately linearly with N, regardless
of the specific noise model considered. This means that, even
with disentanglement times that increase with N, as discussed
in section 5.2.1, the concurrence observed in [107] is expo-
nentially fragile. In section 5.2.6, we see that, as a matter of
fact, the exponential fragility is actually an intrinsic feature
of GHZ entanglement under these local decoherence models,
for all entanglement measures. One should note, however, that
the decay rate does not faithfully describe the full dynamics
of these processes, since the decay is exponential with N but
approximately exponential with time only for short times.

5.2.6. Full dynamics of entanglement under local noise. In
[145, 187], Aolita et al studied the entire dynamical evolution
of N-qubit GHZ entanglement for arbitrary N. The authors
considered generalized GHZ [145, 187] and generalized
GHZ-diagonal [187] states under the three paradigmatic sin-
gle-qubit channels, D, PD and GAD at arbitrary temperature.
As entanglement measures, they considered the simple nega-
tivity in [145, 187] and generic convex entanglement mono-
tones in [187].

The authors showed [145], for all three channels and for
any a and f such that a f # 0, that the critical probability
pe at which the negativity becomes e times the initial one,
Neg(p.) = € Neg(0), for any arbitrarily small real ¢ > 0,
scales as

p. ~ —klog(e)/N, (155)

in the limit of large N, with k = 1 for channels D and PD and
k =2 for GAD. The presence of log(e), instead of ¢, in (155)
shows that the scaling law is sensitive more to the order of
magnitude of e rather than to its exact value.

Specifically, the authors showed in [145] that the time at
which the entanglement in any bipartition becomes arbitrarily
small actually decreases with N, independently of finite-time
disentanglement happening earlier, later, or not happening at all.
For all practical purposes, what matters is not that entanglement
does not vanish but that a significant amount of it is left, either
to be directly used, or to be distilled without an excessively large
overhead in resources. These physical considerations imply
that, for multi-particle systems, the amount of entanglement can
become too small to be a useful resource long before it van-
ishes. That is, in general, the disentanglement time is by itself
not a valid figure of merit for the robustness of multi-particle
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Figure 13. Negativity of the balanced half-versus-half bipartitions
(the most resilient ones) of generalized GHZ states under channel
D, as a function of depolarization strength p, for N =4, 40 and

400. In this graphic a = 1/3 and = /8 /3, but the same behavior
is featured for all other parameter choices and also for channels

PD and GAD. The inset shows a zoom of the region in which the
entanglement of 4 qubits vanishes. Even though the entanglements
of both the 40-qubit and 400-qubit systems cross the one of 4 qubits
and vanish much later, they are many orders of magnitude smaller
than their initial value long before reaching the crossing point.
Reprinted figure with permission from Aolita et al [145]. Copyright
(2008) by the American Physical Society.

entanglement [145]. The entire dynamics of entanglement and
specially the initial-time regime, must be monitored.

The situation is illustrated in figure 13, where the negativ-
ity Negy» of the most balanced half-versus-half bipartition is
plotted as a function of p and for different N. As discussed
already in section 5.1.1, the negativity captures all the bipar-
tite entanglement content of generalized GHZ states under
single-qubit Pauli maps. In addition, even though general-
ized GHZ states under GAD are not GHZ-diagonal (so that
PPT-ness does not imply biseparability), when all bipartite
splittings become PPT, these states can still be proven to be
fully separable [145]. So, negativity unambiguously detects
the entanglement of the states under scrutiny. The example
of figure 13 shows an initial decay rate that grows with N,
in agreement with the findings of Carvalho et al discussed in
section 5.2.5. This is in remarkable contrast with the behavior
of the disentanglement times, which also increase with N, as
can be seen in the inset of the figure, in agreement with the
findings of Simon and Kempe discussed in section 5.2.1. Long
before disentanglement, the entanglement is the closer to zero
the larger N is.

The observed decay is not a particularity of the negativity.
This was shown in [187], where the authors established ana-
lytical upper bounds on entanglement decay, for all convex
entanglement measures and again throughout the noisy evolu-
tion. Specifically, for any generalized GHZ-diagonal state g,
they showed that

E&)<(1-p)VE(0), (156)

for all 0 < p < 1, being £ the D or PD channels acting in each
qubit with strength p. As discussed in section 5.1.2, the latter
channels map pure generalised GHZ states into GHZ-diagonal
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states of the form (135) with Aep = (1 — p)N . From this fact,
bound (156) follows, for pure generalised GHZ states, due to
convexity and the fact that E = 0 for all separable states. For
generalized GHZ-diagonal states (133), in turn, the linearity
of £ allows one to proceed with each pure generalised GHZ
state in equation (133) as just described and then regroup
terms to obtain bound (156). Bound (156) is tight, in the sense
that there is at least one convex entanglement measure and
a state, that saturates it: For small p, or large N, negativity
Negy» for GHZ states is given precisely by (1 — p)V [145,
187]. This expression clearly shows that, for a fixed value of
p, the negativity decreases exponentially with N.

On the other hand, for channel GAD, at arbitrary tem-
perature (bath population 7), the bounds of [187] are
restricted to pure generalized GHZ states and are not
tight. Again, they follow from decomposition (135). Their
general form, for ¢ =y (a,p) ) (wi(a,p)| is given by

E (E9ADg) < ESAPE (@SAP); and a simplified version, without

the intricate dependence on a, 8 and k of £34P and @S4P, is
_ N
E(£9%P0) < (1 - p) Ennax . (157)
2n+1

where E,,x is the maximal value of the entanglement measure
over all states [187].

It is important to emphasize that only the basic require-
ments of convexity and nullity of E over separable states is
necessary for bounds (156) and (157) to hold. For this reason,
the bounds apply not only to a very general family of entangle-
ment measures, including bipartite and genuinely multipartite,
but also to quantifiers of resources for other physical tasks, as
for instance non-locality-based [435, 501] or quantum metrol-
ogy protocols [435]. Thus, the exponential fragility under
local noise appears as a rather universal dynamic property of
GHZ-type states. Other families of states do not display such
fragility. For example, W states are not exponentially sensitive
to local noise, as discussed in section 5.4.1; and, for random
pure states, the negativity of least-balanced splits is numeri-
cally observed to violate bound (156) up to N = 14, with a
violation that increases with N [187]. We shall see however,
in the next section 5.2.7, that there are some particular but
very relevant instances where GHZ correlations turn out to be
remarkably stable against local decoherence.

5.2.7 Resistance against local bit-flip noise. In the previous
sub-subsection, we have seen that GHZ states are exponen-
tially fragile to independent channels as D, PD or GAD at any
temperature. This turns out not to be the case for independent
Pauli noise directed along the transversal X direction, i.e. the
single-qubit bit-flip channel £BF defined in section 3.3.2. In
[287], Borras et al numerically observed, up to N = 6, that
GHZ states are considerably more robust against EBF than
against EPP. For the particular case of N = 4, the authors even
observed that GHZ states are more robust to £2F than to any
other channel local-unitary equivalent to it, over a sample of
1000 random local-unitary transformations. This was later
formalized by Chaves et al in [435], where the following gen-
eral bound was presented,
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E@SF) > E(efF, ®10)(0])
: (158)

> E(efF ® (10)(0))®N2).

Here, E represents an arbitrary entanglement monotone and
oBF : = EBY|GHZy)(GHZy| Inequality (158) thus tells that the
entanglement of N-qubit GHZ states under independent BF is
at least as robust as that of N — 1-qubit GHZ states under the
same noise, for all N. It is in a sense a counterpart of inequali-
ties (156) and (157). Consider for instance the N-party distil-
ability of £PF|GHZy)(GHZy|. Taking E as any quantifier of
two-qubit distillable entanglement, inequality (158) implies
that the N-party distillability of all GHZ states under indepen-
dent BF is at least as robust as that of the maximally entangled
two-qubit state [GHZ,) = |@*) under the same noise, in con-
trast to (156) and (157). Inequality (158) can also be extended
to any graph state [435].

In addition, Chaves et al observed that the least-balanced-
bipartitions negativity of EEF|GHZy)(GHZy| increases with
N, approaching the N-independent value 1 — p, with p the bit-
flip strength, in the limit of large N. This behaviour remains
even for Pauli channels with small components along direc-
tions other than X. Apart from entanglement, the authors also
analyzed EB¥|GHZy)(GHZy| as resources for high-precision
frequency estimation or non-locality based protocols. In both
cases they observed an exponential robustness enhancement
for bit-flip noise over phase-flip.

Finally, in [502], Chaves et al extended these findings to
frequency estimation of systems described by a Hamiltonian
proportional to ¢, and noise proportional to o,. They showed
that, optimizing the pulse duration, a supra-classical precision
scaling is possible with GHZ states. The robustness of GHZ
states against transversal noise is intuitively connected to the
efficacy of the repetition code [503] to correct bit-flip errors
(see also discussion in section 5.3.4). This culminated in a
recent series of papers [211, 212, 214, 215], where the same
intuition is used to show that, using quantum error-correction,
Heisenberg-limited spectroscopy can be attained. That is, for
noisy phase evolutions with transversal noise, GHZ states can
be error-corrected so as to restore the maximum precision
scaling corresponding to a unitary evolution.

5.2.8. Resistance of blockwise GHZ entanglement for GHZ-
encoded blocks against local depolarization. 1In [433, 434],
Frowis and Diir considered concatenated GHZ states. The
name ‘concatenated GHZ’ is motivated by the notion of mak-
ing block-wise GHZ states out of blocks that are themselves
GHZ states. Specifically, the authors defined concatenated
GHZ states as the usual GHZ states (127) but where the
computational-basis states |0) and |1) are replaced by logical-
qubit states |0); and |1);, given by m-qubit GHZ states of dif-
ferent parity: |0), :=|y) and |1), :=|y7) (using the notation
of (128)). Thus, each m-qubit block encodes a logical qubit
and the N-logical-qubit GHZ state is composed of a total of
mN physical qubits.

The authors considered the situation where all mN physical
qubits undergo the independent channel D and showed that
the coherence, distillability and entanglement at the logical
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level can be stabilized at the expenses of just a logarithmic
overhead at the physical level. More precisely, they showed
that even though all correlations among the logical blocks
decay exponentially with NV, as in the usual GHZ states, the
decay rate itself decreases exponentially with the block size
m. So, taking m = O(log(N)) physical qubits per logical qubit
suffices to ‘freeze’ the decay at the logical level, i.e. to make
the blockwise coherence, distillability and entanglement, or
even the usefulness of the states for supra-classical metrology,
independent of N for any fixed depolarization strength.

In section 5.3.4, we derive equivalent logical-encoded noise
channels [504] with which this curious stabilization can be
understood as logical transversal dephasing on logical GHZ
states, reducing the problem to that discussed in section 5.2.7.

5.3. Decay of graph-state entanglement

5.3.1. Direct multipartite distillation protocols under local
decoherence. The first studies on generic graph states under
independent decoherence were reported by Diir ef al in [488]
and later extended in [489] (see also section 10 of [480]).
There, a direct genuine-multipartite graph-state entanglement
distillation protocol was introduced and theoretically probed
in noisy situations. Later on, in [505, 506], other direct mul-
tipartite distillation protocols for graph states were obtained
and studied in noisy situations. Direct distillation protocols
are to be distinguished from those based on bipartite puri-
fication, where one distills pure maximally entangled states
between all pairs of particles and then re-combine them with
LOCCs into a genuinely multipartite entangled pure state.
These protocols are more efficient—in terms of conversion
rates—than bipartite distillation methods and typically out-
perform their maximal target-state fidelity when implemented
with non-ideal LOCCs. The protocols of [488, 489, 505]
are applicable to graph states associated to two-colourable
graphs: all those whose vertices can be grouped together into
two subgroups (colours) such that every vertex has a differ-
ent colour from all its neighbours. The two-colour condition
restricts the number of edges in the graph, thus simplifying
the problem. These include for instance GHZ states, cluster
states in all dimensions and various error-correction code-
words. The protocol of [506], in turn, is capable of purifying
arbitrary graph states. With these purification methods, the
distillation thresholds can be studied [488, 489, 505, 506],
i.e. the maximal noise strengths up to which the protocol
still purifies, for different models of noise. For instance, with
the protocol of [488, 489], it was found, for channel D, that
the maximal p that linear-cluster (1D-graph) states can tol-
erate is essentially independent of N. Whereas it was found
to decrease exponentially with N for GHZ states (associated
to star-like and fully connected graphs, with connectivity
N — 1). As discussed in sections 5.3.2 and 5.3.3, these two
different behaviours, with respect to this specific graph-state
distillation protocol, turn out to represent an actually rather
general feature of graph-state entanglement for several mod-
els of local noise. Typically, graph-state entanglement decay
rates do not depend on N but rather on the connectivity, or
degree, of the associated graph.
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5.3.2. Genuine N-partite distillability under local decoherence.
In the previous sub-subsection we discussed the direct distill-
ability of multiparticle-entanglement under a specific distil-
lation protocol and for the particular case of two-colourable
graphs under depolarization. It was also Diir and Briegel, in
[105] and Hein, Diir and Briegel, in [111], who first reported
studies on the disentanglement properties of general graph
states and under more general noisy evolutions (see also sec-
tion 10 of [480]). There, the authors studied the lifetimes of
multipartite distillability, not just with respect to a specific dis-
tillation procedure.

Specifically, the authors derived lower and upper bounds
on the times at which any entanglement ceases to be distill-
able. Three different upper bounds were derived for inde-
pendent thermal baths at zero and infinite temperature and for
independent D, PD and bit-flip channels. Two of these three
upper bounds constitute actually valid upper bounds also on
the disentanglement time, as they bound the times at which the
considered channels become entanglement-breaking. On the
other hand, a lower bound valid for independent Pauli maps
was derived based on an explicit purification protocol, which,
in contrast to the one mentioned in section 5.3.1, distills exclu-
sively bipartite maximally-entangled singlet pairs between any
two pairs of qubits. We briefly describe this protocol in the end
of the sub-subsection. As discussed in section 2.2.8, the distil-
lation of a maximally-entangled singlet pair between all pairs
of qubits is a necessary and sufficient condition for the distilla-
tion of any genuinely multipartite type of pure-state entangle-
ment, including that of the initial graph state. In the context
of stability of entanglement as a resource, lower bounds are
of special importance, as they set lower limits to the maximal
noise strengths that protocols can tolerate.

In figure 14, the above-mentioned lower bound on the life-
time p. is plotted as a function of N in logarithmic scale,
for initially-pure 1D-, 2D-, 3D-cluster and GHZ states under
the influence of independent D channel. For the GHZ states,
in addition, the exact vanishing time of N-party distillability,
given by the time at which the least robust bipartitions become
PPT, as discussed in section 5.2.4, is also shown. For the clus-
ter states, the bound decreases with the dimension of the lattice
and therefore the connectivity of the graph, but are completely
independent on N. For GHZ states on the other hand, both the
bound and the exact disentanglement time strictly decrease
with N and tend to zero as N—co. This suggests a macro-
scopic robustness of multiparty distillability for graph states
with constant degree. In section 5.3.3, we see indeed that this
is a universal reaction of generic graph-state entanglement
against the most common types of noise. Graph-state entan-
glement stability does not depend on the actual size of the
system but only on the connectivity of the associated graph.

Before switching to the next subject, we stop for a moment
to briefly explain the purification protocol considered here,
as it is also related to other bounds that we discuss in sec-
tion 5.3.3. As seen in section 5.1.4, any independent Pauli
channel £ acting on a graph state is equivalent to that of
another separable map & with Kraus operators composed only
of tensor products of Z and identity operators. The application
of £ thus clearly commutes with that of local measurements



Rep. Prog. Phys. 78 (2015) 042001

Key Issues Review

= In( Perit )

1D

2D

iD

GHZ exact

GHZ bound
N

80

60 100

Figure 14. Lower bound on the depolarisation strength peyi, in
log scale, at which locally depolarized GHZ and 1D-, 2D- and
3D-cluster states cease to be distillable. For GHZ states, the exact
vanishing time of N-party distillability discussed in section 5.2.4
is also displayed. For cluster states, the bound decreases with the
dimension of the lattice, but are completely independent of the
system size N. For the GHZ case on the other hand, both curves
decrease exponentially with V. This suggests that the robustness
of graph-state entanglement does not depend on the system size
but only on the connectivity of the associated graph. Reprinted
figure with permission from Hein et al [111]. Copyright (2005) by
the American Physical Society.

along the Z basis. Now, when all but two qubits in the graph
are individually measured in Z basis, the remaining state of
the two unmeasured qubits is a pure maximally entangled
state [105, 111, 480]. The protocol is a sequential bipartite
procedure, whose essence goes as follows. (i) Measure all
but qubits {k, j} of the noisy graph state along the Z basis.
This is equivalent to applying the measurements on the pure
graph state and then applying &. (ii) Trace out all but qubits
{k, j}. The resulting two-qubit state is a noisy entangled state
between k and j. (iii) Distill a pure maximally entangled state
between qubits {k, j} by means of any standard two-qubit
purification procedure. (iv) repeat steps (i) through (iii) for all
pairs {k, j}. (v) Obtain an N-qubit pure graph state by locally
fusing the distilled maximally entangled pairs. The lifetime of
distillability with respect to this particular protocol is given
simply by the lifetime of two-qubit NPT-ness after step (ii)
minimized over all pairs {k, j}. In the case of permutationally
invariant states, however, as those used for figure 14, the mini-
mization is not required. This lifetime defines the (non-tight)
lower bound plotted in the figure.

5.3.8. Full dynamics of entanglement under local noise. In
the previous sub-subsections, the survival times of entan-
glement or distillability of decohered graph states were dis-
cussed. As discussed in section 5.2.6 for the particular case
of GHZ states, survival times on their own are in general
unable to provide a faithful assessment about the state’s
entanglement robustness. The complete evolution must be
studied to draw faithful conclusions on entanglement sta-
bility. A general framework for the study of the complete
dynamics of graph-state entanglement under decoherence
was introduced by Cavalcanti et al in [148] and further
developed by Aolita ef al in [490]. There, the authors estab-
lished a systematic method to obtain lower and upper bounds
for the entanglement of graph, or (mixed) graph-diagonal,
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Figure 15. Example of a mathematical graph associated to a
physical graph state. An exemplary partition is displayed, by which
the system is split into three subparts: A (light blue), B (white)

and C (yellow). The vertices and edges in grey correspond to the
boundary qubits and the boundary-crossing edges, respectively.
Reprinted figure with permission from Cavalcanti et al [148].
Copyright (2009) by the American Physical Society.

states affected by several models of noise, including both
independent and collective arbitrary Pauli maps [148, 490],
or independent thermal baths at arbitrary temperature [490],
throughout the evolution. These bounds display the follow-
ing properties:

(i) They apply to all convex entanglement monotones, both
in the bipartite and multipartite cases.

(ii) They bound the entanglement content of the whole
system in terms of that of a significantly smaller sub-
system consisting only of those qubits on the boundary of
the multipartition considered, requiring no optimization
on the full system’s parameter space.

(ii1) For all Pauli maps, lower and upper bounds coincide,
providing thus the exact entanglement evolution.

We briefly describe the bounds. Consider an arbitrary mul-
tipartition of the vertices in a generic N-vertex graph Gy g).
For example, the graph showed in figure 15 has been split into
three parts A, 5 and C. Every edge that crosses a subpartition
is a boundary-crossing edge and any two vertices connected
by such edge are boundary vertices. The union of the set X’ of
all boundary-crossing edges and the set ) of all boundary ver-
tices constitutes in turn the boundary graph Gy x) :={JY, X}.
An N-qubit graph sate ¢ =|Gy,6"){G.&®| undergoes a noisy
physical process, described by map &, during a time 7. We
restrict first to Pauli maps. In this case, as discussed in sec-
tion 5.1.4, the evolved state o(r): = £ is a graph-diagonal
state. We wish to calculate the correlations E(o(f)) among parts
A, Band C, for E a convex entanglement monotone as defined
in section 2.3.2. For such calculation, it is convenient to explic-
itly factor out all the CZ gates in ¢(¢) that do not correspond to a
boundary-crossing edge, so that o(7), given by (143), writes as

® CZ; 3 571G} G207
lijleslX 7.6

s s
® 18wy g
(k) eEIX

o)
(159)

CZy.

Here we have grouped together all individual indices u; inside
the index-string u of (143) corresponding to boundary and
non-boundary qubits into two new index-strings: y and é.
Multi-index y accounts for all possible graph states |Gy, »*)
associated to the boundary graph, whereas é corresponds to
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Probability 59 is the same as p*® in equation (143) with
u:= (y, 6). For all Pauli maps, its explicit form in terms of
the original probabilities in £ is rather simple and can be
found in section II.B.1 of [490]. The key point here is to
notice that the CZ gates explicitly factored out in (159) are
local unitary operations with respect to the multi-partition
of interest and can therefore be disregarded for the calcula-
tion of E(g():

E(gy) = E 2 BTG "N G|
7,0

6) 6) (160)
® 180wy X8 I |

Now, since states {|g(wy)(‘5))} form an orthonormal basis of
the Hilbert space of the non-boundary subsystem V/)), a
measurement in this basis provides full information about the
state of the non-measured boundary subsystem ). Indeed,
for a measurement outcome &, ) is projected into the state

27 PTG y.07NGy.x"} The mixedness in Y with respect
to 8 is removed. One then typically says that subsystem )

is flagged by the measurement outcome of V/ ). The result-
ing entanglement is then given by the average entanglement
over d. In addition, since this measurement is an LOCC, such
entanglement can only decrease:

E@®) > Y. pPE| Y 57916007 )Gl | 16D
9 4

The right-hand side gives the average entanglement over 9,
where p® := Z 7% is the probability of measuring & and
x

P79 is the conditional probability of finding y given that &
takes place.

On the other hand, the convexity of E implies that (160)
cannot in turn be greater than the right-hand side of (161).
That is, the latter gives at the same time both an upper and a

lower bounds on E(¢(f)) and therefore

E(en)= Y, pPE[ 37 5716007 ) G0 | (162)
6 Y

This expression reduces the calculation to the average entan-
glement over a sample of 27 states—one for each mea-
surement outcome é of the non-boundary subsystem—of Ny
(boundary) qubits, with N = Ny + Ny,y. One trades thus an
optimization over the entire system space, which contains
0@2") complex parameters, for at most 2¥¥ optimisations
over O (2™) complex parameters each. This directly implies
an exponential reduction in the required computer-memory,
which, in turn, since each optimisation can be naturally paral-
lelized, can lead to significant reductions in computing time.
We emphasise that any convex entanglement monotone satis-
fies bound (162).

50

10 T T T T
E 14 qubits
k1 LN N R N
08 3 §‘ t—: A saae
\\ = 12 qubits
Ay s b b ]
A Y W r’ e » 1
0.6+ X y * " ]
A Y
N 4
. N, - 1
& 04 b —~—— |
\\\ | B ]
~ 1
02} Ss 1
~
. 4
~,
~
ﬁ‘.-
0.0 L . i
00 0.1 02 03 0.4 05
P

Figure 16. Exact entanglement of formation (EF) in the partition
of the first particle versus the rest for linear clusters of 2 (black), 4
(grey) and 7 (red) particles undergoing independent depolarization
as a function of the noise strength p. The lower bound in dashed

is obtained by tracing the non-boundary system out and depends
therefore only on the two boundary qubits. This shows that, for
small p, the entanglement in the considered partition is very robust
against cluster-length growth. No optimization was required for
this plot. From Cavalcanti et al [148]. Inset: Exact negativity

of the bipartition shown versus p, for 14- (green triangles) and
12-qubit (pink solid) rectangular cluster states under independent
depolarization. Reprinted figure with permission from Aolita et al
[490]. Copyright (2010) by the American Physical Society.

As an example, in figure 16, the exact value of the entan-
glement of formation Eg(¢(;)) throughout the evolution is dis-
played for the bipartition of the first qubit versus the rest for
linear cluster states under independent D channel as a func-
tion of p. In this case, since the boundary subsystem is com-
posed only of two qubits, for which the closed formula (54)
for Er can be applied, (162) leads on to Er(¢() without a sin-
gle optimisation. In addition, in the inset, the negativity of the
bipartition of one qubit versus the rest shown, for twelve- and
fourteen-qubit rectangular graph states under independent D,
is plotted as a function of p. A brute-force negativity calcula-
tion would involve diagonalizing a 2'* x 2'% = 16384 x 16384
matrix for each value of p. Whereas, with the help of (162),
each evaluation requires diagonalization of many (2'') but
very small (dimension 2® x 2%) matrices. The realization of
the entire negativity calculation, for all p shown, would have
been infeasible with the brute-force approach.

Also in figure 16, to assess the robustness of ¢, with the
system size, a lower bound to Er(g(,) satisfied for all N is
displayed in dashed. This is obtained as in (161) but directly
tracing the non-boundary qubits out of (159), i.e. without
accessing any flag information. Then, the mixedness with
respect to index 6 remains. The effective noise on the resulting
boundary-system state is then described by p?) = 26 P,
For independent or collective D, or independent PD, chan-
nels, among other Pauli maps [148], 5% depends only on the
boundary subgraph and, at most, its first neighbours, not on
the total system. This bound is thus independent on N, but
introduces in return a decrease in tightness. Still, it allows for
a direct assessment of the entanglement robustness merely
by inspection of the graph’s connectivity, analogous to the
bounds of figure 14.
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We notice that, since Pauli maps on graph-diagonal
states also render graph-diagonal states, all the arguments
exposed so far are also valid for this class of initial mixed
states. Furthermore, since any arbitrary state can be dephased
towards a graph-diagonal state by means of an LOCC [489],
(162) can help lower-bound the entanglement content of arbi-
trary mixed states.

Finally, it is important to mention that, apart from Pauli
maps, the whole formalism extends to other maps £ that do not
admit the replacement £ < E‘, as described in section 5.1.4,
but for which the commutation of £ with the non-boundary
CZ gates still yields a separable map. In those cases, despite of
in general no longer coinciding, the lower and upper bounds
obtained are still highly non-trivial. Remarkably, a crucial
family of channels for which this is the case is independent
GAD at all temperatures. The bounds for this family are stud-
ied in detail in [490].

In [507] the authors analyzed the impact of entanglement
decay on the fidelity of measurement-based quantum compu-
tations. They obtained that, in general, lower values of entan-
glement are not correlated to higher computation fidelity.

5.3.4. Blockwise entanglement and effective logical channels
for stabilizer-state encoded logical states under local depo-
larization. In [111], Hein et al studied the decay of logical
entanglement in blockwise multipartite entangled states of
logical qubits made out of particular stabilizer states, which
are local unitarily equivalent to graph states. They considered
the situation where all physical qubits in each block undergo
independent depolarization of strength p. For logical qubits
encoded into 5-qubit optimal error-correction codewords
[265, 508], they showed that, after error-correcting, the physi-
cal noise is also described by a D channel but at the logical
level, i.e. by a logical channel D acting independently on each
block with a logical depolarization strength P, They showed
that, for small p, the effective strength P?) is smaller than the
physical one p. In addition, the authors also considered con-
catenated encodings with k levels of concatenation. These
consist of logical qubits encoded into codewords made out of
also of logical qubits, at an inferior concatenation level, them-
selves also encoded into codewords and so an and so forth up
to the lowest concatenation level k. In this case, always for the
5-qubit encoding, they obtained that the logical depolariza-
tion strength P(k) decreases, for small physical strength p,
doubly-exponentially with k.

These studies have recently been extended and further for-
malized, by Kesting, Frowis and Diir, in [504]. There, for logi-
cal qubits encoded into arbitrary stabilizer-state blocks and for
physical qubits experiencing independent Pauli-channel noise,
the authors provide a procedure to derive explicit expressions
for the logical effective channel, after error-correcting, acting
on the block. They particularize this procedure to two cases.
In the first one, they consider arbitrary Pauli noise at the phys-
ical level and logical qubits encoded into the m-qubit repeti-
tion codewords capable of correcting bit-flip errors. There, the
equivalent channel is also a Pauli map at the logical level, but,
interestingly, with the X (bit-flip) and Y (bit-phase-flip) com-
ponents exponentially damped with m, whereas with the Z
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(phase-flip) component linearly increased with m. In the sec-
ond one, they consider again independent depolarization and
a 5-qubit optimal error-correction encoding and reproduce
similar results as in [111].

Since the equivalent channels act on the logical qubits
exactly as the corresponding physical channel on physi-
cal qubits, one can use them to obtain separability or
M-distillability bounds among different blocks of multipar-
tite blockwise entangled states with all the the known tech-
niques for the case without encodings. When the logical noise
strength is lower than the physical one, one obtains of course
higher blockwise entanglement and M-distillability lifetimes.

Importantly, it is interesting to note that, even though the
equivalent channels are obtained after error correcting, it is
the passive logical encoding, rather than the active error cor-
rection, what actually slows down decoherence at the logi-
cal level. This is due to the fact that the error-correction step
(syndrome measurement and correction) is done locally
within each logical block. It is an LOCC with respect to the
given M-partition and therefore cannot be responsible for the
blockwise entanglement or M-distillability increase. With
this in mind, we see that the effective exponential damping
of logical bit-flip errors obtained in [504] for the repetition
code is the origin of the robustness of GHZ states against
transversal dephasing [435] discussed in section 5.2.7. In
turn, the robustness of blockwise GHZ entanglement for
GHZ encoded logical qubits [433, 434], discussed in sec-
tion 5.2.8, can also be understood in a similar way. The GHZ
encoding can be thought of as the m-qubit repetition encoding
against bit flip, |0)z:= |0)®™ and [1):= |1)®", followed by a

1
f (10), +|1),) and

1), =|-), = % (10), —|1); ). The repetition-code encoding

logical Hadamard rotation [0), —|+), =

implies that physical depolarization acts effectively at the log-
ical level as Pauli channel exponentially dominated by logical
Z noise. The logical Hadamard rotation maps the latter into
the logical X. That is, the total effect of the GHZ encoding
is to map the physical D channel to a logical bit-flip channel,
against which, as we know from [435], logical GHZ states are
robust.

5.4. Decay of W- and Dicke-type entanglement

5.4.1. Negativity, concurrence and global entanglement of
locally decohered W-states. As mentioned in section 5.2.1,
in [101] Simon and Kempe reported the first preliminary stud-
ies on the vanishing times of NPT-ness of W and Dicke states
under the independent D channel for N = 3 and 4. Later on,
in [107], Carvalho et al compared numerically the dynami-
cal evolution of W and GHZ states for 2 < N < 7, interacting
with independent dephasing and thermal (at zero and infinite
temperature) baths. The authors considered the multipar-
tite concurrence as the quantifier of entanglement. For both
W and GHZ states, they observed finite-time disentangle-
ment exclusively in the case of independent baths at infinite
temperature. For the W states, they observed an approxi-
mately linear increase of the damping rate with N for the
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infinite-temperature reservoir and a constant decay rate for
the dephasing and zero-temperature thermal reservoirs. This
is in contrast to GHZ states, whose damping rates increase
with N for all three decoherence models, as we know already.
This has been confirmed by Montakhab and Asadian in [509],
who essentially reproduced the findings of Carvalho et al for
the global entanglement measure of Meyer and Wallach [304]
and up to N = 8.

There is certain intuition behind the behaviour described
above. For both pure dissipation (zero-temperature bath) and
pure dephasing, the decay rate must be dictated by the total
number of excitations in the state. This is essentially due to
the fact that the rates of energy dissipation and coherence loss
cannot grow faster than proportionally to the number of exci-
tations. This, for W states (146), is by definition always equal
to 1, regardless of the total number of particles in the system.
Therefore, the effect of these two types of noise on W states
is expected to be constant in the system size. This in turn
readily implies that W-type entanglement possesses a sort of
built-in size-robustness against several types of decoherence.
Pure diffusion (infinite-temperature baths) instead—as well
as its related depolarization—does not make any distinction
between excited or ground states and therefore its cumulative
effect always makes the total decay rate increase without too
much regard of the state. In fact, W states under pure diffu-
sion seem to display a dependence of the damping rate with N
similar to that of GHZ states [107].

Finally, in [510], Chaves and Davidovich studied the robust-
ness against independent channels PD and AD of W-state-like
superpositions as resources for teleportation of states and the
splitting of quantum information between many parties. The
authors considered W-states, generalizations of (146) where
each term in the superposition has a different amplitude, and
superpositions of the latter with the vacuum. For several cases,
the authors obtained analytic expressions, for all N, for the
negativities, multipartite concurrence and the Meyer-Wallach
global entanglement and compared them with the fidelities for
the protocols corresponding to the different communication
tasks. The effect of decoherence on the fidelity correspond-
ing to the splitting of information between many parties was
shown to be better described by the Meyer-Wallach global
entanglement measure, rather than the negativity associated
with the bipartite entanglement.

5.4.2. Entanglement of Dicke states under global and local
decoherence. 1In [499], Giihne, Bodoki and Blaauboer stud-
ied the robustness of entanglement of different multipartite-
entangled states under the influence of global dephasing. They
used the geometric measure of entanglement, Eg, defined by

equation (60), to quantify entanglement and its logarithmic
d

+Ec(®
Eg (1)
glement robustness. The logarithmic derivative captures how
fast entanglement decays as compared to how much of it there
is left. For four qubits, the authors calculated the exact value
of the entanglement robustness for globally dephased GHZ,
W, linear-cluster and symmetric Dicke states. They observed

derivative, %(ln (Eg(t)= , to quantify the entan-
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the entanglement in Dicke states [Dicke?), as defined in equa-
tion (147), to be more robust.

A full characterization of the dynamics of symmetric
Dicke states in the presence of local noise was in turn per-
formed in [511] by Campbell, Tame and Paternostro. The
models of local noise they used are the independent AD, PD
and D channels. They performed an exhaustive comparison
among different forms of genuine multipartite correlations
after decoherence acts on symmetric Dicke states |Dicke}//?).
More precisely, they studied the dynamics of N-body correla-
tion functions, of the expectation values of locally decom-
posable state discriminators (Hermitean observables whose
largest-eigenvalue eigenstate is the state to discriminate, in
this case |Dicke}/2)) [512], of collective-spin based locally
decomposable witnesses for genuinely multipartite entangle-
ment [64, 494], of fidelity-based entanglement witnesses and
of fidelity-based entanglement witnesses assisted by filtering
operations [220].

5.5. Decay of other classes of entanglement

5.5.1. Spin-squeezing under local depolarization. In [101],
Simon and Kempe also studied how spin-squeezing [495],
which implies entanglement [496], decays under independent
channel D. For some families of initially pure states of arbi-
trary number of qubits, they calculated the evolution of the
spin-squeezing parameters. They found some cases, in the
asymptotic limit of the initial squeezing going to zero, for
which spin-squeezing survives up to critical local depolariza-
tion strengths as high as p. = 0.29.

5.5.2. Entanglement and distillability of weighted-graph states
under local Pauli noise. In [111], Hein, Diir and Briegel gen-
eralized the lower and upper bounds derived in section 5.3.2
for graph states to the case of weighted graph-states subject
to independent Pauli noise. Weighted graph-states are defined
analogously to graph states (136) but with non maximally-
entangling controlled-phase gates instead of maximally-
entangling controlled-Z gates [480]. The authors derived for
noisy weighted graph-states a lower bound on the distillabil-
ity lifetime and upper bounds on the entanglement lifetime of
the same type as those obtained for graph-states, described in
section 5.3.2.

5.5.3. Distillability of locally maximally entangeable states
under local Pauli noise. In [513], Carle et al presented a
direct genuine-multipartite entanglement distillation protocol
for locally maximally entangeable states (LMESs). LMESs
are a generalization of graph states [514]. They are defined (up
to local basis changes) as equally-weighted coherent superpo-
sitions of all computational-basis states, as graph states, but
where each term can instead carry an arbitrary phase factor.
With the protocol of [513], the authors studied the distill-
ability of LMESs under local Pauli map. In particular, they
obtained the noise thresholds for distillability under the proto-
col in question for examples of LMESs of up to 6 qubits under
the D and PD channels.



Rep. Prog. Phys. 78 (2015) 042001

Key Issues Review

5.5.4. Few-qubit highly entangled states robust against local
bit- or phase-flip noise. 1In [287], Borras et al reported par-
ticular forms of 4-, 5- and 6-qubit pure states that are both
highly entangled in all the bipartitions and robust against the
independent PD or BF channels. The authors numerically
compared these states with random pure states and with W
and GHZ states and found their entanglement decay to be the
slowest of all. In particular, for independent dephasing noise,
the decay of entanglement in these states is just linear in the
dephasing strength.

5.5.5. Robustness of multipartite negativity of few-qubit states
under local noise. In [436], Ali and Giihne studied the short-
to-intermediate time dynamics of the robustness of genuinely
multipartite entanglement of several 3- and 4-qubit states
under different models of local noise. As a measure of genu-
inely multipartite entanglement, the authors considered the
multipartite negativity Negy [264], defined by equation (58) in
section 2.3.2. They quantified its robustness with its logarith-

d
aNegN (1)

Negy, (1)
before, the logarithmic derivative gives the variation of entan-
glement with time 7 relative to the amount of entanglement at
time ¢ and therefore is a good figure of merit of the robustness
of entanglement independently of how much of it is left.

As the states under scrutiny, they considered 3- and 4-qubit
W and GHZ states, the 4-qubit symmetric Dicke state, the
4-qubit singlet, 4-qubit linear-cluster states, 4-qubit weighted
graph states and 4-qubit Haar random states, among others.
As the GHZ states for all N, the 4-qubit symmetric Dicke,
singlet and linear-cluster states have all maximal multipartite
negativity Negy = 1/2. In turn, as models of noise, they con-
sidered the independent amplitude damping, phase damping
and depolarizing channels, for noise strengths p = 1 — e,
with 0 <y 5 0.7.

For amplitude damping, the authors observed that nearly
all states studied display a roughly exponential decay of
Negy(#) with yt (constant logarithmic derivative), with W
states possessing the slowest decay rate. The exception to
exponential decay was given by GHZ states, whose multi-
partite negativity features initially an exponential decay but
starts decreasing super-exponentially (with the logarithmic
derivative itself decreasing) at intermediate times. In con-
trast, for dephasing, the GHZ states turned out to be the
most robust ones, whereas the W states become the least
robust ones; with GHZ states displaying an exponential
decay and all other states a super-exponential one. Also for
depolarization did the GHZ states appear as the most robust
of all; and in this case all states showed a super-exponential
decay at short times.

The authors noticed that, except for the case of dephasing,
their findings for the W and GHZ states are consistent with
the observations of [107] for the multipartite concurrence, dis-
cussed in sections 5.2.5 and 5.4.1. For the dephasing channel,
the results of [107 and 436] are opposite. The authors attribute
this discrepancy to the possibility that the lower bound used
in [107] is tighter for W than for GHZ states. Thus, this bound

mic derivative di( In (Negy () )= . As mentioned
t
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could be mistaking the former for the latter as the most robust
states.

Finally, a remark about the connection between the behav-
iours of GHZ states reported here and in [145], discussed
in section 5.2.6, is in place. From [145], it follows that, for
sufficiently small yz, all bipartite negativities Neg decay
approximately exponentially in yz. We notice that this is not
in contradiction with the super-exponential decay of Negy at
short times observed by Ali and Giihne for the case of depo-
larisation. This is simply due to the fact that whereas Neg
quantifies bipartite correlations, Negy exclusively assesses
genuinely multipartite ones. As a matter of fact, the results of
Ali and Giihne constitute the first studies and to our knowl-
edge the only ones up to date, of genuinely multipartite entan-
glement decay under local noise.

5.6. Bound entanglement via local noise on multiparticle
pure states

Originally, bound entangled states were meticulously con-
structed as to provide examples of entangled states from
which no entanglement could be distilled—as for instance
the first bipartite entangled PPT states [271], or the mul-
tipartite examples [280, 281] discussed in section 2.2.9.
Later on, bound entanglement was found in a variety of
multipartite mixed states, including thermal fermionic sys-
tems of up to 12 spins [515, 516] and thermal chains of
coupled harmonic oscillators in the thermodynamic limit
[141, 285]. This posteriorly led to the understanding that
bound entanglement, rather than a curiosity, is a common
feature of multipartite systems that can arise in natural
dynamical processes, more precisely due to the action of
local noisy or thermal environments. This is the topic of
this section, which has been extensively studied in [145,
157, 187, 284, 286-288, 517]. Here, we focus mainly on
GHZ and rectangular-cluster states, as described by the
proof-of-principle approaches of [145 and 157], respec-
tively. Also, we briefly mention the case of random multi-
partite pure states [187, 287].

5.6.1. Bound entanglement in GHZ states under local deco-
herence. Aolita et al reported in [145] that independent D
or GAD channels drive generalized GHZ states (132) towards
multipartite bound-entangled states. This is essentially due
to the fact that different bipartitions of a GHZ states under
local noise often disentangle at different instants. When the
evolution leads each and all of the bipartitions of one qubit
versus the rest to biseparability, the state is necessarily non-
distillable, for no entanglement can be extracted via LOCCs.
If in addition the state is still entangled in other bipartitions,
then the state is necessarily bound entangled.

A four-qubit example is shown in figure 17. There, the
1:3 negativities vanish before those corresponding to the
2:2 bipartitions. Between these two events the state is bound
entangled. Furthermore, the authors observed a similar behav-
iour for other values of a and f in equation (132) and inde-
pendent GAD channel at any temperature 7 > 0. This is not
the case though for channels PD or AD (T = 0), for which all
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Figure 17. Negativity of four-qubit GHZ states under independent
depolarization with probability p, for the least-balanced 1 : 3-qubit
bipartitions and the most-balanced 2 :2-qubit ones. Between the
instants where both curves vanish the state is bound entangled. A
similar behavior is observed with independent thermal baths at any
non-null temperature, but the effect is not so marked (the smaller
the temperature, the weaker the effect). Reprinted figure with
permission from Aolita et al [145]. Copyright (2008) by the
American Physical Society.

bipartitions always disentangle simultaneously, as studied in
section 5.2.6.

The noise-strength range of bound entanglement in turn
increases with N, because, the time of separability of the
most-balanced bipartitions grows with N, whereas that of the
least-balanced ones decreases with N [145]. However, since
the entanglement in all bipartitions approaches zero expo-
nentially faster with increasing N, the total amount of bound
entanglement decreases accordingly with growing system-
size. Still, the effect is significant enough to be observed in
practice, as we see in section 6.7, where a similar approach to
the one described here was used for the experimental genera-
tion of bound entangled states.

5.6.2. Bound entanglement in random states under local
depolarization. The effect described in the previous sub-
section for GHZ states appears to be quite general. In [287],
Borras et al numerically observed that, over a sample of 1000
Haar (that is, uniformly distributed) random pure states of
N = 6 qubits, in all cases local depolarization drives the state
towards a multipartite bound entangled state at some point in
the evolution. This also indirectly follows from [187], where
Aolita et al numerically observed that, over a sample of 10000
Haar random pure states of N = 6 qubits under local depo-
larization, the time at which the average entanglement in the
most-balanced bipartitions vanishes, is smaller than the one at
which that in the least-balanced bipartitions does.

5.6.3. Thermal bound entanglement in graph states under
local dephasing. 1In [284, 286] Kay et al calculated the criti-
cal temperature of distillability for graph states, which, due
to equivalence (144), yields the critical dephasing strength
for distillability of independently dephased graph states.
Later, in [157], Cavalcanti et al showed not only that bound
entanglement is always present in independently-dephased
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Figure 18. Inset: Two possible splittings of a linear cluster

(1D graph) into a grey and a white regions. A. Two contiguous
blocks of nodes are connected by the boundary subsystem in red,
consisting of two nodes. B. Two non-contiguous blocks of nodes

(a single node versus all the others) are connected by the boundary
subsystem in blue, consisting of three nodes. For thermal graph
states, all the entanglement with respect to any multi-partition is
always localized in the corresponding boundary subsystem. Main
plot: Negativities of a thermal linear-cluster state as a function

of the temperature 7 (in units of the Hamiltonian gap A), for the
bipartitions shown in the inset: any two contiguous blocks (red
solid) and any qubit versus the rest (blue solid). In addition, in black
dashed, the negativity for the even-odd (or ‘zig—zag’) bipartition

of a specimen of N = 12 qubits is also displayed. The grey-shaded
region indicates the temperature range of bound entanglement.

The red and blue curves do not depend on N. The black dashed

one does: its vanishing temperature grows with N [288]. Therefore
bound entanglement is also present in macroscopic thermal clusters.
Adapted from Cavalcanti et al [157].

0.1

graph states of arbitrary size, but also that it is robust against
small perturbations in the Hamiltonian couplings. Finally, in
[288], Kay showed that for two-colourable graph states (as for
instance all rectangular cluster states) the temperature (local
dephasing strength) range of bound entanglement grows with
N. Here we briefly sketch the argument as presented in [157],
deeply based on the formalism of section 5.3.3.

We begin by the simplest case of 1D graphs, represented
in the inset figure 18 and constant couplings A; = A in (137),
with A the Hamiltonian energy gap. Consider first a biparti-
tion of the chain into two contiguous blocks, say from qubit
i to the left (grey block in inset A) and from qubit i + 1 to
the right (white block in inset A). The system is in thermal
equilibrium with a bath at temperature 7, in the thermal state
o7 = EPP(IGV)(GY)), as explained in section 5.1.5. Since
EPP is a Pauli map, formula (162) for the entanglement in
the bipartition applies. Moreover, for channel PP the evalua-
tion is particularly simple, as the channel commutes with all
controlled-Z gates. One has then that £P° = £ and imme-
diately obtains that p*% = 5@, That is, the summations
over y and é in (162) become independent and only the mixing
due to the independent dephasing on the boundary subgraph,
depicted in blue in inset A of the figure, survives.
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As a result, the total entanglement between any two con-
tiguous blocks is equal to that of a two-qubit thermal graph
state at the same temperature. Thus, the critical temperature
T%, for which the entire thermal cluster becomes separable
with respect to all contiguous-block bipartitions is immedi-
ately obtained [157, 284],

c — -4 ~
TAd)= - p—y ~ 114,

(163)
Above this temperature, the N-qubit thermal state o7 is non-
distillable, as for any two qubits a contiguous-block biparti-
tion can be found in which each particle lies on a different
side of the partition and is therefore separable from the other,
so that not even entanglement between any two qubits can be
extracted by LOCCs.

On the other hand, with a similar reasoning as in the previ-
ous subsection, one finds a range of temperatures 7 > 7(A)
such that g7 is non-separable. Then g7 is necessarily bound
entangled. This range of temperatures comes from consider-
ing non-contiguous bipartitions of the chain as that of an ith
qubit versus all the rest (grey versus white regions in inset
B of figure 18). In this case, the boundary system corre-
sponds to a three-qubit thermal system, represented in blue
in inset B, whose negativity vanishes at a higher tempera-
ture. Furthermore, the two-colourable ‘zig—zag’ bipartition
is always the last one to become PPT and its corresponding
critical temperature grows with N [288]. Similar results are
obtained for higher dimensional clusters and for unequal
Hamiltonian couplings [157, 288].

To end up with, two very important comments are in place.
First, since p@® = ¥ 5® and since the boundary subgraph
does not change when the cluster’s size varies, none of the latter
results depends at all on V. This implies that bound entanglement
is present in thermal graphs of arbitrary size, in particular also in
macroscopic specimens. This complements the discoveries for
bosonic systems by Ferraro et al [141, 285]. Second, the lat-
ter, together with the robustness of bound entanglement against
changes in the Hamiltonian couplings, suggests that thermal
bound entanglement, more than a singularity of a peculiar inter-
action pattern, might be a rather typical feature, very likely to be
present in many other systems of strongly-interacting particles.

6. Experiments on open-system dynamics of
entanglement

Practically all experiments that aim to create entangled states
for any given purpose indirectly assess the entanglement
dynamics. The simple preparation of an entangled state and
its later measurement is already probing the dynamics of
entanglement due to the unavoidable influence of the natu-
ral environment. For instance, an early experiment where
this procedure was implemented was reported by Roos et al
in [367]. There, the four Bell-states were deterministically
prepared in the energy levels of two trapped ions and were
left to evolve exclusively under the detrimental action of their
natural decoherence processes, dominated by spontaneous
emission. At different points in time, a full tomography was
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Figure 19. Entanglement evolution of |y*) encoded into two
trapped ions [367]. Each black dot amounts to a full tomography
of the two ions’ state, implying several realizations for each
experimental point. After the density matrix is determined, the
entanglement of formation is evaluated. The density matrix
displayed in the left inset (# = 2 ms), in the computational basis
{|OO)S,|01 )s:110)6,111)g ] is to be compared to the one shown in
the right inset, (t = 8 ms). Clearly the off-diagonal elements, the
coherences, decay due to the interaction with the environment,
implying the decay of entanglement—not necessarily both features
decay at the same speed. Reprinted figure with permission from
Ross et al [367]. Copyright (2004) by the American Physical
Society.

performed and an entanglement measure evaluated, in this
case the entanglement of formation (see figure 19). An overall
decay of entanglement was clearly observed.

Nevertheless, to study in detail the many aspects of entan-
glement dynamics, as introduced in the earlier sections, a
remarkable control of the interaction between system and
environment is necessary. Experiments with such level of
control are not so frequent. Bellow we analyze some aspects
of the few experiments explicitly designed to probe open-sys-
tem entanglement dynamics. In most cases, the entanglement
dynamics is actually not studied as a function of time, but
rather of the relevant noise strength of the experiment, which
can be varied in a controlled way. In previous sections we
identified this strength with a parameter p, propotional to a
transition probability. Here, this may represent the thickness
of a quartz slab that attenuates an optical beam, or the amount
of dephasing introduced between two atomic states, or yet the
coupling between polarization and spatial degrees of freedom
of a photon. Changing the value of this parameter is equiva-
lent to changing the time duration of the noisy process and
therefore the corresponding investigation translates directly
into a time-dependent analysis.

6.1. Observing finite-time disentanglement

The first report of an experimental study of the full entangle-
ment dynamics under a controlled environment is due to
Almeida et al [165]. There, the finite-time disentanglement
of two qubits, as described in section 4.1, was verified. The
corresponding setup is shown in figure 20.

A twin-photon pair entangled in the polarization degrees
of freedom is produced by a down-conversion setup. The
produced two-photon state is close to |w) = a|HH) + |VV),
where H and V stand respectively for the horizontal and verti-
cal linear polarization states and @ and f are complex coef-
ficients (with |a|> + |f|*> = 1) that depend on the orientation
of the polarization of the pumping laser. Each photon is sent
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Figure 20. (a) Experimental setup for probing the open-system
dynamics of entanglement. Two adjacent nonlinear crystals
pumped by a continuous laser source generate pairs of polarization-
entangled photons. Each photon is sent through an interferometer,
where a polarized beam splitter sends orthogonal polarizations
into different propagation modes, which act as environment for
the photon polarizations. Quantum tomography on the outgoing
field allows the reconstruction of the polarization state and the
calculation of its concurrence. (b) Detail of the interferometer
and tomographic setup. From Almeida et al [165]. Reprinted with
permission from AAAS.

through separate interferometers, which play the role of inde-
pendent environments. The interferometers couple the H and
V polarizations to different propagation modes. This is done
with a polarized beam splitter (PBS) and an arrangement of
mirrors, as shown in figure 20(b). More precisely, a horizon-
tally polarized photon is transmitted through the PBS and
propagates in the interferometer mode ‘0°, represented by
a red full line. A vertically polarized photon is reflected by
the PBS into the interferometer mode ‘1°, represented by a
red full line. If its polarization remains the same, then it is
reflected again by the PBS, emerging from the interferometer
in mode ‘0’, thus following the same output path as the incom-
ing horizontally-polarized photon. On the other hand, if its
polarization is rotated by the half-wave plate (HWP) inserted
inside the interferometer into propagation mode ‘1°, so that
|[V) = cos(20)|V) + sin(26) |H), where 6 is the angle of the
plate, the horizontal component will emerge from the interfer-
ometer in mode ‘1°, while the vertical component will emerge
along mode ‘0’, as before. Modes ‘0’ and ‘1’ represent two
different states of the environment.
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Through this procedure, the following transformation is
implemented:

|H)10) —=|H)|0)
IV)I0) = J1=pIV)IO) + JPIH)IL),

where p = cos 20. Identifying |H) and |V) with the ground and
excited states of a two-level atom, respectively, we see that
this map can be used to simulate different types of dynami-
cal behaviours. For instance, for p = 1 — e it is equivalent
to transformation (98) of section 3.2.3, which models the
spontaneous decay of an atom, inducing the independent
amplitude-damping channel (99). On the other hand, for
p = sin?(2 #/2) it is equivalent to (95), which models the reso-
nant Jaynes—Cummings dynamics. In the first case, vanishing
of entanglement for a value of p < 1 corresponds to finite-time
disentanglement. Whereas, for the resonant Jaynes—Cummings
model, the oscillation of p leads to the disappearance and sub-
sequent revival of entanglement at times corresponding to half
Rabi cycles, as expected. Equation (164) makes clear that,
for the processes considered above, the environment can be
described as a single qubit.

The two emerging paths are reunited incoherently with the
help of a beam splitter, as shown in figure 20(b) before the
photon hits a detector. This amounts to tracing out the envi-
ronment. Half-wave and quarter-wave plates placed on the
exiting paths allow a quantum tomographic reconstruction of
the emerging polarization state.

Applying this procedure to a photon pair detected in coin-
cidence, as sketched in figure 20(a), one is able to reconstruct
the two-qubit state and calculate for instance the correspond-
ing concurrence. The experimental results for the concurrence
are shown in figure 21 and clearly demonstrate the (in gen-
eral) non-exponential decay of this quantity. In particular, the
disappearance of entanglement for p < 1 (corresponding, for
a decaying atom, to a finite time) is verified when the prob-
ability of the excited-state component is larger than that of the
ground state (|f| > |a|).

If, instead of reuniting the two emerging paths, as shown in
figure 20(b), one measures the population of each path and also
their coherence by letting them go through another interfer-
ometer, one is able to reconstruct the full state of system plus
environment. This was done by Jiménez-Farias ef al in [172],
by using an interferometric setup that allowed the implemen-
tation of several decoherence channels and full access to all
environmental degrees of freedom. In particular, this setup
allows the quantum tomography of the joint polarization-path
degrees of freedom, thus exhibiting the flow of entanglement
from the initial two-partite system towards the environment,
as discussed in section 4.1. It was shown in [172] that, when
a qubit from an entangled pair interacts with the environment,
which as in equation (164) may be described by a qubit, the
initial bipartite entanglement gets redistributed into bipar-
tite and genuine tripartite entanglements. This complements
the theoretical results of [134] concerning the entanglement
of two independent environments coupled to two qubits of
an initially entangled pair. Although ideally the state corre-
sponding to system plus environment should be pure, this is

(164)
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Figure 21. Concurrence as a function of the transition

probability p. Two different initial states are considered, close to
al00) + B|11), with the same initial concurrence, but differing

on the relation between |a| and ||: either |a|= /3 |f] (triangles)
or|f|= /3 |a| (squares). The points correspond to experimental
data for the quantity A defined by (53b), obtained by tomographic
reconstruction of the twin-photon state for each value of p.
According to (53a), concurrence coincides with A when A > 0 and
is equal to zero when A < 0. The dashed lines correspond to the
value of A obtained by applying the amplitude map to the actual
initial state produced in the experiment. Adapted from Almeida et al
[165]. Reprinted with permission from AAAS.

of course not true in the experiment, due to uncontrollable
noise and uncertainties in the preparation of the initial state.
In [172], emergence of genuine multipartite entanglement of
the W and GHZ types, between system (polarization degrees
of freedom) and environment (spatial modes), was identified
through the use of both fidelity-based witnesses, correspond-
ing to (25) and criterias 14 and 15, discussed in section 2.2.4
and proposed in [261]. Figure 22 displays the experimental
results obtained for the amplitude damping (AD) and phase-
damping (PD) channels. In this picture, Kz and Kw corre-
spond respectively to the differences between the left-hand
side and the right-hand side of equations (27) and (28), so
that positive values of Kgyz and Ky signal the existence of
genuine tripartite entanglement of the GHZ or W type, respec-
tively. In the figure, we can see that criterias 14 and 15 identify
genuine tripartite entanglement over a wider range of values
of p than the fidelity-based witnesses.

Finite-time disappearance of entanglement was also
observed by Laurat et al [166]. In this realization, an effective
two-qubit entangled state, where a single collective atomic
excitation is coherently shared between two separate atomic
clouds, was prepared probabilistically in a heralded fashion,
with a setup based on the Duan—Lukin—Cirac—Zoller (DLCZ)
scheme [518]. While stored in the atomic clouds, entangle-
ment is exposed to the action of the environment and as such,
it decays. After an interval 7, the remaining entanglement is
measured by mapping the respective atomic states back into
a photonic state, with the help of read pulses. The tomogra-
phy of the photonic state and further entanglement evaluation
displayed the vanishing of entanglement for a finite value of
7 [166]. In spite of the usually low values of entanglement
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obtained in this type of setup, it represents an important step
towards quantum networks [519], since it allows for storage
and retrieval of quantum information in a heralded fashion.

6.2. Verifying equations of motion of entanglement

The strategy displayed in figure 20 is also useful to test the dynam-
ical law of entanglement given by equation (120). The first exper-
imental test was implemented by applying the channel shown in
figure 20(b) to one of the photons of the entangled pair [520].
The first factor on the right-hand side of (120) is determined by
tomography of the input state and subsequent evaluation of its
concurrence; whereas the second one by process tomography of
the single-qubit channel £ and subsequent evaluation of the con-
currence of the state 1 ® £|@*)(PD*|. Process tomography of £
can be done with a laser field sent though the channel with four
different incoming polarizations and measuring the correspond-
ing polarizations of the outgoing field. This suffices to determine
all the Kraus operators of the channel [503].

An alternative to direct process tomography of £ would be
to perform state tomography of 1 ® &|®@*)(®™|. This state, by
the Choi—Jamiotkowski isomorphism 77, discussed in sec-
tion 3.1.2, unambiguously determines channel £. However,
a maximally entangled state cannot be precisely produced in
the lab. Furthermore, the direct process tomography, since it
uses intense laser beams, yields a signal-to-noise ratio much
larger than the one corresponding to measuring the effect of
the channel on a maximally-entangled state.

Figure 23 displays the experimental results for states that
are initially close to pure states and also for initially mixed
states, undergoing the amplitude-damping channel. A very
good agreement between the experimental data and the
entanglement equation of motion (120) is obtained for pure
states—the independently measured LA.s. and r.h.s. of equa-
tion (120) agree, within experimental errors, for all the points
representing initially pure states (circles), as depicted by the
dashed line with unit slope in figure 23. For mixed states
(squares), the inequality (121) applies and the experimen-
tal points are found below the unit slope curve as expected.
A fit to the experimental data gives a slope of ~0.87, taken
into account only the initially quasi-pure states (circles).

An extension of equation of motion (120) to the case of
initially mixed states was proposed in [520]. It is based on
a relation between generic states and pure states undergoing
trace-preserving channels, in a similar fashion as the Choi-
Jamiotkowski state-channel duality. This is expressed by the
fact that for every normalised state ¢ € D (Hs @ Hg) there is
always a completely positive trace-preserving channel &, act-
ing on D (Hs) and a pure state |'¥, ¢,) € D (Hs @ Hs), such
that 0=1Q® SQIY’Q,gg)(Y’g,gJ. Notice that |¥,¢,) is in general
not maximally entangled, otherwise the statement would hold
only for matrices ¢ with maximally mixed reduced states, as
discussed in section 3.1.2 after (77). In addition, &, and |'¥, ¢,)
are not unique. There is an entire family of channels £, and
|¥.¢,), all connected by local unitary transformations, that
yields the same ¢. Nevertheless, since entanglement is invari-
ant under local unitaries, this is not an issue for the following
purposes.
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Figure 22. Indicators of genuine multipartite entanglement between a two-qubit system and a one-qubit environment as a function of
the noise strength p, referring to table 1: (a) Fidelity Fguz with respect to the GHZ state and PD channel; Fguz > 1/2 indicates genuine
tripartite entanglement. (b) Violation Kgyyz of criterion 14 and PD channel; Kgpz > 0 implies genuine tripartite entanglement. (c¢) Fidelity
Fy with respect to the W state and AD channel; Fy > 2/3 indicates genuine tripartite entanglement. (d) Violation Ky of criterion 14 and
AD channel; Kyw > 0 guarantees genuine tripartite entanglement. The lines are fittings to the experimental data. Reprinted figure with
permission from Farfas e al [172]. Copyright (2012) by the American Physical Society.

Since C[(1 ® Eol=C1A ® )1 ® gg)lﬂ,’gg)(%‘gg] and
|¥5.6,)(¥o.,| is a pure state, it follows from equation (120) that

CL(L ® el = O ¥ ) ¥e) CIL ® € ENBHH D]

(165)
This is the generalization of equation of motion (120) to ini-
tially mixed states. One should note however that, in order to
use this expression to get the final concurrence, it is not suf-
ficient to know the channel (through process tomography) and
the initial concurrence, as before: one needs to tomographi-
cally reconstruct the initial state, in order to get |¥;, ¢ ){¥,.¢,|
and &,. This is still advantageous however from the experi-
mental point-of-view, since one still avoids the tomographic
reconstruction of the final state, when the signal-to-noise ratio
is decreased by the action of the channel.

Figure 24 displays the comparison between the measured
final concurrence and the product of factors on the right side
of (165), for initial pure and mixed states. The experimental
points now fall nicely on a straight line with slope almost one
(~ 0.97), within a very good approximation, even when the
initially mixed states (squares) are taken into account.

6.3. Non-Markovian entanglement dynamics: decay and
revival

With a different experimental setup, shown in figure 25, Xu
et al [184] also verified the dynamical law for entanglement

58

evolution (120). The nice thing about this setup is that the
introduction of a Fabry—Pérot cavity into one of the modes
allows for the realization of non-Markovian dynamics.

The principle works as follows: suppose that a single
polarization-qubit, initially in the state (|H)+|V))/~/2,
passes through a crystal of quartz. Due to the birefringence
of the quartz, different frequencies of the laser field (which is
not exactly monochromatic) acquire different phases and the
state evolves to ([HY(H| + |V){V| +x |H){V| + & |[V){V])/2.
Usually, the distribution of frequencies of the pump laser
field is well approximated by a Gaussian distribution and thus
k=] flw)exp(i a @) dw with f(w) = (2/ V7o) exp [-Hw — @)]
(1%.6,)(¥,.¢,| is the distribution variance and @ is the laser
central line) and a « L the thickness of the quartz slab. In
this case, x presents an exponential decay as L increases.
Now, if before the quartz plate the photon passes through a
Fabry—Pérot cavity, only a finite number of the frequencies
are transmitted—a non-Markovian dynamics is established.
As expected from a finite dimensional system, the coherences
may refocus and « may increase for some values of L.

With this construction, Jin-Shi Xu et al were not only able to
verify the entanglement equation of motion [146], but also were
able to observe the revival of entanglement from a separable
state [184]. Some of these results are illustrated in figure 25.

Revivals of entanglement due to a non-Markovian evo-
lution under a classical environment was demonstrated in
[173]. In this situation, system-environment back-action is



Rep. Prog. Phys. 78 (2015) 042001

Key Issues Review

1.0 T T T T

0.8

0.6

0.4

0.2

Measured Concurrence

0.0+
0.0

0.4 0.6 0.8

Product of Factors

02 1.0

Figure 23. Experimental test of the dynamical law for the evolution
of entanglement, for one-sided channels. Comparison between
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Jiménez-Farfas et al [461]. Reprinted with permission from AAAS.
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Figure 24. Experimental test of the generalized dynamical law for
the evolution of entanglement, for one-sided channels. Comparison
between measured concurrence and the product of factors on the
right side of equation(165). The circles and squares correspond
respectively to quasi-pure and mixed initial states. The slope of the
line fitting all the data set is now ~0.97. From Jiménez-Farfas et al
[461]. Reprinted with permission from AAAS.

absent and one cannot interpret the revival as a partial recov-
ery of entanglement stored in the environment. The experi-
ment involved polarization-entangled photons and was based
on a theoretical model describing two entangled qubits,
one of them (corresponding to photon a) isolated while the
other (corresponding to photon b) is submitted to a classi-
cal field with random phase and a noise-induced Gaussian
distribution of amplitude, which leads to decoherence. The
classical field with random phase was mimicked by a beam-
splitter that separates the path of photon b into two parts,
submitted to opposed phase shifts, the paths being reunited
before measurement, so that they become indistinguishable.
The photon has an intrinsic Gaussian frequency distribu-
tion, which is equivalent to the amplitude distribution in the
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Figure 25. Entanglement dynamics: decay and revival. Top panel
(experimental setup): Polarization-entangled states are created by
type I parametric down conversion in two BBO crystals and path
information is erased by thin quartz plates (CP). The photon taking
the upper mode may undergo decoherence in different basis by the
introduction of a QWP and a quartz crystal. On the lower mode,
the photon experiences a non-markovian environment induced by a
Fabry—Pérot cavity followed by a quartz crystal. At the end, a full
tomography is carried out. Bottom panel (results): The dots on the
top show the experimentally observed evolution of the concurrence
for an initially maximally entangled state for different sizes of

the quartz crystal—a non-monotonic behavior of entanglement

is observed. The solid line is the theoretical prediction for the
concurrence. On the bottom, the experimental lower square dots,
corresponding to the quantity A defined in (53), show the evolution
of entanglement for an initially non-maximally entangled state. The
solid line represents the theoretical fit of concurrence, which is set
to 0 whenever A becomes negative. The upper curve in the bottom
panel displays the degree of polarization of the photonic state,
which is the magnitude of the corresponding Bloch vector. The
entanglement in this state vanishes at a finite time first and revives
then at a latter time (time is parametrized by the length L of the
quartz crystal). Reprinted figure (adapted) with permission from Xu
et al [184]. Copyright (2010) by the American Physical Society.

theoretical model. The revivals are explained from the fact
that the environment part of the setup, which leads to the ran-
dom phase, keeps a classical record of the unitary operations
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Figure 26. Experimental arrangement to investigate polarization decoherence-free subspaces. Top panel: experimental setup. Polarization-
entangled photons are produced at the nonlinear crystals (BBO). Half-waveplates (HWP1 and HWP2) are used to prepare the four Bell
states. The decohering elements are separate slabs of quartz whose thicknesses are correlated to mimic collective decoherence. The

final quarter-waveplate (QWP) and half-waveplate (HWP) in each arm, along with polarizing beam splitters (PBS), enable tomographic
reconstruction of the polarization density matrix. Bottom panel: results. From A to D, tomographic reconstructions are shown before (left)
and after (right) the action of decoherence, for the cases of |®@*), |@7), |¥*), and |¥~) respectively. State |¥~) is the most robust among the
four. From Kwiat et al [188]. Reprinted with permission from AAAS.

(corresponding to different values of the phase) that have
been applied to the qubit.

6.4. Probing entanglement robustness with decoherence-
free subspaces

The quest for robust entanglement has stimulated experiments
in different frameworks, in particular for instance in trapped ions
[189, 521, 522] and linear optics [188, 523]. In [189], Hiffner
et al probed the robustness of decoherence-free subspaces when
entanglement is created between two nearby trapped Ca™ ions.
In order to eliminate the effects of local spontaneous emission,
the qubits are encoded into Zeeman sub-levels of the S/, ground
state. The main source of decoherence that remains are the fluc-
tuations of the trapping fields, which are common to both ions.
In this regime, entanglement formed by superpositions of states
with the same energy, such as (|01) +{10))/ V2, is in principle
decoupled from the environment and therefore robust. These
superpositions define a decoherence-free subspace with respect
to this type of collective noise.

To measure the robustness within the decoher-
ence-free subspace, the authors generated the state
[P+ () ) =(]01) +¢|10))/ V2 and let it interact with the
environment for some time. In principle, concurrence could
be calculated by tomographical reconstruction of the two-
qubit density matrix. However, this process requires many
experimental cycles (of the order of 1000). A fidelity-based
entanglement witness was then employed, corresponding to
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(25) for the two-qubit case. The ions are still entangled if
the fidelity F = (¥*(¢)|o|¥(¢)) between the initial state
|'¥*(¢)) and the evolved state g is higher than 1/2. Due to a
magnetic field gradient, which lifts the degeneracy between
the energy levels of states |01) and |10), the phase ¢ under-
goes a deterministic evolution, which can be determined
and corrected, in such a way that the fidelity becomes F
= (QO],IO + Q10,01)/2 + |Q01,10|, which satisfies the bound
F 2 Fin= 2|001.10|- Through the measurement of the single
off-diagonal element gg;_ 10, entanglement was witnessed for
up to 20s, which is to be compared with the 1s coherence
decay time when the qubits are encoded outside the Si,
ground states and local spontaneous emission is present.
The deviation from a perfect decoherence-free subspace
was mainly attributed to fluctuations of the magnetic-field
gradient across the trap.

In [188], Kwiat er al investigated the robustness of pho-
tonic polarization entanglement with a setup based also on
decoherence-free subspaces. Entangled photon pairs were
produced by spontaneous parametric down-conversion and
submitted to controllable decoherence as the photons pass
through thick, adjustable birefringent elements. These ele-
ments add phases to the photon states that can be correlated,
mimicking collective random phases. Through tomographic
analysis of the final two-photon state, it is observed that the
singlet state (|[HV)—|VH))/ J2 is considerably more stable
than the other Bell states. The experimental setup and results
are shown in figure 26.
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Figure 27. Setup for investigation of continuous-variables tripartite
entanglement. The optical parametric oscillator (blue, between two
mirrors at the center of the picture) is pumped by a coherent light
source, producing three light fields of different wavelengths (the
reflected one, coloured green, plus two transmitted beams, coloured
red and orange). The three beams are sent into near-resonant

empty cavities and then detected on high-quantum efficiency
photodetectors. This allows, upon scanning the frequency of the
cavity, for the measurement of quadrature fluctuations. From
Coelho er al [168]. Reprinted with permission from AAAS.

6.5. Continuous variables: tripartite entanglement dynamics
and robustness

In [168], Coelho et al reported the disentanglement of a
tripartite continuous-variable entangled state. The authors
used an optical parametric oscillator (OPO) to generate
entanglement between three bright beams of light with dif-
ferent wavelengths (see figure 27). The beams are entangled
in the amplitude and phase quadrature components. The
experiment analysed the robustness of the entanglement
against losses and demonstrated that disentanglement may
occur for finite channel losses, corresponding to finite-time
disentanglement.

Above the oscillation threshold, the OPO, pumped by
a coherent light source, generates narrow-band and tunable
bright twin beams, with strong intensity correlations among
them. Furthermore, in order to produce twin photons, a pump
photon must be annihilated, which implies anti-correlations
between the reflected pump intensity and the sum of the inten-
sities of the twin beams. Besides, the sum of the frequencies
of the twin beams must match the pump frequency. This fre-
quency constraint implies a constraint for the phase variations
(or fluctuations) of the three fields. The phase fluctuations of
the twin beams should be anti-correlated and their sum should
be correlated to the phase fluctuations of the pump. These cor-
relations translate into entangled amplitude and phase quad-
rature components. The amplitude difference and the phase
sum play respectively the roles of momentum difference and
position sum in EPR’s experiment.

After the generation of the twin entangled beams, they are
separated by their polarization and their quadrature fluctuations
are measured, together with those of the reflected pump beam,
through the use of quasi-resonant empty cavities followed by
high quantum-efficiency photodetectors. This allows for the
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Figure 28. Biseparability at finite losses. Symplectic eigenvalues of
the measured covariance matrices as functions of the transmissivity
of the twin modes, for three different values of the relative pumping
power o. The green circles represent the eigenvalues corresponding
to the pump mode, the red squares those of the signal and the blue
triangles the ones of the idler. When any of these is greater or equal
to 1, the associated mode is separable from the other two. In (a)

(6 =1.14) and (b) (o = 1.17), the pump beam becomes separable
from the twins for finite losses (transmittance near 0.6 and 0.4,
respectively). The situation is pictorially sketched on the right-hand
side of the figure, where golden ribbons symbolise the presence of
entanglement. In (¢) (o = 1.40), all three fields remain inseparable
until zero transmissivity, as sketched again on the right-hand side.
From Coelho et al [168]. Reprinted with permission from AAAS.

complete reconstruction of the covariance matrix for the three
beams, as well as the measurement of higher-order quadrature
correlations. The authors measured up to tenth moment cor-
relations and established, up to excellent approximation, that
the three-field state is Gaussian. Therefore, criterias 12 and 13
of section 2.2.2 provide necessary and sufficient conditions
for biseparability in the different bipartitions. For instance, as
explained in detail in section 2.2.2, a multi-mode Gaussian state
is biseparable with respect to a bipartition of any one mode
versus the rest iff the symplectic eigenvalues of its covariance
matrix corresponding to that mode are greater than or equal to 1.

In the experiment, the smallest symplectic eigenvalues
associated to each mode were obtained for several values of
o = P/Py, where P is the pump power and Py, the oscilla-
tion-threshold pump power. With this setup, one can observe
the dependence of entanglement on controlled linear losses
imposed on the twin beams, by placing variable attenua-
tors just before the corresponding photodetectors (pump
beam losses had little effect on the symplectic eigenvalues).
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Figure 28 displays the experimental results for three different
values of the pump power, as a function of the transmissiv-
ity of the attenuators. For high transmissivities (low losses)
all the symplectic eigenvalues are smaller than one, implying
full inseparability of the three fields—the resulting state is
thus an entangled state of three bright beams of light. For
smaller pump powers, the pump beam becomes separable
from the twin beams, for finite values of the transmittivity,
even though the squeezing of individual beams vanishes only
asymptotically as a function of losses. This is reminiscent of
finite-time disentanglement, but in the continuous-variable
case and with respect to a particular bipartition. As the pump
power increases, the entanglement signature is monotoni-
cally reduced, but the three fields remain inseparable until
the transmissivity is zero (total loss), thus entanglement, even
though smaller, is more robust in this case.

A further development of this study, involving the dis-
entanglement between the twin beams at finite losses, was
reported in [169].

6.6. Multiqubit entanglement dynamics: four qubits

The first experiment to explicitly address multi-qubit entan-
glement decay was reported by Papp et al in [155]. There, a
single heralded photon from a cloud of Cs atoms is coherently
split among the four modes of an optical interferometer (see
figure 29) to create the W-like state

[W) == [(]1000) + e'¥1]0100))+

e(]0010) + ¢42]0001)) ] .

1
2

66)

The relative phase ¢ can be adjusted by an electro-optic
modulator (EOM), while ¢ and ¢, are kept fixed throughout
the experiment. Driving the EOM with a fluctuating voltage
induces a controlled dephasing process between the subspaces
spanned by |1000) and |0100) and by |0010) and |0001). The
amplitude of this phase noise is 6¢): d¢p = 0 means no dephasing
and a very well defined phase difference, whereas 6¢p = 360°
describes the case where the phase is totally random.

Due to the dephasing, the initially genuine quadripartite
entanglement decays first into tripartite and then into bipartite
entanglement. See the bottom panel of figure 29. To resolve
among the different types of entanglement, the authors borrow
a powerful idea from quantum metrology: there are genuine
k-partite entangled states that allow one to measure observa-
bles more precisely than any (k — 1)-producible state, i.e. any
state without genuine k-partite entanglement. With this in
mind, a figure of merit based on the variance of four-qubit
unidimensional orthogonal projectors {M, M,, M3, My}, such
that they spam the single-excitation subspace, is introduced

4 4
A=Y (M) — (MY =1- Y (M)

i=1 i=1

(167)

For (k — 1)-producible states, with k < 4, this quantity is lower
bounded by AX). In this way, if a value of A smaller than A" is
obtained, one is sure to have a state that has genuine k-partite
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Figure 29. Genuine multi-qubit entanglement decay. Top panel
(experimental setup): The beam displacers BDg and BD, create a
quadripartite mode entangled state by splitting a single photon into
four optical modes. This state is then measured in orthonormal basis
(168) and the uncertainty 4 is evaluated. Bottom panel (results):

A as function of the dephasing strength ¢ signals the trajectory

of correlations across the shells of genuine k-partite entanglement
for different k's. The horizontal solid lines indicate the boundaries
A,gk) for genuine k-entanglement and the dashed lines indicate the
uncertainty on these boundaries due to the possibility of two or
more photons in the system. From Papp et al [155]. Reprinted with
permission from AAAS.

entanglement. The specific projectors used in this experiment
were M,' = |Wl><W,|, with

W) = % (11000) + €110100) + e”2]0010) + e*3]0100)) ,
[Wa) = % (11000) — 110100) — €2]0010) + ¢':]0100)) ,
|Ws) = % (]1000) — €410100) + e”2]0010) — e”3]0100)) ,

W3} = 3 (11000) + €]0100) — e/2/0010) — e/+/0100)) ,
(168)

where the phases f; were adjusted so as to minimize A.

This procedure resembles the one based on entanglement
witnesses, as it renders a sufficient criteria for genuine k-par-
tite entanglement. However, since 4 cannot be written as the
expectation value of an observable, it rather defines a non-lin-
ear entanglement witness. In any case, the dynamics through
the different layers of genuine k-partite entanglement can be
inferred as function of the noise strength d¢.

6.7 Dynamical generation of bound entangled states
by local dephasing

In a following experiment reported in [170], Barreiro er al go
a step further than in the previous subsection and demonstrate
a rich dynamical behaviour of four initially entangled qubits



Rep. Prog. Phys. 78 (2015) 042001

Key Issues Review

m,
A3P3jy " ~ Te— =142
— -3/2
m,
— /2
854 nm 0 3&%
_____ 305/, -1/2
393 nm . Y Z%ﬁ%
€ 729 nm
Swf Jaw
(ii)
/
m,
i i 1/2
-1/2

425
i =

Figure 30. Zeeman-level structure of “°Ca* and pulse-sequence
for the implementation of tunable dephasing. Local dephasing is
realized by carrying out the following sequence independently on
each ion: (i) hiding of |0), (ii) transfer of the population in |1) into
the superposition /1 — y|1) + /7 |Ds;» (m = =5/2) ), (iii) optical
pumping of the population in Ds/;(m = — 5/2) into P3p(m = — 3/2)
and subsequent decay back to |1) by spontaneous emission and
finally (iv) restoring the initially hidden population back to |0).
From Barreiro et al [170].

embedded in independent decohering environments, including
the appearance of bound entanglement due to the action of the
local environments. Bound entanglement arises here because
of a similar mechanism to the one described by figure 18 of
section 5.6.1, for the case of GHZ states. Different bipartitions
of an initially entangled N-qubit state may become, under
the action of individual environments, separable at different
times, implying that undistillability and entanglement coex-
ist, before the state completes its disentanglement. It is how-
ever important to emphasize that the initial entangled state
prepared in [170] is close to the Smolin state (37), which is
already itself bound entangled, as discussed in section 2.2.9.
The setup in [170] comprises four “’Ca* ions confined in a
linear Paul trap. In each ion a qubit is encoded in the Zemman
levels as [0):= |Dsp(m = —1/2)) and |1):= [S1p(m = — 1/2)), as
shown in figure 30.

A controlled dephasing channel is applied locally to
each qubit, through a sequence of operations illustrated in
figure 30: Initially, (i) the population of the population of state
|0) is hidden by a full coherent transfer into the Sy,(m = 1/2)
level. Then, (ii) the population in |1} is partially transferred
to a superposition between the state |1) and an auxiliary level
Dspp(m = —5/2). This is followed by (iii) optical pumping of
Ds;p(m = = 5/2) to the excited state P3;(m = — 3/2), with the
subsequent spontaneous decay back to |1). Finally, (iv) the
population hidden initially is restored back to |0). The pho-
ton scattered in step (iii) carries partial information about the
qubit state into the environment. This implements an effec-
tive dephasing channel, with dephasing strength given by
the probability of photon emission, which is in turn given by
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Figure 31. Decay of entanglement through its different regimes.
The smallest eigenvalues of the partially transposed experimental
density matrix with respect to all the bipartitions are plotted as
functions of the dephasing strength y. The upper panel corresponds
to all the bipartitions of 2 versus 2 qubits; whereas the lower

one to those of 1 versus 3 bipartition. The dashed vertical lines
delimit different regimes of multipartite entanglement. At y =0
the state is capable of a CHSH-inequality violation (not plotted).
As y increases, the state goes first beyond the threshold for
superactivation and then, when the 2:2 eigenvalues become zero,
beyond that of distillability. The latter demonstrates the dynamical
generation of bound entanglement. Finally, when 1:1 eigenvalues
become zero, the state reaches full separability. Adapted from
Barreiro et al [170].

probability O < y < 1 of transferring all the initial population
from |1) to Ds;p(m = — 5/2) in (ii). As mentioned, the initial
4-qubit state is close to the Smolin state and, as the latter,
violates a CHSH-type Bell inequality and enables entangle-
ment superactivation [295]. Entanglement superactivation is
the most extreme example of superadditivity of distillable
entanglement, whereby two copies of a multipartite bound
entangled state (i.e. with zero distillable entanglement each)
tensored together possess positive distillable entanglement.
Nevertheless, in contrast to the Smolin state, which is separa-
blein all 2: 2 bipartitions and entangled in all 1 : 3 bipartitions,
the initial state prepared is entangled in the 1:3 bipartitions
and also slightly entangled in the 2:2 ones.

As shown in figure 31, the different regimes of entangle-
ment of the initial state under local dephasing are monitored.
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For 0 < y < 0.06 the state violates a CHSH-like inequality (not
shown) and can be super activated. Between 0.06 < y < 0.12,
CHSH violation ceases but superactivation is still possible.
In the region 0.21 < y < 0.35 the state is bound entangled.
Finally, at y = 0.35 the state reaches full separability.

6.8. Graph-state entanglement dynamics under
system cooling

Recently, in [524], Aguilar et al implemented a quantum
simulation of the cooling process of a small-sized strongly-
correlated local gapped Hamiltonian system with entangled
photons. The Hamiltonian the authors studied is the parent
Hamiltonian of graph states, defined by equation (137), for
the simplest case of a three-qubit linear cluster. Even though
they can be considered as proof-of-principle, these studies
constitute a basic characterization of experimental cluster-
state computation under imperfect conditions. A measure-
ment-based cluster-state quantum computer could consist
of a graph-state Hamiltonian system, with the initializa-
tion of the computer corresponding precisely to the studied
system cooling.

The authors prepared three-qubit thermal cluster states
at different temperatures and monitored the entanglement,
as well as the usefulness for cluster-state computation, as
a function of the temperature. The three qubits were imple-
mented using the polarization degree of freedom of one
photon, A, which was part of an entangled-photon pair and
the polarization and spatial degrees of freedom of the other
photon, B. The state preparation exploited the equivalence
between local dephasing and thermalization for graph states
discussed in section 5.1.5. That is, pure cluster states were
first prepared and then exposed to local dephasing. This
mindset is similar to that of section 6.7. However, here,
changing the dephasing strength corresponds to tuning the
system temperature 7, which allows one to simulate the
cooling process.

The natural transitions from separability to multipartite
bound entanglement and then, subsequently, to free entan-
glement were observed as the system cooled down from a
high-temperature initial state close to the maximally mixed
one. These transitions can be seen in figure 32, where the
negativities of all three bipartitions are plotted as a function
of T/A, with A the Hamiltonian coupling (gap). The labels
A,, By and By correspond, respectively, to the polarization
qubit of photon A, the polarization qubit of photon B and
the spatial qubit of photon B. This figure shows how, as 7/4
decreases, one of the negativities becomes positive before
the other two, giving rise to multipartite bound entangle-
ment, as discussed in section 5.6.3. When 7/4 decreases
further the system approaches the pure cluster state and the
entanglement becomes free.

To analyze the performance of the prepared thermal states
as resources for cluster-state computation, the authors con-
sidered the simple task of measurement-based cluster-state
preparation of a single-qubit state. That is, they prepared pure
target states on the last qubit of their linear cluster, Ap, by
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Figure 32. Negativities N, 5B, (red squares), Np,|a, B, (black
diamonds) and N, (blue circles), for the three bipartitions
Ap|BsBy, By|A, Bg and Bg|A, By, respectively, of the experimental
density matrices, as functions of 7/4. The solid lines correspond to the
negativities of the theoretical thermal cluster states. Hollow symbols
correspond to null negativities. As 7/A decreases, Ny, ApBs becomes
positive before N, ‘AplBsB, and NB,|AB, s can be seen in the inset. This
causes the emergence of bound entangled states. From Aguilar er al
[524]. Copyright (2014) by the American Physical Society.
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Figure 33. Average fidelity for measurement-based single-qubit
state preparation as the function of the temperature. Hollow squares
indicate PPT states (with respect to the three partitions) and

hollow circles bound entangled states (PPT with respect to just two
bipartitions). Solid circles, in turn, correspond to free entangled
states. The dashed horizontal line indicates the classical benchmark
of 2/3. Fidelities higher than this limit cannot be achieved by
classical means. From Aguilar et al [524]. Copyright (2014) by the
American Physical Society.

performing sequential adaptive measurements Mp, and Mp
on the two previous qubits in the chain, B, and B, respec-
tively. Figure 33 shows the fidelity between the experimental
state of qubit A, after the measurement-based procedure and
the ideal target state |y), averaged over all pure states |y),
as a function of T/A. As expected, the fidelities of the fully
PPT and the bound-entangled states lie below the classical
benchmark.
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Figure 34. Coherence as a function of time of a single-qubit
superposition (blue) and GHZ states of 2 (green), 3 (red), 4(orange)
and 6 (purple) qubits. These results are consistent with an
exponential decay rate proportional to the squared number of ions.
Reprinted figure with permission from Monz et al [57]. Copyright
(2011) by the American Physical Society.

6.9. Dynamics of 14-qubit GHZ entanglement

In [57], Monz et al reported the creation of GHZ states of up
to 14 ion-qubits. The system is composed of a string of “°Ca*
ions confined in a linear Paul trap. The qubit encoding is again
given by the ground state |1) = S;2(m = — 1/2) and the meta-
stable level |0) = Ds;(m = — 1/2), shown in figure 30. First, the
internal degree of freedom is optically pumped to the initial
state |1...1) and the motional degree is cooled to the ground
state by Dopler and side-band cooling. Then, the ions are sub-
ject to a collective Mglmer-Sgrensen entangling interaction
[525, 526], which takes |1...1) to the GHZ state.

The authors measure the populations, in the computa-
tional basis, of the experimentally created state p, as well
as the coherence 4:= (00 ... O|p|11 ... 1). As discussed in
section 5.1.1, these matrix elements suffice to assess the
genuine multipartite entanglement and multiparty distilla-
bility properties of noisy GHZ states. Indeed, with these,
the presence of genuinely multipartite entanglement is cor-
roborated by three different approaches. N-qubit distillabil-
ity is confirmed with criterion 18 of section 5.1.1. Whereas
genuine N-qubit entanglement is confirmed both through
criterion 19, also in section 5.1.1 and through fidelity-based
entanglement witness (25), of section 2.2.3. The popula-
tions are measured by direct fluorescence detection and the
off-diagonal element A by measurements of parity oscil-
lations induced by collective rotations on the state. Up to
N = 8 qubits, the authors monitor the decay of A over the
time between the state generation and read-out. Figure 34
displays the observed decay of 4, which is consistent with
an exponential decay with decay rate proportional to N2.
This is in contrast to the decay rate proportional to N typical
of local noise processes, as described in section 5.2.6. This
quadratic decay rate was shown to stem from the presence
of correlated phase noise, caused by collective fluctuations
of the magnetic field. Correlated noise appears, in some
form or another, in many experimental platforms. The fast
coherence decay it can induce imposes stringent constraints
on the scalability of GHZ states to large N.
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7. Conclusion

From a mesmerizing quantum phenomenon to a physical
resource for quantum-information processing, entanglement
has followed a peculiar trajectory since it was discussed in
the 1935 paper by Einstein, Podolsky and Rosen and in the
1935 and 1936 papers by Schrodinger. Quantum correlations
acquired a new status with the 1964 paper by John S. Bell and
were recognized in the 1990s as resources for quantum compu-
tation and communication. These potential applications moti-
vated a deeper analysis of the mathematics of entanglement
and of the possible deleterious effects of the environment.

The amount of insight gained in the last two decades on
this subtle property of the quantum world is enormous. The
huge reference section of this paper is an evidence of the col-
lective effort of theoretical and experimental physicists, com-
puter scientists and mathematicians devoted to tackle different
aspects of entanglement.

In this review, we have focused on the dynamics of entan-
glement of systems that interact with different kinds of envi-
ronments. This specific problem is of utmost importance
within the vast domain of studies of quantum correlations,
since it is directly connected to the analysis of the robust-
ness of quantum computing, quantum simulations, quantum
metrology and quantum communication protocols. In addi-
tion, it turns out to be related to several fundamental ques-
tions in quantum theory, as we hope is clear from the previous
sections.

Nevertheless, important questions connected to entangle-
ment dynamics still remain as open challenges or promising
research directions. Some of them are summarized in the list
below.

e Dynamics of entanglement between macroscopic sub-
systems. This problem is intrinsically related to recent
experimental efforts that intend to push quantum coher-
ence and entanglement to macroscopic scales [93, 94,
527, 528]. These experiments could lead to stringent
tests of quantum mechanics and its classical limit [90]
and might be able to probe subtle decoherence effects of
the gravitational field [81, 527, 529]. Assessment of the
dynamical signature of different sources of decoherence
might help to identify the contribution of gravitation to
decoherence.

Further effective logical channels. Effective noise chan-
nels at the logical level have been studied [504] for logical
qubits encoded into some stabilizer-state error-correction
codewords under local Pauli noise. An interesting direc-
tion to explore is the investigation of effective channels
for logical encodings relevant to current quantum
computing or communication experiments. These may
be for instance few-qubit decoherence-free subspaces
under realistic noise models for ion-trap [530, 531] or
superconducting-circuit [532, 533] architectures, or
photonic encodings involving transverse spatial modes,
useful for misalignment-immune quantum communica-
tion [534-537], ultra-sensitive rotational sensors [538,
539], or high-dimensional qudit processing [538-541],
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under atmospheric turbulence or other spatial perturba-
tions [536, 542, 543].

Equation of motion for average entanglements. It was
shown in [138] that, as the number of parts grows, the
entanglement trajectories of initially Haar-random
pure states under noise concentrate around that of the
average entanglement. An interesting open question is
to determine an equation of motion for the Haar-average
entanglement, as well as for the width of the distribution
or even higher moments thereof, given a particular noise
model. The uniform Haar distribution has the advantage
of readily allowing for mathematical tools such as Levy’s
Lemma. However, it would be very interesting to aim at
other distributions of pure states from which one can,
contrary from the Haar distribution, sample efficiently.
This may potentially render more realistic insights about
typical entanglement dynamics in natural systems.
Dynamics of entanglement for identical particles.
Entanglement dynamics for systems composed of
indistinguishable particles, such as Bosons, Fermions or
Anyons, for instance, remains a largely unexplored field.
In spite of recent efforts [544—548], the lack of accepted
entanglement criteria and measures for such systems
prevents a better understanding of this problem. A great
obstacle is that a resource theory based on LOCC’s is no
longer suitable: Due to the necessary symmetrization or
anti-symmetrization of identical particles, the notion of
local operations does not apply anymore.

Dissipative stabilization of entanglement. Recent devel-
opments point to new directions in this fascinating field.
The stabilization of entanglement through engineered
dissipation has been demonstrated in recent experiments
[199, 200]. This technique, which stems from [190]—see
also [191], may have applications in dissipative state
preparations, quantum computations and dissipatively-
driven quantum phase transitions [194—-196, 549, 550].
Entanglement dynamics for improved quantum metrology.
The entangled states that have been proposed [205, 208]
for attaining the ultimate quantum precision limit in the
estimation of transition frequencies and phases are very
fragile against decoherence. The problem of increasing
the precision in quantum metrology is thus closely related
to the search of procedures to increase the robustness of
entanglement. Recent progress has led to new estimates
of precision limits in the presence of noise [32] and new
strategies to increase the robustness against particular kinds
of local noise acting on entangled states used for quantum
metrology have recently appeared, both passively [435,
502] and exploiting error-correction [211-215]. This venue
of research may lead to interesting results in the years to
come.

Scaling laws for the decay of genuinely multipartite
entanglement. The recently introduced multipartite
negativity [264], sensitive only to genuinely multipartite
entanglement, which allows for a quite practical evalua-
tion through semidefinite programming, has provided a
new tool to study the robustness of genuine-multipartite
entanglement [436]. A remaining challenge in this direc-
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tion is the derivation of analytical scaling laws, in the
sense of [145], for the decay of genuinely multipartite
entanglement, either for the multipartite negativity or
for other genuinely multipartite measures yet to be con-
ceived.

Scaling laws for entanglement decay in many-body-
system quantum simulations. An ambitious but very
interesting question is whether one can come up with (at
least approximate) analytical scaling laws for entangle-
ment decay [145], either in ground and thermal states,
or in non-equilibrium (quenched) systems, for Hubbard
or spin models, in their different phases, under realistic
noise types present in physical implementations, such as
for instance atoms in optical lattices [38—40].
Entanglement propagation in many-body systems. This
theme is relevant to many fundamental questions in physics,
such as quantum transport, localization and thermalization.
A toy example, discussed in sections 4.1, 4.2 and 6.1, is the
flow of entanglement from an initial two-qubit entangled
system into the corresponding environment. An important
problem is the determination of the maximum speed of
propagation of information and how fast different parts of
the system become correlated [221, 551-555]. The connec-
tion between entanglement propagation and thermalization
and the effect of noisy environments on the propagation,
are still largely unexplored subjects [555]. For noiseless
evolutions and short-range interactions, constant-velocity
bounds were derived by Lieb and Robinson [551]. A gen-
eralization of this bound to Markovian quantum evolutions
was derived in [556]. However, in spite of recent progress
[557], this is still an open problem for long-range interac-
tions, even in the absence of noise. Recent experiments
[558, 559] have allowed a detailed study of this question
and constitute implementations of quantum simulations
that are helpful to investigate still unknown properties of
entanglement propagation.

Further progress in the field is however intrinsically condi-
tioned to advance in the problem of quantifying entanglement,
in its different varieties, for multipartite systems, which, in
spite of the impressive recent progress here described, remains
far from closed. All in all, Schrodinger’s predicament in his
famous Naturwissenschaften paper [2] still holds true: entan-
glement ‘keeps coming back to haunt us’.
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