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The Mechanical Equilibrium of Stars
Hydrodynamical Equations

Equation of continuity  (expresses mass conservation) for a medium of density ρ 
and velocity 𝒗
డద

డ௧
+ div(𝜚𝒗) = 0 (1)

Equation of Navier–Stokes, which is the equation of motion.

    
ௗ𝒗

ௗ௧
=

డ𝒗

డ௧
+ (𝒗 ⋅ ∇)𝒗 = 𝒂 −

ଵ

ద
∇𝑃 + 𝜈∇ଶ𝒗 (2)

𝒂  acceleration due to external forces, 
P the pressure 
𝜈 the kinematic coefficient of viscosity 



For negligible viscosity eq. (2) becomes
ௗ𝒗

ௗ௧
= 𝒂 −

ଵ

ద
∇𝑃 (3)

and for spherical symmetry , with 𝑟 the distance from the 
center, 
ௗ𝒗

ௗ௧
= 𝑟̈ 0 0

𝛁𝑃 =
డ௉

డ௥
, 0,0

𝒂 = 𝒈 = −g, 0,0 , 𝑔 = 𝐺𝑀௥/𝑟ଶ where 𝑀௥ the mass 
interior to radius 𝑟
and eq (3) becomes

𝑟̈ = −
ଵ

ద

డ௉

డ௥
−

ீெ౨

௥మ (4) momentum equation of 
hydrodynamic models



𝑟̈ = 0
(ଷ,ସ)

∇𝑃 = 𝜚𝒈  and  
ଵ

ద

ௗ௉

ௗ௥
= −

ீெೝ

௥మ

Hydrostatic equilibrium

This  assumption does not hold  for  stellar pulsations, early stages of star 
formation and advanced phases of evolution. 

In general, the gravitational field in a star can be described by a gravitational potential Φ, which is a
solution of Poisson’s equation:

∇ଶΦ = 4𝜋𝐺𝜌 ⇒

ଵ

௥మ

డ

డ௥
𝑟ଶ డ஍

డ௥
= 4𝜋𝐺𝜌

𝑔⃗ = −∇Φ 



Mass Conservation and Continuity Equation – in spherical symmetry

change of  mass 𝑀௥ in a sphere of radius 𝑟 :

𝑑𝑀௥(r, t) = 4𝜋𝑟ଶ𝜚𝑑𝑟 − 4𝜋𝑟ଶ𝜚𝑣𝑑𝑡

change of mass due to a 
variation of radius
r at a given time t

the flux of mass out of the sphere of
constant r due to an outward motion 
with velocity 𝑣 >  0.

𝜕𝑀௥

𝜕𝑟
௧

𝜕𝑀௥

𝜕𝑡
௥

Σημ.  
𝜕

𝜕𝑡

𝜕𝑀௥

𝜕𝑟
௧ ௥

=
𝜕

𝜕𝑟

𝜕𝑀௥

𝜕𝑡
௥

⇒

௧

4𝜋𝑟ଶ
𝜕𝜚

𝜕𝑡
= −4𝜋

𝜕

𝜕𝑟
𝑟ଶ𝜚𝑣  eq. of continuity in spherical coords



Eulerian vs Lagrangian description
Eulerian description: independent variables  (𝑟 , 𝑡) 

Lagrangian description: independent variables  (𝑚 , 𝑡) 
In the Lagrangian description, we characterize a fluid element by 𝑚, which is the mass 
contained in a concentric sphere at a given time t0.
All other quantities are a function of 𝑚 , 𝑡 , e. g. 

𝑟 = 𝑟(𝑚 , 𝑡)

𝜕

𝜕𝑚
=

1

4𝜋𝑟ଶ𝜌

𝜕

𝜕𝑟

𝑑𝑃

𝑑𝑀௥
= −

𝐺𝑀௥

4𝜋𝑟ସ
  and  

𝑑𝑟

𝑑𝑀௥
=

1

4𝜋𝑟ଶ𝜚

In the stellar centre we have 𝑚 =  0 and at the surface 
𝑚 =  𝑀
as opposed to the large variation in the radius R during a 
star’s lifetime, the independent variable m varies, to a 
good approximation, over the constant interval [0, M] for 
more than 90% of the star’s lifetime.



The energetic equilibrium in Stars
Radiative transfer
equation of radiative transfer in the direction of the element of 

length ds
ௗூഌ

ௗ௦
= 𝑗ఔ𝜚 − 𝜅ఔ𝜚𝐼ఔ

where
• 𝐼ఔ specific intensity (erg s ିଵcmିଶ steradian ିଵHzିଵ)
• 𝑗ఔ emission coefficient  erg gିଵ steradian ିଵHzିଵ

• 𝜅ఔ absorption or opacity coefficient cmଶgିଵ

In spherical geometry (see figure) :

𝜕𝐼ఔ

𝜕𝑟
cos 𝜗 −

sin 𝜗

𝑟

𝜕𝐼ఔ

𝜕𝜗
= 𝜚 𝑗ఔ − 𝜅ఔ𝐼ఔ

In a medium without emission,  
𝐼௩ 𝑠 = 𝐼௩ 0 𝑒ି఑ೡద ௦ି௦బ  

The “mean free path” of the photons is the length 𝑙 over which the intensity 
of the radiation decreases by a factor of e.
ℓ =

ଵ

఑ద



In stellar interiors :
the average T gradient is very small e.g. 

for the sun 
ௗ்

ௗ௥
≈ ౙ்

ோ⊙
≈

ଵ.଺×ଵ଴ళ

଻×ଵ଴భబ

୏

ୡ୫
∼ 2 × 10ିସKcmିଵ

The average opacity coefficient is 
𝜅 ∼ 1 − 10ଶ cmଶgିଵ and the mean 
density is  ~ 1 gcmିଷ

mean free path for photons  
ℓ = 1/ 𝜅𝜚 ∼ 0.01 − 1cm

(larger in outer layers)

Relative change of 𝑇 over a mean free path 
very low:

Δ𝑇

𝑇
=

ℓ
𝑑𝑇
𝑑𝑟

𝑇
≤

10ିସ

10଻
∼ 10ିଵଵ

 LTE assumption justified 
 𝐼ఔ = 𝐵ఔ 𝑇 Planck’s law

               𝑗ఔ = 𝜅ఔ𝐵ఔ 𝑇  (Kirchhoff’s law)

Density of radiation energy 𝑢 = 𝑎𝑇ସ

Radiation Pressure 𝑃୰ୟୢ =
ଵ

ଷ
𝑎𝑇ସ



Multiply డூഌ

డ௥
cos 𝜗 −

ୱ୧୬ ణ

௥

డூഌ

డణ
= 𝜚 𝑗ఔ − 𝜅ఔ𝐼ఔ by cos𝜃 𝑑𝜈𝑑Ω and integrate over all 𝜈, 

and all Ω

 ∫  
ஐ

డூ

డ௥
cosଶ 𝜗 𝑑Ω − ∫  

ஐ

డூ

௥డణ
cos 𝜗 sin 𝜗 𝑑Ω = ∫  

ஐ
𝜚𝑗 cos 𝜗 𝑑Ω − ∫  

ஐ
𝜚𝜅𝐼 cos 𝜗 𝑑Ω

 
 

𝑐𝜕𝑃୰ୟୢ/𝜕𝑟 0                                                                   −𝜚𝜅𝐹
                                        

(LTE డூ

డణ
=

డ୺ ஋

డణ
= 0)       

0 
Emission mechanisms
isotropic

𝑑𝑃୰ୟୢ

𝑑𝑟
+

𝜚𝜅𝐹

𝑐
= 0

𝑃୰ୟୢ =
1

3
𝑎𝑇ସ ⇒ 𝑑𝑃୰ୟୢ/𝑑𝑟 = 4/3 𝑎𝑇ଷ 𝑑𝑇/𝑑𝑟

𝐹 = 𝐿௥/ 4𝜋𝑟ଶ

𝐿௥

4𝜋𝑟ଶ
= −

4𝑎𝑐𝑇ଷ

3𝜅𝜚

𝑑𝑇

𝑑𝑟



Rosseland mean opacity

1

𝜅
=

1

𝑑𝐵/𝑑𝑇
න

1

𝜅ఒ

𝑑𝐵ఒ

𝑑𝑇
𝑑𝜆

ஶ

଴

                or =
1

𝑑𝐵/𝑑𝑇
 න

1

𝜅ఔ

𝑑𝐵ఔ

𝑑𝑇
𝑑𝜈

ஶ

଴

 with 
𝑑𝐵

𝑑𝑇
=   න

𝑑𝐵ఔ

𝑑𝑇
𝑑𝜈

ஶ

଴

=
𝑎𝑐

𝜋
𝑇ଷ

• Τhe“Rosseland mean opacity” is used in the expression of the radiative flux in 
stellar interiors. 

• This opacity gives a higher weight to the higher frequencies
• If the monochromatic opacity at wavelength λ behaves like, 𝜅ఒ ∼ 𝜆ఈ

the Rosseland mean opacity behaves like 𝜅 ∼ 𝑇ିఈ



Energy Conservation
• volume 𝑉 of gas with a surface Σ and a mass 𝑀
• 𝑑𝑚 a small element of mass in this volume 
• 𝑑𝜎 a small element of the surface Σ
• 𝑞 energy provided to the system by units of mass and time.
• 𝜀 energy produced per unit of time and mass (energy generation rate) (erg 𝑔ିଵ𝑠ିଵ)

Energy conservation:

 ∫
ୢ୯

ୢ୲
dm

୑

଴
= ∫ εdm

୑

଴
− ∮ F ⋅ dσ ⇒ ∫

ௗ௤

ௗ௧
𝜚𝑑𝑉

௏

଴
= ∫ 𝜚𝜀𝑑𝑉

௏

଴
 − ∫ ∇ ⋅ 𝑭𝑑𝑉

௏

଴
 ⇒    

ௗ௤

ௗ௧
= 𝜀 −

ଵ

ద
∇ ⋅ 𝑭

• First law of thermodynamics
𝑑𝑞 = 𝑑𝑈 + 𝑃𝑑𝑉 where all quantities are defined per unit mass, so 𝑉 =

ଵ

ఘ

and
𝑑𝑞

𝑑𝑡
=

𝑑𝑈

𝑑𝑡
−

𝑃

𝜚ଶ

𝑑𝜚

𝑑𝑡
= 𝜀 −

1

𝜚
∇ ⋅ 𝑭

Σ



Energy Conservation
ௗ௤

ௗ௧
=

ௗ௎

ௗ௧
−

௉

దమ

ௗద

ௗ௧
= 𝜀 −

ଵ

ద
∇ ⋅ 𝑭

𝑑𝑞/𝑑𝑡 is the rate with which energy is provided to the system during a change of structure, 
typically by an expansion or a contraction

𝜀୥୰ୟ୴ ≡ −
ௗ௤

ௗ௧

𝜀୥୰ୟ୴  is the energy produced by the system, since there is a negative sign

𝜀୥୰ୟ୴ > 0 energy is provided by the system – contraction 

𝜀୥୰ୟ୴ < 0 energy is absorbed by the system – expansion 

ଵ

ద
∇ ⋅ 𝑭 = 𝜀 + 𝜀୥୰ୟ୴



𝜀 is generally the sum of various nuclear processes

𝜀 = 𝜀୬୳ୡ୪,ఊ + 𝜀୬୳ୡ୪,ఔ

ୣ୬ୣ୰୥୷ ୮୰୭ୢ୳ୡ୲୧୭୬ 

− 𝜀୬୳ୡ୪,ఔ + 𝜀୮ୟ୧୰,୮୦୭୲୭,୮୪ୟୱ୫ୟ,ఔ

ୣ୬ୣ୰୥୷ ୣୱୡୟ୮ୣ 

 𝜀୬୳ୡ୪,ఊ: nuclear energy production rate in the form of γ-rays

𝜀୬୳ୡ୪,ఔ: nuclear energy production rate in the form of neutrinos

𝜀୮ୟ୧୰,୮୦୭୲୭,୮୪ୟୱ୫ୟ,ఔ: neutrinos in stars are also produced by various other processes 
(photo-neutrinos, pair-neutrinos, plasma-neutrinos, etc.)

• γ-rays participate in radiative transfer of energy
• neutrinos escape 



For a spherical star

𝑭 =
௅ೝ

ସగ௥మ , 0,0

ଵ

ద
∇ ⋅ 𝑭 =

ଵ

௥మ

ଵ

ద

డ

డ௥
𝑟ଶ ௅ೝ

ସగ௥మ =
ଵ

ସగ௥మద

డ

డ௥
𝐿௥ =

డ௅ೝ

డெೝ

డ௅ೝ

డெೝ
= 𝜀 + 𝜀୥୰ୟ୴



Basic Set of equations of stellar structure for a spherica, static, 
radiative star

•
ௗ௉

ௗ௥
= −𝜚

ீெೝ

௥మ

•
ௗெೝ

ௗ௥
= 4𝜋𝑟ଶ𝜚

•
௅ೝ

ସగ௥మ = −
ସ௔௖்య

ଷ఑ద

ௗ்

ௗ௥

•
డ௅ೝ

డெೝ
= 𝜀 + 𝜀୥୰ୟ୴



Thermodynamic equilibrium in stars
mechanical equilibrium is reached when in each point the pressure force is compensated

by the sum of all other acting forces. hydrostatic equilibrium.

mechanical and thermal equilibrium. For  an adiabatically enclosed volume ( ΔQ=0 with the 
surroundings)  when the mechanical equilibrium is accompanied by a single temperature in 
the volume

Chemical equilibrium: for constant density and temperature the relative concentrations

of the reacting particles remain in equilibrium. 

Thermodynamic equilibrium. chemical and thermal equilibriumthe system does not 
change anymore. 

Local thermodynamic equilibrium a star can be divided in a large number of layers, which 
can each be taken fairly thin so that these enclose the characteristics of equilibrium in the 
sense of classical thermodynamics. 



Reminder of thermodynamics relations

first law of thermodynamics
 relation between the added heat 𝑑𝑞, the internal energy 𝑢 and the specific volume 

𝑣 =  1/𝜌 (each defined per unit mass)
𝑑𝑞 = 𝑑𝑢 + 𝑃𝑑𝑣

When a process like compression or expansion occurs quickly, it will be approximately 
adiabatic because the increase or decrease of heat occurs very slowly

𝑑𝑞 = 0 ⇒ 𝑑𝑢 = −𝑑𝑤

Entropy of a system  solely defined for states of thermodynamic equilibrium.

𝑑𝑠 ≡ 𝑑𝑞/𝑇 (defined here per unit mass)
we can only determine the variation of the entropy from the first law 𝑑𝑢 = 𝑇𝑑𝑠 − 𝑃𝑑𝑣
(which holds if composition remains constant)



Specific heats

cα is the amount of heat a system has to absorb so that the 
temperature rises with one unit.

Relation between 𝑐௉ and  𝑐௩

Start with general eos 𝜌 = 𝜌(𝑃, 𝑇) and 𝑢 = 𝑢(𝑃, 𝑇)

Define 
eos

Left as exercise – see Aaerts

Here we have assumed that the chemical composition is 
constant. If not we need to add the variation in the mean 
molecular weight: 𝜌 = 𝜌(𝑃, 𝑇, 𝜇)

𝜑 ≡
డ୪୬ఘ

డ୪୬ఓ
௉,்

And the eos will become: ௗఘ

ఘ
= 𝛼

ௗ௉

௉
− 𝛿

ௗ்

்
+ 𝜑

ௗఓ

ఓ



From first law 
𝑢 = 𝑢 𝑇, 𝑣  

For adiabatic changes 𝑑𝑠 =
ௗ௤

்
= 0

We define 

left as exercise – see Aerts

left as exercise – see Aerts



∇௔ௗ defines the temperature variation perceived by the particles in a mass 
element of a system when this element suffers a pressure variation as a result 
of adiabatic expansion (no heat exchange with the surroundings)

mass elements which are heated deeply in the star,  rise, because, due to their 
lower density, they are lighter than their surroundings. 

They end up in the higher layers where the density is lower and they therefore 
expand.

The expansion of the mass elements causes a decrease in temperature of the gas. 
∇௔ௗ is the value of this temperature change.

 The pressure as well as the temperature decrease moving outwardly. The value of 
the decrease in pressure is given by the equation of hydrostatic equilibrium and 
once this value is determined, we can compute ∇௔ௗ 



Stability

Up to now we assumed  strict spherical symmetry  all functions are constant over concentric 
spheres. 

Small fluctuations occur, e.g. the thermal motion of gas particles. 
local disturbances negligible if they do not grow into macroscopic, non-spherical, local 

motions.  
we maintain spherical symmetry in the basic equations if we consider the variables as 

accurate average values over the concentric spheres.

BUT  microscopic motions can have a large impact on the stellar structure.
 They can “mix” stellar material, 
They transport energy. Hot fluid elements will rise, while cool fluid elements will sink. This 

energy transport mechanism is called convection. 

Whether or not convection occurs in a certain stellar layer depends on whether small 
fluctuations remain small, or are able to grow   it is a question of stability.



Dynamical instability

We will assume that moving fluid elements do not have a sufficient amount of time to exchange a substantial 
fraction of their heat with their surroundings.  adiabatic process

 Consider the situation where physical quantities such as temperature, density, etc. are not constant at the edge of 
a concentric sphere inside a star, but have small local fluctuations. 

 element (e) for which a quantity A is different than in the surroundings (s). We define 𝐷𝐴 = 𝐴௘ − 𝐴௦.

 E.g. element with 𝐷𝑇 > 0.  Pressure will be equalized with the surroundings at the sound speed (>> than element 
motion) so 𝐷𝑃 = 0 (we assume subsonic speeds for the “element”)

 For ideal gas  𝜌 ∝ P/Τ, so 𝐷𝑇 > 0 ⇒ 𝐷𝜌 < 0  buoyancy  element will move radially upwards

 To test the stability of a layer with respect to local temperature fluctuations, one can thus equivalently take a radial 
displacement △r > 0 as the initial perturbation of the element

 Consider a fluid element that is in equilibrium with its surroundings at its original position r, but that is lifted by a 
perturbation to a position r + △r

𝐷𝜌 =
ௗఘ

ௗ௥ ୣ
−

ௗఘ

ௗ௥ ୱ
Δ𝑟



additional radial force due to buoyancy

(per unit mass) 𝐾 = 𝐾௥𝑟̂ = −(
௚஽ఘ

ఘ
)𝑟̂

𝐷𝜌 < 0 → 𝐾௥ > 0 →  upward motion  unstable (it will continue rising)
𝐷𝜌 > 0 → 𝐾௥ < 0 →  downward motion  will return to initial position 
stable

Condition for stability 

Not very useful, need to express it in terms of temperature gradient, appearing in 
the energy transport equation of stellar structure

Use the general eos ௗఘ

ఘ
= 𝛼

ௗ௉

௉
− 𝛿

ௗ்

்
+ 𝜑

ௗఓ

ఓ
and rewrite the stability criterion as:


ఈ

௉

ௗ௉

ௗ௥ ୣ
−

ఋ

்

ௗ்

ௗ௥ ୣ
+

ఝ

ఓ

ௗఓ

ௗ௥ ୣ
−

ఈ

௉

ௗ௉

ௗ௥ ୱ
+

ఋ

்

ௗ்

ௗ௥ ୱ
−

ఝ

ఓ

ௗఓ

ௗ௥ ୱ
> 0

0



So, the stability criterion can be written as:
ఋ

்

ௗ்

ௗ௥ ୱ
>

ఋ

்

ௗ்

ௗ௥ ୣ
+

ఝ

ఓ

ௗఓ

ௗ௥ ୱ

We multiply by the pressure scale height 𝐻௉ ≡ −
ௗ௥

ௗ୪୬௉
= −𝑃

ௗ௥

ௗ௉

(distance over which pressure falls by factor e)

and get
ௗ ୪୬ ்

ௗ ୪୬ ௉ ୱ
<

ௗ ୪୬ ்

ௗ ୪୬ ௉ ୣ
+

ఝ

ఋ

ௗ ୪୬ ఓ

ௗ ୪୬ ௉ ୱ



Let us find the radiative temperature gradient, which is the local
logarithmic derivative of 𝑇 wrspt 𝑃 that would be necessary if the
entire luminosity had to be transported through radiation:

∇୰ୟୢ≡
ௗ ୪୬

ௗ ୪୬ ୰ୟୢ



Stability criterion Ledoux 
In a layer where the energy transport is uniquely done by radiation, we have ∇ = ∇rad.
Assuming the element moves adiabatically ∇ୣ= ∇ୟୢ

hence

∇< ∇ୣ +
ఝ

ఋ
∇ఓ ⇒ ∇୰ୟୢ< ∇ୟୢ +

ఝ

ఋ
∇ఓ

Schwarzschild criterion for dynamical stability
If chemical composition homogeneoous (∇ఓ= 0 ) the stability criterion becomes 
∇୰ୟୢ< ∇ୟୢ 

• When the inequality sign is reversed the layer is dynamically unstable
the energy transport via radiation would impose too large a temperature 

gradient

• When both sides in the equation are equal, there is marginal stability. 



𝐿௥/𝑀௥



Mixing length theory - MLT

 Local treatment of convection 

Good approximation for regions near the stellar core. 

Assumes 

 Stars in hydrostatic equilibrium 

 time-independent convection

The mixing length theory states that convection can be compared to heat transport by 
molecules. 

The transporting particles are macroscopic “spheres/cells” instead of molecules, and their 
mean free path (“mixing length”) is the distance over which they move before dissolving in 
their new environment.



Convective flux in the MLT

At a level r, the average flux results from the motions of the cells (“spheres”) 
which have an average velocity 𝑣̅ and an average 𝑇 excess Δ𝑇.

Both the hotter upward moving fluid elements and the cooler downward 
moving elements contribute to the outward transport of energy. 

The convective flux is 𝐹ୡ୭୬୴ = 𝑐௉𝜚𝑣̅Δ𝑇

 Usually, the mixing-length, ℓ = 𝛼𝐻௉, where 

      𝐻௉ the pressure scale height and 𝛼~1

Δ𝑉 = 𝐴Δ𝑠

Δ𝑚 = 𝜌Δ𝑉 = 𝜌𝐴Δ𝑠

𝐹 =
Δ𝑄 ⋅ Δ𝑚

𝐴 ⋅ Δ𝑡
=

𝑐௣Δ𝑇

𝐴 ⋅ Δ𝑡
⋅ 𝜌Δ𝑉 =

𝑐௣Δ𝑇

𝐴 ⋅ Δ𝑡
⋅ 𝜌𝐴𝛥𝑠 = 𝑐௉𝜚𝑣̅Δ𝑇



Convective overshooting

 Difficulties come near the boundaries of convective zones, with the problem of 
overshooting

boundaries of convective regions from the Schwarschild and Ledoux criteria 
the dynamical limit 𝑟୼்  in the star, where the average temperature excess ΔT and 
thus the acceleration of the convective cells are zero.

But convective motions extend up to the kinematical limit 𝑟జ, where the velocity 
of the fluid elements is zero.

The difference between the kinematical and the dynamical edges, 𝑟జ and 𝑟୼் is 
the distance of overshooting

Overshooting is a non-local process, namely the extent of overshooting critically  
depends on the properties of the adjacent convective layers cannot be treated 
with a local theory

Study : chapter 6, section 6.1  from the book of Maeder



 𝑑over is the average distance up to which 
convective mixing extends beyond the formal 
limit, defined by the Schwarzschild or Ledoux 
criteria. 
Overshooting may occur above convective cores 

or below convective envelopes.
The overshooting from convective core 

determines the amount of nuclear fuel available 
for the star. 
The overshooting below the solar envelope is an 

“observable” parameter in helioseismology.

Some comments

Blue: convection
Orange: radiation

Below convective envelope

Above 
convective core



Notice that the 
convection cell 
motion is far from 
radial in these 
simulations 



Munhwan Gim, Don A. VandenBerg, Peter B. Stetson, James E. Hesser, David R. Zurek
Publications of the Astronomical Society of the Pacific, Vol. 110, No. 753


