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1 'Askhsh

Jewr ste to diaforikì telest 

L = − d2

dx2
, 0 6 x <∞ . (1.1)

Skopìc eÐnai na prosdiorÐsoume tic idiosunart seic Ψ(x) kai tic idiotimèc tou E me thn

autosuzug  oriak  sunj kh

Ψ′(0) = Ψ(0) cot θ , (1.2)

ìpou θ stajer  gwnÐa.

a) DeÐxte ìti an tan θ < 0 up�rqei mia kai mìno mia kanonikopoi simh idiosun�rthsh me

arnhtik  idiotim  entopismènh kont� sto x = 0. UpologÐste thn kanonikopoi¸ntac thn

sth mon�da.

b) DeÐxte ìti oi idiosunart seic tou suneqoÔc f�smatoc eÐnai thc morf c

Ψk(x) = Ak sin(kx+ δ(k)) , eiδ(k) =
1 + ik tan θ√
1 + k2 tan2 θ

, (1.3)

ìpou Ak stajer� kanonikopoÐhshc.

g) DeÐxte me èna saf  upologismì ìti oi idiosunart seic tou suneqoÔc kai aut  pou

antistoiqeÐ sth dèsmia kat�stash apoteloÔn èna pl rec orjokanonikì sÔnolo.

2 'Askhsh

ApodeÐxte ìti ∫ ∞
0

dkJ0(ρk) cos ka =

{
(ρ2 − a2)−1/2 , ρ > a

0 , ρ < a

}
(2.4)

kai ìti ∫ ∞
0

dkJ1(ρk) sin ka =

{
α
ρ
(ρ2 − a2)−1/2 , ρ > a

0 , ρ < a

}
. (2.5)

Upìdeixh: 'Enac trìpoc na apodeÐxetai ta zhtoÔmena eÐnai na qrhsimopoi sete thn oloklh-

rwtik  anapar�stash twn sunart sewn Bessel

Jn(x) =
1

2π

∫ 2π

0

dθe−inθ+ix sin θ . (2.6)

gia n = 0, 1, . . . .
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3 'Askhsh

Qrhsimopoi¸ntac th genn tria sun�rthsh twn poluwnÔmwn Legendre, kat�llhlh anadro-

mik  sqèsh metaxÔ twn kai thn orjogwniìtht� touc, upologÐste to olokl rwma

I(a) ≡
∫ 1

−1
dx

xPm(x)

(a2 + 2ax+ 1)1/2
, a ∈ R , m = 0, 1, . . . , |a| 6= 1 . (3.7)

DeÐxte ìti isqÔoun oi

lim
a→1+

I(a) = lim
a→1−

I(a) , lim
a→1+

dI(a)

da
6= lim

a→1−

dI(a)

da
. (3.8)

4 'Askhsh

a) OrÐzoume th sun�rthsh

θ3(z, τ) =
∞∑

n=−∞

qn
2/2e2πinz , q = e2πiτ , τ ∈ C , Im(τ) > 0 (4.9)

kai akoloÔjwc tic

θ4(z, τ) = θ3(z + 1/2, τ) =
∞∑

n=−∞

(−1)nqn
2/2e2πinz ,

θ2(z, τ) = eπiτ/4+πizθ3(z + τ/2, τ) =
∞∑

n=−∞

q
1
2
(n+ 1

2
)2e2πi(n+

1
2
)z , (4.10)

θ1(z, τ) = −eπiτ/4+πi(z+1/2)θ3(z + τ/2 + 1/2, τ)

= −i
∞∑

n=−∞

(−1)nq
1
2
(n+ 1

2
)2e2πi(n+

1
2
)z .

DeÐxte ìti

θ1(z, τ + 1) = eπi/4θ1(z, τ) ,

θ2(z, τ + 1) = eπi/4θ2(z, τ) ,

θ3(z, τ + 1) = θ4(z, τ) , (4.11)

θ4(z, τ + 1) = θ3(z, τ)
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kai ìti

θ1(z/τ,−1/τ) = −i
√
−iτ eπiz2/τθ1(z, τ) ,

θ2(z/τ,−1/τ) =
√
−iτ eπiz2/τθ4(z, τ) ,

θ3(z/τ,−1/τ) =
√
−iτ eπiz2/τθ3(z, τ) ,

θ4(z/τ,−1/τ) =
√
−iτ eπiz2/τθ2(z, τ) .

(4.12)

b) Jewr ste th sun�rthsh

χα(τ) =
q

α2

2

η(τ)
, (4.13)

DeÐxte ìti gia thn

Z(τ) =

∫ ∞
0

dα|χα(τ)|2 , (4.14)

isqÔei ìti

Z(τ + 1) = Z(−1/τ) = Z(τ) . (4.15)

5 'Askhsh

Jewr ste mia alusÐda purhnik¸n antidr�sewn apì n diaforetikoÔc pur nec. An Ni(t),

i = 1, 2, . . . , n eÐnai oi plhjusmoÐ twn pur nwn, h qronik  touc ex�rthsh dièpetai ap' to

sÔsthma diaforik¸n exis¸sewn 1hc t�xhc

dN1

dt
= −λ1N1 ,

dN2

dt
= λ1N1 − λ2N2 ,

... (5.16)

dNn

dt
= λn−1Nn−1 − λnNn ,

ìpou λi, i = 1, 2, . . . , n oi stajerèc apodiègershc oi opoÐec eÐnai diaforetikèc metaxÔ touc.

Wc arqik  sunj kh jewroÔme mìno èna eÐdoc pur nec, dhlad 

N1(0) = N , N2(0) = · · · = Nn(0) = 0 . (5.17)

Sto parap�nw prìtupo o olikìc arijmìc twn pur nwn paramènei stajerìc mìno an λn = 0,

dhlad  o teleutaÐoc pur nac na eÐnai stajerìc.
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a) EpilÔste to sÔsthma (5.16) me qr sh tou metasqhmatismoÔ Laplace twn plhjusm¸n

L(Ni) = Fi(s).

b) Jewr ste thn perÐptwsh stajeroÔ sunolikoÔ arijmoÔ pur nwn kai deÐxte ìti gia mikroÔc

qrìnouc

Ni ∼ ti−1 , i = 1, 2, . . . , n (5.18)

kai ìti telik� ìloi oi pur nec metatrèpontai ston pur na tÔpou n.

g) Jewr ste thn perÐptwsh λi = λ, ∀ i kai gr�yte th genik  lÔsh. P�rte to ìrio

N, λ, n→∞ me
λ

n
= a = finite kai

N

n
= M = finite. Poi� eÐnai h lÔsh se autì to ìrio?

6 'Askhsh

a) Me th mèjodo thc surraf c lÔsewn epilÔste th DE Green

d2G

dx2
− k2G = δ(x−x′) , G = G(x, x′) , 0 6 x, x′ 6 1 , (6.19)

me

G
∣∣
x=0

=
dG

dx

∣∣∣
x=1

= 0 . (6.20)

b) Me kat�llhlo ìrio breÐte tic idiosunart seic kai idiotimèc tou telest  d2/dx2 gia

0 6 x 6 1 me tic parap�nw sunoriakèc suj kec.

7 'Askhsh

a) EpilÔste thn diaforik  exÐswsh Green

d4G

dx4
= δ(x−x′) , G = G(x, x′) , 0 6 x, x′ 6 1 , (7.21)

me oriakèc sunj kec

G
∣∣
x=0

= G
∣∣
x=1

=
d2G

dx2

∣∣∣∣
x=0

=
d2G

dx2

∣∣∣∣
x=1

= 0 . (7.22)

b) BreÐte tic idiosunart seic kai tic idiotimèc tou telest  d4/dx4 gia x ∈ [0, 1] me tic

parap�nw oriakèc sunj kec.

g) Me b�sh ta a) kai b) poiì eÐnai to �jroisma

∞∑
n=1

sinnπx sinnπx′

n4
. (7.23)
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8 'Askhsh

a) EpilÔste thn exÐswsh Green

d2G

dx2
= δ(x− x′) , 0 6 x, x′ 6 1 . (8.24)

me tic oriakèc sunj kec

∂xG(x, x′)|x=0 = G(0, x′) cot θ , ∂xG(x, x′)|x=1 = G(1, x′) cotφ , (8.25)

ìpou θ kai φ stajerèc gwnÐec.

b) BreÐte to ìrio thc G(x, x′) gia θ, φ→ 0. P¸c gÐnontai tìte oi oriakèc sunj kec?
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8.1 'Askhsh:F�sma tou telest  42 sto epÐpedo

BreÐte tic idiosunast seic kai idiotimèc tou telest  42:

a) Entìc kÔklou aktÐnac R me sunoriakèc sunj kec

Ψ(0) = Ψ(R) = Ψ′(R) = 0 (8.26)

kai peperasmènh sumperifor� gia ρ = 0.

b) Sto di�sthma ρ > 0 kai peperasmènh sumperifor� gia ρ = 0 kai gia ρ→∞.

9 'Askhsh

JewreÐste thn exÐswsh Poisson

∇2Φ = −4πρ , (9.27)

entìc sfaÐrac aktÐnac b me puknìthta fortÐou ρ(x) pou antistoiqeÐ se omoiìmorfa kata-

nemhmèno fortÐo Q se daktÔlio aktÐnac r0, me 0 6 r0 6 b, omìkentrou tou ishmerinoÔ thc

sfaÐrac. JewreÐste Φ|r=b = 0.

a) Gr�yte thn èkfrash gia thn ρ(x) qrhsimopoi¸ntac sfairikèc suntetagmènec.

b) UpologÐste thn Φ(x) me qr sh thc sqetik c sun�rthshc Green.

g) P�rte ta xeqwrist� ìria r0 → 0 kai r0 → b kai breÐte tic ekfr�seic gia to Φ.

d) 'Ena shmeiakì swm�tio fortÐou q topojeteÐtai sto kèntro thc sfaÐrac. BreÐte th

sunj kh ¸ste na eÐnai se jèsh na ektelèsei mikrèc talant¸seic an apomakrunjeÐ lÐgo apì

autì kaj¸c epÐshc kai tic antÐstoiqec suqnìthtec. JewreÐste ìti |q| � |Q|.

10 'Askhsh

EpilÔste thn exÐswsh di�qushc jermìthtac entìc dÐskou aktÐnac R me arqik  sunj kh

T (x, 0) = δ(2)(x − x0) kai th jermokrasÐa na diathreÐtai mhdenik  sto sÔnorì tou. Exei-

dikeÔste thn ap�nthsh gia x0 sthn arq  twn axìnwn. DeÐxte ìti gia R� |x|, |x0| h lÔsh

teÐnei sth gnwst  lÔsh thc exÐswshc di�qushc jermìthtac sto �peiro epÐpedo.
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11 'Askhsh

Orjìc kÔlindroc aktÐnac R èqei �xona pou sumpÐptei me ton �xona twn z, kai ekteÐnetai

sto q¸ro me z > 0. EpilÔste thn exÐswsh Laplace ∇2Φ = 0 entìc tou kulÐndrou e�n sthn

epÐpedh pleur� tou èqoume th sunoriak  sunj kh

Φ
∣∣
z=0

= V , (11.1)

mhdèn sthn kuklik  pleur� tou kai epÐshc tic

Φ
∣∣
z=b−

= Φ
∣∣
z=b+

, ε
∂Φ

∂z

∣∣∣
z=b−

=
∂Φ

∂z

∣∣∣
z=b+

, (11.2)

ìpou V , ε kai b (0 < b <∞) stajerèc.

BreÐte to ìrio thc lÔshc gia ε = 1 kai gia ε → ∞. Exart�tai autì ap' th stajer� b kai

giatÐ?

12 'Askhsh

JewreÐste thn èxÐswsh di�qushc jermìthtac

∂T

∂t
= ∇2T . (12.3)

se kÔlindro m kouc H kai aktÐnac R me H � R tou opoÐou h jermokrasÐa pantoÔ sto

eswterikì eÐnai arqik� stajer  T0 kai h epif�nei� tou diathreÐtai monÐmwc se mhdenik 

jermokrasÐa.

a) ProsdioreÐste th jermokrasÐa wc sun�rthsh tou q¸rou, tou qrìnou kai twn paramètrwn

tou probl matoc.

b) Ap' to apotèlesma deÐxte thn tautìthta

∞∑
n=1

1

xnJ1(xn)
=

1

2
, (12.4)

ìpou Jn(x) sunart seic Bessel kai xn oi rÐzec tic J0(x) = 0.

13 'Askhsh

H diaforik  exÐswsh

∇2T + g = ∂tT , (13.5)
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perigr�fei di�qush jermìthtac parousÐa phg c parametropoioÔmenh ap' th sun�rthsh

g(x, t). 'Enac polÔ makrÔc kÔlindroc aktÐnac R brÐsketai arqik� se mhdenik  jermokrasÐa,

h de kulindrik  epif�nei� tou krateÐtai se mhdenik  jermokrasÐa kajìlh th di�rkeia.

a)BreÐte th jermokrasÐa tou kulÐndrou wc apotèlesma thc jermìthtac pou genn� h phg ,

jewr¸ntac thn aploÔsterh twn peript¸sewn kat� thn opoÐa h sun�rthsh g=stajer�.

b) Ap' to apotèlesma deÐxte thn tautìthta

∞∑
n=1

1

x3nJ1(xn)
=

1

8
, (13.6)

ìpou Jn(x) sunart seic Bessel kai xn oi rÐzec tic J0(x) = 0.
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