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PREFACE

This course of analysis is intended for students who have a
working knowledge of the calculus and are ready for a more
systematic treatment. Only a quite exceptional mathematician
will then be mature enough for an axiomatic development of
analysis in metric spaces, and he can be left to teach himself,
The others normally follow a stlaightlorward course based on
the idea of a limit, and this book is an attempt to provide such
a course. I have stopped short of Cauchy sequenccs, upper and
lower lirnits, the Heine-Borel theorem and uniform convergence;
in my experience many men understand those topics more
readily if they are lcft to the next stage.

I am indebted to Profeisor G. E. H. Reuter and to Dr H.
Burkill for their careful scrutiny of tlie manuscript.

september 196I 
J' c' B'
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with respect to .r and y. Geometrically, the existence of the
partial derivativef(a, D) implies that there is a tangent line to
the curve which is the section of the surface z = f(x, y) by the
plane )., : 6. The existence of a tangent plane to a surface
requires more than the existence of tangent lines to two curves
which are sections by perpendicular planes. The next theorem
shows that if we assume the continuity, and not merely the
existence, of f" and fu, then the differentiability of/ is a con-
sequence.

Theorcm 8.4. If f,andfrare continuous at a point (x, y) thenf
is dffirentiable at that poinr.

Proof. Let h and k be small enough for (x+i,y+/c) to lie
within a circular neighbourhood of (.r, y) in which l, and l,
exist. Then we have

f(x + h, y + k) -f(x, y)
: {f(x + h, y + k) - f(x, y + k)l + {1f(x, y + k) - f(x, y)\.

In the first bracket, only x is changed; in the second, only y.
Apply the rnean value theorem to each and we obtain

hfi(x + 0 rh, y + k) + kfu@, y + ?rk).

By continr.rity of f" ^nd It this is equal to

h{f"(x, y) + e,} + kffi(x, y) + en},

where the e's tend to 0 as (1, ft) + (0, 0), and the definition of
differentiability is satisfied.

Exerclses 8 (6)

Notes on these exerciset are gioen on p. 182,
l. Investigate whether the following functions are diFereotiable at (0, O):

, t. 
( i) lrr-2t1, (i i .1 lxyl*.

1 xyl ,,/Q2 4- yr) when (x, /) + (0, 0),
't(x' /) = 

io when (x, /) = (0, o),
jnvestigate for (0, 0), (i) continuity ofli (ii) exisrence of/,,i1(iii) differenti-
ability ofl

3, Gjve alr exatnple of f(x,y) which is differentiable at (0,0) and dis-
continuous at all other points,
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8.5. Composite functions
We now extend to functions of two variables the formula

dy dy du
dx du dx

proved in $4.2 (0.

Theorem 85. If x - x(t) and y : y(t) are diferentiable fimctions
of t for a giuen t, ond z : z(x, y) is a diferentiable function of
(x, y) f* the corresponding (x, y), then

z = z{x(t), y(t)}

is a diferentiable function of t and

dz 0z dx 0z dv
a: ua+Tyi i '

Proof. Let t be changed to t + 6t; let 8.r and 0y be the corre-
sponding changes in x and y.

Then ^ ldx \^dx = 
\A+et)  

dt ,

liv \
6y:  l \+e2 l t t ,' 

\dt '1

where e, and €2 tend to 0 as d, + 0. Writing

8z : z(x+ 8x, y * 8y) - z(x, y),

we have, since z is differentiable,

"  0z^ .02 ,8z : --1*8x+ 
fi6t +e(l lxl +layl),

where e -+ 0 as (dx, dy) * (0, 0).
If dx and dy are both 0 (which may happen for arbitrarily

small 6t if dxldt : dyldt - 0), e fails to be determined by the
last equation and we define e to be 0.

Substituting for dx and dy in terms of 81, we obtain

a :  (%*+a34\ u+rt t .
\ox at oy dt I

where it is easily seen that ? + 0 as 8, + 0, I
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Corollary l. If, in the theorem, x and y are functions of
more than one variable, say

x :  x \ t ,  u ,  a ) ,  y :  y \ t , u ,D ) ,

which possess partial derivatives, then, for each of the variables,
we obtain, by keeping the others constant,

0z Az Ax Az 0v
oI ox at ay ot

and similar equations with r replaced in turn by a and u.
This much-used rule for differentiating through the inter-

mediate variables is commonly called the chain rule.
Corollary 2. lf, in corollary l, x(t,u,u) and y(t,u,u) are

differentiable in the sense of $8.4, then a straightforward
adaptation of the proof of theorem 8,5 shows that

zlx(t, u, u), y(t, u, o)j
is a differentiable function of /, u, u.

8,6. Changes of variable. Homogeneous functions
This section contains applications of theorem 8.5.

Example. Express in polar coordinates
azy a2y
ox" o!" '

assuming that these second-order derivatives are continuous.

Solution, Corollary I of the last theorem gives
AY ?VA. r  AV  0v  AV ^  AV  ^
F : " - ^  * ^  * :  ^ - c o s y + ^  s l n d .ar ox or oy or ox oy

A V  A V 1 x  A V  0 v  A f .  ^ ,  A V' i :  : ; a - ; ; * ; -  - :  ^  ( - / S l n Y ) +  ^ -  / C O S Y .
oa ox ou oy aa 0x 0y

At this stage we have on the right-hand sides terms containing
both (-t, y) and (r, 0). To keep the cartesian and polar variables
separate, it is advisable to solve for ?Vlax and ?VlAy, We find
( i f r +0 )

by  ^0V  s in0  0V
-  :  C O S 'ox 0r r  A0'
AV ^0V cos9 0V- - :  s r n t t  + -  - -
o v o r r a u
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These equations enable us to convert the operators AlAl a'nd.

atii *tiie- o" a function into operators involving 0l0r atrd

a/Ad. Thus

*# : (*u *,-Y k) (*"'#'Y'#)
^ I ^ trV sir'? frV , sin9 AVI

: cosd lcosd ap- r AlaO. 
-F 

aA I

-Y l*" u # - sin o a{ -s'\ 9 # -+ T;
There is a similar expression for trVl|yz, which the reader

should write down' Adding, he will find that

AZV  t rV  t rV . IAV , lFV  ,
ap+g -  aF+ t  u |+ l z i@ ' I

We now turn to homogeneous functions as a further illus'

tratior of theorem 8.5. The elementary notion o-f a bomo'

e;.o"t fun"tion is a polynomial in the variables' all the terms

i"-lng of tn.,orn" degree. For instance,2rf -x'!y+4lislromo

e;;;ot of a"gt"e 3'-The more general defrnition which follows

to be homogeneous of degree I
Definition. /(x, y) is homogeneous ol degree ft if' for every

oositive t and all x, y for which/is defined'

f(tx' tY) = thf(x,Y)'

Theorem E.6. A necessary and ruficimt condition -that 
the

diferentiable function f(x, y) shouW be homogeneous oJ degree n

allows, saY,

is th^t

lor all x,Y.
Proof We Prove

Pu t t i ngE= tx ,1 l :

xf,+Yfu - hf

the necessity, which dates from Euler'

t/, we have

.fG,"D - tof(x,y).



Put A = I and we have the required condition

f,x+fry: hf.

To prove the sufficiency of this condition, take, as before,
E : tx, 1 : //. Keeping t, / constant, we have

firc,o:
and, by hypothesis,
u : f(E,D,
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Keeping x, l, constant, differentiate with regard to ,. Theorem
8.5 gives

9{r#.'t4; : hth-a.r(x, v).

.u{*r'{ =i(t '{r.r 't),
the last expression is hf(€, ri)/t. So, if

l '  " l
l o a  4 l

a@, r)

l do  h
D A I  T

Therefore u = Att', where I is independent of t. So

f(tx, ty) : Ath : thf(x, y),

by putting t : 1. I

Exercises 8 (c)
Noles on these exercises are giuen on p. 182.

l, (The lacobian.) Lei ll,I, be differentiable functions of r, /. The
deteminant

writterl shortly as

is called the Jacobian of the transformation from (x, /) to (a, ,). Its role
corresponds to that of the derivative dultlx for a function a(x) of a single
variable. Prove the following properties which illustrate this role.

(i) If a relation C(a, u) = 3 1to16r 1or all (x, y) in a domain D, then

in D. (The converse is true but more difncult to prove.)
(ii) If x, y are differentiable functions of r, t, then

afu, u) _ a@, o) a@, y)
aG, t) 

- 
aQ, i a$, t)'

All this may be extended to r functions of a variables.

: 0

aG, y)
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2. A function /(r) is defined by the
./(0) = 0. Use I (i) (the conversc) to
€quation

properties ,f'(r) = I(l +rl anA
show that tbere is a functional

f(x)+!(y) = r({:#,)
3,_The arEa A.ofa triangle is found from measurem€nts ofa,4 C. provc
mar rne error io the calcu.lated value of A due to rmall errors da, dB, dC isgiven approximately by

3 !  =26a*9  lB  . !  dc
A  a  a s i n r . 4 s i n C .

4. The sides a, 6, c of a triangle are measure.d with a possible peroentage
error e and the ar€a is calculated. prove that the possiUf" poant"g" 

"_3,11 
th: area 

ls leprolimately k or 2f, cot.A 
"ot 

C o"corJin'g as ,h";;;;ls acute-angled or obtuse-angled at .ir.
3- (The waoe-equatron.) prove that, by the transformatioDs u = x_cttt = x+ct, the partial diferential cquation

,W, = o#

ffi=o,reduces to

and hence solvc the equation.
6. lf/(x, t) is transformed into f,(2, u) by thc transformatioD

x =  ur_ t f ,  y=2uo,

prove that #.#,=d$ffi.^H.
Find the most general function/(x, y) which satisfie€

a_?f
a : , ' a t t = o

and is a function of r+,r,(x!+/) only,
7. Prove that, if r and d are polar coordinates and l = log /, the cquation

a.v arv
a f+aY '=o

b€comes t! -,!v
6F+8F = o.

8. For all positive vatues of \ the function g satisfies the condition that
s'(,\'x, ,\?) = i?(x,,),

whcre ,,, J, |' are positive intcgers, prove that

^ff+vf;r=,g.
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9, The function F(4 r) becomes /(x, /) when the substitution
u = x3-3xy2,
u = 3x.y_ y.

is made. Prove that
I la,f atf\ a2F a2F

g!r+rrj" \bx,+ ay,l 
= 

ar,* u".

8.7. Taylor's theorem
We extend to a function of two variables the nth order mean

value theorem proved on page 81,

Theorem 8,7. Suppose that the paftial deriuatioes of order n of
f(x, y) are continuous in a neighbourhood of (a, b) rehich contains
the line joining (a, b) to (a + h, b + k). Then

/  2  2 \
f(a + h, b + k) : f(a, b) + lh ;+ k ;l f(a, b) + ...

\ uu eul
1  /  2  , \ ' r - r

+ r- :  * lh -+k nl  . f (a,  b)
\ n -  t ) t \  d a  d b l
1  /  2  ' \ n

+- - f  i . -+ f t  n l  f@+9h ,b+9k ) ,  where0<  d  <  L
n t \  o 4  o D l  - '

The meaning of the operator
/  A  ' \ ' n
lh i+k *.1 f(*, y)
\  o x  0 y /  - ' " .

' , , t^( i)n^-w ar^_.qL.r$,y).
In the expansion of f(a + h, b + k), tbe values (a, 6) are inserted
for (x, y) after performing the differentiations of orders up to
n- I and (a+0h, b+0k) in the nth order terms. The hypothesis
of continuity of the partial derivatives ensures that the order of
differentiation in any

A^

6;:,*u,rf(x, !) (m < n)

is indifferent.
Proof of theorem 8,7. We reduce the number of variables to

one (l) bv writins'" ' - "  -  F(t)  :  f (a+ht,  b+kt) .
By theorem 4.82, 

r ,
F( l )  = p16.1*p' ,0)+.. .+;  i ; ;  F^-r)(0)++ F( ' ) (d).

\ n -  ) ) t  "  n l
where 0 < d < 1.



l4 ruNcrroNg oF SEVERAL vAlrABrEs I8.7

The successive derivatives F (t), F'(t),... are celculated by
means of theorem 8.5. With the prescribed notation,

/ 22 A2 A2\
F"Q\ = l hz -+zhk =, + kz --l fb, b't,

\ oa" oaoD oo'l -

and so on. Finally, F"(d) has the value stated in the theorem. I
The possible extension of this result, on the lines of theorem

5.8, to provide an expansion of f(x, y) in an infinite series of
powers of x and y is less important than the expansion of/(x)
ts Zanx^,

8.8. Maxima anil minima
We extend to a function / of two independent variables the

discussion of $7 of chapter 4.

Defirttion. f has a maximum at (a, b) if there is a neighbour-
hood of (a, b) in which f(x, y) < f(a, b) except for (x, y) = (a, b).

We define a minimum by substituting > for < .
The following analogue of theorem 4.71 is immediate.
Iff"exists at (a, b), a necessary condilion that f has a maximurn

or minimum at (a, b) is tha, f"(a, b) : O.
This follows by applying theorem 4.71 to f(x, b).
A similar statement holds for fu@, b).
The investigation of sfficient conditions for a maximum or

minimum has a feature which was not present with only one
independent variable, This is embodied in an algebraic lemma.

Lemma, If Q@,y) : axz +2hry +by2, where all the mtmbers are
real, and D : ab-hz,we haoe

(i) f D > O and a > O, then 6G,, > Ofor all (x,y) except
(0,0);
if D > O anJ a < 0, then {(x, y) < Ofor all (x, y) except
(0,0);

(ii) if D < O, there are oalues (xyy), (xo, y) arbitrurily near
to (O, O) for which

rot = (nft+r{)n"o,

QQ', y) > o, /(x,, Y) < o.
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Proof. (i) Note that D > 0 implies that a + 0. Then

aQ :  (ax+hy)z*(ab-h2) y2

>0  un l css  x=y :O ,

So ,  i f  4>0 ,  t hen  d>0 ,

and i f  a<0 ,  t hen  C<0 .

(ii) Suppose that d + 0, say a > 0. Then, if /r = g sn6 t'
has any value (except 0), the expression for a/ in (i) gives

d@t' vr) , 0.

lf (x2, y), not being (0, 0), satisfy axr+ lry2 : 0, then

dG",Yr) < 0.

If a : 0 and D + 0, a similar argument holds.
I f  a:b = 0,  then l ,  + 0 and d@,y):2f tny,  which takes

opposite signs when x : y and x = -y,

Theorcm 8.8, Suppose that f hos deriuatiues of the frst and
second orders f", fr, .f"- .f,r, fir, which are continuous at (a, b),
and write p, q, r, s, t for their ualues at (a, b).

I"hen f has a maximum or minimum at (a, b) if

( i )  p : q :0 ,

(ii) rl -s'! > 0.

If r < O,(a,b)is a maxhnum, if r > O a minimum. (From (ii)
r * 0 , )

If rt-s2 < O,(a, b) is neither a maximum nor a minimum off.
If rt - s2 : 0, we prooe nolhing.
Proof. By theorem 8.7, if h, k are small enough,

f(a+h, b+k) : f(a, b) + ph +qk + l(r,hz +2s,hk + t,kz),

rr, sr, l, being the values of f,", fru,.fuu for x : a + 0 h, y : b + 0k,
where d, depending on a, b, h, k, satisfies 0 < d < l.

If condition (i) is satisfied,

f(a+h, b+k)-f(a, b) : l(rrhz +2slhk + tLkz).

It is now clear what we have 1o do to complete the proof.
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The coefficients rb s!, t1 of the quadratic form in i, k tend to
r, s, t as (i, /r) + (Q 0), and we need to show that, for all suffi-
ciently small (h, k'1, the two forms

rrh2+?srhk+trkr,

rhz +2shk + tkz,

both have a fixed sign or are both capable of taking either sigr.
Write D :  r l - s ' ,  D t -  r r \ - s l

(so that Dr depends on ft, &).
Suppose that D > 0. Then r * 0. Suppose that r > 0. Since

lr-r.1, ls-s11, lt - lrl are arbitrarily small if (lr, k) is near enough
to (0, 0), we can choose d such that, for all &, k ra hz+kz < 62,

D1  >Q 11  >0 .

By the lernma, for all ft, /r in 0 < h2+k2 < &,

rrhz +2-s.hk + trkz > O,

and so (a, D) is a minimum ofl
Similarly, if D > 0 and r < Q then (a, D) is a maximurr.
Take now ttre case D < 0.
By the lemma, there is (ir, k) for which

rh2+?.shk+tkz

is less than O and (14, kr) for which it is greater than 0.
write FQ) = f(a+ht, b+kt)-f(a,b).

Then r(0): r(0) = 0,

Fr(o) : thz+%hk+tks.

Fot h : hL, k = kr, the function F(t) has a maximum at
t:0 (by theorem 4.72). Hence, in every neighbourhood of
(a, D), there is a point (x, y) for which /(x, y) <.f(a,b).

Similarly, from } : Ih, k : &, we arrive at a point for which
f(x,y) > f(a,b). 1

8,9. Implicit functions
The problem can be introduced by a particular example.

SuDDose that xz +Y2 = l'
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In what sense (if any) does this equation define y as a function
of  - t?  I f  avalueof  x isass ignedin - l  <  n < l ,  there are two
values of y which satisfy the equation. We stipulated on p. 47
that our functions should be single-valued. Suppose that we
start from a poinl, say (0, + l) and let x take values varying
continuously. Then plainly we can find corresponding values of
y such that (x, ;) satisfies the equation and y varies con-
titiuously. In graphical language we must keep the point (n, y)
on the upper part of the circle and not allow it to jump to the
lower part.

Moreover, with the understanding that

v  :  + . lQ-xz) ,

y has a derivative given by
' , , _ _  . Y
' '  - 

J(t -;r ') '

It is often inconvenient or impossible to solve an equation
F(x,l) : 0 explicitly for y. The iollorving theorem gives con-
ditions under which we can nevertheless assert that the equation
defines a functiony : /(x) and, further, that the function can be
differentiated.

Theorem 8,9. Suppose that, for (x, y) in a square with centre
(a, b), F(x, y) satisfies the conditions

(i) F(x, y) is diflerentiable,
(ii) F(a, b) : o,
(ii i) d(x, 7) > 0.

Then there is a fwtction y :.f(x) defned in an inten;al with
cenlre a suclt tlnt

(iv) y : /(,r) sotisfes F(x, )') : O identicallt,,
\v) dyldx exist,r and is giuen by

Proo/. ln fig. 5, Po is the point (a, b) and conditions (i)-(iii)
hold in the square shown. From condition (ii i), I(x, y) > 0 at
Qn and -F(x, 1) < 0 at -Ru.

From (i), l' is continuous, and so we can find vertical lines

F-+ F..4! : o.'  - d x
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Exercises 8 (d)

Notes on these exercises are giDen on p. 783.
l. Prove that, if A, B, C arc the angles of a triangle

cos I +21(cos ,+cos C) < 2.

2. Investigate maxima and minina of

(i) (x- y)t (a2-xr-yr),

(ii) (x - ),) (x -2y,).

1. It f(x, y') = x3+2x,y-xy2-8y?, show that there is only one point
(xs, y.) where necessary conditions for a maximum or minimum arc
satisfi€d. By considering the values oflon the line y = 1, prove that it
has no maximum or minimum.

4. If u = xt+yt, o = xs+y',
prove that, if x is considered as a function of a, u,

A x v A x l
at) = - 

2xG:i' at = 
iG-r'

, / -  i , \  IProve that ":;:2 = -
a@. u) 6xy(x - y)'

5. lf f(x, y, z) = 0, where / is a differentiable function of x, /, z, prove
that

laz\ lAx\ /Ay\
\ai l" \a'1"\axl '= -t '

where (0zl0y)" denotes the derivative of z with respect to / when r is
constant.

6. The equations f(x, y, z, w) = Q,

g(x' Y' 2' w) = O'

where/and g are differentiable, can be solved to give z and w as functions
of x, /. ProYc that

a3 =_{r,s> 1a1tr9 az __a(f.s) l4!.s,
ax a@,v)l 0(2, w)' at aU), w)l a\2, t!) '

Calq'rlate azlax, Az/a/ as furctions ot x, y, z, w if

xY+zte = O,

x2+y2-22-v2  =  l .
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NOTES ON THE EXERCISES

Ansryers or hints for solution are given to those exercis€s in which they
appear to be most useful. If an exercise embodi€s an important result or
an instructive method, the solution is set out in more detail.

1 (o)

1. Write I(a), r(n) for the expresions on left and right sides. Assume, for
some z, I(z) = r(n). Then

,(z+ 1) = (r)+(r+ 1)r = r(n)+(n+ 1)l
= +(n+1) (n+2) (bt+ 3) = r(r+ 1).

But r(l) = I = r(l). Hence (z) = r(r) for all n.

2. Right-hand side can be found from 1, since

left-hand side =V, r,-+3, r,.
l l

3. Put r, = l,2, 3 to fiod, A, B, C.

5. (r+1) > r(r*1) follows from (n) > r(r) if 2 > (n + l)lt}, i.e. if
n > 3. l(n) > r(r) is false if r = 9, true if z = 10,

7. m = pd-qc,4 = qa^pb will do.

1 (r)
3. Suppose that a/, is a root, where a and 6 arre integers without a @mmon
factor, and 6 > 0. Write a/D for x and multiply by 6'-1. This givcs i = 1.

4. 12, -3,4i -r, t, z.
1 (c)

r. 99170,2391169.
3. (a- c+^lb)' = dgives a = c or Jt rational.
6. ad = bc.

r(a
3. If /4 and B are sets of positive lumb€rs, then sup D = sup,{ sup I
and inf D = inf A inf B. If I or B may contain nogative numbers, there
is no such simple result.

5. If the a's are not all equal, there are two a,, a. for which a, < A < a,.
Replace a,, a. by 6,,4 where ,, = A, b, = qr+ q.- A. T\eo.

b,b,- +a, = (A-a) (a,- A) > O.

So the replacement has kept the A.M. the same and increas€d the c.M. After
at most n - I repetitions of the argument all the numbers are replaced
by ,4, The c,M., now equal to ,4, having been increased by replacements,
was at first less thao l.
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6. Use the identity
(',q,b,), = zolzbl-2(a,b,- a,b,),,

where r, J take the values, 1,2, ..., r,.

7. Prove that, for the positive integer r,

a " + \ _ l  a " _ l- i TT  >  n '
Dividing by the positive factor a- I and then multiplying up, we have
proved this inequality if

na"  >  a" - r  +  a" -2+ . . .+  l ,
which is true.

It follows that. if z > n.'  a ^ - l  a " - l
m n

To extend to rational indices, let r = mlp and s = nlp (with m,n,p
positive integers), Pat art' = b.

8. Similar to 7.
| (e,

l. a-c = i(d-D) gives (a- c'12 = -(d-[)2. From the order properties
of real numbers, left-hand side > O and right-hand side < 0.
3. (d+ bi) (c+ di, = O gives ac - bd = ad+ bc = O- Hence

(a' + bl) (c2 + d,) = (ac- bd)r 4 (ad + be), = O.
Therefor€ a'+b2 = O or cr+d2 = O.

r (n
2, Circle,line, circle, hyperbola foci 1 l, conkadicts theor€m l.lo (2).
3. (iii) Combining the conjugate 2rr+zt = 3 with the original equation
wehaye z, = Z3 and then zs = l.

4. Put z+p = Z.

5. If lzl < ], then l4rz+,...+a.z"l < 2{J+...+(})"} < l.
6. Circle.

8. If there is a root with lzl = l, then 2 = llz, and so crz+bt+a = O.
Conjugate gives Zz, +62 + a = O. Combine with original equation to give

z(ab-bi)+aa-cZ = O.
For converse, write w: (6c-Ab\l@n-ca), so that lwl = t. aw+b
reduces to -cw. B\t w = |lw.
9. Roots of quadralic are t)+ 1)2 + t)a and its conjugate u.+ l' + r!. Form
sum and product.

12. Proye first for z P(z).

13. Use 12.
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2 (a)
r. t+ (- +)..
5. s" = 17111o* 11*Ur, * O,
8. If r +.r', 1uLe6= ]ls-s'1. lN. ls"-sl < e and l,ro-.r'l < efor all
,r > lV. Contr&diction.

2 (b)

&10. All false. Counterexample for 9, .r, = 2141- 1;'n.

2 (c)

2. Limit 0, aolbo, *a, -co according as p <q,p=q,p> qanda6lbg
positive, p > q and aolbo r',egfa,tiye.

2 (d)
6. By the binomial theorem

/  t \ "  . .  l . a ( z - l )  I  Ir "  =  t t+ ; ,  =  r+n :+ i i  
;+ . . .+ ; ; .

We shall prove s, increasing and bounded. The (/+ lxh term of the
bioomial expansioo, namely

|  |  l \  /  f - l \

r r . . ,  ( t - ; ) " ' ( ' - - , ' )

increases as n increases. Moreover. the number of terms increases with r.
Therefore,s. increases,

From the above expansion

s"  <  r+r+r1+{+ . . .+1

<  r+ t+ l r+  j+ . . .+ )  <  t .

By theorem 2.6, r" tends to a limit e, where 2 < e < 3.

t. a+r"(z+ 1) <fnif (n+1) <2"+', i.€. if ( l+7-9" < z which is true
ifz > 3 (proved in last exercise).

Write {h = I+r.Thenz = (l+x)" > 1++z(n- 1)xr, andso xt <2ln.
,  H e n c e  x + 0 a s n + o .
.. lt, u, = 0if x = 0 orm a positive integer. Otherwise lu.*rlu^l -+ lxl.

12. (i) 3. (ii) 1,0, -1 according as a >, -, < b.

n n(Iu, ,t d+-i > 
"" 

> , 
n, + n.

(iv) tt! > an for rr > /V; d(a!) -+ co.
(v) Method of 2 (a), 5. Limit is - t(q+ br.
(vi) Use 2 (4, r,
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2 (.,
By methods of $8, limits are

l, 4. 2. l. 3, The smaller root.
4, 2. 5. 3, but s. is undefrned if,r. = f.
6 . 2 .

7. I = r(l + l2l), if,*,-l '= u"-1,

u"*,-l = (u"-l)l@"t+ l) < (u"-l)121, 412 > 30.
a ,  t , 2 , 3 .
9. a" ) an+t ) bn+r > 6n and an+r- bn+t < ,@"- b").

Also analbor, = snb..

2U l
l .  l /zt < l/(z- l)a givcs

H l  I
' 1 '7  t  N '

Hcnce N = 10',
For t (0.99)", we have from (0 99)x < l0-.(l -0.99), N > 1376.
The serond series converges more rapidly than the first.

2. First is c.p. convergent for r > 0 to sum l*r;alsoforr = 0 to sum 0.
For thir4 if ,,

so =) zr.r,

s"(l -r) = l(l-tn)l<l-r)l-nrr.
3. Less than 3 by about 5.4x 10-11.

,  1  r l  l  r  I> '  n@+ l)  ( , t+2) = 
1\ t t (n+D- 6+Doi+rJ 

'

2 (s)
l. General. lf A, B are statements, the notation A + B me ns'lf A,
thcn B'. We say also that (i),4 implies 4 or (ii) I is a sufficient condition
for 4 or (iii) I is a necessary condition for,l.

The double-headed anow Ao B means that ,4 and , are logically
equivalent to each other, in other words: (i) lf and only if ,4, then 8;
(ii) ,4 is a necessary and sufficient condition for 8.

In the text we shall nearly always write words instead of thc symbols

In the particular examples in l, the conditions are (i) N and S, (ii) N
not S, (iii) N only ifp + 0, not ,t
2. (i) iV, not.9, (i i) E, not ,(i i i)NandS.
3. (i) a.-+i; (ii) c.r.; (iii),r, (, odd, n even); (iv) llnl < U2-r.
s. cf.2(f),s.

t73
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6. For r" < Jn+r, s€e 2 (d),6. To provc

/  l \n , /  |  \ t r+r(r-;) . (r-fr)
take  a1= 4r= . . .=  4e  =  l -0 / r ) ,4n+r  =  I  anduse

c.M. of (ar, .,., a,+J < l.v.

,n-rn = {l -(l -z-")"}/(1-tt")".

To prove numerator -+ 0, use (l - rr)n > 1-nli.

7. .r" = (- l)",. r" = (- l)" or (- l)"+1.

E. 6(rr- l)/9(n- 1)r (z+ l).

10. If r" -+ l, , satisnes ,+(l/r) = 2,4. If roots of this are real, A > l. lf
c is the larger root, r"-c : (r"a-c)!r"-rc, and induction.

11. A sequenc€ os€illating more slowly as n gets larger, like

s" = 2+sir- (, n.

If rn*t/s" -+ -|, then .r" + 0.

12, Last part, u7 < @+t u7 < (l +Dai.

13. (i) True. (ii) False; we can say only r > t. Illustration of r = t
given by -rn = s"=lln. (i i i) Falsity shown by r"=nr (r evcn),
s" = (r- l)r (z odd); then s" '+ co.

14. Write r" = (rr+s!+..,+d/2.

Given e, s-€ < sn < J+€ for r > m,

Sum from m+l to n

(z-ra) (.r-e) < ,ran-mt^ < (r-m) (r+er.

Divide by n and rearrange

I . m \ . , m I . m \ . . m
\ r - ; / ( r -€ r+ ;  

rd  <  r '  <  
\ t  

- - ,  ($+er+ ;  r i .

Kceping n fixed, we can choose ao such that the first expression is greater
than J-2€ and the last l€ss than J+2€.

so s-;l' < t. < J+2€ for r > ,ro,

15. Sum of, terms is
I -x" nxn

1 t - x y - 1 - " '

3 (r)
4. It is assumed (aDticipating chapter O that the sine is continuous. lf
x + 0, sin (l/x) is continuous by theorem 3.5, and /(.r) is the product of
two continuous fuDctions. Continuity at x = 0 follows from the definition ;
l/(x)l < e if lxl <e.
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5, If ,t - l, there is only one value of r.
lf k + I, f(x) = k eives

(l - k)x'9- (6-9k)x + 5 - l8k = 0.

This gives real r if (6-9k)r > 4(l-&) (5-18&), i.e. if 9k -t6k+16 > 0
which is true for all &.
8. (i) x- I is a common factor.
9. (i) Multiply numerator and deDominaror by J(l +r)+y'(l -.r).

(iii) Case p < c. lf q-p is even, limit + co or - co according as
aolbo > or < 0. If 4-? is odd, consider x + 0+ and r + 0- separately,
1 0 .  ( i )  W e w a n t  t  o  r \ t  1 t \

\P+" r+V) (1+:  +F,

to be as close as possible to llx for large r. Equate coemcients of l/xr
f o r &  =  0 ,  1 , 2 .  p  =  9 , q  =  I , r  - _  _ 1 .

(ii) As in (i), squaring to get rid of J. Or, anticipatilg 95.8, expand
{l + (4/x)F}.

3 (c)
1. (i) Continuous ifx is irrational.

(ii) Discontinuous for x = nn (n 4 O).
(iii) Discontinuous for ll@- a) = ntr.

2, f(x) = I -tfor0 < x < l,/(0) = 0,/(l) = I org(x) = .r(rrational),
c(r) = 1-x (x irrational).
4. g(r) of 2 is continuous for .r = 1 only,
5. l0-r. 6. (r),r(0) = 0, (iii) /(0) = c.
7. I6+d)-/(r) < tr{/(.r + 2d) -/(x)}...

I
< 2 {.^x + 2 6) -f(x)}.

w h e r e 4 <  x  c b , a <  x + 2 8  <  b .  L , e t  d  +  0  a n d  z  - +  c o .

8, Iro-xr-rl { a"-11x.- xnl.

i(*"-",-J is (absolutely) oonvergent, i.e. x" -+g.
1

16-,r(o)l = l"/(0 -.r(0)l < al(l
gives -eE < 6-l(0) < dE, etc.

4 (a)
r .  ( i )  y :4(x-2) ,y  = -4(x+2) .  ( i i ) r  =  -+.
2.  y-2= - Ix ,y-2 = ' (x+4) .
3.  y  = 3x.  s .  y  = l r -  l l+  lx+ 11.
6. (i) (a) and (6) x = integer, (ii) (6) r = l.
7. (i) Touch at (0,0), arc tan l8 at (t,3).

(ii) li at both points.
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4 (b,

9. Writep(r) = (x - a)i (x - b\t' q(r), where a and 6 are cons€cutive roots
of p(.r) = 0. Prove that, if p'(.r) = (x - d^a G - b)n-r r(x), then r(a) and
r(6) have opposite signs.
10. If r+ o,f'(x\ = 2x sin (Ux)-cos (l/x), by the rules of$2.

Ifr = 0, !r(r) -/(0))/ h = hsin(llh) -+O, siving/'(0) = 0.
Examples like this arc repestedly us€d to settle some of the I€ss €asy

questions which occur in differentiation. This one gives the answer yer to
the questioq (in geometrical language!-can a curve have a taogent at
every point and yet the direction of the tangent not vary continuously?
12. DiFcrentiate four times, using 1l and rejecting vanishing determinants.

4 (c)
1, 2,5. Put into partial fractions,

4. sin 3x sin 5.r = Xcos 2r-cos 8x), and use 3,

6. The only way of doing this systematically is to use complex partial
fractions

a  r l  I  I  \
oz a *t 

= 
li \j=-;a- lllal 

.

The zth derivative is
( - l ) ' a !  I  I  I  I--Zt 

k;=Fri-G-+ia)+i'
If r = ,v/(t'+ ar) and cos A = xh, sin 0 = 4//, the! de Moivro's

theorem (l (e), 5) giYes

(x+ ia)'*' = /"+r {cos(n + 1) d+i sin (a+ l)d},

etc. The result finally takes the real form
(- 1)' n ! /{"+D sin (a+ l)d,

whero r, A have the assigned valu€s.

4 (d)
2. Method of 4 (r), 9.

5. At most one real root ofp(r) = 0 lies betwe€n two consecutive roots of
P'(x) = o.

ln the example, if z is odd, p(x) = -(l +xi)/(l +r) < 0 for all .r.
p(x) decreases as x increases from large - to large + values. p(x) = 0
for one x.

If z is even, p'(r) < 0 if * < I, p'(x) > 0 if x > I andll) > 0.

6. Us€ first part ofs.
4 (c)

2. Limit *.
3. We may take / = 0 (and apply the special cas€ to /(r)-rr).

Given e, choose X to make lf'(x'11 < e for x > X.

f(x)-f(x) = (x - x) !'(c).
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Divide by x. Choose xr to make l/(x)l < e&. Thcn
-2e<f (x ) lx<2e i I  x>  Xr ,

4- The discontinuous /'(x) in 4 (r), 10 shows that ther€ is a fals€ step in
the argument.

4 (ft

1. Put x = tr+1,, or uso 04.9. (i) (nln) (t)^-"; (ii) *tr',

2. a+ b.
^ 3at| t(2- l3l t 3at \5 .  y - | + t " =  

i = t l  t " - I + r . , .

If this meets the curve in point with parameter r, the product ofthe roots
o f  thecub ic inz is  -1 ,  and so  a  =  r , t  o r  - l l t z .  As  t -> -1 ,  tangent
approaches the asymptote x+y+q = O.

5. (i) Maxima wherc x2-2x-l = 0, minimum at x = l. (ii) None.

6. Greatest 313 for x = +r; least 0

8. /y/dx must not change sigq, rr < 34c.

9, .y = & touches the cwe y = p(x)lq@).

10. Hemisphere.

11. Diyide lioe of ceatres in the ratio 43/! to rsir.

12. Volume is geatest when P, C, R are mid-points of BC, CA, AB.

1 3 . 0 < & < L

16, 17. Induction. 18. n = 0 and Leibniz.

19. 1 xy-a < x1 < c, f'(xr) > O.

20-22. Use $4.9. 21. (i) -1;(i i)tr. 22. ,n(n+ l).

U. I*t f'(a) = a,f'(b) = /and supposec <l < P.Wlite

s(x) = f(x)_t(x_a).
g has a minimum fol some c between a and ,, and g'(c) = 0,

5 (4)
l .  C , C , C f o r x  <  l ,  C f o r x  < 4 , C f o r x < 2 ,

5. b"lan -> @, a"+1|b" -+O,

6. lf u" = ,r-h, then 4u^ -+ I and u^nlun -+ 1,

8, (i) Z; (ii) F; (iii) F Ge€ 3).

5 (r)
2 .  k > 1 , k > o .
3. (i) None; (ii) -1.

a, O fu"| + +, therefore D; (ii) abs. C; (iii) C by rheorem 5.22.
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5 .  a = b , C .  a + b , D .
6, Sums of 5 and 6 terms are f$ and f$,
7, (i) The hypothesis in theorem 5,22 that 4o d€creas€s is omitted. To prov€
the statemeDt false, coDsider

q. = llttt+(-1)ln'

(ii) llr"l < ,{ le"l. Hencc t lr,"l conv€rg€s.

3 (c)
r. tu2uDz.
2. lzl < l l - zl.

3. (i) Theorem 5.22 to re and im parts. (ii) lr"l = 21. r-'-+ co. (iii) |l" is
lln or iln accordiag as z is even or odd.

5(A
r. (i) 1, (iD all z, (iii) 1, (iv) Q (v) 2, (vi) 1, (vii) 1, (viii) *.
2 .  a < l , C a l l z .
5 .  X >  1 , R = 1 .
6, Uso theoreor l.l0 (sum).

7. lf r> 4 radius of convergenco is r. Ur=r, any trumber > r Givc
illustrations).

E. (r-dLt = 
"-^2' ,,":.".,-z^*',- 

I ,t 1 (n+l) r|t

For lzl = I, this tends to a finitc limit,
9. X = *, If lzl = j!, modulus of nth term > 1, and so series divergss on
thc circle.

5 (c)
l. (i) C; Qi) C if c < max (r, c)i (iii) C if & > *; (ivJ C ll k > 0; (v) D;
(vi) C.

^ l l 2'' a-l- o*l 
= 

ar=i'

3 .  (n-m)u,  < i  * .3  u. .+Oasm-+@. Pot  m= *n( i f  r reven)  or
,n+l  ' '+ l

t(r + l) (if ,t odd).

4. Of tarms v,/ith m-digit d€nominators, the number remaining is 8 x 9.-1.
Sum is lese than A g 9t {F_r \8 (i+m+ lo,+...+fu:i+..., = 80.
5. Thcorem 5.7.
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6 (a)
l. II e = |fu, 111s11

^(t  - i . ! \  =,"r  i  1. l .\m o  n l l  m i t  n l  m '
and so an integer is less than 1/m. Contradiction.

2. Included in 3.
3. The argument of 2(9),6, shows that, if r > x > e

( r*1".""n"<(r- : ) -" .
(The inequalities for x < 0 will then follow by putting r = -/.)

Now we Drovc that
I r - 1 1  - "  " '
\'I 

-;/ - 
\'I 

+-/ '+ u.

|  ^ n  l t  v h - n

L.H,s. = (r +1J t(t-;) 
- rj

/ / ,rr\-r . l . 'r cxD x< exrx{(r_1J _l  =f f i
(by use of easy inequality

l l - (b/,|) l-" < (l-61-t when 0<6< l).
4, fi6) < 0 for x > 0, and so /n decreases from l- k to - k.

- r+ l - - r

h+,G) = I"U)+ttrfr. gives /"*(x") > 0.
5. 9120. 6, Descending order as given.
7. exp (r/x).

6 (D)
t '  As i ' - r  o '  

i - t  exD(r losx)- l
n=: - -__ i - * toe , .

2. The derivatives satisfy '

1 - x < ( l + x ) - r < 1 - x + x 2 .

3. yf'(xy) = /'(.r) and xf'(xy) = /'(y).
t. tt x = (y-DlQ+ l), L.H.s. = los (t +x)-loc (l -x).

5. (i) a,0; (ii) log, (alb)llog (cld). For x.> co, several cases, e.g. if
max (a, b, c, d) is a,limit is co.

6 (c)
l. Take four terms of series for cos .r when x = * and three terms when
x= t .
2. From theorem 6.81, sin.n > 0 for 0 < r < 1z and from 6.82(l),

t 2 - ?

t79
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s in r  >  O fo r  tn  <x< z .  F rom 6 .82  (2 ) ,  s inx  <  0  fo r  r  <x<2n.
So sin (x+c) = sin .r cannot be true for all .r if c < 2z'

4. (logcosay)/l-+ -rd" (e.C. by $4.9). Puty= r/a

6 (d)

1. cosh (a + r/) sinh (r + 1) P cosech /.

2. Method of $2.8.

3, Real and imaginary pa(s of geometric series lr" exp (rnd).

4. Analogous formulae valid for lrl < e-0 if 0 > O.

5. Induction.

6. (i) Use cos 3r. (ii) r+*ri+*rl.
(iii) (l-x')y'-xy' = 2. Leibniz gives

(l - xt) r{n+tt - (2n + l) xln+r't - n2lnt = O.

Putting r = 0, we obtain Maclaurin coefficients,
(iv) Method of (iii). General term is

(-l)" m(m'-12) (m'-3', .., ln'-(2t-l)1x!i+r/(22+ 1) !

(v) exp (l +2,)x - >(l +2i) x"lnl
Def inedbycosd =  l l " l5 ,  s ina=2115.
R€al part is ,5li cos n?(x"ln!).
(vi) 1-lx'+}.ll.

7 (s)

2. Take E to be left-hand end-point of 6,,

2{rrr, =,t @q*,1* 1*. - *-,,
= 4.+r(4- 1) tq{'-Dt&+l)

= ar+\q - l) (qntt+rt - lj l(fr - 1)

= (b.+r - 4!+1) (4 - l)l(f, - lr.

{s a + oo, 4 -+ I and (qr+r- 1)/(4-1) + &+1.

5. Civen €, tbere is, by definition of .I, a dissection 90 for which

J < . t ( 9 0 ) < J + e .

I-et 9o li^ave p points of division inside (a, ,). tJt I & a\y diss€ction,
with norm 6*, and 4r the diss€ction formed by all points of division of
9o arld 9.

Then (theorem '1.21) S(9) <,s(gJ. Also, since 91 is formed from 9
by, extra points of division,

s(e)-S(eJ < p(M-m)8'.

Hence S(9) < J+e+p(M-m)8'.

$3. < el(M-m)p, then J < S(9) < J+ 26.
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7 (b)

Most of the exercises in this and the next set depcnd directly on the
mcthods of $S7,7 aod 7,6.

3, In (0, +lr), sio2a-r x > sinr' r > sintd+r r,

giving I,^-t ) Ir^ > -L.+r (in fact, >).

Divide by I1.*1 and us€ (2rr+ l) ,rnrr = 2m lz^-r.

7 (c)

6. 2^rc tan {(l +r) tan lrl( l -r)}+, (r<l),

-2arc tan {(r+ l) tan lt l(r - l)} +t (r> l).

L i m i t s  r + r ( r  <  l ) ,  - z * d ( r >  l ) .  1 =  S w h e n r =  l ,

7 (d)
2, First sum lies between

[2n dx r2n )e
I --:: and | :
J n  x  t t u + r  x

sqd se + log 2. Second sum -+ 0 by theorem 5.22.

H and E follow from theorem 7.11.

7, The idea of theorem 7.ll used aod applied to an increa$ng f.

9. (i) By $6.6, ifd > 0, (log z)a/r/ + 0. Ift < l, choose d = tr(l -?), say.
E(l/n,+,) diverges. Therefore so docs

t 4 o_ 
np+, (logn)q.

Similarly, convergence ifp > 1. Ifp = l, we have 6.
(ii) (log log z)t < log n if z > no. Divergent fot aU ?.

7 <e,
6. (a) Since y' < 0, tbe curve / = log t is concrve to O-r.

(i) First inequality €xpresses that the area uDder the curve / = log r
between x = r-*, x = r+l is less than area of trapezium formed by
y - O, x = r-1, x = r*l and tangent at x = t

7U')
1. (i) d2, from theorem 7.62. (ii) l.

lu  I l
2. sU\ = (x-l) I U(A dE+ x I G-Dl@dE.

l o  I t

Using theorem 7.62
f, -  ̂ .^ tr

e'Q) = 
I u €f@ de+ J,G-rt I@ d€,.

8 ( 0 ) = 8 ( l ) = 0 .
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s. tDf;s;
(ii) rogl(a) = I {t* (t-)....+r"e (r*)} - 

ltorcu{t+x)dx.
6. Mcthod of 5.
7. Integrate by parts. lnduction, For last part,

I.(rtt, < I (J-x), dx < 2 aDd 6'"+rlnl ->O
l - l

qs '| .+ co, giving an integgr €qual to I fraction,

E (o)
1. No, !o, y€s,

8 (r)
1. (i) Y€s. (D lfe > l.
2. Yes, yes, no.

3. (Cf. 3 (c), 4.) If /(-r) = A for .r irrational and xi for .r rational,
f'(x) = O at x = o and /is discontinuous for all other x. To construct an
analogous function g(r, /) of two variables, de6ne g(.r,f) =/(r) if
*r+yt = 4 1'.ur1u* of rwolution),

t (c)
1. (i) 4"u"+0.a. = o,

6"u'+i.tt' = O
have solutioB othcr rhan (O 0) for Cr, C.

(ii) Multiplication of determiosnts.
2. u = f(x)+fbt), o = (x+y)l(r-xy).

3. A = |ar sin8sin C/sin,4.
,tA ,r^a

; = :=+cot 
"' 

+@t C 6c-ctr,t A tA
I t a

and tA+EB+tC = O.
4. Method of 3, AA is gr€atrst whcn

8e> Q,8b > g Ec > 0 (acute-angled),

or 8a < O,8b > Q dc > 0 (obtuse at ,{).
5. / = /(.r)+j'(u), wher€, g ar€ arbitary (difr€r€ntiablc) functions.
6 (also 7, 9). TransfomEtion as in S8.6.

rl = x+^l(f+tD, s = Au+8.
E. As in $E.6.
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8 (d)

l Put -cos (8+C) for cos l. Necesary condition for turning value is
.8= C. Maximum of -cos 2r+ 23lt cos I given by I = +2.
2. (i) Maxima at (t '4, + +ll).

(ii) f" = f" = 0 at (0, 0) This is not a maximum or minimum
because, near (O, O), f < 0 between the parabolas y2 = x, 2f = x ard,
> 0 elsewhere.

3. (0,0).

5. Mcthod of 6.

6. dx, 8y, dz, 6l? satisfy (approximaiely)

f" 6x +f' 3r + f,6z + f" 3w = O
and similarly for g.

Puf 6/ = 0, solve for dz/r.r and let 0r + 0.

183
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INDEX

abolute convergence, 91, 95
aggtegate, 4
d'Alembert's test, 88
algebra,2
altemating series, 9l
analysis, 2
approxihatioo: by pobnomials, ?8;

to integrals, 145
approximative gunrs, upper and lower,

120
area, l19
axiom, l l ,  18

binomial series, 102
bisection method, 59
bound, bounded, 13, 53, 57

Cauchy: inequality, 17; mean value
theorem, 76; remainder in Taylor's
theorem, 82; test fot coovergence,
88

circle of convergence, 97
class, 4
closed, 13
comparison priociple, 88
complete, 12
complex, 18
conditional convergencc, 92
conjugate, 20
continuous,5l,  lJj
convergent, 38
codespoodence, 4E
cut, 8

Darboux, 87, 125
Dedekind,8
dense, 6
derivativo, 65
discontinuous, 53
diverg€nt, 39
differentiable, 65, t56
dissection, 119; norm, I  19
domaiD, 151

e, 33, 108
empty set, 4
Eule!: Euler's constant, 142; theorem

on homogeneous functions, 160
exponential function, 105

6eld, l0
6oite, 4
fuDction, 2, 47

Causs, 8
geomet o series, 39
geometry, 2
gFph, 26, 36, 50

homogeneous function, 160
hyperbolic function, I 17

implicit functions, 166
Increasrng, Jl ,  /J
indeterminate forms, 82
induction, 5
inequality, 17
infimum, 16
infinite, 4; series, 38
infinity, 27
integer, 4
integal: 119; inf ini te, l . l8
integration: by parts, 130; by substi-

tution, 130; by reduction formulae,
1 3 3

interval, 13
invelse function, 62, 69
irrational, 7; indices, 108

Jacobian, 16l

Lagraoge's remainder io Taylor's
theorem, Sl

Landau,4
leap, 60
Leibniz's theorem, 73
l imit,  t ,25, 49
logarithmic: function, ll0; series, tll

Maclaurin: Maclaurin's tbeorem, 79
-Cauchy jnte$al theorem, l4l

magnitude, orde. of, 107
mapping, 47
maximum, 77, 80, 164
meaD value theorem, 75
minimum, 7?, 80, 164
modulus, l9
de Moivre, l9
monotonic, 3l



Newton's method ofapproximrtion, 86 sequenc!, 23

186

rccessary condition, il4
neighbourhood, 52

numbgr, 2

open, 13
order, 5
oscillat , 28

phas€, 19
po$€r s€rie€, 96
principal value, 19

INDBX

46
Schwarz's inequality, 128

8€t, 4
. Simpsoo's rule, 146

StirliDg's formula, 148
sufrcient cotrditior, /|4
rupremum, 15

r, ll4, 136: irratiomlity of, 150 Taylor's serios, 101
partial differedtiation, 153 Taylor's theorenl 79: with intcgral

proportional p4rt3, 86
PythagoBr, 7

quateraion, 2l

radius of convcrgcnoc, 97
ratiolal, 5
real number, 10
rgarrangement of seri€s, 93 Wallis's product for z, 134
recurr€nce rclation, 34
repeated limit!, 105 Youog's oean value theorem, 80
Rolle's theorgE, 73

remaioder, 130; for two variables,
163

TbuNton, 4
tarsformatio!, 47
trigolomctric functions, 112: itrverse,

116
trigonometry, 3
turoirg valuc, 77

uniform contitruity, 60
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