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PREFACE

This course of analysis is intended for students who have a
working knowledge of the calculus and are ready for a more
systematic treatment. Only a quite exceptional mathematician
will then be mature enough for an axiomatic development of
analysis in metric spaces, and he can be left to teach himself.
The others normally follow a straightforward course based on
the idea of a limit, and this book is an attempt to provide such
acourse. I have stopped short of Cauchy sequences, upper and
lower limits, the Heine-Borel theorem and uniform convergence;
in my experience many men understand those topics more
readily if they are left to the next stage.

I am indebted to Professor G. II. H. Reuter and to Dr H.
Burkill for their careful scrutiny of the manuscript.

1..C. B
September 1961


























































































































































































































































































































































































































































































158 FUNCTIONS OF SEVERAL VARIABLES 8.5

8.5. Composite functions
We now extend to functions of two variables the formula

dy _ dydu

dx  dudx
proved in §4.2 (5).
Theorem 8.5. If x = x(f) and y = y(1) are differentiable functions
of t for a given t, and z = z(x, y) is a differentiable function of
(x, y) for the corresponding (x, y), then

z = z{x(1), y(1)}

is a differentiable function of t and
dz 9zdx ozdy

d “oxdi oyar
Proof. Let t be changed to 7+ 4¢; let éx and dy be the corre-
sponding changes in x and y.
Then de
0x = (

@t +€1) ét,
dy
6‘y = (3;+€2) 3t,
where ¢; and €, tend to 0 as 6t - 0. Writing
0z = z(x+6x, y+68y)—z(x, y),

we have, since z is differentiable,
0z oz
oz = = 6x+5-)—’ 3y +e(|8x] + | dy|),

where € - 0 as (éx, dy) - (0, 0).

If éx and Jy are both 0 (which may happen for arbitrarily
small &t if dx/dt = dy/dt = 0), e fails to be determined by the
last equation and we define € to be 0.

Substituting for éx and dy in terms of d¢, we obtain

9z dx 0z dy
0z = (é} EI_+5;' E) ot +1746t,

where it is easily seen that 7 -0 as §t - 0. |
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Corollary 1. 1If, in the theorem, x and y are functions of
more than one variable, say

x = x(t, u,v), ¥y = Wt,uv),
which possess partial derivatives, then, for each of the variables,
we obtain, by keeping the others constant,
0z 0z dx 0z dy
ot ox ot dpor
and similar equations with 7 replaced in turn by u and v.
This much-used rule for differentiating through the inter-
mediate variables is commonly called the chain rule.
Corollary 2. If, in corollary 1, x(z, u,v) and y(¢, u, v) are
differentiable in the sense of §8.4, then a straightforward
adaptation of the proof of theorem 8.5 shows that

z{x(t, u, v), ¥(t, u, v)}
is a differentiable function of ¢, u, v.

8.6. Changes of variable. Homogeneous functions
This section contains applications of theorem 8.5.
Example. Express in polar coordinates
2 2
assuming that these second-order derivatives are continuous.
Solution. Corollary 1 of the last theorem gives

o _aex Voy _oF . V.
ar " oxor ayor  ox S0 Ty Y

o _oVex iy i
90 ~ ax 0 3y 30~ ox

At this stage we have on the right-hand sides terms containing
both (x, y) and (r, 6). To keep the cartesian and polar variables
separate, it is advisable to solve for 9V/éx and éV/éy. We find

—rsinf) + ?Ercosﬁ.
oy

@(if r + 0) Q’_COSGBV s_m() oV
G ar r @9’
av . 0V cos@éeV

}33;_ = sinf 8r+ r 86’
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These equations enable us to convert the operators d/2x and
2/ay acting on a function into operators involving 2/or and
d/e@. Thus

Y _ (conp 520 2) (cup 8000
ax: or r @0 2

= cosf {cosd &y _sing &V  sin6 oV
- ot r o0 r* 0

Loinble g BV g pBY, MO ET, oot 1)
o S Tr 2 r 90)°
There is a similar expression for 2*F/dy?, which the reader
should write down. Adding, he will find that

av ey _&V 19V 1 &V

it mTratpm !

We now turn to homogeneous functions as a further illus-
tration of theorem 8.5. The elementary notion of a homo-
geneous function is a polynomial in the variables, all the terms
being of the same degree. For instance, 2x% — x%y +4y* is homo-
geneous of degree 3. The more general definition which follows

allows, say, (S+29)%
x+3y

to be homogeneous of degree .
Definition. f(x,y) is homogeneous of degree h if, for every
positive ¢ and all x, y for which fis defined,

fltx, ty) = £f(x, ).

Theorem 8.6. A necessary and sufficient condition that the
differentiable function f(x, y) should be homogeneous of degree h

is tha
oo ot yfy = hf
for all x, y.

Proof. We prove the necessity, which dates from Euler.
Putting £ = tx, 7 = ty, we have

f(gr 1) = thf(x: y)-
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Keeping x, y constant, differentiate with regard to ¢. Theorem

8.5 gives
ofde of dn _ s
'gga?""%a‘[‘ = ht*=1f(x, y).
Put 4 = 1 and we have the required condition
Jex+fy = H.

To prove the sufficiency of this condition, take, as before,
£ = tx, 7 = ty. Keeping x, y constant, we have

%f(ﬁ, 7) = x%ﬂ/af = 1(15 éf’”f 6f),

o t\"a&" "oy
and, by hypothesis, the last expression is Af(§, 7)/t. So, if
U=f(g,77), 1@_{'
vdt  t°

Therefore v = A", where A is independent of 7. So

Sftx, ty) = A" = 0'f(x, y),
by putting £ = 1. |

Exercises 8 (c)
Notes on these exercises are given on p. 182.

1. (The Jacobian.) Let u,v be differentiable functions of x, y. The

determinant
Uy Uy

Uz Uy
o(u, v)
ax, y)
is called the Jacobian of the transformation from (x, y) to («, v). Its role
corresponds to that of the derivative du/dx for a function u(x) of a single
variable. Prove the following properties which illustrate this role.
() If a relation ¢(u, v) = C holds for all (x, y) in a domain D, then
au, v) _
ey
in D. (The converse is true but more difficult to prove.)
(ii) If x, y are differentiable functions of s, ¢, then

ou,v) _ &u,v) 8(x,y)
s, 1)~ Ax,p) s, )"

All this may be extended to n functions of n variables,

written shortly as
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2. A function f(x) is defined by the properties f'(x) = 1/(1+x% and
f0) = 0. Use 1) (the converse) to show that there is a functional
equation

x+y
FO+10) = f(722).

3. Thearea A ofa triangle is found from measurements of a, B, C. Prove
that the error in the calculated value of A due to small errors da, 0B, 6C is
given approximately by

36__2&: ¢ 6B b éC

K=t asnB asinc
4. The sides a, b, ¢ of a triangle are measured with a possible percentage
error € and the area is calculated. Prove that the possible percentage error
in the area is approximately 2¢ or 2¢ cot B cot C according as the triangle
is acute-angled or obtuse-angled at A.

5. (The wave-equation.) Prove that, by the transformations u = x—ct,
v = x+ct, the partial differential equation

oty . chiphy
Frolalar >
&%y
reduces to Balp = 0,

and hence solve the equation.
6. If f(x, y) is transformed into g(x, v) by the transformation
x=uw—vt, y= 2,

2 2o alniPe
oxt " 9 T 4+ 1Y) (Bu'+av’ 4

Find the most general function S(x, ¥) which satisfies

prove that

E,+w=‘-0

and is a function of x+./(x2+3?) only.
7. Prove that, if r and 6 are polar coordinates and A = log r, the equation

ﬂ’+ﬂ_ 0

ox? " 9yt T

ey oty
becomes E)IT-I-@_H; = 0.

8. For all positive values of A, the function & satisfies the condition that
&"x, A%y) = Ang(x, y),
where r, 5, n-are positive integers. Prove that

% o _
rx ax+sy 5} = ng.
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9. The function F(u, v) becomes f(x, y) when the substitution
u = x*=3x)",

v = 3x%y—)*
is made. Prove that
Rt i {?Z iy, E, F
9(x*+y%)? lox? 3y2} T oant et

8.7. Taylor’s theorem

We extend to a function of two variables the nth order mean
value theorem proved on page 81.
Theorem 8.7. Suppose that the partial derivatives of order n of
f(x, y) are continuous in a neighbourhood of (a, b) which contains
the line joining (a, b) to (a+h, b+ k). Then

Flart bk = o, b)+(h +kab)f(a, B+ ...
+( ]),( +kab) f(a, b)

(h £a ) T POTEE O Wildre 0

The meaning of the operator
d o™
(hg5+k 55) 1)

is % (’:) il ___3L__r S(x, ).

r=0
In the expansion of f(a+#h, b+k), the values (a, b) are inserted
for (x, y) after performing the differentiations of orders up to
n—1 and (a+6h, b+ 0k) in the nth order terms. The hypothesis
of continuity of the partial derivatives ensures that the order of
differentiation in any

o
Xy S(x,y) (m<n)
is indifferent.
Proof of theorem 8.7. We reduce the number of variables to

one () Dy Wallag Cron o Srra ke ke
By theorem 4.82,

F(1) = FO)+F/(0)+...+

where 0 < 0 < 1.

1 i s
o R e

I1-2
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The successive derivatives F'(f), F'(¢), ... are calculated by
means of theorem 8.5. With the prescribed notation,

F(O) = (hg+k 73) i@ b

o) = (2L o 2 kz"’—z)f b
()"( ot 2k gz K ) /(@ 0,

and so on. Finally, F*(6) has the value stated in the theorem. |

The possible extension of this result, on the lines of theorem
5.8, to provide an expansion of f(x, y) in an infinite series of
powers of x and y is less important than the expansion of f(x)
as Zag, x™.

8.8. Maxima and minima

We extend to a function f of two independent variables the
discussion of §7 of chapter 4.

Definition. f has a maximum at (a, b) if there is a neighbour-
hood of (a, b) in which f(x, y) < f(a, b) except for (x, y) = (a, b).

We define a minimum by substituting > for <.

The following analogue of theorem 4.71 is immediate.

If f, exists at (a, b), a necessary condition that f has a maximum
or minimum at (a, b) is that f,(a, b) = 0.

This follows by applying theorem 4.71 to f(x, b).

A similar statement holds for f,(a, b).

The investigation of sufficient conditions for a maximum or
minimum has a feature which was not present with only one
independent variable. This is embodied in an algebraic lemma.

Lemma. If $(x, y) = ax*+2hxy +by?, where all the numbers are
real, and D = ab—h?, we have
(@) if D > Oand a > 0, then ¢(x, y) > 0 for all (x, y) except
©, 0);
if D> 0anda < 0, then ¢(x, y) < 0 for all (x, y) except
0, 0);
(ii) if D < O, there are values (x, 1), (X3, ¥2) arbitrarily near
to (0, 0) for which

Pxn ) = 0, S, p) < 0.



8.8] FUNCTIONS OF SEVERAL VARIABLES 165
Proof. (i) Note that D > 0 implies that @ # 0. Then
ap = (ax+hy)*+(ab—h?) y*
>0 unless x=y=0.
So, if a > 03, then ™ g0,
and if a<0, then ¢ <0.

(ii) Suppose that a + 0, say a > 0. Then, if y, = 0 and x;
has any value (except 0), the expression for a¢ in (i) gives

@(x1, y1) > 0.
If (x, ¥5), not being (0, 0), satisfy ax,+ iy, = 0, then

P(xz, y) < 0.
Ifa = 0 and b + 0, a similar argument holds.

Ifa=5b =0, then A + 0 and ¢(x, y) = 2hxy, which takes
opposite signs when x = yand x = —y.

Theorem 8.8. Suppose that f has derivatives of the first and
second orders [, fys fezs foys fyy» Which are continuous at (a, b),
and write p, q, r, s, t for their values at (a, b).

Then f has a maximum or minimum at (a, b) if

(1) p =m0,
(ii) rt—s® > 0.
Ifr <0, (a, b) is a maximum, if r > 0 a minimum. (From (ii)
r+0)
If rt—s? < 0, (a, b) is neither a maximum nor a minimum of f.
If rt—s* = 0, we prove nothing.
Proof. By theorem 8.7, if A, k are small enough,
Sla+h, b+ k) = f(a, b)+ph+qgk + 3(r, i* + 25, hk + 1, k?),

1, 5, 1, being the values of £, fzy, fy, for x = a+6h, y = b+ 6k,
where 6, depending on a, b, h, k, satisfies 0 < 6 < 1.
If condition (i) is satisfied,

fla+h, b+k)—f(a, b) = 3(rih®+2s hk + 1, k?).

1t is now clear what we have to do to complete the proof.
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The coefficients ry, sy, #; of the quadratic form in A, k tend to
r, s, t as (h, k) - (0, 0), and we need to show that, for all suffi-
ciently small (A, k), the two forms
r1h2+ 251hk+ tlk',
rh®+ 2shk + tk?,

both have a fixed sign or are both capable of taking either sign.

b D=rt—s% D,=rt—s;

(so that D, depends on 4, k).

Suppose that D > 0. Then r & 0. Suppose thatr > 0. Since
|r=ri, |s—s1], |t — ;] are arbitrarily small if (h, k) is near enough
to (0, 0), we can choose & such that, for all &, k in A2+ k% < 6%,

D,>0, r;>0.
By the lemma, for all 4, kin 0 < A2+ k2 < &%,
rih®+2s,hk+ k% > 0,
and so (a, b) is a minimum of f,

Similarly, if D > 0 and r < 0, then (g, b) is a maximum.

Take now the case D < 0.

By the lemma, there is (/,, k,) for which

rh®+ 2shk + tk?

is less than O and (h,, k,) for which it is greater than 0.

Vet F(f) = f(a+ht, b+ki)—f(a, b).
Then F(@©) = F'(0) = 0,

F"(0) = rh®+ 2shk + tk2.

For h = hy, k = k,, the function F(f) has a maximum at
t = 0 (by theorem 4.72). Hence, in every neighbourhood of
(a, b), there is a point (x, y) for which f(x, y) < f(a, b).

Similarly, from & = hy, k = k,, we arrive at a point for which

J(x,y) > fa, b). |

8.9. Implicit functions

The problem can be introduced by a particular example.

Suppose that Bh =1,
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In what sense (if any) does this equation define y as a function
of x? If a value of x is assigned in —1 < x < 1, there are two
values of y which satisfy the equation. We stipulated on p. 47
that our functions should be single-valued. Suppose that we
start from a point, say (0, +1) and let x take values varying
continuously. Then plainly we can find corresponding values of
vy such that (x, y) satisfies the equation and y varies con-
tinuously. In graphical language we must keep the point (x, )
on the upper part of the circle and not allow it to jump to the
lower part.
Moreover, with the understanding that

o= o '\/(1 S xz):
y has a derivative given by
2 e
Yoo i

It is often inconvenient or impossible to solve an equation
F(x, y) = 0 explicitly for y. The following theorem gives con-
ditions under which we can nevertheless assert that the equation
defines a function y = f(x) and, further, that the function can be
differentiated.

Theorem 8.9. Suppose that, for (x, y) in a square with centre
(a, b), F(x, y) satisfies the conditions
(1) F(x, y) is differentiable,

(i) Fa, b) = 0,

(iii) F(x,y) > 0.

Then there is a function y = f(x) defined in an interval with
cenire a such that

(iv) v = f(x) satisfies F(x,y) = 0 identically,

(v) dyldx exists and is given by

dy
Fa+ Fy T 0.

Proof. In fig. 5, P, is the point (a, b) and conditions (i)-(iii)
hold in the square shown. From condition (iii), F(x, y) > 0 at
O and F(x, y) < 0 at R,.

From (i), F is continuous, and so we can find vertical lines
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Exercises 8 (d)
Notes on these exercises are given on p. 183.
1. Prove that, if 4, B, C are the angles of a triangle
cos A+ 2¥(cos B+cos C) < 2,

2. Investigate maxima and minima of

(D —yidat =xt="),

(i) (x—»*) (x—2)7).
3. If flx, ») = x*+2x*y—xy*—8)°, show that there is only one point
(x9, ¥o) where necessary conditions for a maximum or minimum are

satisfied. By considering the values of f on the line y = y,, prove that it
has no maximum or minimum.

4. If u=x'+y%, ov=x4)3
prove that, if x is considered as a function of u, v,

L AL X, S N
2u = 2x(x—y)’ o  3x(x—yp)°
x, ) _ 1

Prove that o )"

5. If f(x, y,z) = 0, where [ is a differentiable function of x, y, z, prove

h
©).2,@),= -
oyle\oz/y\ox/, — 7
where (2z/2y), denotes the derivative of z with respect to y when x is
constant.

6. The equations f(x, y,z, w) = 0,
&x, y,z,w) = 0,

where fand g are differentiable, can be solved to give z and w as functions
of x, y. Prove that

oz _ _fig) [Ufg) @8z _ _afg) [Af,g)

ax — dx,w) Az w)’ By Ay, w oz, w)"
Calculate dz/dx, dz/dy as functions of x, y, z, w if
xy+zw = 0,

XEpi—t—pti= |,



170

NOTES ON THE EXERCISES

Answers or hints for solution are given to those exercises in which they
appear to be most useful. If an exercise embodies an important result or
an instructive method, the solution is set out in more detail.

1(a)
1. Write I(n), r(n) for the expressions on left and right sides. Assume, for
some n, I(n) = r(n). Then

In+1) = I+ @+1) = r)+(n+ 1)
=i@m+1) (n+2) 2n+3) = r(n+1).
But /(1) = 1 = r(1). Hence l(n) = r(n) for all n.
2. Right-hand side can be found from 1, since

2n n
left-hand side = % r—4 ? r.
3. Putn= 1,2, 3 tofind 4, B, C.
5. [(n+1) > r(n+1) follows from I(n) > r(n) if 2 > {(n+1)/n}?, ie. if
n> 3. I(n) > r(n) is false if n = 9, true if n = 10.
7. m = pd—gqgc, n = ga—pb will do.

1(b)
3. Suppose that a/b is a root, where a and b are integers without a common
factor, and b > 0. Write a/b for x and multiply by 5”1, This gives b = 1.

4. £2,-3,4; -1,%,%.
1()
1. 99/70, 239/169.
3. (a—c+4/b)* = d gives a = c or /b rational.

6. ad = be.

1@)
3. If A and B are sets of positive numbers, then sup D = sup A4 sup B
and inf D = inf A inf B. If 4 or B may contain negative numbers, there
is no such simple result.

5. If the a’s are not all equal, there are two a,, a, for which a, < 4 < a,.
Replace a,, a, by b,, b, where b, = A, b, = a,+a,— A. Then

b.b,—a.a, = (A—a,) (a,— A) > 0.
So the replacement haskept the A.m. the same and increased the c.m. After
at most n—1 repetitions of the argument all the numbers are replaced

by A. The c.M., now equal to 4, having been increased by replacements,
was at first less than A4.
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6. Use the identity
(Za,b)* = Za;Th;—Z(a,b,—a,b,)?,
where r, s take the values, 1, 2, ..., n.
7. Prove that, for the positive integer »,
ati—1 a"—1
n+1 = n

Dividing by the positive factor a—1 and then multiplying up, we have
proved this inequality if
na"™ > a"'+a"*+ ... +1,

which is true.

It follows that, if m > n,
am—1 i ar—1

m n

To extend to rational indices, let r = mfp and s = n/p (with m, n, p
positive integers). Put @'/? = b,

8. Similar to 7.

1(e)
1. a—c = i(d—b) gives (a—c)* = —(d—b)®. From the order properties
of real numbers, left-hand side > 0 and right-hand side < 0.

3. (a+bi)(c+di) = 0 gives ac—bd = ad+bc = 0. Hence
(@*+bY (e +d?) = (ac—bd)*+ (ad+ be)* = 0.
Therefore a+b=0 or A+d?=0.

1()
2. Circle, line, circle, hyperbola foci + 1, contradicts theorem 1.10 2).

3. (iii) Combining the conjugate 2z°+ z® = 3 with the original equation
we have z* = z° and then z® = 1.

4. Put z+p = Z.
5. If |z] < 4, then |az+...4+a"z,| < 2(+...4+()") < 1.
6. Circle.

8. If there is a root with |z] = 1, then Z = 1/z, and so ¢z*+ bz +a = 0.
Conjugate gives cz*+bz+a = 0. Combine with original equation to give

z(ab—bt)+aa—cc = 0.

For converse, write w = (bc—ab)/(aa—cc), so that |w| = 1. aw+b
reduces to —ew. But w = 1/w.

9. Roots of quadratic are v+ v?+v* and its conjugate v®+v5+1%. Form
sum and product.

12. Prove first for a P(z).
13. Use12,
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2(a)
L -4+ (=A%
5. s, = 1/{{/(n+1)+4/n} > 0.
8. If s + &, take € = 4|s—s'|. AN. |s,—s| < €and |s,—5'| < € for all
n > N. Contradiction.
20
8-10. All false. Counterexample for 9, s, = n*+(—1)"n.

2 (o)
2. Limit 0, ay/b,, +0, —co according as p < g, p = q, p > q and a,/b,
positive, p > g and a,/b, negative.

2(d)
6. By the binomial theorem

e n(n—1) 1 L
‘(l+n) '1+"n+ W e

We shall prove s, increasing and bounded. The (r+ 1)th term of the
binomial expansion, namely

1.21...r (' ‘;;) (' _r—;_l)

increases as n increases. Moreover, the number of terms increases with n.
Therefore s, increases.
From the above expansion

e = 1+1+2],+3I,+ +1
< 1+1+5 +1+ e Y
2 2"

By theorem 2.6, s, tends to a limit e, where 2 < e < 3.

7. "n+1) < Y if (n+1)" < nm*, ie. if (1+#)" < n which is true
if n = 3 (proved in last exercise).
Write 9 = 1+x. Thenan = (14+x)" > 1+3n(n—1)x2 and so x? < 2/n.
Hence x - 0 as n —» oo.
11. u, = 0if x = 0 or m a positive integer. Otherwise |t,,,/u,| = |x]|.

12, (i) 3. (i) 1,0, —1 according as a >, =, < b.

() 7o s S L
n*+1 r+n
(iv) n! > a" for n > N; ¥(n!) - co.
(v) Method of 2 (@), 5. Limit is —4(a+b).
(vi) Use2(d), 1
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2(e)
By methods of §8, limits are
4. 200, 3. The smaller root.
2 5. 3, but 5, is undefined if 5, = 3.

2

BB

I= i(l +‘V{21)9 1”:+1_Iz = Up—1,

Upiz—1 = (WUpa=D/(tps, +1) < (=021, 41* > 30.
8 123

9 a, > Qny1 > bn+1 > bn and an+1_bn+1 < '}(an_bu)-
Also Ani1Bnsy = Gy,
200)
1. 1/n* < 1/(n—1)n gives 3
i |
N+1nt ~ N°

Hence N = 10
For Z (0-99)", we have from (0-99)¥ < 10-%(1—-0-99), N > 1376.
The second series converges more rapidly than the first,

2. First is G.p. convergent for » > 0 to sum 1 +#; also for r = 0 to sum 0.

For third, if =

S, = 2 mr™-l,
m=0

so(l—=r) = {(1=r)/(1=r)}—=nr".
3. Less than 3 by about 5-4 x 1011,

PS5 St ¥y o i
"nn+1)(n+2) ~ 2 lan+1) (n+1)(n+2)) °

2(g)
1. General. If A, B are statements, the notation 4 = B means ‘If A,
then B’. We say also that (i) 4 implies B, or (ii) 4 is a sufficient condition
for B, or (iii) B is a necessary condition for A4.

The double-headed arrow A <= B means that 4 and B are logically
equivalent to each other, in other words: (i) If and only if A4, then B;
(ii) 4 is a necessary and sufficient condition for B.

In the text we shall nearly always write words instead of the symbols
=, <,

In the particular examples in 1, the conditions are (i) N and S, (i) N
not S, (iii) N only if p % 0, not S.

2. (i) N, not S, (ii) S, not N, (iii) N and S.
3. () up —~%; (ii) c.p.; (iii) s, (n odd, n even); (iv) 1/n! < 1/2"1,
8. (Cf. 20D, 5
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6. For s, < Sp41, See 2 (d), 6. To prove

(-3 < (-)"

takea; = a3 = ... = g, = 1—(1/n), any; = 1 and use
G.M. of (ay, ..., Gny1) < AM,
ta—sp = {1=(1—n)"/(1—n"")"
To prove numerator — 0, use (1—-k)" > 1—nk.
7. sp= (=11, = (—1)" or (— 1)+,
8. 6(n*—1)/9(n—1)n (n+1).

10. If r, - I, I satisfies I+ (1/I) = 2A4. If roots of this are real, A = 1. If
c is the larger root, r,—c¢ = (rn,_; —c)/ra—1¢, and induction.

11. A sequence oscillating more slowly as n gets larger, like
Sp = 2+ sin (7y/n).

If $p41/80 > — 3, then s, - 0.
12. Last part, nul < (n+3 2 < (1+3) .
13. (i) True. (ii) False; we can say only s = t. Illustration of s = ¢
given by —1, = s, = 1/n. (iii) Falsity shown by s, = n* (n even),
Sy = (n—1)% (n odd); then s, — o0,
14. Write ty = (5;+ 53+ ... +5,)/n.
Given €, s—e< s, <s+e for n>m.

Sum from m+1 to n

(n—m) (s—¢€) < nty—mt,, < (n—m) (s+e¢).

Divide by n and rearrange

(l—-mﬁ) (s—€)+%1 fa Sila~= (1—%) (s+e)-t~i%I 1

Keeping m fixed, we can choose #n, such that the first expression is greater
than s—2¢ and the last less than s+ 2e.
So s—2e<t,<s+2 for n> n,
15. Sum of n terms is
1—x" nxt
(1-x)2 1-x"

&X()}
4. It is assumed (anticipating chapter 6) that the sine is continuous. If
x % 0, sin (1/x) is continuous by theorem 3.5, and f(x) is the product of
two continuous functions. Continuity at x = 0 follows from the definition;
If(x)] < €eif |x] <e.
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5. If k = 1, there is only one value of x.
If £ £ 1, f(x) = k gives
(1-k)x*—(6—9k)x+5—18k = 0.
This gives real x if (6—9k)* = 4(1 —k) (5—18k), i.e. if 9k2—16k+16 = 0
which is true for all %.
8. (i) x—1is a common factor.

9. (i) Multiply numerator and denominator by /(1 + x)+4/(1 = x).

(iii) Case p < g. If g—p is even, limit 4+ o or — o according as
ay/by > or < 0. If g—p is odd, consider x - 0+ and x - 0— separately.
10. (i) We want . et

(p+i+z) (1+3+3)
to be as close as possible to 1/x for large x. Equate coefficients of 1/x*
fork=0,1,2, p=0,9g=1,r = —1.
(ii) As in (i), squaring to get rid of 4/. Or, anticipating §5-8, expand
{1+ @/x¥}t,
3()
1. (i) Continuous if x is irrational.
(ii) Discontinuous for x = nm (n % 0).
(iii) Discontinuous for 1/(x—a) = nm.

2. f(x) =1=xfor0 < x < 1,f(0) = 0,f(1) = 1 org(x) = x(xrational),
g(x) = 1—x (x irrational).

4. g(x) of 2 is continuous for x = % only.
5. .10:2 6. () f(0) = 0, (iii) /(0) = a.
7. fx+8)—f(x) < HAx+28)—f(x)}...

< 5 UG +28) =00,

wherea < x < b,a < x+2"8 < b. Let 8+ 0and n—+ oo,

8. |xg =203 € a3 x;— x|,

o0
%(x,. — Xq—1) is (absolutely) convergent, i.e. x, - £.

[E=/(0)] = |f(E)-f(0)] < «|é]
gives —af < E—f(0) < af, etc.

4 (a)
) y=4x—-2),y = —4(x+2). (i)y = —4.
y=2= —ix,y-2 = Hx+4).
y = 3x 5. y= |x=1|+|x+1]|.
(i) (a) and (b) x = integer. (ii) (b)) x = 1.

(i) Touch at (0, 0), arc tan 18 at (3, 2).
(ii) 47 at both points.

R L
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4(b)
9. Write p(x) = (x—a)™ (x— b)" g(x), where a and b are consecutive roots
of p(x) = 0. Prove that, if p’(x) = (x—a)™ ! (x—b)"! r(x), then r(a) and
r(b) have opposite signs.
10. If x + 0, f’(x) = 2x sin (1/x)—cos (1/x), by the rules of §2.

If x = 0, {f("W)—f(0)}/h = hsin (1/h) - 0, giving f'(0) = 0.

Examples like this are repeatedly used to settle some of the less easy
questions which occur in differentiation. This one gives the answer Yes to
the question (in geometrical language)—can a curve have a tangent at
every point and yet the direction of the tangent not vary continuously ?

12. Differentiate four times, using 11 and rejecting vanishing determinants.

4(c)
1, 2, 5. Put into partial fractions,

4. sin 3x sin 5x = }(cos 2x—cos 8x), and use 3.

6. The only way of doing this systematically is to use complex partial
fractions

O L ( it )

a*+x*  2i\x—ia x+ial’
The nth derivative is

(=1D"n! { 1 4 1 }
2i (x—ia)"" (x+ig)"H)"*
If r=4(x*+a* and cos@ = x/r, sin@ = afr, then de Moivre’s
theorem (1 (e), 5) gives
(x+ia)"™ = r** {cos(n-+1) 6+i sin (n+1)6},

etc. The result finally takes the real form

(—=1)* n! -t sin (n+1)6,
where r, @ have the assigned values.

4 (@)
2. Method of 4 (b), 9.
5. At most one real root of p(x) = 0 lies between two consecutive roots of
p'x) =0.

In the example, if n is odd, p'(x) = —(1+x")/(1+x) < 0 for all x.
p(x) decreases as x increases from large — to large 4 values. p(x) =0
for one x.

If niseven, p'(x) < 0if x < 1, p'(x) > 0if x > 1 and p(1) > 0.

6. Use first part of 5.
4(e)
2. Limit 4.
3. We may take / = 0 (and apply the special case to f(x)—Ix).
Given ¢, choose X to make |f'(x)| < e for x > X.

S —=f(X) = (x=X) f(0).
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Divide by x. Choose X; to make |f(X)| < €X;. Then
—-2e< fx))x <2 if x> X,.

4. The discontinuous f’(x) in 4 (b), 10 shows that there is a false step in
the argument.

4(f)
1. Put x = 3+ 4, or use §4.9. (i) (m/n) (3)™"; (ii) 472
2. a+b. I 2 4
ar Wit at
3. Y 1Ep =~ 137 (x_1+t")‘

If this meets the curve in point with parameter «, the product of the roots
of the cubic in #is —1, and so u =1, or —1/t% As t—> —1, tangent
approaches the asymptote x+ y+a = 0.

5. (i) Maxima where x*—2x—1 = 0, minimum at x = 1. (ii) None.
6. Greatest 3./3 for x = 4m; least 0.
8. dy/dx must not change sign, 6* < 3ac.
9. y = k touches the curve y = p(x)/q(x).
10. Hemisphere.
11. Divide line of centres in the ratio a*? to %2,
12. Volume is greatest when P, @, R are mid-points of BC, CA, AB.
130<k<1.
16, 17. Induction. 18. n = 0 and Leibniz,
19, dx;. a<x < ¢, f(x) > 0.
20-22. Use §4.9. 21. (i) —1%; G 3. 22. in(n+1).
24, Let f'(a) = «, f'(b) = S and suppose & < y < B, Write
g0 = f(x)—y(x—a).

£ has a minimum for some ¢ between a and b, and g'(c) = 0.

5(@
C,CCforx<s1,Cforx <4, Cforx < 3.
b*fa® - oo, a""1jbn - 0,
If u, = n7%, then Ju, - 1 and wp 1 /u, — 1.
(i) T; (ii) F; (iii) F (see 3).

90 O Lh e

5()

P

k>1,k>0.
3. (i) None; (i) —1.
4. (i) |un| — 4, therefore D; (ii) abs. C; (iii) C by theorem 5.22.
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5. a=5,C. a+ b, D.
6. Sums of 5 and 6 terms are 3} and £%.

7. (i) The hypothesis in theorem 5.22 that a,, decreases is omitted. To prove
the statement false, consider

= 1/nb+(=1)"/n.

(ii) |ua| < A |v,|. Hence Z |u,| converges.

5(@)
1. See 2(f), 2.

2, |z] < |[1—z|.

3. (i) Theorem 5.22 to re and im parts. (i) |u,| = 24" n~2 - o0, (iii) u, is
1/n or i/n according as n is even or odd.

5(@)
() 1, (i) all z, (iii) 1, (iv) 0, (v) 2, (vi) 1, (vii) 1, (viii) 4.
a<l,Callz
R 1L R=1
Use theorem 1.10 (sum).

EN oo 0N =

. If r > s, radius of convergence is 5. If r = s, any number > r (give
lustrauons)

m=1 gnt1  omt1
1 D) m
For |z| = 1, this tends to a finite limit.

9. R = 3. If |z| = %, modulus of nth term > 1, and so series diverges on
the circle.

z" = Fe=
8. (l—z){.‘a;‘- =z

S5(e)
1. () C; (i) Cif a < max (b, ¢); (iii) Cif k > %; (iv) Cif k > 0; (v) D;
(vi) C.
1 2

2. z-—l'm s

3. n—-mu, < $ U < E u,—+0as m-> oo, Put m = 4n (if n even) or
m+1 m+1
4(n+1) (if n odd).

4. Of terms with m-digit denominators, the number remaining is 8 x 9™-1,
Sum is less than : (1 9 o gm-1

ittt tigate )‘80'

5. Theorem 5.7.
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6 (a)
1. If e = I/m, then
m
m!(—[uE-In') m! 3 i‘<~1,
m g n! m+1n!  m
and so an integer is less than 1/m. Contradiction.

2. Included in 3.
3. The argument of 2 (g), 6, shows that, if n > x > 0,

x n X —-n
(1+r_1) <expx < (1—;1) .
(The inequalities for x < 0 will then follow by putting x = —y.)
Now we prove that - .
(1= 43 o

.= (143" (-2 -1

e o oxtexpx
< expx{(l-—;) —I} i

(by use of easy inequality
{1-@G/n}"<(A-b" when 0<b<1).
4. fi(x) < 0for x > 0, and so f,, decreases from 1 —k to —k.

fﬂ-{-l(x) fn(x)+ (n + l) | gives fﬂ+1(xﬂ) > O'

5. 9120. 6. Descending order as given.
7. exp (yx).
6(b)
L =1 _ exp (hlog x)—1
= i = log x.

2, The derivatives satisfy -

l-x < (I4+x)1 < 1—x+x2
3.y (xy) = f(x) and xf'(xy) = f(»).
4. If x = (y=1)/(y+1), LHS. = log (1 +x)—log (1 —x),
5. () a,0; (ii) log (a/b)/log (c/d). For x -, several cases, eg. if
max (a, b, ¢, d) is a, limit is oo,

6 (c)

1. Take four terms of series for cos x when x = % and three terms when
x =4
2. From theorem 6.81, sinx > 0 for 0 < x < 47 and from 6.82 (1),

12-2



180 NOTES ON THE EXERCISES

sinx > 0 for 4m < x < 7. From 6.82(2), sinx <0 for 7 < x < 2m.
So sin (x+¢) = sin x cannot be true for all x if ¢ < 2m.

4. (log cos ay)/y* - —3a® (e.g. by §4.9). Puty = 1/n.

6 (d)
cosh (& + nf) sinh (n+ 1) £ cosech f.
Method of §2.8.
Real and imaginary parts of geometric series Zr* exp (inf).
Analogous formulae valid for |r| < e?if § > 0.
Induction.
(i) Use cos 3x. (ii) x+ $x®+ %5,
(iii) (1—x®y"—xy" = 2. Leibniz gives
(1 —x2)y™ta— (2n+ 1) xymH D — p2y™ = 0,

Putting x = 0, we obtain Maclaurin coefficients.
(iv) Method of (iii). General term is

(— D" m(m?—12) (m®—3%) ... {m*—(2n—1)% x***1/2n+1)!

(v) exp (1+2)x = Z(1+2i)" x*/n!
Define & by cos @ = 1/,/5, sin 8 = 2/,/5.
Real part is Z 58" cos nf(x”/n!).

(vi) 1—3x2+43x3,

Sy v St R

7 (@)
2. Take £, to be left-hand end-point of &,.

. h n

2 f(£)8, = X (ag"")* (ag"—aq™")

r=1 r=1

= a**}(g—1) zq(r—xmrhl
a**(g—1) {g"**P—1}/(g*** - 1)
= (B -a") (- D/~ ).

Asn->o,g-1and (" —-1/(g—1) = k+1.
5. Given ¢, there is, by definition of J, a dissection 2, for which

J < S(2) < J+e.

Let @, have p points of division inside (g, b). Let 2 be any dissection,
with norm &*, and 2, the dissection formed by all points of division of
2, and 2.

Then (theorem 7.21) $(2,) < S(2,). Also, since 2, is formed from 2
by p extra points of division,

S(2)— S(2,) < p(M—m)8*,
Hence S(2) < J+e+p(M—m)d*.
If 0* < ¢/(M—m)p, then J < S(2) < J+2e.
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7
Most of the exercises in this and the next set depend directly on the
methods of §§7.7 and 7.8.

3. In (0, 4m), sin®™-1 x > sin®™ x > sin?™*1 x,
giving By & L & Luty (infact >),
Divide by Iy, and use 2m+1) Iymyq = 2m Iy,

7(c)
6. 2arctan {(l +r)tan $8/(1 —r)}+38 (r<l),
—2arctan {(r+1) tan 8/(r—1)}+6 (r > 1).
Limits 7+d(r < 1), —a+8(r>1). I = §whenr = 1.

7(d)
2. First sum lies between

2n dx 2n Ay
f — and f —
n X n+1 X

and so - log 2. Second sum — 0 by theorem 5.22.
3-6 and 8 follow from theorem 7.11.
7. The idea of theorem 7.11 used and applied to an increasing f.
9. (i) By §6.6,if 8 > 0, (log n)?¢/n® - 0. If p < 1, choose é = 4(1 —p), say.
2 (1/n**?) diverges. Therefore so does
n
- n?*e (log )"

Similarly, convergence if p > 1. If p = 1, we have 6.
(ii) (loglogn)? < logn if n > n,. Divergent for all g.

8

7@
6. (a) Since y” < 0, the curve y = log x is concave to Ox.
(i) First inequality expresses that the area under the curve y = log x
between x = r—4, x = r+1% is less than area of trapezium formed by
y=0,x=r—% x=r+%and tangentat x = r.

7()
1. (i) 4/2, from theorem 7.62. (ii) 1.
2. g = (x—1) f “ErO e+ x [ ’ E~1) f(6) .

Using theorem 7.62 J
T
¢ = [ eroder [ 6110 .
£0) = g(1) = 0.
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S LS dy
5. () fo FEt
g 1 1 n 1
(ii) log f(n) = . {log (1+;) +...+log (l+r_z)} —rfo log (1 + x)dx.

6. Method of 5.
7. Integrate by parts. Induction. For last part,

LGm) < ]1_1 (1-x)"dx <2 and b6""inl >0

as n - oo, giving an integer equal to a fraction.

8@
1. No, no, yes.

8()
1. (@) Yes. (i) Ifk > 4.

2. Yes, yes, no.
3. (Cf. 3(c),4.) If f(x) =0 for x irrational and x* for x rational,
f’(x) = 0 at x = 0 and fis discontinuous for all other x. To construct an

analogous function g(x,y) of two variables, define g(x,y) = f(r) if
x*+ y* = r® (‘surface of revolution’).

8(c)
1. () Pullat Doty = 0,
Putty+Pyvy, = 0

have solutions other than (0, 0) for ¢,, ¢..
(ii) Multiplication of determinants.

2. u=fR)+f0) v=(x+»)/1-xy)

3, A = Za%sin Bsin Clsin 4
JKA o Zﬁ—a+cotBa‘B+cotC¢?C—cotA6A

and 0A+38B+6C = 0.
4. Method of 3. JA is greatest when
da > 0,0b>0,dc >0 (acute-angled),
or da < 0,8b>0,dc>0 (obtuseat A).
5. y = f(u)+g(v), where f, g are arbitrary (differentiable) functions.
6 (also 7, 9). Transformation as in §8.6.

W= x+4J(x*+)»"), g = Au+B.
8. Asin §8.6.
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8 (d)
1. Put —cos (B+ C) for cos A. Necessary condition for turning value is
B = C. Maximum of —cos 2B+ 2%2cos B given by B = im.
2. (i) Maxima at (* ia, F3a).
(i) f- =/, =0 at (0,0). This is not a maximum or minimum
because, near (0, 0), f < 0 between the parabolas »* = x, 2y® = x and
> 0 elsewhere.

3. 1O00),
5. Method of 6.
6. Ox, dy, dz, dw satisfy (approximately)
Lo Ox+f, Oyt fidz+f, 6w =0

and similarly for g.
Put dy = 0, solve for §z/8x and let dx — 0.

xz+yw xw+yz
Z2— i ? P
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INDEX
absolute convergence, 91, 95 field, 10
aggregate, 4 finite, 4
d’Alembert’s test, 88 function, 2, 47
algebra, 2
alternating series, 91 Gauss, 8
analysis, 2 geometric series, 39
approximation: by polynomials, 78; geometry, 2

to integrals, 145

approximative sums, upper and lower,
120

area, 119

axiom, 11, 18

binomial series, 102
bisection method, 59
bound, bounded, 13, 53, 57

Cauchy: inequality, 17; mean value
theorem, 76; remainder in Taylor's
theorem, 82; test for convergence,
88

circle of convergence, 97

class, 4

closed, 13

comparison principle, 88

complete, 12

complex, 18

conditional convergence, 92

conjugate, 20

continuous, 51, 153

convergent, 38

correspondence, 48

cut, 8

Darboux, 87, 125
Dedekind, 8

dense, 6

derivative, 65
discontinuous, 53
divergent, 39
differentiable, 65, 156
dissection, 119; norm, 119
domain, 151

e, 33, 108

empty set, 4

Euler: Euler’s constant, 142; theorem
on homogeneous functions, 160

exponential function, 105

graph, 26, 36, 50

homogeneous function, 160
hyperbolic function, 117

implicit functions, 166

increasing, 31, 73

indeterminate forms, 82

induction, 5

inequality, 17

infimum, 16

infinite, 4; series, 38

infinity, 27

integer, 4

integral: 119; infinite, 138

integration: by parts, 130; by substi-
tution, 130; by reduction formulae,
133

interval, 13

inverse function, 62, 69

irrational, 7; indices, 108

Jacobian, 161

Lagrange’s remainder
theorem, 81

Landau, 4

leap, 60

Leibniz’s theorem, 73

limit, 1, 25, 49

logarithmic: function, 110; series, 111

in Taylor's

Maclaurin: Maclaurin’s theorem, 79
—Cauchy integral theorem, 141

magnitude, order of, 107

mapping, 47

maximum, 77, 80, 164

mean value theorem, 75

minimum, 77, 80, 164

modulus, 19

de Moivre, 19

monotonic, 31



186 INDEX

necessary condition, 44 %6

neighbourhood, 52 Schwarz’s inequality, 128
Newton’s method of approximation, 86  sequence, 23

number, 2 set, 4

open, 13
order, 5
oscillate, 28

m, 114, 136: irrationality of, 150
partial differentiation, 153
phase, 19

power series, 96

principal value, 19
proportional parts, 86
Pythagoras, 7

quaternion, 21

radius of convergence, 97
rational, 5

real number, 10
rearrangement of series, 93
recurrence relation, 34
repeated limits, 105
Rolle’s theorem, 73

Simpson’s rule, 146
Stirling’s formula, 148
sufficient condition, 44
supremum, 15

Taylor’s series, 101

Taylor’s theorem, 79: with integral
remainder, 130; for two variables,
163

Thurston, 4

transformation, 47

trigonometric functions, 112: inverse,
116

trigonometry, 3

turning value, 77

uniform continuity, 60
Wallis’s product for 7, 134

Young’s mean value theorem, 80
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